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Abstract This paper analyzes the distribution and density
functions of the probability of error for Rayleigh and
Rician fading channels with diversity. An expression for
the signal-to-noise ratio is derived for an asynchronous
CDMA (A-CDMA) system with diversity. The error
probability distribution and density functions are derived
and plotted for different mean energy-to-noise ratios.
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1 Introduction

In this work, we derive the error probability distribution
and density functions to characterize the fading process in
an asynchronous CDMA (A-CDMA) system. Rayleigh and
Rician slow fading channels are considered in this paper.
The fading process can be obtained by considering the
mean-square values of the signal and noise. The distribu-
tion and density functions are useful in defining the “fading
margin” used to accommodate the expected amount of
fading to maintain the Quality of Service (QoS) for the
given type of traffic in the channel.
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Rayleigh fading has been shown to convert an expo-
nential dependency of the bit error probability (BEP) on the
signal-to-noise ratio (SNR) into an inverse linear one,
thereby resulting in a very large SNR penalty. Diversity
technique is a very effective remedy that exploits the
principle of providing the receiver with multiple faded
replicas of the same information bearing signal [1].

In [2], an accurate analytical solution for the bit error
rate (BER) of a DS-CDMA system operating over Rayleigh
fading channels has been derived. In addition to this, a new
closed-form expression is provided for the characteristic
function of the interfering signals. Choe et al. in [3]
employ the transfer function approach to obtain error
probability upper bounds for asynchronous trellis-coded
CDMA systems based on biorthogonal signature sequen-
ces. This technique provides uniformly tight bounds for the
biorthogonal sequence based trellis codes, both with and
without parallel transitions.

In [4], the BER performance of a two-dimensional (2-D)
RAKE receiver in combination with transmit diversity on
the downlink of a wideband CDMA (W-CDMA) system, is
presented. In addition, the exact pairwise error probability
of a convolutional coded system is obtained, and the cod-
ing gain of a space-path diversity receiver is quantified.
Wei and Jana in [5] estimate the BER of optimum multi-
user detection for synchronous and asynchronous CDMA
systems on additive white Gaussian and fading channels.
Upper and lower bounds on the BER for a given spreading
code are also computed.

Zhang et al. in [6] study the behavior of the output multiple
access interference (MAI) of the minimum mean-square error
(MMSE) receiver employed in the uplink of a direct sequence
CDMA (DS-CDMA) system. They extend their study to
asynchronous systems and establish the additive white
Gaussian nature of the output interference. The Gaussianity

@ Springer



54

Int J Wireless Inf Networks (2008) 15:53-60

justifies the use of a single-user, multiple-interferer CDMA
system with linear MMSE receiver, and from the view points
of detection and channel capacity, signal-to-interference
(SIR) ratio is the key parameter that governs the performance
of an MMSE receiver in a CDMA system.

In [7], modulation schemes like M-ary phase-shift
keying and differential phase-shift keying (DPSK) on a
slow fading Rayleigh channel without diversity, are
investigated. Closed-form expressions for the distribution
of the phase angle between a vector with Rayleigh ampli-
tude distribution and a noiseless reference, and between
two vectors both with Rayleigh amplitude distribution
perturbed by additive white Gaussian noise are obtained.

A unified approach to determine the exact BER of
noncoherent and differentially coherent modulations with
single and multichannel receptions over additive white
Gaussian noise and generalized fading channels, is pre-
sented in [8]. The multichannel reception results assume
independent fading in the channels and are applicable to
systems that employ post-detection equal gain combining.

Bithas et al. study the performance of switch and stay
combining (SSC) diversity receivers operating over corre-
lated Rician fading satellite channels in [9]. An infinite
series representation for the bivariate Rician probability
density function, and the density function of the SSC out-
put signal-to-noise ratio are derived. Analytical expressions
for the cumulative distribution function, moments of output
SNR, moment generating function and average channel
capacity are derived.

A new technique for determining the probability of error
of a general equal gain combiner (EGC) over Rayleigh
fading channels is presented in [10]. This new technique
takes a single step and directly derives the error perfor-
mance from the characteristic function of the decision
variable, thereby avoiding the lengthy process of deriving
the distribution of the sum of Rayleigh variates and elim-
inating all approximations required therein.

In [11], a generalized compound fading model which
takes into account both fading and shadowing in wireless
system is presented. The compound probability density
function (pdf) developed in [11] is analytically simpler
than the two pdfs based on lognormal shadowing, and is
general enough to incorporate most of the fading and
shadowing observed in wireless channels. Ma et al. in [12]
discuss the performance of communication systems using
binary coherent and DPSK modulation in correlated Rician
fading channels with diversity reception. Exact BER
expressions are derived via the moment generating func-
tions (MGFs) of the relevant decision statistics, which are
obtained through coherent detection with equal gain com-
bining for differential modulation.

In [13], the error performance of non-coherent detection
receivers for FSK signals transmitted over fast frequency-flat
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Rician fading channels is computed. Error bounds are
established for the performance of M-ary orthogonal FSK.
Ugweje proposes and analyzes a multicarrier CDMA system
with application to image signal transmission in [14]. The
image signal is partitioned into subsets and a different sub-
band carrier modulates each subset. The BER is evaluated in
the presence of multipath fading, thermal noise and is a
function of data rate, bandwidth, delay range, and space
diversity.

The work carried out in [15] presents a method for the
approximation of the BER probability density function of
asynchronous multicarrier code division multiple access
(MC-CDMA) and DS-CDMA systems. This method is
applicable for any given set of spreading codes. The MC-
CDMA scheme is found to offer higher MAI resistance than
conventional DS-CDMA in an asynchronous environment
for the Walsh Hadamard and Gold codes considered.

A new practical technique for determining the bit error
rate of multiuser MC-CDMA systems in frequency-selec-
tive Nakagami-m fading channels is presented in [16]. The
analysis assumes that different subcarriers experience
independent fading channels which are not necessarily
identically distributed.

The performance of CDMA in the case of imperfect
power control is discussed in [17]. An extension to [17] is
investigated in [18], wherein the error probability of a
multi-cell CDMA system operating with imperfect power
control over a frequency-selective multipath fading chan-
nel is derived. It is found that the effect of power control
error is decreased by using diversity combining techniques.

This paper is an extension of a previous paper published
by Bhaskar et al. in [19], where the authors have consid-
ered the distribution and density functions of the
probability of error in Rayleigh and Rician fading channels
with no diversity. For identical values of signal-to-noise
ratio, diversity combining is expected to yield lower
probability of bit error than that obtained without diversity.
Thus, the cumulative distribution function peaks faster for
the diversity combining case as compared to the no
diversity case. The peak values of the density function,
which denote the relative frequency of error occurrence, is
lower for the case with diversity combining as compared to
the no diversity case. This work is different from [19] since
it employs diversity for the fading channels, and then
computes the distribution function of the probability of
error, and its relationship with the distribution function of
the signal energy-to-noise ratio for fading channels with
diversity.

Section 2 provides the block diagram and description of
the A-CDMA system incorporating diversity for the fading
channels and derives an expression for the signal-to-noise
ratio in fading channels with diversity. Section 3 provides a
detailed mathematical analysis of error probability



Int J Wireless Inf Networks (2008) 15:53-60

55

distribution and density functions for Rayleigh and Rician
fading channels with diversity. Section 4 plots the distri-
bution and density functions of the probability of error, and
discusses the numerical results. Finally, Sect. 5 presents
the conclusions.

2 System Description

In this paper, uplink (mobile users to base station) channels
are considered. The block diagram shown in Fig. 1 is that
of a single-user, multiple-interferer A-CDMA system with
L diversity receiver antennas for L fading channels for the
desired user (user 0). Of the U users, there is one desired
user and (U—1) undesired users (interferers). Each path in
which the signal traverses from the desired user to each
receiver antenna is a fading channel. The fading is con-
sidered to be either Rayleigh or Rician. The multiple user
system can be considered as a single-user, multiple-inter-
ferer system if the total effect of the (U—1) interferers is
approximately Gaussian. This approximation is valid if the
sum of the interferer powers are non negligible compared
to the power of user 0. At the receiver side, the total
received signal can be expressed in the form

r(t) = xo(t) + Iy—1(2) + n(z), (1)

where (U—1) is the number of interferers, xo(¢) is the
received signal of the desired user (user 0), I;.1() = x1(¢)
4+ ... + xy.1(¢) is the interference term and n(7) is the
thermal noise.

Suppose for each fading channel, the impulse response
is h(()'> (), 1<i<L.Then, the received signal from user O is

x0(t) = s0(6) = 3 hy (1), (2)

Fig. 1 Block diagram of the A-
CDMA system with L receiver
antennas

Delta
5,=0

by (1) 8

!

2F,a,(1)

where s50(t) = v/2Poao(t)bo(t)cos(w,t), and * denotes the
convolution operation.
Here,

Py is the transmitted signal power of user 0,

ay(t) is the pseudo random spreading code of user 0,
by(?) is the information signal of user O,

cos(w,t) is the carrier signal for user 0, where @, is
expressed in radians per second.

Similarly, the received signals from the undesired users,
users 1, 2, ..., (U—1), are

x1(t)=\/2P1ay (t—8, )by (1—6, )COS(wct+</>1)*ZhY>(t),

i=1

xy—1(t)=+v/2Py_1ay—1(t—y—_1)by—_1(t—dy—1)
L
xcos(ct-+y_1) ey hy (1), (3)

i=1
where

e P;is the transmitted signal power of undesired user i, 1
<i<U-l,

e a(?) is the pseudo random spreading code of undesired

user i,

b(?) is the information signal of undesired user i,

0, is the user delay of undesired user i,

¢; is the phase shift of undesired user i,

h(l)(t) is the impulse response of the i fading channel

j
of the /" undesired user, 1 < j < U—1.

Assume that the multipath fading channels are Rayleigh
or Rician distributed. Let A.(f) be the received signal
amplitude for user k, and ®(¢) be the phase shift of the kth

Fading channel 1 —
So(®) Fading ch 12 |
Thermal noise
n(t)
cos(w,t) Received
Fading channel L |—» signal from
all users
Y ()
. . X, (1) —
Received signal from the
desired user (user 0) A

Iy, (1)
Multiple user interference from
undesired users (users 1, 2, ..., U-1)
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user due to the slow fading channel. For a slow fading
channel, A (#) and @,(z) can be assumed to be a constant
over a symbol duration T. If Al”(z) and 0\ (1) are the
amplitude and phase shift of the received signal from user &
and fading channel i, we can write (7 — Jp)*

L i (i .
ZA,((Z) (t)e’eim) = A (1)e/®"), The received signal from the
i=1

kth user is

x(t — 1) = /2PAx(D)ar (1 — 81)bi(t — 6)cos(wet + ¢y
+ (Dk(t))7
(4)

where the user delays,}ék, are due to the asynchronous

system, Ak( ) f(A};) (1), 0 (1), si(t — 8¢), L), De(t) =
h(A,((> t sk t—o),L), and f(.), h(.) are functions
OfA ( ) s Sk(t — 5k) and L.

The short term mean-squared value of the received
signal from all users neglecting noise can be expressed as

U—1
— < AV 2Pear(t = 8)bi(t = ) (5)

k=0

2
X COS wct—l—d)k—i-(bk(t))) >,

where the (. ) refers to the time-average over time period 7.
Rewriting it, we have

<x /(ZA/( 2Pkak t— 5k)bk(t — (Sk)
X cos(wct + ¢y + Dy (1)) dr
A U-1U-1
/ Ak(l‘)Al(I)Z\/PkPlak(t - 5k)
0

) (t — 5k)b1(l‘ — (31)
x cos(wet + ¢y + O (2))cos(wct + ¢; + @ (2))dr,

U-1U-1
_ / Ac(AN(0)VPPray(t — 3)
k

X Cl](l‘ — 51)bk(l — 5k)bl(l — 51)

X [cos(¢y — ¢ + D (1) — Dy(2))
+ COS(ZCUCZ‘ + d)k + d)l =+ q)k(t) =+ q)[([))]dl

(6)

For w, > T (6) can be approximated as
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T

U-1U0-1
(P0) 33 S VAP [ at-5)
k:l =1 0 (7)
x ay(t — 0))bi(t — 9 )bi(t — O))
x cos(y — ¢y + D (1) — Oy(2))dr,

since the received signal amplitudes, A;(¢) and A,(f) of the kth

and the /th users respectively are assumed to be a constant over

symbol duration 7. If the aperiodic cross-correlations of the

spreading sequences are small, (7) can be approximated as
U-1

(1) =) APk

T
R

(ra 0,00 056~ 30, 0) P (®)

>~

=1
The short-term mean-squared value of noise can be
expressed as (nz(t) )& NoW, = Np, where N is the single-
sided noise spectral density, W, is the system bandwidth in
Hz, and Np is the detected noise power. Thus, the signal-to-
noise ratio is
(1)
2(1))

(£(40, 00 1), 580 = 00), L))z”k

—1
= . 9
NoWW, 9)

~
~

SNR(?) =

—
S

=~

3 Error Probability Distribution and Density Functions

To characterize the fading process in a communication
system, error probability performance in a fading environ-
ment is used to calculate the probability of error averaged
over the additive noise and signal-fading distributions.

The probability of error, P.(f) is a random process,
which depends on the fading of the signal. The probability
of error can be expressed as a function of the energy-to-
noise ratio [20]

P(t) =g {%ﬂ ,

(10)
where E(f) represents the detected signal energy variations
due to signal fading. The function g(x) depends on the type
of modulation scheme used.

Substituting (9) into (10) (where SNR(¥) is proportional
to () with proportionality constant i) we have

S (f(AQ(;),oi>(t),sk(z_5k),L)) P,
Pe(t):g —

(11)

NOWn
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3.1 Cumulative Distribution Function Fl(’fzt),RaF( y)=1- FgLL'J)R F( ¢! (y))
N
The cumulative distribution function (CDF) of P,(f) is g () el /gt ) k
3 b =exXp|— > 7 ) ) (16)
given by 2 kI\ 20
E(t _
Fri) = #(P0 <9) ~ 2 (B0 2 ) and
E(t) I
—1-p(2 < 12 (L _ 0 (- gy
No 8 (y) ( ) Fpt(;) R1F(y) 1- FF(r).’RiF (g (y)) On (67 o ’
1
_ -1 _
=1-Fu(s™(0),0sy< 5 (17)

where Fr) (g7 (v)) is the cumulative distribution function of
No

the signal energy-to-noise variations. In (12), the inequality is
reversed in the second step because g [@] is a decreasing

No
function of % Now, the detected signal energy-to-noise
0

ratio, %?, is directly proportional to the SNR variations,
which is in turn proportional to the square of the received
signal amplitude. The proportionality factor is the transmitted
signal energy-to-noise ratio, R = %)T , where B represents the
amplitude of the modulated signal, and T represents the
symbol duration. In the case of coherent detection with
automatic phase control (perfect carrier synchronization with

the received modulated signal), we can write [20]
E(t) Ra(t)
N 27

(13)

where a(?) is the amplitude of the fading on the received
signal which has a density function that is Rayleigh or
Rician distributed depending on the type of the fading
channel. It should be noted that %) has a chi-square
(central) distribution if a(¢) is Rayleigh distributed, and a
chi-square (non-central) distribution if a(f) is Rician
distributed. If a(f) is Rayleigh distributed with L-fold

diversity, letting ¥ = El) "we have

Fl o (87 0)] = Fiaaels ™' 0)]

%)RaF
1 m—1 -1 k
_ g ) 1/7g (v
—l—exp[— 202 ]ZE< 202 )

(14)

where g~'(y) > 0. In (14), RaF stands for Rayleigh fading.
If a(¢) is Rician distributed with L-fold diversity, we have

Fit 187 0)] = Fraae [s7' )]

£0 RiF
No’
I
=1-0, <§7g7(y)>’
o a

where Q,, is the Marcum’s Q function of order m, m =7,
and n is the number of degrees of freedom. Here, n = L. In
(15), RiF stands for Rician fading. Substituting (15) into

(12) and (14) into (12), we have

(15)

3.2 Density Function

Density function graph is analogous to a histogram graph.
The density function amplitude denotes the relative fre-
quency of occurrence of errors (number of times of error
occurrence) for each value of P,().

3.2.1 Rayleigh Fading Case

In the Rayleigh fading case, the density function of P.(?) is
given by

fr. (i) Rar(Y)

0w
= a_yFPg(t),RaF(y)

o [ OR T (g Lot )
_ag‘l(y){ p[ 20 | !<202 )} oy
S S 0 [ (_ g (y)> Ggéy(y).

(18)

For a Rayleigh or Rician fading channel with L-fold
diversity, probability of bit error is given by [1]

LL-1

v=st0 = |50-0| Y50 ] 0o

where CE'** is the number of combinations of (L—1 + k)

things chosen k at a time, i = , /lj';iy , and ), is the average
SNR. Thus,

oy 0 |f P 1 o
ayc—a{[z“ -] et puen] g

k=0

- (Zc 3040 2 sa-w]

k=0
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)\ 0
w k(1 + )t ‘)a—“. (20)
But,
@_u_l( Ve ) 1 =)
o, 2\1+7.) (1+7,)? 2u
Hence

a%yc = (yL(l —w) 7+ [% (1 - u)}iiicgl*k

k _2\2
“(3) "“*’”“)Uz,ft)'

The density function of the probability of error for a
Rayleigh fading channel with L-fold diversity is obtained
by substituting the reciprocal of ay in (21) for & aym in
(18).

(21)

3.2.2 Rician Fading Case

In the Rician fading case, the density function of P.(f) is
given by

0 0
fP(,(t),RiF(y) = 6—pr0<,)7]{”: (y) = 6_y Om (

_ 0 s Vg% y)
“og i) 2" (0 ’ )

(22)

where s = yv/2¢” and I._(.) is the modified Bessel func-
tion of order (5 —1). Here, s is the Rician fading term, y is
the Rician fading parameter, and o> = % is the variance of
the Gaussian random variables making up the Rayleigh and
Rician distributions. The density function of the probability
of error for a Rician fading channel with L- fold diversity is
obtalned by substituting the reciprocal of = in (21) for
@g ) in (22).
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4 Numerical results

Figure 2 shows the cumulative distribution function of the
probability of error in a Rayleigh fading channel with 6-
fold diversity for various mean values of the detected

signal energy-to-noise variations, < (>> We choose R = 1
in the discussion of distribution and density functions. For
higher values of <&é)> the distribution function reaches a
maximum quicker than those with lower < ()> Thus, the
peak value of the cumulative distribution function of the
probability of error is higher for a system with larger <%{?>
as compared to a system with lower <%> For higher
values of <E<’ > the probability of achieving low proba-
bility of error is higher than the case with lower values of
<%)> The distribution function peaks up quicker for
higher values of < ()> because it can find large number of

probability values which have low probability of error as

compared to the case when <%:)
Figure 3 shows the cumulative distribution function of

the probability of error in a Rician fading channel with 6-

> is lower.

fold diversity for various mean values of <%’))> with con-
stant Gaussian variance, 6> = 0.2 and different y. Again, for
higher values of <&é)> the distribution function reaches a

maximum quicker than those with lower <€\(,0)> The sum of

the probabilities of finding lower P.(¢) is higher for a system

with higher < (¢ )> than for a system with lower <EA§’)>.
0

0.9

0.8

0.7

0.6 K

0.5

0.4

0.3

Distribution function of probability of error

-8 <E/No>=0.60

{ -~ <E/No>=1.20

—— <E/No>=3.00

—— <E/No>=6.00
T

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

Probability of error

Fig. 2 Cumulative distribution function of the probability of error for
a Rayleigh fading with 6-fold diversity for <%?> =0.6,1.2,3,6,
different variances
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0.9
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0.7 |

0.6 |

0.5

0.4

02}

Distribution function of probability of error

s - <E/No>=1.24

0.1 0 -e- <E/No>=1.44 | |

— <E/No>=1.74

—— <E/No>=2.36
T

0 i i 1 i i 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

Probability of error

Fig. 3 Cumulative distribution function of the probability of error for a
Rician fading with 6-fold diversity for <%;>> — 1.24,1.44,1.74,2.36,
different Rician fading parameters (y), constant variance, 6>= 02

Figure 4 shows the cumulative distribution function of
the probability of error in a Rician fading channel with

6-fold diversity for various mean values of <%{?> with

constant Rician fading parameter, y = 1.5 and different o~.

Higher values of o’ correspond to higher values of <%’)>>,
which would mean that the distribution function reaches a

maximum quicker than those with lower <%)

Figure 5 shows the density function of the probability of
error in a Rayleigh fading channel with 8-fold diversity for

various mean values of <%’)>> with different variances. The

amplitude of the density function curves indicate the

0.9 H

0.8

-& <E/No>=0.74
-o- <E/No>=1.74
— <E/N0>=6.38

0.7 —— <E/No>=19.50

0.6

0.5

0.3

0.2

Distribution function of probability of error

0.1

!

i i
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Probability of error

Fig. 4 Cumulative distribution function of the probability of error for a
Rician fading with 6-fold diversity for <¥> —0.74,1.74,6.38,19.5,
constant y = 1.5 and different variances

: - <E/No>=3.20

3 : -o- <E/No>=4.80
10 — <E/N0>=6.40|7
—— <E/N0>=8.00

Density function of probability of error

i
012 014 016 018 02
Probability of error

10 L L I I

L
0 0.02 004 006 008 0.1

Fig. 5 Density function of the probability of error for a Rayleigh
fading with 8-fold diversity for <%’)>> —3.2,48,64,8, different
variances

relative frequencies of the random variable, P,.(¢), occur-
ring in the range 0 < P.(f) < 0.2. The frequencies are

higher for a lower <%§)>, and lower for a higher <%§>>,

which is expected.
Figure 6 shows the density function of the probability of
error in a Rician fading channel with 8-fold diversity for

. E(t . .
various mean values of <NLU)> with constant variance, o=

0.2. Again, the relative frequencies of P.(f) occurring in the

range 0 < P.(f) < 0.08, are higher for a lower <M>, and

No
lower for a higher <%>>, which is expected.

10° -5 <E/No>=4.32 .
-o- <E/N0>=6.00
—+ <E/No>=7.38
4 — <E/No>=13.68

Density function of probability of error

s L 1 1 1 s L
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
Probability of error

Fig. 6 Density function of the probability of error for a Rician fading
channel with 8-fold diversity for <%)> — 432,6,7.38,16.38, con-
stant variance, 2= 05
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5 Conclusion

This paper derives an expression for the signal-to-noise
ratio in terms of the received signal amplitudes and phase
shifts, transmitted signal, diversity order, signal power and
noise spectral density. The error probability distribution
and density functions are introduced to characterize the
fading process involved in an A-CDMA system. The
probability distribution and density functions of the prob-
ability of error in an A-CDMA system for Rayleigh and
Rician fading channels incorporating diversity, are derived
and the results are plotted.
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