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Abstract In this paper, closed form expressions for capacities per unit bandwidth for
Spatially Multiplexed Multicarrier-Code Division Multiplexing with Zero Forcing Unified
Successive Interference Cancellation detection are derived for optimal power and rate
adaptation, optimal rate adaptation with constant transmit power, channel inversion with
fixed rate, and truncated channel inversion adaptation policies, taking into account the
effect of perfect channel estimation at the receiver. Optimal power and rate adaptation
policy provides the highest capacity over other adaptation policies. Truncated channel
inversion policy suffers a large capacity penalty relative to the optimal power adaptation
policy. However, the capacity penalty for the truncated channel inversion policy is lower
compared to channel inversion with fixed rate policy. Furthermore, we derive analytical
results for (1) capacity statistics, (2) Complementary Cumulative Distribution Function,
and (3) Probability Density Function.
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1 Introduction

The common feature of next generation wireless technologies is the convergence of
multimedia services such as speech, audio, video, image and data. This indicates that future
wireless communications for high-quality multimedia and internet-based applications re-
quire high throughput and reliability under limited power and bandwidth resources.
Consequently, emphasis is placed on system design goals and on the need for tradeoffs
among basic system parameters such as Signal-to-Noise Ratio (SNR), probability of error,
and bandwidth expenditure [1].

Numerous researchers have worked on the study of channel capacity over fading
channels. Alouini and Goldsmith investigated the theoretical spectral efficiency limits of
adaptive modulation in [2]. In [2], the capacity of a single user flat fading channel with
perfect channel measurement information at the transmitter and receiver is derived for
various adaptive transmission policies. In [3], the general theory developed in [2] is applied
to obtain closed form expressions for the capacity of Rayleigh fading channels under
different adaptive transmission and diversity combining techniques.

Mobile radio links are subjected to severe multipath fading due to the combination of
randomly delayed, reflected, scattered, and diffracted signal components [4]. Capacity
analysis of multipath fading channels becomes an important and fundamental issue in the
design and study of new generation of wireless communication systems due to scarce radio
spectrum available and to the rapidly growing demand for wireless services. Accordingly,
there have been many papers dealing with the channel capacity of Rayleigh, Nakagami,
Rician, and Generalized Gamma fading channels.

In [5], the capacity of Nakagami Multipath Fading (NMF) channels with an average
power constraint for various adaptation policies has been studied. Closed-form solutions
for NMF channel capacity (with and without diversity) for each adaptation strategy are
compared with the additive white Gaussian noise channel capacity. Karmani and Sivarajan
[6] found bounds and approximations for the capacity of mobile cellular communication
networks based on CDMA. The authors have developed efficient analytic techniques for
capacity calculations of CDMA cellular networks. In [7], the authors presented a study of
capacity evaluation of various multiuser MIMO schemes in cellular environments. This
study provides vital information for applying multiuser MIMO schemes in multicell en-
vironments. In [8], the ergodic capacity of spatially multiplexed multi-carrier code division
multiple access (MC CDMA) system with unified successive interference cancellation
(USIC) is discussed.

In [9], the channel capacity per unit bandwidth for different adaptation policies over
Generalized Rayleigh fading channels has been computed. Closed-form expressions for the
spectral efficiencies for the three adaptation policies were derived for the single antenna
reception and Maximal Ratio Combining (MRC) diversity reception cases. In [10], closed-
form expressions for the single user capacity of Selection Combining Diversity (SCD)
system were derived, taking into account the effect of imperfect channel estimation at the
receiver. Recently, there has been some work dealing with the channel capacity of different
fading channels employing different adaptive schemes such as [11] and the references
therein. Despite the ability of the generalized gamma distribution to characterize so many
different fading/shadowing channel models, only recently it has been applied to the field of
digital communications over fading channels [12]. In this paper, we extend the work of
other researchers by analyzing the spectral efficiency of SM MC-CDM with zero forcing
(ZF) USIC under different adaptive transmission techniques.
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The paper is organised as follows: In Sect. 2, we derive closed-form expressions for
capacities per unit bandwidth of SM MC-CDM with ZF USIC under different adaptation
schemes, such as optimal adaptation policy, constant power policy, and channel inversion
policy respectively. The capacity statistics, CDF and PDF are derived in Sect. 3. Section 4
presents numerical results of the comparison of capacities per unit bandwidth for the
various adaptation policies. The main outcomes of the paper are summarized in Sect. 5.

2 Capacity Adaptation Policies

Let us consider a SM MC-CDM system with ZF USIC employed at the receiver. We
assume perfect channel knowledge at the receiver. The distribution of the received SNR of
SM MC-CDM with ZF USIC is approximated to be the inverse gamma distribution [8].
The PDF of received SNR is given by

£ = @y (L) i 720 1)

E
Ma?2’
transmit antennas, E; is the signal energy and denominator represents the noise energy.

Adapting certain parameters of the transmitted signal to the channel fading leads to
better utilization of the channel capacity. The main idea behind adaptive method is real-
time balancing of the link budget through adaptive variation of the transmitted power level,
symbol rate, constellation size, coding rate/scheme, or any combination of these pa-
rameters. Thus, without sacrificing BER, these schemes provide a much higher average
spectral efficiency by taking advantage of the time-varying nature of the wireless channel.
This section investigates the three adaptation policies: optimal simultaneous power and
rate adaptation, constant power with optimal rate adaptation, and channel inversion with
fixed rate.

where o is the shape parameter, f3 is the scale parameter and { = M denotes the number of

2.1 Optimal Simultaneous Power and Rate Adaptation Policy

Since we have assumed that the variation in SNR is sent back to the transmitter through an
error free feedback path, it allows the source to adapt both its power and rate to the actual
channel conditions. Given an average transmit power constraint, the channel capacity of a
fading channel with received CNR distribution and optimal power and rate adaptation

((C)opra(b/s)) is given in [3] as

Qﬁ: /OO log, (%)ﬁ»(“/)dv, (2)

”

0

where B is the channel bandwidth and ), is the optimal cut off CNR level below which data
transmission is suspended. This optimal cut off must satisfy the condition [3].

/x (£ )near =1 3
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To achieve the capacity in (2), the channel fading level must be tracked at both the
receiver and the transmitter, and the transmitter has to adapt its power and rate accordingly,
allocating high power levels and rates for good channel conditions (y large), and lower
power levels and rates for unfavourable channel conditions (y small). Since no data is sent
when y < v, the optimal policy suffers a probability of outage, Py, equal to the prob-
ability of no transmission given by [14]

o
Pou = Ply<7yo] = / f(ndy, (4)
0

and substituting f,(y) from (1) into the integral of (3), it is found that y, must satisfy

T'cicr (2, )

— Tage(oe—1,7) = I'(2), (5)
Yo

0
where I'cigr(2,70) = f t*~le7'dt is the Complementary Incomplete Gamma Function
7o

(CIGF) (section 8.35, Page 890 of [15]). Substituting x = 7, in (5) and define

I o, X
glx) = 7061;( ) — I'aer(o — 1,x) — I'(). (6)
Note that d%x) =— % Tcigr(o,x)  <0Vx > 0. Moreover, from (6) lim,_g+ g(x) = 400
and lim ., ,,g(x) = —I'(x) < 0. Thus, it is concluded that there is a unique positive y, for

which g(yo) = 0, which satisfies (5). Numerical results from MATLAB show that y€ [0,
1]. An approximation for the distribution of post processing SNR of SM MC-CDM with ZF
USIC is shown in (1), and substituting (1) into (2), we have

(Clopra /°° <y) (ﬁ) AW
P — [ Jog, (=) [5) 7 'ex (——y) ——dy. Ta
B 2,8 7 ) ) =
Yo
Making change of variables in the above integral, % is obtained as

(Ol _ 1 2 Ferar (k12) .
B il W (7)

Equation (7b) can also be written as [9]

n c k! ’

(Copra 1 E Bo DHFCIGF(k,ﬁzO)
5 Tma B\

k=1

where E|(.) is the exponential integral of the first order function defined as E (x) = [ e;”dt

1

[13].
Asymptotic approximation of capacity as a result of OPRA policy can be obtained by
letting y — oo using the series expansion of exponential integral of the first order given by

(3]
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am:JPm@—i&@ 9)

where E = 0.5772156659 is the Euler-Mascheroni constant. Then, the capacity per unit
bandwidth (in bits/s/Hz) using OPRA policy is approximated asymptotically as

k=1

The capacity per unit bandwidth expression of OPRA can be upper bounded by ap-
plying Jensen’s inequality to (2) as follows

CUB r =
L%E:MHWZM /ﬁww :mG%%§%7 Y
0

where E[y] is the expectation operator. The outage probability associated with this policy
is obtained by substituting (1) into (4) and is given by

Yo
_ BN BY\ .
Pout—m<z) O/V lexp(—?>d/,

()

where I'ge(x, o) = [*"'e~'dt is the Incomplete Gamma Function (IGF) (section 8.36,
0

(12)

Page 890 of [15]).
2.2 Optimal Rate Adaptation with Constant Transmit Power Policy

Applying optimal rate adaptation policy to channel fading with constant transmit power,
the channel capacity per unit bandwidth becomes

(O /b&PHﬁ)M, (13)
0

and the expression obtained for ZF USIC is obtained by substituting (1) into (13), and is

given as
ﬁ) “0/ log, (1 +7)y*! exp<—%> dy. (13a)

v |

Let us define
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Making change of variables in the integral of (13a), we have

o (9

The evaluation of I, (@), where o is a positive integer, is derived in Appendix B of [3].

Using the result of [3], (14) is rewritten as

% — log,(e)e* (xii (g) kFClGF <_k7§) ; (15)

k=0

which can also be expressed in the form of Poisson distribution as

> k=1 k

k=1
where P;(.) is given as Pr(p) = e * 3. ’]‘—,’ [11]. In fact, (13) represents the capacity of the
j=0

fading channel without transmitter feedback (i.e., channel fade level known at the receiver

only). The capacity per unit bandwidth, <Cl>;°” can be upper bounded using Jensen’s
inequality to (13) as follows:
(C)or I(e+1)g
— B =In(l+E}y))=h({1+—-——). 17
B = (14 Bl = (14 = Fes (17)

Capacity per unit bandwidth by adopting ORA policy can be approximated in the high
SNR region as [10]

log, (1 47) & log, (7). (18)

By using this approximation, (13) can be rewritten as

s — [ 10g, 110105 (19)

0

Substituting (1) into (19), capacity approximation in high SNR region can be obtained as

 I@)[w() ~m(2)]
I'(2) In(2) ’

where () is the Euler-Psi function [15].
In low SNR region I, capacity can be approximated as [10]

log,(1+7v) =~ /7. (21)

Rewriting the capacity per unit bandwidth expression for ORA policy in low SNR region I
in (13), we have
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(OSSR 1 N B
et O) [ ton{ )

_cI(a+0.5)

o Br(w)

In a similar way, capacity in low SNR region II can be approximated by using the
expression [10]

(22)

log,(1+7) =

ln22) (y N %Vz) (23)

By substituting (23) into (13), the capacity per unit bandwidth expression for low SNR
region II using ORA policy, we have

(O 1 BT Lo\ . B
o (6) [ (a7 a5

_cle+1) I +2)
~ Bpr(e)in 2 28T (a)In 2°

2.3 Channel Inversion with Fixed Rate Policy

The channel capacity when the transmitter adapts its power to maintain a constant carrier-
to-noise ratio (CNR) at the receiver (i.e., inverts the channel fading) was also investigated
in [3]. This technique uses fixed-rate modulation and a fixed code design, since the channel
after channel inversion appears as a time-invariant AWGN channel. As a result, channel
inversion with fixed rate is the least complex technique to implement assuming good
channel estimates are available at the transmitter and receiver. Channel inversion is an
adaptive transmission technique whereby the transmitter uses the channel information fed
back by the receiver in order to invert the channel fading. The channel capacity with this
technique is derived from the capacity of an AWGN channel, and is given in [3] (Eq. (46)
of [3]) as

C)is 1
% log, |1 +— , (25)

0 /

and the expression obtained for ZF USIC is given as

C)i 1

< ;cn”r _ 10g2 1+ —
] - 4
O],
r
—log, |1+ CONN P
(’g)r(a —1)
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Channel inversion with fixed rate suffers a large capacity penalty relative to the other
techniques since a large amount of the transmitted power is required to compensate for the
deep channel fades. A better approach is to use a modified inversion policy which inverts
the channel fading only above a fixed cut-off fade depth. The capacity per unit bandwidth
with TIFR policy is given as Eq. (47) of [3]

), 1
%zlog2 1+ | (1 = Pow), (27)
[0y
0
and is found to be
Yo
(Chyis I'(2) r(%.x)
ARl gy 1 1— : 1. 2
L +’—fr(oc—l,ﬁ“:’O) CIN 29

The cut-off level can be selected to achieve a specified outage probability or, alterna-
tively, to maximize (27).

3 Capacity Statistics

In this section, we focus on deriving exact analytical expressions for capacity statistics of
SM MC-CDM with ZF USIC, assuming perfect channel knowledge at the receiver and no
channel knowledge at the transmitter with average input-power constraint. Performance
analysis of MC-CDMA systems under Nakagami-Hoyt fading is discussed briefly in a short
paper in [16]. The mathematical analysis using probability theory related to computation of
CDF, CCDF and PDF of capacity are discussed in the following subsection.

3.1 Complementary Cumulative Distribution Function (CCDF)

The CDF of capacity C is defined as [10]

2C-1

Fe(€) = Prob (€< €)= [ £y (29)
0

Averaging over the distributions of received instantaneous SNR, results in the ex-
pression for CDF of capacity as

Fel€) = F(loc) <§> 1 :/ e (_ gy) e (30)
— ﬁrmp(g(zc - 1),0().

The CCDF can be obtained as [10]
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F_C(C):1—FC(C):1—%F16F<§(2C—1),a). (31)

3.2 Probability Density Function (PDF)

The PDF of C is defined as the derivative of F(C) with respect to C. Taking the derivative
of Fc(C) in (30) results in

fele) = c(ﬁyz“(zc - 1)“exp(ﬁ(zc_1)). (32)

~ C

5 5

4 Numerical Results

In this section, we provide some numerical results that illustrate the mathematical
derivation of the channel capacity per unit bandwidth as a function of received SNR in dB
for different adaptation policies.

Figure 1 shows the calculated channel capacity per unit bandwidth (spectrum effi-
ciency) as a function of SNR for various adaptation policies. These curves are obtained
using closed form expressions (8), (16), (26) and (28). The optimal cut-off SNR, v, of the
adaptation policies, OPRA and TIFR, is obtained using MATLAB from (6) as
Yo = 0.516788 for o = 3. From Fig. 1, it is clear that the OPRA policy yields a significant
increase in capacity as compared to ORA and CIFR policies. The spectral efficiency curve
obtained using TIFR policy lies in between the curves obtained for OPRA policy and ORA
policy. As the shape parameter increases, there is an improvement in the spectral effi-
ciencies calculated for all adaptation policies. The shape parameter indicates the fading
severity or scintillation index. This indeed varies from deep fade to light fade. As o
increases, the fluctuations in the signal diminishes and this is in turn improves the system
performance.

Capacity per Unit Bandwidth (bps/Hz)

0 1 2 3 4 5 6 7 8 9 10
SNR (dB)

Fig. 1 Capacity per unit bandwidth for different adaptation policies
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Figure 2a shows a decrease in capacity for the OPRA policy with increase in . The
scale parameter, [3, relates to the inverse of average fading power. When [ increases the
average fading power decreases, and correspondingly, the capacity also decreases. In
Fig. 2b and Fig. 3, the outage probability is plotted versus average SNR. The outage
probability is high when o is low as in Fig. 2b and low when f is low as in Fig. 3. Outage
probability is associated with OPRA policy since this policy adapts power and rate only if

4.5

4 /

A
=0.516788

3 K ;/ A

s
o

Capacity per Unit Bandwidth (bps/Hz)

B=21
—>— B=3
—8— B=4]
—_— B=5
0 :
0 2 4 6 10 12 14
SNR (dB)
(a)
10°
~<iier 2 = [}:5
= - OB
\_g\:\ /= —>—B=3
= 10" *\‘z\ﬁ\:\ﬁg\& B=2
3 = SE
g_/ X S Bl
> v\ H\rﬁ
§ _2 G\/\
g 107 . \K‘B\f E\fﬂ\
o TR B
e fin
(o)) %
i)
=2 v,=0.516788
(@) 103 0
10"
0 2 4 6 8 10 12 14
Average SNR (dB)
(b)

Fig. 2 a Capacity per unit bandwidth for OPRA policy for varying 8, b Outage probability of OPRA policy
for varying B
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Outage Probability (Pout)

0 2 4 6 8 10 12 14
Average SNR (dB)

Fig. 3 Outage probability of OPRA policy for varying o

the instantaneous SNR of the channel is above the optimal cut-off SNR. The optimal cut-
off SNR is obtained numerically using MATLAB and is found to be 0.516788 in Figs. 1,
2a, b and 3.

Figure 4a and b show the capacity per unit bandwidth obtained using ORA policy for
(a) varying o and constant (B = 2), and (b) varying 3 and constant o (o« = 4) cases. As
expected, the capacity increases with increase in SNR. Figure 5a and b show the capacity
per unit bandwidth obtained using CIFR policy for (a) varying o and constant (B = 2),
and (b) varying B and constant o (o0 = 2) cases. As expected, the capacity increases with
increase in SNR.

In Fig. 6a and b, increase in B for a given o reduces the capacity of the channel, as
expected. This is because an increase in [ decreases the average fading power of the
channel which is responsible for the decrease in capacity. The CIFR policy is impractical
during severe fading conditions and a modified version known as TIFR policy is devel-
oped. In the TIFR scheme, transmission is suspended if the received SNR falls below a
threshold. As expected, Figs. 6a and b show that the TIFR scheme provides a better
capacity compared to the CIFR scheme.

Figure 7 shows the asymptotic approximation of OPRA policy. Figure 7 clearly depicts
the comparison between the theoretical result and asymptotic approximation associated
with OPRA policy. This is plotted using closed form expressions, (8) and (10), respec-
tively. The optimal cut-off SNR is found numerically using MATLAB and is 0.516788.
This value of v, is used to plot expression (8). Asymptote of a curve is a line such that the
distance between the curve and the line approaches zero at infinity. Figure 7 also shows the
tightness between the theoretical result and asymptotic approximation at high SNRs.

Figure 8a and b show the upper bound of OPRA policy for varying values of oand .
Figure 8a and b clearly depict that the theoretical results are well within the upper bound
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Capacity/unit bandwidth (bps/Hz)
N
QR Q
Lon
N W

1E—“" = - W
0 1
0 2 4 6 8 10 12 14
SNR (dB)
(a)
N
I
% 3
& | B B=2 =4 B/E/EJ
£ |—e—p=3 q/E/E
3 2| —>—p - =
E —ﬁ—ﬁ=5 B/E/E
g e =
2 !
E |
8 0 i i i
§ 0 2 4 6 8 10 12 14
SNR (dB)
(b)

Fig. 4 a Capacity per unit bandwidth for ORA policy for varying o and constant 3, b Capacity per unit
bandwidth for ORA policy for varying B and constant o

curve. Capacity of this system is able to achieve a maximum upper bound shown by
Figs. 8a and b. The closed form expression in (11) is used to get this result.

Figure 9a and b show the upper bound of ORA policy with varying o and varyingf}, and
the closed form expression given in (17) is used to plot the result. This result also agrees
with the previous explanation of OPRA. But, if upper bounds of OPRA and ORA are
compared, then it is shown that the OPRA policy performs much better than the ORA
policy.

Figure 10a and b show capacity approximations of ORA policy in low SNR region I and
low SNR region II, respectively. Figure 10a and b are obtained using the closed form
expressions, (22) and (24), respectively. From Fig. 10a, it is observed that (21) will be
satisfied only for certain range of SNR (=30 to —5 dB). For SNR above this range, the
approximation is not valid. From Fig. 10b, it is observed that (23) will be satisfied if the
range of SNR is below —15 dB. For values of SNR greater than this, (23) will not be
satisfied.

Figure 11a depicts the PDF curves for different values of o, with B =4, at
SNR = 15 dB. The closed form expression (32) is used to plot the result. Figure 11a
shows that the capacity distribution has a Gaussian-like shape. It also shows that the
relative frequency of occurrence of capacity increases as the value of shape parameter
increases. The PDF is a continuous function that describes the relative likelihood for
capacity to occur at a given point. The PDF of capacity to fall within a particular region is
given by the integral of PDF of capacity over the region. Figure 11b shows the CDF curves
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Capacity/unit bandwidth (bps/Hz)

Capacity/unit bndwidth (bps/Hz)

—8— =25 B=2

—6— =2 e aae

—b— =175 3/53/E

—*— =15 B L
: a/Ea/E k/ik/“/‘
| i i

0 1 2 3 5 6 7 8 9 10
SNR (dB)

(a)

SNR (dB)

(b)

Fig. 5 a Capacity per unit bandwidth for CIFR policy for varying o and constant 8, b Capacity per unit
bandwidth for CIFR policy for varying B and constant o

capacity/unit bandwidth (bps/Hz)

capacity/unit bandwidth (bps/Hz)

[}

£

N

o

(2]

£

—8— =25 b=2
—— o=2 —
v,=D.516788 t
—b—0=175 ==
—%— =15 f
i i i i
0 2 4 6 8 10 12 14
SNR (dB)
(a)
B—p=2 0=4 n
—O—B=3 7,30.516788
—P>— p=4 e =0
—*— g5 B/E/E 5
i i i i
0 2 4 6 8 10 12 14
SNR (dB)

(b)

Fig. 6 a Capacity per unit bandwidth for TIFR policy for varying o and constant 3, b Capacity per unit
bandwidth for TIFR policy for varying B and constant o
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3
—+H&— theoretical result
—©— asymptotic approximation /3
25
o=2
=3
) B

-

Capacity per unit bandwidth (bps/Hz)

0 1 2 3 4 5 6 7 8
SNR (dB)

Fig. 7 Asymptotic approximation of OPRA policy for o« =2 and f = 3

2.8 2.6
—©— theoretical result —©6— theoretical result j}

2.6 |- —&— upper bound -- 2.4 i —8— upper bound

24
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o=4

1.8 P J/

. (4
1.2 /}27

a=4

22 B=1.75 ;?

wﬁ\%

S

1.8 o
e L
1.2 5{/2)

Capacity per unit bandwidth (bps/Hz)
N
Capacityper unit bandwidth (bps/Hz)

N

0.8
0 2 4 6 8 0 2 4 6 8

SNR (dB) SNR (dB)
(a) (b)

Fig. 8 a Comparison of upper bound and theoretical result of OPRA policy for oo =4, B = 1.75,
b Comparison of upper bound and theoretical result of OPRA policy with o = 4, B =2
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12 —©— upper bound 16 —O— upper bound
1.1 }-{ —H&— theoretical result |-/ —H&— theoretical result
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Capacity per unit bandwidth (bps/Hz)
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Fig. 9 a Comparison of upper bound and theoretical result of ORA policy for o= 1.75, B =5,
b Comparison of upper bound and theoretical result of ORA policy fora =2, 3 =5
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Fig. 10 a Capacity approximations of ORA policy between LSR I and theoretical result, b Capacity
approximations of ORA policy between LSR II and theoretical result
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Fig. 11 a PDF of channel capacity of SM MC-CDM with ZF USIC for varying o, SNR = 15 dB, § = 4,
b CDF of channel capacity of SM MC-CDM with ZF USIC for varying o, SNR = 15 dB, B = 4

for different values of o and B. The distribution function describes the probability that the

capacity random variable,C, with a given probability distribution will be found at a value
less than or equal to C.
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5 Conclusions

The spectrum efficiency or channel capacity per unit bandwidth of SM MC CDM with ZF
USIC for different adaptation policies including their approximations and upper bounds are
investigated in this paper. Numerical results show that OPRA policy outperforms ORA
policy. Optimal power and rate adaptation policy provides the highest capacity over the
other adaptation policies. Truncated channel inversion policy suffers a large capacity
penalty because of higher probability of outage relative to the optimal power adaptation
policy and constant transmit power policy. Furthermore, we have provided analytical
results for the PDF and CDF of capacity.
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