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Abstract The harmonic synthesis and analysis of the
elements of gravitational tensor can be done in few minutes
if a suitable programming algorithm is used. Vectorization
is an efficient technique for such processes, but the size of
matrices will increase when the resolution of synthesis or
analysis is high; say higher than 0.5°×0.5°. Here, we
present a technique to manage the computer memory and
computational time by excluding one computational loop
from the matrix products and we call this method semi-
vectorization. Based on this technique, we synthesize the
gravitational tensor using the EGM96 geopotential model
and after that we analyze the tensor for recovering the
geopotential coefficients. MATLAB codes are provided
which are able to analyze 224 millions gradiometric data,
corresponding to a global grid of 2.5′×2.5′ on a sphere in
1,093 s by a personal computer with 2 Gb RAM.

Keywords Gradiometry . Spherical harmonics .
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Introduction

The gravity field steady-state and ocean circulation explorer
(GOCE) (ESA 1999) is a satellite mission to provide a
precise and high resolution Earth’s gravity field with
accuracies of 1 cm and 1 mGal for the geoid and gravity,

respectively. A recovery of the spherical harmonic coef-
ficients of the field to degree and order 250 is expected in
this mission. GOCE takes advantage of differential accel-
erometry at space-borne level to measure second-order
derivatives of the geopotential. Gravity field modelling by
satellite gradiometry can be carried out in either time or
space domain; see Rummel et al. (1993). In the former a
time series for each type of gradiometric data is constructed
and analyzed to estimate the geopotential coefficients; see
e.g. Rummel et al. (1993). The latter method considers the
data as functions of position instead of time. The analysis in
the space domain can be done in two different ways: one
can use either a) least-squares analysis or b) integral
formulas. In the least-squares method a linear relation
(spherical harmonic series) between the gradiometric data
and geopotential coefficients are constructed and a large
system of equations is solved to recover the coefficients.
Here we consider the space-wise approach and integral
formulas for gravity field recovery. In order to obtain the
integral formulas, orthogonal base functions with a global
support are required. Tensor spherical harmonics are useful
tools in this respect, but combinations of gradiometric data
are needed to use their orthogonality properties for
constructing integral formulas; see e.g. Gelderen and
Rummel (2001) and Martinec (2003). The integral formu-
las, constructed based on the tensor spherical harmonics,
were simplified and used by Eshagh (2009a, c) to study the
downward continuation of the satellite gradiometric data to
sea level. Spherical harmonic analysis by these integrals
will take hours to perform unless an efficient algorithm is
used.

Kiamehr and Eshagh (2008) and Eshagh (2008) pre-
sented two series of MATLAB codes to synthesize the
gradiometric data in two different frame using geopotential
models. The main problem of their software was the
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significant computational delay when a high resolution
synthesis in a large extent area was required. The software
presented by Eshagh (2009b) used a full-vectorization
technique to synthesize and analyze the gradiometric data.
His idea was to avoid repeating computations and keep the
numerical values in some matrices and the synthesis was
summarized in some matrix products. He also showed that
full-vectorization of analysis by the integral solutions of the
gradiometric boundary value problems (GBVP) was not
possible. The disadvantage of this method was to work with
large matrices when the resolution of synthesis or analysis
was high (say higher than 0.5°×0.5°). This limited the work
to large matrices which their multiplications required a high
memory and long time. In this paper, we present an
efficient vectorization technique to perform synthesis and
analysis based on Eshagh’s (2009a, c) formulas for the
gradients and tensor spherical harmonics. We call this
method semi-vecorization as one computational loop is
excluded from the matrix products to manage the computer
memory and speed up computations. Balmino (2009)
presented an algorithm to consider the covariance of
geopotential coefficients in synthesizing geoid or gravity
anomaly by excluding a loop from the vectorized model.
Such an idea is very similar to the method we called it
semi-vectorization, but we use this method for the synthesis
and analysis of the gradiometric data.

Synthesis of gravity gradients in local frame

Spherical harmonic synthesis to generate the geoid, gravity
anomalies and deflections of vertical is not a new issue.
Many efforts were done by geodesists to find a fast
technique to perform such a double summation. Tscherning
and Poder (1982) presented efficient algorithms based on
the Clenshaw summation method. Holmes and Featherstone
(2002a) and Bethencourt et al. (2005) used this method for
synthesizing geoid. However, such a process will not be as
easy as it is for synthesizing the gravity gradients as they
involve first- and/or second-order derivatives of associated
Legendre functions in their spherical harmonic expressions.
Balmino et al. (1991) compared different software of
computing the gravity gradients. They have mentioned that
for high resolution and high degree synthesis a computer
with large memory is required. However, their studies
showed that most of their program codes were made in a
FORTRAN platform and the vectorization technique that
we present here is totally different with those used by them.
Bettadpur et al. (1992) presented a vector technique for
synthesizing gravity gradients and their idea was to perform
generation of Legendre’s functions and summation of the
synthesis components simultaneously, while we generate
the gradients order by order but in matrix forms. In fact in

our approach, order-dependent matrices of gradients are
generated so that their summation yields the synthesized data.
Ditmar et al. (2003) discussed a fast and accurate computa-
tion of the geopotential coefficient from satellite gradiometry.
They just considered the diagonal elements of the gravita-
tional tensor in their computations and presented a two-step
procedure of synthesis and analysis (Rummel et al. 1993;
Sneeuw 1994). They have vectorized the model in such a
way that with a simple matrix multiplication the synthesis is
done. The inversion method that they used is totally different
with that is presented in this paper as they used least-squares
solution. Here we continue our discussion by defining the
disturbing potential of the Earth’s gravity field.

Let the Earth’s disturbing potential be expressed by a
truncated series of the spherical harmonics (Heiskanen and
Moritz 1967):

TðPÞ ¼ GM

R

XNmax

n¼2

Xn
m¼�n

R

r

� �nþ1

tnmQm lð ÞPn mj j cos qð Þ; ð1aÞ

where

Qm lð Þ ¼ cosml m � 0
sinml m > 0

�
; ð1bÞ

GM is the geocentric gravitational constant, R semi-major
axis of a reference ellipsoid, r, θ and l are geocentric
radius, co-latitude, and longitude, respectively. Pn mj j ¼
Pn mj j cos qð Þ is the fully-normalized associated Legendre
function of the first kind of degree n and order m, Nmax is
the maximum degree of truncation and tnm the fully-
normalized geopotential coefficients.

The spherical harmonic expressions of gravity gradients
are derived by taking second-order partial derivatives of
disturbing potential, Eq. 1a. The gradients can be expressed
in different frames. The discussion about the expressions of
gradients in various frames is not in the scope of this paper
and the interested reader is referred to Petrovskaya and
Vershkov (2006) or Eshagh (2009a). In this study we
consider the local north-oriented frame which is defined as
one whose z-axis is pointing upwards in geocentric radial
direction, x-axis towards the north and the frame is right-
handed, implying that y-axis is directed to the west. The
non-singular expressions for the gradients in such a frame
are (Eshagh 2009c):

TzzðPÞ ¼ GM

R3

XNmax

n¼2

nþ 1ð Þ nþ 2ð Þ R

r

� �nþ3 Xn
m¼�n

tnmQm lð ÞPn; mj j

ð2aÞ

TxxðPÞ ¼ GM

R3

XNmax

n¼2
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� �nþ3 Xn
m¼�n

tnmQm lð Þ�

� a1nmPn; mj j�2 þ a2nmPn mj j þ a3nmPn; mj jþ2

b1nmPn; mj j�2 þ b4nmPn mj j þ b3nmPn; mj jþ2

( ) ð2bÞ
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TyyðPÞ ¼ GM
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XNmax
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TxzðPÞ ¼ GM
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TyzðPÞ ¼ GM

R3

XNmax

n¼2

R

r

� �nþ3 Xn
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tnmQ�m lð Þ
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The above expressions are very simple to use as they do
not involve the derivatives of the associated Legendre
functions and they are non-singular at the poles. The
coefficients a1nm; a

2
nm; . . . ; g

1
nm and g2nm are constant and can

be computed once during computations; see Appendix A
for their mathematical formulas. In Eqs. 2b, 2c, 2d and 2f
two expressions were presented for each gradient which
either of them can be used in practice. The important issue
of using such formulas is the existence of two summations
on degrees and orders. The use of two loops for performing
the summations is suitable only for generating the gradients
in few points. If the number of points increases the
algorithm will not be efficient. It should be noticed that
the presented expressions for Txx and Tyy are exactly the
same as those derived by Eshagh (2009a, c) but in order to
simplify our vectorized models we introduce the new
coefficients a4nm and b4nm and also made small changes in
a2nm and b2nm.

Tensor spherical harmonics and their application
in spectral solution of gradiometric boundary
value problems

The gravitational tensor can be expressed in terms of tensor
spherical harmonics. These harmonics are orthogonal and
in fact they are base functions for analyzing the gradiom-
etry data. Three combinations of the gradients are used and
called vertical-vertical, vertical-horizontal and horizontal-
horizontal GBVP (VVGBVP, VHGBVP and HHGBVP).
Based on these boundary values three sets of solutions for

the geopotential coefficients are obtained (Martinec 2003
and Eshagh 2009c):

t1nm ¼ R3=4pGM
nþ 1ð Þ nþ 2ð Þ

r

R

� �nþ3
ZZ
s
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ð3cÞ
where

EnmðQÞ ¼ Qm lð Þ e01nmPn; mj j�1 þ e02nmPn; mj jþ1

n o
ð4aÞ

FnmðQÞ ¼ Q�m lð Þ f 01nmPn�1; mj j�1 þ f 02nmPn�1; mj jþ1

g01nmPnþ1; mj j�1 þ g02nmPnþ1; mj jþ1

( )
ð4bÞ

GnmðQÞ ¼ Qm lð Þ h1nmPn; mj j�2 þ h2nmPn; mj j þ h3nmPn; mj jþ2

	 

ð4cÞ

HnmðQÞ ¼ Q�m lð Þ
k1nmPnþ1; mj j�2 þ k2nmPnþ1; mj j þ k3nmPnþ1; mj jþ2

l1nmPn�1; mj j�2 þ l2nmPn�1; mj j þ l3nmPn�1; mj jþ2

( )
:

ð4dÞ

Equations 4a–4d have been presented by Eshagh (2009c).
The constant coefficients e01nm; e02nm; . . . ; l

1
nm and l3nm are

given in Appendix B which can be computed once during
computations. Using four loops for numerical solution of the
integrals (3a)–(3b) with a global coverage of the gravity
gradients is very time-consuming and full-vectorization is
not possible for such computations (Eshagh 2009b) while we
will show that the semi-vectorization technique is greatly
efficient.

Semi-vectorization of the mathematical models

We define vectorization as a technique to present the
mathematical models in matrix or vector forms (Eshagh
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2009b). According to the advances in computer science and
technology, it is of importance to use such a technique to
make efficient software. MATLAB is one of the powerful
platforms for the vectorized models and simple for coding.
In the following we explain how to use its capability to
handle such models. The important issue is how to
verctorize the formulas based on the software capability.

Semi-vectorization in synthesis

Generation of spherical harmonics and their first- and/or
second-order derivatives is the most important part of
synthesis and analysis but the advantage of Eqs. 2a–2f is to
use the associated Legendre functions and not their
derivatives. Let us define a special operator which is
frequently used in our semi-vector modelling which
MATLAB handles it efficiently.

Definition Element-wise product ‘ # ’ is multiplication of
each corresponding elements of two matrices, or

a011 a012 � � �
a021 a022 � � �
..
. ..

. . .
.

2664
3775#

b011 b012 � � �
b021 b022 � � �
..
. ..

. . .
.

2664
3775 ¼

a011b011 a012b011 � � �
a021b021 a022b022 � � �

..

. ..
. . .

.

2664
3775:

The element-wise product is specified by “.*” in
MATLAB.

We can make a MATLAB code to generate the fully-
normalized associated Legendre functions of the first kind
and insert them in the following order-dependent matrix:

Pm
N ¼

P2;m q0ð Þ P3;m q0ð Þ � � � PNmax;m q0ð Þ
P2;m q1ð Þ P3;m q1ð Þ � � � PNmax;m q1ð Þ

..

. ..
. . .

. ..
.

P2;m qNqð Þ P3;m qNqð Þ � � � PNmax;m qNqð Þ

26664
37775 ð5Þ

where N stands for a vector containing the values from 2 to
Nmax and Nq is number of parallels, which depends on the
resolution of synthesis. In Eq. 5 the rows are the associated
Legendre functions at the same parallels and orders but
with different degrees; and the columns are those with the

same degrees and orders but at different parallels (co-
latitudes). The size of the matrix changes according to the
resolution and maximum degree of synthesis. Equation 5 is
order-dependent, i.e. the matrix is updated for each order m.

There is a degree-dependent parameter in Eqs. 2a–2f
which we name it dmp (damping factor) and vectorize it by:

dmp ¼ 1 1 � � � 1½ �T1�Nq
� a2 a3 � � � aNmax½ �1� Nmax�1ð Þ

ð6aÞ

ai ¼ GM

R3

R

r

� �iþ3

� 109 ð6bÞ

where � stands for Kronecker’s product. dmp is a matrix
with the same dimension of Pm

N (Eq. 5). The Kronecker
product implies that dmp has the same rows. Qm (l) can
also be vectrozied by:

Qm ¼ sinm l1l2 � � � lNl½ � m > 0

cosm l1l2 � � � lNl½ � m � 0

�
ð7Þ

which is dependent on the sign of m. Qm is a 1� Nl vector
of sine or cosine of m times of longitudes. The fully-
normalized geopotential coefficients are inserted into two
separate matrices Tm which its rows show the degrees and
the columns are the orders:

Tm ¼ S m > 0
C m � 0

n
: ð8Þ

In order to simplify the vectorized forms of formulas, we
put the constant coefficients of Eqs. 2b–2f into separate
matrices of εj so that the rows are the values of coefficients at
the same degrees but at different orders and the columns are
vice versa. εj, j=1, 2,…, 11 corresponds to the coefficients
a1nm ; a2nm ; a3nm ; a4nm ; d1nm ; d2nm ; d3nm ; e1nm; e

2
nm ; g1nm and g2nm,

respectively. These matrices have the same dimensions as
those of Tm. The element-wise product of Tm and εj will be:bTm;j ¼ Tm#ej: ð9Þ

According to the above definitions, Eq. 2b–2f are
vectorized by:

Txx ¼
XNmax

m¼�Nmax

P mj j�2
N #dmp

� �bTm;1
; mj jþ1 þ P mj j

N #dmp
� �bTm;2

; mj jþ1 þ P mj jþ2
N #dmp

� �bTm;3
; mj jþ1

h i
Qm ð10aÞ

Tyy ¼
XNmax

m¼�Nmax

P mj j�2
N #dmp

� �bTm;1
; mj jþ1 þ P mj j

N #dmp
� �bTm;4

; mj jþ1 þ P mj jþ2
N #dmp

� �bTm;3
; mj jþ1

h i
Qm ð10bÞ

Txy ¼
XNmax

m¼�Nmax

P mj j�2
Nþ1 #dmp

� �bTm;5
; mj jþ1 þ P mj j

Nþ1#dmp
� �bTm;6

; mj jþ1 þ P mj jþ2
Nþ1 #dmp

� �bTm;7
; mj jþ1

h i
Qm ð10cÞ
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Txz ¼
XNmax

m¼�Nmax

P mj j�1
N #dmp

� �bTm;8
; mj jþ1 þ P mj jþ1

N #dmp
� �bTm;9

; mj jþ1

h i
Qm

ð10dÞ

Tyz ¼
XNmax

m¼�Nmax

P mj j�1
Nþ1 #dmp

� �bTm;10
; mj jþ1 þ P mj jþ1

Nþ1 #dmp
� �bTm;11

; mj jþ1

h i
Qm:

ð10eÞ
In the above equations bTm;j

; mj jþ1 are column vectors and
the subscript ; mj j þ 1 refers to column |m|+1 of the matrixbTm;j. Equations 10a–10e generate Nq � Nl matrices of
gradients for each order m, i.e. the synthesis process
globally performs order by order. The result of the synthesis
will be summation of all the matrices in different orders.

In a similar manner, we can vectorize Eq. 2a. First we
consider the degree-dependent term:

ai ¼ GM

R3
iþ 1ð Þ iþ 2ð Þ R

r

� �iþ3

� 109: ð11Þ

According to Eq. 2a and the strategy presented for semi-
vectorization, it will not be difficult to convert the equation
to the following semi-vectorized model:

Tzz ¼
XNmax

m¼�Nmax

P mj j
N #dmp

� �
TmQm: ð12Þ

Figure 1 presents a flowchart for semi-vectorization of
synthesis. The inputs are the vectors q and l with dimensions
of 1� Nq and 1� Nl, respectively. The argument N is an
(Nmax−1)×1 vector containing the degrees from 2 to Nmax.
The matrices Tm and εj are constructed with dimensions of
Nmax � 1ð Þ � Nmax þ 1ð Þ. The dmp matrix is computed
using Eqs. 6a and 6b before starting the loop. After that the
computation starts using Eqs. 10a–10e and Eq. 12 and
follows by a loop on order m. The matrices of the loop are
generated order by order and the result will be sum of the
matrices. In Fig. 1, Tk, k=1, 2, …, 6 corresponds to Txx, Tyy,
Tzz, Txy, Txz, and Tyz, respectively.

The models presented until now are not fully-vectorized.
We have to use a loop to sum up the generated order-
dependent matrices. Eshagh (2009b) used the fully-
vectorized approach for synthesis without any loop. The
problem of this method is to work with very large matrices
especially when the resolution of data is high. However, in
the method presented here we let one loop to be outside the
matrix-vector products for managing the computer memory
better than the fully-vectorized model. The synthesis
technique we presented here is suited for regular grids on
a sphere. However, synthesis on irregular surfaces requires
modifications in the algorithm to consider the irregularities.
If one does not use semi-vectorization in this case, the
synthesis process will be slow but this issue is left for
further investigations in the future.

Semi-vectorization in analysis

Equations 3a–3c are three integral solutions for analysis of
gradiometric data, which are semi-vectorized here. First let
us introduce the following parameter:

Ω ¼ ΔqΔl 1 1 � � � 1 �T1� Nmax�1ð Þ � sin q1 sin q2 � � � sin qN½ �1�Nq

h
ð13Þ

where Ω is a matrix whose columns are surface area of the
each cell within parallel and they are repeated in rows
(Nmax−1) times. In Eqs. 3a–3c the degree-dependent

Fig. 1 Flowchart of semi-vectorization in synthesis

Table 1 Elements of DFk

k DFk

1 R3=4pGM iþ 1ð Þ iþ 2ð Þ r=Rð Þiþ3

2 R3=4pGMi iþ 1ð Þ iþ 2ð Þ r=Rð Þiþ3

3 R3=4pGM i� 1ð Þi iþ 1ð Þ iþ 2ð Þ r=Rð Þiþ3

Fig. 2 Flowchart of semi-vectorization in analysis
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downward continuation factor (DF) can be written as a
(Nmax−1)×1 vector:

DFk ¼ a2 a3 � � � aNmax½ �T ð14Þ
The elements of DFk depend on the solution type k,

Eqs. 3a–3c, and they are given in Table 1.
The fully-normalized geopotential coefficients can be

computed by the following semi-vectorized models:

tm1 ¼ DF1# P mj j
N

� �T
#Ω

� �
Tzz Q

mð ÞT
� �

ð15aÞ

tm2 ¼ DF2# bT mj j;1
#Ω

� �
Txz Q

mð ÞT � bT mj j;2
#Ω

� �
Tyz Q

mð ÞT
h i

ð15bÞ
tm3 ¼DF3# bT mj j;3

#Ω
� �

Txx �Tyy

 �
Qmð ÞT � 2 bT mj j;4

m #Ω
� �

Txy Qmð ÞT
h i

ð15cÞ
where tm1 ; t

m
2 and tm3 for m>0 are the vectors of sine

coefficients for all degrees but in the same orders and for
m<0 they are cosine coefficients. The matrices Txx, Tyy,
Tzz, Txy, Txz and Tyz are the gradients with a global
coverage and a specific resolution. In above equations the
matrices bTi, i ¼ mj j; 1ð Þ; mj j; 2ð Þ; mj j; 3ð Þ and mj j; 4ð Þ are
defined by:

bT mj j;1 ¼ δ1
; mj jþ1 � I# P mj j�1

N

� �T
þ δ2

; mj jþ1 � I# P mj jþ1
N

� �T ð16aÞ

bT mj j;2 ¼ δ3
; mj jþ1 � I# P mj j�1

N�1

� �T
þ δ4

; mj jþ1 � I# P mj jþ1
N�1

� �T ð16bÞ

bT mj j;3 ¼ δ5
; mj jþ1 � I# P mj j�2

N

� �T
þ δ6

; mj jþ1

� I# P mj j
N

� �T
þ δ7

; mj jþ1 � I# P mj jþ2
N

� �T
ð16cÞ

bT mj j;4 ¼ δ8
; mj jþ1 � I# P mj j�2

N

� �T
þ δ9

; mj jþ1

� I# P mj j
N

� �T
þ δ10

; mj jþ1 � I# P mj jþ2
N

� �T
ð16dÞ

where I is an identity row vector:

I ¼ 1 1 � � � 1½ �1�Nq
ð17Þ

and the matrices dj, j=1, 2, …, 10 correspond to
e01nm; e02nm; g01nm; g02nm; h1nm; h2nm; h3nm; k1nm; k2nm and k3nm
of Eqs. 4a–4d, the subscript ; mj j þ 1 refers to (m+1)th
column of dj. A flowchart for analysing the gradiometric
data is presented in Fig. 2. The inputs are the Nq � Nl

matrices T containing the gradients. The constant coeffi-
cients matrices δj are constructed with dimensions of
Nmax � 1ð Þ � Nmax þ 1ð Þ. Eshagh (2009b) presented a
semi-vetorized model to analyze the gradients only by
considering vectorization for the double integrals. However,
here we presented a technique in which the integrals and
degrees are vectorized together and the vectorization is
done by one simple loop on the orders. In this case the
geopotential coefficients are computed order by order.

Software presentations

We made some MATLAB functions for synthesizing and
analyzing the gravity gradients. In order to test the correctness
of the functions, the EGM96 geopotential model (Lemoine et
al. 1998) to degree and order 360 is used corresponding to a
resolution of 0.5°×0.5° for sysnthesis. Then the generated
gradients are used in the analysis functions to recompute the
geopotential coefficients. The difference between the comput-
ed and the original geopotential coefficients of EGM96 will be
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Fig. 3 Percentage of relative error degree variances of recovered coefficients with a resolution of a 30′×30′ and b 2.5′×2.5′

Table 2 Computational times of global gradiometric synthesis with a
resolution of 30′×30′

Quantity Non-vec. Fully-vec. Semi-vec.

TZZ 8h24m36s 5m3s 9s

TXZTYZ 18h51m00s 11m19s 26s

TXXTYYTZZ 28h55m48s 18m45s 36s
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a criterion for correct performance of our functions. Figure 3a
demonstrates the percentage of relative error degree variances
of recovered coefficients. It should be noted that the integral
formulas for analysis, Eqs. 3a–3c, suffer by the discretization
error. The magnitude of such an error depends on the
resolution of analysis, but by increasing the resolution the
error should be reduced. To show this, the resolution of data is
increased to 2.5′×2.5′ and the relative error degree variances
of the recovered coefficients are plotted. As is shown in
Fig. 3b the relative errors are noticeably reduced. Figure 3a
shows that the errors are increasing when the degree n is
approaching 360 while when the resolution is increased such a
problem will not occur. It is also observed that the relative
error spectra are below 1% but when the resolution is
increased they will be below 0.01%.

In order to show the efficiency of the presented
vectorized technique, we consider the CPU time of
computations. The computations are done on a personal
computer with 2.5 GHz dual-core CPU and 2 Gb RAM.
The capability of this technique will be adopted when a
comparison with non-vectorized and fully-vectocrized
methods is made. Tables 2 and 3 clearly show efficiency
of the new technique in synthesis and analysis of
gradiometric data. It is seen that this method significantly
speeds up the computations comparing to non-vectorized
models. It is worth mentioning that the main issue related to
full-vectorization is to store very large matrices for high
resolution of data and high degree of synthesis and analysis.
The study of Eshagh (2009b) revealed that a maximum

spatial resolution of 30′×30′ for data is achievable by the full-
vectorization technique while the new technique is capable of
synthesizing of the data up to a spatial resolution of 2.5′×2.5′.
In order to draw a comparison for the analysis process, the
analysis was carried out based on VVGBVP using non-
vectorized models and a computational time of 20h56m7s was
observed. We restricted our computations just up to degree
200 with the spatial resolution of 30′×30′ for gradiometric
data. Such process reduces to 9 s for the semi-vetorized
models; see Table 3. Vec. integral in this table means that just
the integrals are vectorized and the analysis is performed for
each degree and order of harmonic coefficient.

In Fig. 4a and b the CPU times of global synthesis and
analysis with different resolutions are plotted. It is observed
that the synthesis functions work well when the maximum
degree of synthesis is 360 and the resolution is 2.5′×2.5′. In
this case the functions generate 224 million gradients. The
synthesis of Txx, Tyy, and Txy takes around 1,950 s, but their
analysis takes less than 550 s based on a resolution of 2.5′×
2.5′. The CPU times for synthesizing and analyzing Txz and
Tyz are around 1,300 and 410 s, respectively. Such
processes take 739 and 144 s for Tzz. The total CPU time
of syntheses of all types of gradient is 1.1 h and 1,093 s for
their analyses. The synthesis and analysis times will be
reduced to 1,100 and 512 when the resolution is 5′×5′.

The synthesis and analysis functions can also show their
efficiency if a high degree geopotential model like EGM08
(Pavlis et al. 2008) is used. They are able to perform the
synthesis up to degree and order 2,160 with maximum
spatial resolution of 5′×5′. We observed 3h20m and 3h30m

CPU times for synthesis of all gradients and for analysis of
the data, respectively.

Summary

Semi-vectorization is an efficient algorithm in spherical
harmonic synthesis and analysis of any quantity and it is
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Fig. 4 CPU times for global a synthesis and b analysis with different resolutions

Table 3 Computational times of global gradiometric analysis with a
resolution of 30′×30′

Quantity Vec. integral Semi-vec.

VVGBVP 0h30m21s 9s

VHGBVP 0h55m18s 30s

HHGBVP 1h05m39s 40s
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not restricted to gradiometry. However, gradiometry is one of
the difficult examples which were investigated in this paper.
The most important issue in this study is related to the way of
using Eqs. 2a–2f for synthesis and Eqs. 3a–4d for analysis.
In spite of other methods of synthesis and analysis, the
method presented here takes the advantage of some new
formulas for the gradients and tensor spherical harmonics
which do not involve first- and/or second-order derivatives
of associated Legendre functions. The analysis functions can
be used for analyzing the GOCE data for the validation
process and to recover the geopotential coefficients. The
functions have the capability of processing 224 millions data
using a personal computer with 2 Gb RAM.

Acknowledgment The first author is thankful to the Swedish
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63:07:1.

Appendix A

The constant coefficients of Eqs. 2b–2f (Eshagh 2009c):
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Appendix B

The constant coefficients of Eqs. 4a–4d:

h1nm ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� d mj j;0
2� d mj j�2;0

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j þ 2

p
ðB:1Þ

h2nm ¼ m2 ðB:2Þ

h3nm ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� d mj j;0
2� d mj jþ2;0

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j þ 2

p
ðB:3Þ

k1nm ¼ m

2 mj j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� d mj j;0
 �

2nþ 1ð Þ
2� d mj j�2;0

 �
2nþ 3ð Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j þ 3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j þ 2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j þ 1

p
ðB:4Þ

k2nm ¼ m

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþ 1ð Þ nþ mþ 1ð Þ
2nþ 3ð Þ n� mþ 1ð Þ

s
� nþ mþ 2Þ n� mþ 1ð Þ � n� mþ 2ð Þ n� mþ 1ð Þð �½

ðB:5Þ

k3nm ¼ � m

2 mj j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� d mj j;0
 �

2nþ 1ð Þ
2� d mj jþ2;0

 �
2nþ 3ð Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j þ 3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j þ 2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j þ 1

p
ðB:6Þ

l1nm ¼ m

2 mj j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� d mj j;0
 �

2nþ 1ð Þ
2� d mj j�2;0

 �
2n� 1ð Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j � 3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j � 2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j þ 1

p
ðB:7Þ

l2nm ¼ �m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþ 1

2n� 1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j

p
ðB:8Þ

l3nm ¼ � m

2 mj j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� d mj j;0
 �

2nþ 1ð Þ
2� d mj jþ2;0

 �
2n� 1ð Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j � 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� mj j � 2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ mj j þ 1

p
ðB:9Þ

and e0nm1 ¼ e1nm= nþ 2ð Þ, e0nm2 ¼ e2nm= nþ 2ð Þ, g0nm1 ¼
g1nm= nþ 2ð Þ, g0nm2 ¼ g2nm= nþ 2ð Þ, f 0nm1 ¼ f 1nm= nþ 2ð Þ,
f 0nm2 ¼ f 2nm= nþ 2ð Þ.
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