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Abstract In this paper, a class of fuzzy cellular neural

networks with multi-proportional delays is investigated. By

applying contraction mapping fixed point theorem and

differential inequality techniques, some sufficient condi-

tions are established for the existence and global attrac-

tivity of a unique almost periodic solution for the model,

which improve and supplement existing ones. Moreover, a

numerical example is given to illustrate the feasibility and

application of the obtained results.
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1 Introduction

As is well known, both in biological and man-made neural

networks, delays are inevitable, due to various reasons. For

instance, time delays can be caused by the finite switching

speed of amplifier circuits in neural networks [21].

Therefore, fuzzy cellular neural networks (FCNNs) with

delays have been extensively applied in psychophysics,

speech, perception, robotics, adaptive pattern recognition,

vision, and image processing (see [1, 9, 23, 31]). When

FCNNs model is used to describe the biological dynamics

with periodically varying environment, the coefficients and

delays in the model are usually periodically time-varying,

and there have been extensive results on the problem of the

existence and stability of periodic solutions of FCNNs with

time-varying delays in the literature. We refer the reader to

[2, 6, 17, 19, 25, 26] and the references cited therein.

On the other hand, time delays involving in cellular

neural networks (CNNs) may be proportional in theory,

that is to say, the proportional delay function sðtÞ ¼ t � qt

is a monotonically increasing function with the increase of

time t[ 0, where q is a constant and satisfies 0\q\1. In

fact, the proportional delay is one of the many objective-

existent delay types such as the proportional delay usually

is required in web quality of service routing decision,

which is because it is convenient to control the networks

running time according to the network allowed delays [5,

30, 32–35]. Moreover, the systems with proportional

delays have many interesting applications, for example,

collection of current by the pantograph of an electric

locomotive [18], electrodynamics [7], nonlinear dynamics

[3, 20], and probability theory on algebraic structures [4].

Here, it is worth noting that, if we consider the effects of

the environmental factors, almost periodicity is sometimes

more realistic and more general than periodicity, and thus,

people have paidmuch attention to the study of existence and

stability of almost periodic solutions and pseudo almost

periodic solutions for CNNs with time-varying delays and

distributed delays because of its successful applications in

variety of areas such as signal processing, pattern recogni-

tion, chemical processes, nuclear reactors, biological sys-

tems, static image processing, associative memories,
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optimization problems and so on (see [10–15, 22, 27–29] and

the references cited therein). However, to the best of our

knowledge, there is no result on problem of almost periodic

solutions for FCNNs with proportional delays.

Motivated by the above discussions, the main purpose of

this paper is to establish some sufficient conditions on the

existence and global attractivity of almost periodic solu-

tions for the following FCNNs with multi-proportional

delays:

_xiðtÞ ¼ �ciðtÞxiðtÞ þ
Pn

j¼1

aijðtÞfjðxjðtÞÞ þ
Pn

j¼1

bijðtÞujðtÞ þ IiðtÞ

þ
Vn

j¼1

aijðtÞgjðxjðqijtÞÞ þ
Wn

j¼1

bijðtÞgjðxjðqijtÞÞ

þ
Vn

j¼1

TijðtÞujðtÞ þ
Wn

j¼1

HijðtÞujðtÞ; t� t0 [ 0;

xiðsÞ ¼ uiðsÞ; s 2 ½qit0; t0�; i 2 J ¼ f1; 2; . . .; ng;

8
>>>>>>>>>><

>>>>>>>>>>:

ð1:1Þ

where aijðtÞ; bijðtÞ; TijðtÞ and HijðtÞ are the elements of the

fuzzy feedback MIN template, fuzzy feedback MAX tem-

plate, fuzzy feedforward MIN template and fuzzy feedfor-

ward MAX template, respectively; aijðtÞ and bijðtÞ are the

elements of feedback template and feedforward template;
V
;
W

denote the fuzzy AND and fuzzy OR operation,

respectively; xiðtÞ; uiðtÞ and IiðtÞ denote the state, input and
bias of the ith neuron, respectively; ciðtÞ represents the rates
with which the i-th neuron will reset its potential to the

resting state in isolation when disconnected from the net-

works and external inputs; fið�Þ and gið�Þ denote the nonlinear
activation functions; qij; i; j 2 J are proportional delay fac-

tors and satisfy 0\qij � 1, and qijt ¼ t � ð1� qijÞt, in which
sijðtÞ ¼ ð1� qijÞt is the transmission delay function, and

ð1� qijÞt ! 1 as qij 6¼ 1, t ! 1; uiðsÞ denotes the initial
value of xiðsÞ at s 2 ½qit0; t0�; qi ¼ min

1� j� n
fqijg; and

ui 2 Cð½qit0; t0�;RÞ. When coefficients and activation

functions in (1.1) are continuous, it can be shown by the

method-of-steps given in Hale and Verduyn Lunel [8] that

the solution of (1.1) exists and is unique.

The remaining of this paper is organized as follows. In

Sect. 2, we give some basic definitions and lemmas, which

play an important role in Sect. 3 to establish the existence

of almost periodic solutions of (1.1). Here we also study

the global attractivity of almost periodic solutions. The

paper concludes with an example to illustrate the effec-

tiveness of the obtained results by numerical simulation.

2 Preliminaries

In this section, we shall first recall some basic definitions,

lemmas which are used in what follows.

For convenience, we denote by Rn(R ¼ R1) the set of all

n�dimensional real vectors (real numbers). For any

fxig ¼ ðx1; x2; . . .; xnÞ 2 Rn, we let |x| denote the absolute-

value vector given by jxj ¼ fjxijg, and define kxk ¼ max
i2J

jxij.
Amatrix or vectorA� 0 means that all entries of A are greater

than or equal to zero. A[ 0 can be defined similarly. For

matrices or vectors A1 and A2, A1 �A2 (resp. A1 [A2) means

that A1 � A2 � 0 (resp. A1 � A2 [ 0). CðR;RnÞ denotes the
set of continuous functions from R to Rn.

Definition 2.1 (see [6]) Let uðtÞ 2 CðR;RnÞ. u(t) is said to
be almost periodic on R if, for any e[ 0, the set Tðu; eÞ ¼
fd : kuðt þ dÞ � uðtÞk\e for all t 2 Rg is relatively

dense, i.e., for any e[ 0, it is possible to find a real number

l ¼ lðeÞ[ 0 with the property that, for any interval with

length lðeÞ, there exists a number d ¼ dðeÞ in this interval

such that kuðt þ dÞ � uðtÞk\e; for all t 2 R:

We denote by APðR;RnÞ the set of the almost periodic

functions from R to Rn. Then ðAPðR;RnÞ; k � k1Þ is a

Banach space, where k � k1 denotes the supremum norm

kfk1 :¼ sup
t2R

kf ðtÞk (see [6]). For h 2 CðR;RÞ, let hþ and

h� be defined as

hþ ¼ sup
t2R

jhðtÞj; h� ¼ inf
t2R

jhðtÞj:

It will be assumed that ci; aij; bij; sij; aij; bij; Hij; Tij;

Ii; ui : R ! R are almost periodic functions, and i; j 2 J. We

alsomake the following assumptions whichwill be used later.

ðH0Þ For each i 2 J,

M½ci� ¼ lim
T!þ1

1

T

Z tþT

t

ciðsÞds[ 0;

and there exist a bounded and continuous function ~ci :
R ! ð0; þ1Þ and a positive constant Ki such that

e
�
R t

s
ciðuÞdu�Kie

�
R t

s
~ciðuÞdu for all t; s 2 R and t� s�0:

ðH1Þ For each j 2 J, there exist nonnegative constants L
f
j

and L
g
j such that

jfjðuÞ � fjðvÞj � L
f
j ju� vj; jgjðuÞ � gjðvÞj� L

g
j ju� vj;

for all u; v 2 R:

ðH2Þ There exist positive constants n1; n2; . . .; nn and ai
such that

sup
t2R

(

� ~ciðtÞ þ Ki

"

n�1
i

Xn

j¼1

jaijðtÞjLfj nj

þ n�1
i

Xn

j¼1

ðjaijðtÞj þ jbijðtÞjÞL
g
j nj

#)

\� ai; i 2 J:
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Lemma 2.1 (see [24]). Let xj; �xj; hij; jij 2 R, hj : R ! R

be continuous functions, and i; j 2 J, then we have

n̂

j¼1

hijhjðxjÞ �
n̂

j¼1

hijhjðxjÞ
�
�
�
�
�

�
�
�
�
�
�
Xn

j¼1

jhijjjhjðxjÞ � hjðxjÞj;

and

_n

j¼1

jijhjðxjÞ �
_n

j¼1

jijhjðxjÞ
�
�
�
�
�

�
�
�
�
�
�
Xn

j¼1

jjijjjhjðxjÞ � hjðxjÞj:

Lemma 2.2 Let xðtÞ 2 APðR;RÞ, and q 2 R be a con-

stant. Then, xðqtÞ 2 APðR;RÞ.

Proof We only consider the case of q[ 0 since other

situations can be dealt with by the analogous approach. For

convenience, denote x(qt) by y(t). By the almost periodicity

of x(t), one can see that for any e[ 0, there exists

l ¼ lðeÞ[ 0, for any interval with length l, there exists a

number s in this interval such that

jxðt þ sÞ � xðtÞj\e; t 2 R; ð2:1Þ

For the e given above, choose 1
q
l[ 0, then ½a; aþ 1

q
l�ða 2

RÞ is an arbitrary interval with length 1
q
l[ 0. Then there

exists a s 2 ½qa; qaþ l�, such that (2.1) holds. Clearly,
1
q
s 2 ½a; aþ 1

q
l�, we deduce from (2.1) that

jyðt þ 1

q
sÞ � yðtÞj ¼ jxðqðt þ 1

q
sÞÞ � xðqtÞj

¼ jxðqt þ sÞ � xðqtÞj\e; t 2 R:

This proves Lemma 2.2. h

Lemma 2.3 For i; j 2 J, let xj; aij; bij 2 APðRÞ, qij 2 R

and ðH1Þ hold, then
n̂

j¼1

aijðtÞgjðxjðqijtÞÞ;
_n

j¼1

bijðtÞgjðxjðqijtÞÞ 2 APðR;RÞ; i 2 J:

Proof It follows from ðH1Þ that gjðj 2 JÞ is uniformly

continuous on R. By Lemma 2.2 and [6, pp. 5, Theo-

rem 1.9], we have

gjðxjðqijtÞÞ 2 APðR;RÞ; i; j 2 J:

Let Mg ¼ maxi;j2Jfsupt2R jgjðxjðqijtÞÞjg;Ma ¼ maxi;j2J
fsupt2R jaijðtÞjg: For any e[ 0, from [6, pp. 19, Corollary

2.3] and the definition of the uniformly almost periodic

family, it is possible to find a real number l ¼ lðeÞ[ 0 with

the property that, for any interval with length l, there exists

a number d ¼ dðeÞ in this interval such that

jaijðt þ dÞ � aijðtÞj\
e

2nðMg þMaÞ ; i; j 2 J; ð2:2Þ

and

jgjðxjðqijðtþ dÞÞÞ � gjðxjðqijtÞÞj\
e

2nðMg þMaÞ ; i; j 2 J:

ð2:3Þ

With the help of (2.2), (2.3) and Lemma 2.1, we get
n̂

j¼1

aijðt þ dÞgjðxjðqijðt þ dÞÞÞ �
n̂

j¼1

aijðtÞgjðxjðqijtÞÞ
�
�
�
�
�

�
�
�
�
�

�
n̂

j¼1

aijðt þ dÞgjðxjðqijðt þ dÞÞÞ �
n̂

j¼1

aijðtÞgjðxjðqijðt þ dÞÞÞ
�
�
�
�
�

�
�
�
�
�

þ
n̂

j¼1

aijðtÞgjðxjðqijðt þ dÞÞÞ �
n̂

j¼1

aijðtÞgjðxjðqijtÞÞ
�
�
�
�
�

�
�
�
�
�

�
Xn

j¼1

jgjðxjðqijðt þ dÞÞÞjjaijðt þ dÞ � aijðtÞj

þ
Xn

j¼1

jaijðtÞjjgjðxjðqijðt þ dÞÞÞ � gjðxjðqijtÞÞj

�Mg
Xn

j¼1

jaijðt þ dÞ � aijðtÞj þMa
Xn

j¼1

jgjðxjðqijðt þ dÞÞÞ

� gjðxjðqijtÞÞj

\Mg
Xn

j¼1

e
2nðMg þMaÞ þMa

Xn

j¼1

e
2nðMg þMaÞ

\e;

which implies
n̂

j¼1

aijðtÞgjðxjðqijtÞÞ 2 APðR;RÞ; i 2 J:

Similarly, we have

_n

j¼1

bijðtÞgjðxjðqijtÞÞ 2 APðR;RÞ; i 2 J:

This completes the proof. h

Remark 2.1 Note that

n̂

j¼1

Tijðt þ dÞujðt þ dÞ �
n̂

j¼1

TijðtÞujðtÞ
�
�
�
�
�

�
�
�
�
�

�
Xn

j¼1

jTijðt þ dÞjjujðt þ dÞ � ujðtÞj þ
Xn

j¼1

jujðtÞjjTijðt þ dÞ � TijðtÞj

and

_n

j¼1

Hijðt þ dÞujðt þ dÞ �
_n

j¼1

HijðtÞujðtÞ
�
�
�
�
�

�
�
�
�
�

�
Xn

j¼1

jHijðt þ dÞjjujðt þ dÞ � ujðtÞj

þ
Xn

j¼1

jujðtÞjjHijðt þ dÞ � HijðtÞj; i 2 J:
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Using a similar way to that in Lemma 2.3, one can show

n̂

j¼1

TijðtÞujðtÞ;
_n

j¼1

HijðtÞujðtÞ 2 APðR;RÞ; i 2 J:

3 Main results

In this section, we establish sufficient conditions on the

existence and global attractivity of almost periodic solu-

tions of (1.1).

Theorem 3.1 Let ðH0Þ, ðH1Þ and ðH2Þ hold. Then, there
exists a unique almost periodic solution of system (1.1).

Proof Set �xiðtÞ ¼ n�1
i xiðtÞ; i 2 J; then we can trans-

form (1.1) into the following system

�x0iðtÞ ¼ �ciðtÞ�xiðtÞ

þ n�1
i

Xn

j¼1

aijðtÞfjðnj�xjðtÞÞ þ n�1
i

Xn

j¼1

bijðtÞujðtÞ þ n�1
i IiðtÞ

þ n�1
i

n̂

j¼1

aijðtÞgjðnj�xjðqijtÞÞ þ n�1
i

_n

j¼1

bijðtÞgjðnj�xjðqijtÞÞ

þ n�1
i

n̂

j¼1

TijðtÞujðtÞ þ n�1
i

_n

j¼1

HijðtÞujðtÞ; i 2 J:

Let u 2 APðR;RnÞ, it follows from Lemma 2.3 and

Remark 2.1 that

n�1
i

Xn

j¼1

aijðtÞfjðnjujðtÞÞ þ n�1
i

Xn

j¼1

bijðtÞujðtÞ þ n�1
i IiðtÞ

þ n�1
i

n̂

j¼1

aijðtÞgjðnjujðqijtÞÞ þ n�1
i

_n

j¼1

bijðtÞgjðnjujðqijtÞÞ

þ n�1
i

n̂

j¼1

TijðtÞujðtÞ þ n�1
i

_n

j¼1

HijðtÞujðtÞ 2 APðR;RÞ; i 2 J:

ð3:1Þ

Then, notice that M½ciðtÞ�[0; i 2 J, in view of (3.1), it

follows from Lemma 2.1 in [22] that the nonlinear almost

periodic differential equations,

�x0iðtÞ ¼ � ciðtÞ�xiðtÞ þ n�1
i

Xn

j¼1

aijðtÞfjðnjujðtÞÞ

þ n�1
i

Xn

j¼1

bijðtÞujðtÞ þ n�1
i IiðtÞ

þ n�1
i

n̂

j¼1

aijðtÞgjðnjujðqijtÞÞ þ n�1
i

_n

j¼1

bijðtÞgjðnjujðqijtÞÞ

þ n�1
i

n̂

j¼1

TijðtÞujðtÞ þ n�1
i

_n

j¼1

HijðtÞujðtÞ; i 2 J;

ð3:2Þ

has exactly one almost periodic solution:

xuðtÞ ¼ fxui ðtÞg ¼
Z t

�1
e
�
R t

s
ciðuÞdu n�1

i

Xn

j¼1

aijðsÞfjðnjujðsÞÞ
"(

þ n�1
i

Xn

j¼1

bijðsÞujðsÞ þ n�1
i IiðsÞ

þ n�1
i

n̂

j¼1

aijðsÞgjðnjujðqijsÞÞ þ n�1
i

_n

j¼1

bijðsÞgjðnjujðqijsÞÞ

þ n�1
i

n̂

j¼1

TijðsÞujðsÞ þ n�1
i

_n

j¼1

HijðsÞujðsÞ
#

ds

)

:

ð3:3Þ

Now, we define a mapping T : APðR;RnÞ ! APðR;RnÞ by
setting

ðTuÞðtÞ ¼ xuðtÞ; 8u 2 APðR;RnÞ:

We next prove that the mapping T is a contraction mapping

of APðR;RnÞ. In fact, in view of (3.3), (H0), (H1) and (H2),

for u;w 2 APðR;RnÞ, we have

ðTuÞðtÞ � ðTwÞðtÞj j
¼ fjððTuÞðtÞ � ðTwÞðtÞÞijg

¼
Z t

�1
e
�
R t

s
ciðuÞdu n�1

i

Xn

j¼1

aijðsÞðfjðnjujðsÞÞ � fjðnjwjðsÞÞÞ
"�

�
�
�
�

(

þ n�1
i

n̂

j¼1

aijðsÞgjðnjujðqijsÞÞ �
n̂

j¼1

aijðsÞgjðnjwjðqijsÞÞ
 !

þ n�1
i

_n

j¼1

bijðsÞgjðnjujðqijsÞÞ �
_n

j¼1

bijðsÞgjðnjwjðqijsÞÞ
 !#

ds

�
�
�
�
�

)

� Ki

Z t

�1
e
�
R t

s
~ciðuÞdu n�1

i

Xn

j¼1

jaijðsÞjLfj njjujðsÞ � wjðsÞj
"(

þ n�1
i

Xn

j¼1

ðjaijðsÞj þ jbijðsÞjÞL
g
j njjujðqijsÞ � wjðqijsÞj

#

ds

)

� Ki

Z t

�1
e
�
R t

s
~ciðuÞdu n�1

i

Xn

j¼1

jaijðsÞjLfj nj

"(

þ n�1
i

Xn

j¼1

ðjaijðsÞj þ jbijðsÞjÞLgj nj

#

dskuðtÞ � wðtÞk1

)

�
Z t

�1
e
�
R t

s
~ciðuÞdu½~ciðsÞ � ai�dskuðtÞ � wðtÞk1

� �

�
Z t

�1
e
�
R t

s
~ciðuÞduð1� ai

~cþi
Þ~ciðsÞdskuðtÞ � wðtÞk1

� �

� ð1� ai
~cþi
ÞkuðtÞ � wðtÞk1

� �

;

and

kðTuÞðtÞ � ðTwÞðtÞk1 � max
i2J

f1� ai
~cþi
gkuðtÞ � wðtÞk1;

which implies that the mapping T : APðR;RnÞ �!
APðR;RnÞ is a contraction mapping. Therefore, the map-

ping T possesses a unique fixed point
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x�� ¼ ðx��1 ðtÞ; x��2 ðtÞ; . . .; x��n ðtÞÞ 2 APðR;RnÞ; Tx�� ¼ x��;

and x�� satisfies (3.2). So (1.1) has a unique continuously

differentiable almost periodic solution x� ¼ ðn1x��1 ðtÞ;
n2x

��
2 ðtÞ; . . .; nnx��n ðtÞÞ. The proof of Theorem 3.1 is now

completed. h

In what follows, we investigate the attractivity of the

solutions for (1.1).

Theorem 3.2 Under the assumptions of Theorem 3.1,

system (1.1) has a unique almost periodic solution x�ðtÞ,
and there exist two positive constants K and r, which are

independent of solutions of (1.1), such that for arbitrary

solution x(t) of (1.1) associated with initial value

uðtÞ ¼ fuiðtÞg, the following inequality holds

kxðtÞ � x�ðtÞk�K

max
i2J

f sup
s2½qi t0; t0�

juiðsÞ � x�i ðsÞjg

ð1þ tÞr

for all t� t0:

Proof Obviously, by Theorem 3.1, (1.1) has a unique

almost periodic solution x�ðtÞ ¼ fx�i ðtÞg. Suppose that

xðtÞ ¼ fxiðtÞg is an arbitrary solution of (1.1) associated

with initial value uðtÞ ¼ fuiðtÞg. We denote ziðtÞ ¼
xiðtÞ � x�i ðtÞ; t� qit0; i 2 J; and kzkn ¼ max

i2J
f sup
s2½qit0; t0�

juiðsÞ � x�i ðsÞjg: Then

z0iðtÞ ¼ � ciðtÞziðtÞ þ
Xn

j¼1

aijðtÞ½fjðxjðtÞÞ � fjðx�j ðtÞÞ�

þ
n̂

j¼1

aijðtÞgjðxjðqijtÞÞ �
n̂

j¼1

aijðtÞgjðx�j ðqijtÞÞ
" #

þ
_n

j¼1

bijðtÞgjðxjðqijtÞÞ �
_n

j¼1

bijðtÞgjðx�j ðqijtÞÞ
" #

; i 2 J:

ð3:4Þ

Define a continuous function CiðxÞ by setting

CiðxÞ ¼ sup
t� 0

xni � ~ciðtÞni þ
Xn

j¼1

Ki½jaijðtÞjLfj þ ðjaijðsÞj
(

þ jbijðsÞjÞLgj e
x ln 1

qij �nj

)

;

where x 2 ½0; min
i2J

inf
t� 0

~ciðtÞ�; i 2 J: Then, from ðH2Þ , we

have

Cið0Þ ¼ sup
t� 0

�~ciðtÞni þ
Xn

j¼1

Ki½jaijðtÞjLfj þ ðjaijðsÞj
(

þ jbijðsÞjÞL
g
j �nj

)

\0;

i 2 J;

which, together with the continuity of CiðxÞ and the facts

that

rni
1þ t

� rni; ln
1þ t

1þ qijt

� �

� ln
1

qij
for all t� 0;

implies that we can choose a constant r 2

ð0; min
i2J

inf
t� 0

~ciðtÞÞ such that CiðrÞ\0, and

sup
t� 0

rni
1þ t

� ~ciðtÞni þ
Xn

j¼1

Ki½jaijðtÞjLfj þ ðjaijðsÞj
(

þ jbijðsÞjÞL
g
j e

r lnð 1þt
1þqij t

Þ�nj

)

� sup
t� 0

rni � ~ciðtÞni þ
Xn

j¼1

Ki½jaijðtÞjLfj þ ðjaijðsÞj
(

þ jbijðsÞjÞL
g
j e

r ln 1
qij �nj

)

¼ CiðrÞ\0:

ð3:5Þ

For any e[ 0, consider the functions ViðtÞ; i 2 J; defined

as follows

ViðtÞ ¼ Mn�1
l ðkzkn þ eÞnie�r ln 1þt

1þt0 ; M� maxf1; max
i2J

Kig;

t� 0; nl ¼ min
i2J

ni:

Therefore,

VjðqjjtÞ ¼Mn�1
l ðkzkn þ eÞnje�r ln

1þqjj t

1þt0

¼Mn�1
l ðkzkn þ eÞnje�r ln 1þt

1þt0e
r lnð 1þt

1þqjj t
Þ

�VjðtÞe
r ln 1

qjj for all t� t0; j; j 2 J;

ð3:6Þ

and
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jziðt0Þj\n�1
l ðkzkn þ eÞni �Mn�1

l ðkzkn þ eÞni
¼ Viðt0Þ; i 2 J:

ð3:7Þ

We next claim that

jziðtÞj\ViðtÞ for all t[ t0; i 2 J: ð3:8Þ

Otherwise, there must exist i 2 J and h1 2 ðt0; þ1Þ such
that

jziðh1Þj ¼ Viðh1Þ ¼ Mn�1
l ðkzkn þ eÞnie�r ln

1þh1
1þt0 ; ð3:9Þ

and

jzjðtÞj\VjðtÞ for all t 2 ½t0; h1�; j 2 J: ð3:10Þ

Note that

z0iðsÞ þ ciðsÞziðsÞ ¼
Xn

j¼1

aijðsÞ½fjðxjðsÞÞ � fjðx�j ðsÞÞ�

þ
n̂

j¼1

aijðsÞgjðxjðqijsÞÞ �
n̂

j¼1

aijðsÞgjðx�j ðqijsÞÞ
" #

þ
_n

j¼1

bijðsÞgjðxjðqijsÞÞ �
_n

j¼1

bijðsÞgjðx�j ðqijsÞÞ
" #

;

s 2 ½t0; t�; t 2 ½t0; h1�:
ð3:11Þ

Multiplying both sides of (3.11) by e

R s

t0
ciðuÞdu

, and inte-

grating it on ½t0; t�, we get

ziðtÞ ¼ ziðt0Þe
�
R t

t0
ciðuÞdu

þ
Z t

t0

e
�
R t

s
ciðuÞdu

Xn

j¼1

aijðsÞ½fjðxjðsÞÞ � fjðx�j ðsÞÞ�
(

þ
n̂

j¼1

aijðsÞgjðxjðqijsÞÞ �
n̂

j¼1

aijðsÞgjðx�j ðqijsÞÞ
" #

þ
_n

j¼1

bijðsÞgjðxjðqijsÞÞ �
_n

j¼1

bijðsÞgjðx�j ðqijsÞÞ
" #)

ds;

t 2 ½t0; h1�:

In view of Lemma 2.1, (3.5), (3.6), (3.7) and (3.10) yield

jziðh1Þj ¼
�
�
�
�ziðt0Þe

�
R h1

t0
ciðuÞdu

þ
Z h1

t0

e
�
R h1

s
ciðuÞdu

�Xn

j¼1

aijðsÞ½fjðxjðsÞÞ � fjðx�j ðsÞÞ�

þ
� n̂

j¼1

aijðsÞgjðxjðqijsÞÞ �
n̂

j¼1

aijðsÞgjðx�j ðqijsÞÞ
�

þ
�_n

j¼1

bijðsÞgjðxjðqijsÞÞ �
_n

j¼1

bijðsÞgjðx�j ðqijsÞÞ
��

ds

�
�
�
�

\n�1
l ðkzkn þ eÞniKie

�
R h1

t0
~ciðuÞdu

þ
Z h1

t0

e
�
R h1

s
~ciðuÞduKi

Xn

j¼1

½jaijðsÞjLfj jzjðsÞj

þ ðjaijðsÞj þ jbijðsÞjÞLgj jzjðqijsÞj�ds

� n�1
l ðkzkn þ eÞniKie

�
R h1

t0
~ciðuÞdu

þ
Z h1

t0

e
�
R h1

s
~ciðuÞduKi

Xn

j¼1

½jaijðsÞjLfj

þ ðjaijðsÞj þ jbijðsÞjÞLgj e
r lnð 1þs

1þqijs
Þ�

� n�1
l Mðkzkn þ eÞnje�r ln 1þs

1þt0ds

¼Mn�1
l ðkzkn þ eÞnie�r ln

1þh1
1þt0

�
Ki

M
e
�
R h1

t0
ð~ciðuÞ� r

1þu
Þdu

þ
Z h1

t0

e
�
R h1

s
ð~ciðuÞ� r

1þu
Þdun�1

i Ki

Xn

j¼1

½jaijðsÞjLfj

þ ðjaijðsÞj þ jbijðsÞjÞL
g
j e

r lnð 1þs
1þqijs

Þ�njds
�

\Mn�1
l ðkzkn þ eÞnie�r ln

1þh1
1þt0

�
Ki

M
e
�
R h1

t0
ð~ciðuÞ� r

1þu
Þdu

þ
Z h1

t0

e
�
R h1

s
ð~ciðuÞ� r

1þuÞduð~ciðsÞ �
r

1þ s
Þds
�

¼Mn�1
l ðkzkn þ eÞnie�r ln

1þh1
1þt0

�
�

1� ð1� Ki

M
Þe�
R h1

t0
ð~ciðuÞ� r

1þu
Þdu
�

�Mn�1
l ðkzkn þ eÞnie�r ln

1þh1
1þt0 ;
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which contradicts (3.9). Hence, (3.8) holds. Letting

e �! 0þ, we have from (3.8) that

kxðtÞ � x�ðtÞk ¼ max
i2J

jziðtÞj

�K

max
i2J

f sup
s2½qit0; t0�

juiðsÞ � x�i ðsÞjg

ð1þ tÞr for all t� t0;

ð3:12Þ

where K ¼ Mn�1
l nuð1þ t0Þr and nu ¼ max

i2J
ni. This proves

Theorem 3.2.

4 An example

In this section, we present an example to check the validity

of the main results obtained in Sect. 3.

Example 4.1 Consider the following FCNNs with multi-

proportional delays:

x01ðtÞ¼ �ð1þ3

2
sin30tÞx1ðtÞþ

sin
ffiffiffi
2

p
t

40
f1ðx1ðtÞÞþ

sin
ffiffiffi
3

p
t

40
f2ðx2ðtÞÞ

þðsin tÞe�2sin tþðcos2tÞe�2sin tþ sin4t

þ 1

320
ðcos tÞg1ðx1ð

1

2
tÞÞ
^ 1

320
ðcos tÞg2ðx2ð

1

2
tÞÞ

þ 1

320
ðsin tÞg1ðx1ð

1

2
tÞÞ
_ 1

320
ðsin tÞg2ðx2ð

1

2
tÞÞ;

x02ðtÞ¼ �ð1þ3

2
cos30tÞx2ðtÞþ

cos
ffiffiffi
2

p
t

40
f1ðx1ðtÞÞþ

cos
ffiffiffi
3

p
t

40
f2ðx2ðtÞÞ

þðsin tÞe�2sin tþðcos2tÞe�2sin tþ sin5t

þ 1

320
ðcos tÞg1ðx1ð

1

2
tÞÞ
^ 1

320
ðcos tÞg2ðx2ð

1

2
tÞÞ

þ 1

320
ðsin tÞg1ðx1ð

1

2
tÞÞ
_ 1

320
ðsin tÞg2ðx2ð

1

2
tÞÞ;

8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

ð4:1Þ

where t� 1; f1ðxÞ ¼ f2ðxÞ ¼ 1
18

jxþ1j�jx�1j
2

; g1ðxÞ ¼
g2ðxÞ ¼ 1

18
x, xiðsÞ ¼ uiðsÞ; s 2 ½1

2
; 1�; and ui 2

Cð½1
2
; 1�;RÞ; i; j ¼ 1; 2:

Obviously,

c1ðtÞ ¼ 1þ 3

2
sin 30t; c2ðtÞ ¼ 1þ 3

2
cos 30t;

I1ðtÞ ¼ sin 4t; I2ðtÞ ¼ sin 5t;

b11ðtÞ ¼ b21ðtÞ ¼ sin t; b12ðtÞ ¼ b22ðtÞ ¼ cos 2t;

u1ðtÞ ¼ u2ðtÞ ¼ e�2 sin t;

HijðtÞ ¼ TijðtÞ ¼ 0; ~ciðtÞ ¼ 1; e
�
R t

s
ciðuÞdu � e

1
10e�ðt�sÞ;

i ¼ 1; 2 ; t� s;

ni ¼ 1; qij ¼
1

2
L
f
i ¼ L

g
i ¼

1

18
; Ki ¼ e

1
10; i ¼ 1; 2;

a11ðtÞ ¼
sin

ffiffiffi
2

p
t

40
; a12ðtÞ ¼

sin
ffiffiffi
3

p
t

40
; a21ðtÞ ¼

cos
ffiffiffi
2

p
t

40
;

a22ðtÞ ¼
cos

ffiffiffi
3

p
t

40
;

and

aijðtÞ ¼
1

320
ðcos tÞ; bijðtÞ ¼

1

320
ðsin tÞ; i; j ¼ 1; 2;

we obtain

sup
t� 0

f�~ciðtÞni þ
Xn

j¼1

Ki½jaijðtÞjLfj þ ðjaijðtÞj þ jbijðtÞjÞL
g
j �njg

\� 0:6; i ¼ 1; 2; ð4:2Þ

which imply that system (4.1) satisfies ðH0Þ, ðH1Þ and

ðH2Þ. Moreover, from (4.2), we can choose r ¼ 0:01 such

that (3.5) holds. Then, Theorem 3.2 implies that system

(1.1) has a unique almost periodic solution x�ðtÞ, and

kxðtÞ � x�ðtÞk1 �K

max
i2J

f sup
s2½1

2
; 1�

juiðsÞ � x�i ðsÞjg

ð1þ tÞ0:01
for all t� 1;

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
−10

−5

0

5

 

 
x

1
(t)

x
2
(t)

Fig. 1 Numerical solutions

xðtÞ ¼ ðx1ðtÞ; x2ðtÞÞT of system

(4.1) for initial values

ð2;�3ÞT ; ð�7;�6ÞT ; ð4;�5ÞT ,
respectively. This implies that

the almost periodic solution of

system (4.1) is globally

attractive
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where K ¼ 1þ e
1
1020:01. The numerical simulations in

Fig. 1 strongly support the conclusion.

Remark 4.1 It is worth mentioning that, all scholars in [2,

6, 17, 19, 25, 26] and [10–15, 22, 27–29] have studied the

dynamics on CNNs and FCNNs under the fundamental

condition that the leakage term coefficient function is not

oscillating, i.e., inf
t2R

ciðtÞ[ 0ði 2 JÞ. In system (4.1), the

time-varying leakage coefficients

c1ðtÞ ¼ 1þ 3

2
sin 30t and c2ðtÞ ¼ 1þ 3

2
cos 30t

are oscillating. Thus, all results in the above references

cannot be applied to imply that all solutions of (4.1) con-

verge globally to the almost periodic solution. Here, we

employ a novel proof to establish some criteria to guar-

antee the existence and stability of almost periodic solu-

tions for fuzzy cellular neural networks with multi-

proportional delays. The method used in this paper pro-

vides a possible approach to study the problem on almost

periodic solutions of other FCNNs with multi-proportional

delays and oscillating leakage term coefficients. These

issues are worthy to research in near future works.
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