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Abstract
In this paper, we introduce the concept of the rectangular M-metric spaces, along with its topology and we prove some

fixed-point theorems under different contraction principles with various techniques. The obtained results generalize some

classical fixed-point results such as the Banach’s contraction principle, the Kannan’s fixed-point theorem and the Chat-

terjea’s fixed-point theorem. Also we give an application to the fixed-circle problem.
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Introduction

The well-known Banach contraction principle has been

studied and generalized in many different directions such

as generalizing the used metric spaces. Recently, new

generalized metric spaces have been presented for this

purpose. For example, M-metric spaces, rectangular metric

spaces, partial rectangular metric spaces have been intro-

duced and studied (see [2, 3, 7]). Branciari in [3] defined

rectangular metric spaces as follows:

Definition 1.1 [3] (Rectangular metric space (Branciari

metric space)) Let X be a nonempty set. A mapping d :

X � X ! Rþ is said to be a rectangular metric on X if for

any x; y 2 X and all distinct points u; v 2 X n fx; yg, it

satisfies the following conditions:

ðR1Þ x ¼ y if and only if dðx; yÞ ¼ 0;
ðR2Þ dðx; yÞ ¼ dðy; xÞ;
ðR3Þ dðx; yÞ� dðx; uÞ þ dðu; vÞ þ dðv; yÞ (rectangular

inequality).

In this case the pair (X, d) is called a rectangular metric

space.

Inspired by the work of Branciari, Shukla in [7] defined

rectangular partial metric spaces which are generalizations

of rectangular metric spaces.

Definition 1.2 [7] (Partial rectangular metric space) Let

X be a nonempty set. A mapping q : X � X ! Rþ is said to

be a partial rectangular metric on X if for any x; y 2 X and

all distinct points u; v 2 X n fx; yg, it satisfies the following
conditions :

ðRP1Þ x ¼ y if and only if qðx; yÞ ¼ qðx; xÞ ¼ qðy; yÞ;
ðRP2Þ qðx; xÞ� qðx; yÞ;
ðRP3Þ qðx; yÞ ¼ qðy; xÞ;
ðRP4Þ qðx; yÞ� qðx; uÞ þ qðu; vÞ þ qðv; yÞ

�qðu; uÞ � qðv; vÞ:

In this case, the pair ðX; qÞ is called a partial rectangular

metric space.

Asadi et al. in [2] gave an extension to the partial metric

spaces, called M-metric spaces, defined as follows.
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Notation 1.3 [2]

1. mx;y :¼ minfmðx; xÞ;mðy; yÞg.
2. Mx;y :¼ maxfmðx; xÞ;mðy; yÞg.

Definition 1.4 [2] Let X be a nonempty set. If the function

m : X � X ! Rþ satisfies the following conditions for all

x; y; z 2 X

ðM1Þ mðx; xÞ ¼ mðy; yÞ ¼ mðx; yÞ if and only if x ¼ y;

ðM2Þ mx;y �mðx; yÞ;
ðM3Þ mðx; yÞ ¼ mðy; xÞ;
ðM4Þ ðmðx; yÞ � mx;yÞ� ðmðx; zÞ � mx;zÞ

þðmðz; yÞ � mz;yÞ;

then the pair (X, m) is called an M-metric space.

On these new spaces, some generalized fixed-point

results have been obtained (see [1–3, 6, 7]). In this paper,

we introduce the concept of a rectangular M-metric space,

along with proving some fixed-point theorems for self-

mappings in rectangular M-metric spaces. In Sect. 2, we

define the notion of a rectangular M-metric space and

investigate some basic properties of this new space. In

Sect. 3, we present some topological concepts about open

balls and convergence in rectangular M -metric spaces. In

Sect. 4, we prove new generalizations of classical fixed-

point results such as the Banach’s contraction principle, the

Kannan’s fixed-point theorem and the Chatterjea’s fixed-

point theorem. In Sect. 5, we define the notions of a circle

and a fixed circle. Using these concepts, we present an

application to fixed-circle problem.

Rectangular M-metric spaces

At first, we need to present the following notation.

Notation 2.1

1. mrx;y :¼ minfmrðx; xÞ;mrðy; yÞg.
2. Mrx;y :¼ maxfmrðx; xÞ;mrðy; yÞg.

Definition 2.2 Let X be a nonempty set and mr : X � X !
½0;1Þ be a function. If the following conditions are sat-

isfied for all x, y in X

ðRM1Þ mrðx; yÞ ¼ mrx;y ¼ Mrx;y () x ¼ y;

ðRM2Þ mrx;y �mrðx; yÞ;
ðRM3Þ mrðx; yÞ ¼ mrðy; xÞ;
ðRM4Þ mrðx; yÞ � mrx;y �mrðx; uÞ � mrx;u þ mrðu; vÞ

�mru;v þ mrðv; yÞ � mrv;y for all u; v 2 X n fx; yg;

then the pair ðX;mrÞ is called a rectangular M-metric

space.

Notice that every M-metric is also a rectangular M-

metric.

Remark 2.3 Let ðX;mrÞ be a rectangular M-metric space.

Clearly, we have

(1) 0�Mrx;y þ mrx;y ¼ mrðx; xÞ þ mrðy; yÞ;
(2) 0�Mrx;y � mrx;y ¼ mrðx; xÞ � mrðy; yÞj j

for every x; y 2 X.

Also it can be easily verified the following

inequality under some cases:

(3) Mrx;y � mrx;y � Mrx;u � mrx;u

� �
þ Mru;v � mru;v

� �

þ Mrv;y � mrv;y

� �
:

For example, if we consider the case

mrðx; xÞ�mrðu; uÞ�mrðv; vÞ�mrðy; yÞ;

then we get

Mrx;y � mrx;y ¼mrðx; xÞ � mrðy; yÞ
¼mrðx; xÞ � mrðy; yÞ þ mrðu; uÞ � mrðu; uÞ
þ mrðv; vÞ � mrðv; vÞ

¼ mrðx; xÞ � mrðu; uÞð Þ þ mrðu; uÞ � mrðv; vÞð Þ
þ mrðv; vÞ � mrðy; yÞð Þ

¼ Mrx;u � mrx;u

� �
þ Mru;v � mru;v

� �
þ Mrv;y � mrv;y

� �
:

Now we give some examples.

Example 2.4 Let C be the set of all complex numbers, and

consider the set Xh ¼ z 2 C : argðzÞ ¼ hf g [ 0f g for a

fixed h; 0� h\2p. If we define the self-mapping mr on Xh

given by mrðx; yÞ ¼
xj j þ yj j

2
for all x; y 2 Xh, then ðXh;mrÞ

is a rectangular M-metric space.

We will only show that the following triangular

inequality holds since the other conditions of the metric

are satisfied (easy to check).

mrðx; yÞ � mrx;y �mrðx; uÞ � mrx;u þ mrðu; vÞ � mru;v

þ mrðv; yÞ � mrv;y : ð2:1Þ

Let x; y; u; v 2 Xh. We suppose without loss of generality

that xj j � yj j. Then, mrðx; yÞ ¼
xj j þ yj j

2
, mrðx; uÞ ¼ xj jþ uj j

2
,

mrðu; vÞ ¼
uj j þ vj j

2
. We need to consider the following

cases:
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Case 1: uj j � vj j � xj j � yj j:
We have mrx;y ¼ xj j, mrx;u ¼ uj j, mru;v ¼ uj j and
mrv;y ¼ vj j. Therefore, (2.1) holds. Indeed, (2.1)
can be written as follows:

xj j þ yj j
2

� xj j � xj j þ uj j
2

� uj j þ uj j þ vj j
2

� uj j

þ vj j þ yj j
2

� vj j ¼ xj j þ yj j
2

þ uj j þ vj j

� uj j � uj j � vj j ¼ xj j þ yj j
2

� uj j;

which is correct since uj j � xj j.
Case 2: uj j � xj j � vj j � yj j : It follows as in the previous

case.

Case 3: uj j � xj j � yj j � vj j :
We obtain

xj j þ yj j
2

� xj j � xj j þ uj j
2

� uj j þ uj j þ vj j
2

� uj j

þ vj j þ yj j
2

� yj j

¼ xj j þ yj j
2

� ð uj j þ yj j � vj jÞ;

which is correct given that uj j þ yj j � vj j\ xj j.
Case 4: xj j � uj j � vj j � yj j :

xj j þ yj j
2

� xj j � xj j þ uj j
2

� uj j þ uj j þ vj j
2

� uj j þ vj j þ yj j
2

� vj j ¼ xj j þ yj j
2

þ uj j þ vj j � uj j � uj j � vj j

� xj j þ yj j
2

� xj j:

Case 5: xj j � uj j � yj j � vj j :
xj j þ yj j

2
� xj j � xj j þ uj j

2
� xj j þ uj j þ vj j

2
� uj j

þ vj j þ yj j
2

� yj j ¼ xj j þ yj j
2

þ uj j

þ vj j � xj j � uj j � yj j

¼ xj j þ yj j
2

� ð xj j þ yj j � vj jÞ:

Since xj j þ yj j � vj j � xj j, therefore the

inequality holds.

Case 6: xj j � yj j � uj j � vj j : It follows as in the previous

case.

We note that if we permute u and v in all the precedent

cases, (2.1) is still valid. Hence, ðXh;mrÞ is a rectangular

M -metric space.

Proposition 2.5 Let (X, d) be a rectangular metric space

and a function n : 0;1½ Þ ! a;1½ Þ be a one-to-one and

nondecreasing function with nð0Þ ¼ a such that

nðxþ yþ zÞ� nðxÞ þ nðyÞ þ nðzÞ � 2a;

for all x; y; z 2 0;1½ Þ. Then, the function mr : X � X !
½0;1Þ is defined as

mrðx; yÞ ¼ nðdðx; yÞÞ;

for all x; y 2 X is a rectangular M-metric.

Proof From the hypothesis, it can be easily checked that

the conditions ðRM1Þ , ðRM2Þ and ðRM3Þ are satisfied. Now
we show that the condition ðRM4Þ is satisfied. Using the

condition ðR3Þ, we obtain

nðdðx; yÞÞ� nðdðx; uÞ þ dðu; vÞ þ dðv; yÞÞ
� nðdðx; uÞÞ þ nðdðu; vÞÞ þ nðdðv; yÞÞ � 2a

and

nðdðx; yÞÞ � a� nðdðx; uÞÞ � að Þ þ nðdðu; vÞÞ � að Þ
þ nðdðv; yÞÞ � að Þ:

Therefore, we get

mrðx; yÞ � mrx;y �mrðx; uÞ � mrx;u þ mrðu; vÞ � mru;v

þ mrðv; yÞ � mrv;y :

Consequently, mr is a rectangular M-metric. h

Example 2.6 Let (X, d) be a rectangular metric space and

a function n : 0;1½ Þ ! a;1½ Þ be defined as

nðtÞ ¼ mt þ n;

with nð0Þ ¼ a for all t 2 0;1½ Þ. From Proposition 2.5, the

function mrðx; yÞ ¼ mdðx; yÞ þ n is a rectangular M-metric.

Note that we can obtain a rectangular metric space from

a rectangular M -metric space as seen in the following

examples.

Example 2.7 Let ðX;mrÞ be a rectangular M-metric space

and mw
r : X � X ! 0;1½ Þ be a function defined as

mw
r ðx; yÞ ¼ mrðx; yÞ � 2mrx;y þMrx;y ;

for all x; y 2 X. Then, mw
r is a rectangular metric and the

pair ðX;mw
r Þ is a rectangular metric space.

Now we show that the conditions ðR1Þ, ðR2Þ and ðR3Þ
are satisfied as follows:

ðR1Þ Using the conditions ðRM1Þ and ðRM2Þ, we get
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mw
r ðx; yÞ ¼0 , mrðx; yÞ � 2mrx;y þMrx;y ¼ 0

,mrðx; yÞ ¼ 2mrx;y �Mrx;y

and

mrx;y �mrðx; yÞ ¼ 2mrx;y �Mrx;y , Mrx;y �mrx;y , Mrx;y ¼ mrx;y

,mrðx; yÞ ¼ mrðx; xÞ ¼ mrðy; yÞ , x ¼ y;

for all x; y 2 X.

ðR2Þ Using the conditions ðRM3Þ, we have

mw
r ðx; yÞ ¼mrðx; yÞ � 2mrx;y þMrx;y

¼mrðy; xÞ � 2mry;x þMry;x ¼ mw
r ðy; xÞ;

for all x; y 2 X.

ðR3Þ Using the conditions ðRM4Þ and the inequality (3)

given in Remark 2.3, we get

mw
r ðx; yÞ ¼mrðx; yÞ � 2mrx;y þMrx;y

¼ mrðx; yÞ � mrx;y

� �
þ Mrx;y � mrx;y

� �

� mrðx; uÞ � mrx;u þ mrðu; vÞ � mru;v þ mrðv; yÞ � mrv;y

� �

þ Mrx;u � mrx;u

� �
þ Mru;v � mru;v

� �
þ Mrv;y � mrv;y

� �� �

¼mw
r ðx; uÞ þ mw

r ðu; vÞ þ mw
r ðv; yÞ;

for all u; v 2 X n fx; yg. Consequently, ðX;mw
r Þ is a rect-

angular metric space.

Example 2.8 Let ðX;mrÞ be a rectangular M-metric space

and ms
r : X � X ! 0;1½ Þ be a function defined as

ms
rðx; yÞ ¼ mrðx; yÞ � mrx;y ;

for all x; y 2 X such that if ms
rðx; yÞ ¼ 0 then x ¼ y. Then,

ms
r is a rectangular metric and the pair ðX;ms

rÞ is a rect-

angular metric space.

Now we show that the conditions ðR1Þ, ðR2Þ and ðR3Þ
are satisfied as follows :

ðR1Þ Using the hypothesis and the definition of ms
r, we

get

x ¼ y ) ms
rðx; xÞ ¼ mrðx; xÞ � mrx;x

¼mrðx; xÞ �min mrðx; xÞ;mrðx; xÞf g ¼ 0

and

ms
rðx; yÞ ¼ 0 ) x ¼ y;

for all x; y 2 X.

ðR2Þ Using the condition ðRM3Þ, we have

ms
rðx; yÞ ¼ mrðx; yÞ � mrx;y ¼ mrðy; xÞ � mry;x ¼ ms

rðy; xÞ;

for all x; y 2 X.

ðR3Þ Using the condition ðRM4Þ, we obtain

ms
rðx; yÞ ¼mrðx; yÞ � mrx;y

� mrðx; uÞ � mrx;u
þ mrðu; vÞ � mru;v

þ mrðv; yÞ � mrv;y

¼ms
rðx; uÞ þ ms

rðu; vÞ þ ms
rðv; yÞ;

for all u; v 2 X n fx; yg. Consequently, ðX;ms
rÞ is a rect-

angular metric space.

In the following proposition, we see the relationship

between a rectangular partial metric and a rectangular M-

metric.

Proposition 2.9 Every partial rectangular metric is a

rectangular M-metric.

Proof Let mr be a partial rectangular metric. Let us con-

sider the following cases:

(1) mrðx; xÞ ¼ mrðy; yÞ ¼ mrðu; uÞ ¼ mrðv; vÞ,
(2) mrðx; xÞ\mrðy; yÞ\mrðu; uÞ\mrðv; vÞ,
(3) mrðx; xÞ ¼ mrðy; yÞ ¼ mrðu; uÞ\mrðv; vÞ,
(4) mrðx; xÞ ¼ mrðy; yÞ\mrðu; uÞ\mrðv; vÞ,
(5) mrðx; xÞ ¼ mrðy; yÞ\mrðu; uÞ\mrðv; vÞ,
(6) mrðx; xÞ\mrðy; yÞ\mrðu; uÞ ¼ mrðv; vÞ,
(7) mrðx; xÞ\mrðy; yÞ ¼ mrðu; uÞ\mrðv; vÞ,
(8) mrðx; xÞ\mrðy; yÞ ¼ mrðu; uÞ ¼ mrðv; vÞ,
(9) mrðx; xÞ[mrðy; yÞ[mrðu; uÞ[mrðv; vÞ,

(10) mrðx; xÞ ¼ mrðy; yÞ ¼ mrðu; uÞ[mrðv; vÞ,
(11) mrðx; xÞ ¼ mrðy; yÞ[mrðu; uÞ ¼ mrðv; vÞ,
(12) mrðx; xÞ ¼ mrðy; yÞ[mrðu; uÞ[mrðv; vÞ,
(13) mrðx; xÞ[mrðy; yÞ[mrðu; uÞ ¼ mrðv; vÞ,
(14) mrðx; xÞ[mrðy; yÞ ¼ mrðu; uÞ[mrðv; vÞ,
(15) mrðx; xÞ[mrðy; yÞ ¼ mrðu; uÞ ¼ mrðv; vÞ.
Under the above cases, the condition ðRM4Þ is satisfied. For
example, if we consider case (2), then we get

mrðx; yÞ�mrðx; uÞ þ mrðu; vÞ þ mrðv; yÞ � mrðu; uÞ
� mrðu; vÞ

and so

mrðx; yÞ � mrx;y ¼mrðx; yÞ � mrðx; xÞ
� mrðx; uÞ þ mrðu; vÞ þ mrðv; yÞ

� mrðu; uÞ � mrðv; vÞ � mrðx; xÞ
� mrðx; uÞ � mrðx; xÞ½ � þ mrðu; vÞ½
�mrðu; uÞ� þ mrðv; yÞ � mrðy; yÞ½ �
¼ mrðx; yÞ � mrx;y þ mrðu; vÞ � mru;v

þ mrðv; yÞ � mrv;y ;

for all u; v 2 X n fx; yg. Using the similar arguments, it can

be easily seen that the condition ðRM4Þ is satisfied under

the other cases. Therefore, the partial rectangular metric mr

is a rectangular M -metric. h

The converse statement of Proposition 2.9 is not always

true as seen in the following example.

Example 2.10 Let X ¼ 1; 2; 3; 4f g and the function mr :

X � X ! ½0;1Þ be defined by
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mrð1; 1Þ ¼ mrð2; 2Þ ¼ mrð3; 3Þ ¼ 1andmrð4; 4Þ ¼ 8;

mrð1; 2Þ ¼ mrð2; 1Þ ¼ 4;

mrð1; 3Þ ¼ mrð3; 1Þ ¼ 4;

mrð1; 4Þ ¼ mrð4; 1Þ ¼ 4;

mrð2; 3Þ ¼ mrð3; 2Þ ¼ 5;

mrð2; 4Þ ¼ mrð4; 2Þ ¼ 6;

mrð3; 4Þ ¼ mrð4; 3Þ ¼ 7;

for all x; y 2 X. Then, mr is a rectangular M-metric, but it is

not a rectangular partial metric on X. Indeed, for x ¼ 4,

y ¼ 3, we have

mrð4; 4Þ ¼ 8�mrð4; 3Þ ¼ 7;

which is a contradiction. Therefore, the condition ðRP2Þ is
not satisfied.

It is known that every metric space is a rectangular

metric space (see [4]) and that every rectangular metric

space is a partial rectangular metric space with zero self-

distance (see [7]). Also every metric space is a partial

metric space and every partial metric space is an M -metric

space (see [2, 5]). Consequently, we can give the following

diagram. Here, arrows stand for inclusions.

Some topological notions of rectangular M-
metric spaces

In this section, we investigate some topological properties

of rectangular M-metric spaces.

Convergence in rectangular M-metric spaces

Definition 3.1 Let ðX;mrÞ be a rectangular M-metric

space. Then, we have

(1) A sequence fxng in X converges to a point x if and

only if

lim
n!1

ðmrðxn; xÞ � mrxn ;x
Þ ¼ 0:

(2) A sequence fxng in X is said to be mr-Cauchy

sequence if and only if

lim
n;m!1

ðmrðxn; xmÞ � mrxn ;xm
Þand lim

n;m!1
ðMrxn ;xm

�mrxn ;xm
Þ

exist and finite.

(3) A rectangular M-metric space is said to be mr-

complete if every mr-Cauchy sequence fxng con-

verges to a point x such that

lim
n!1

ðmrðxn; xÞ � mrxn ;x
Þ ¼ 0and lim

n!1
ðMrxn ;x

�mrxn ;x
Þ

¼ 0:

Lemma 3.2 Assume that xn �! x and yn �! y as n �!
1 in a rectangular M-metric space ðX;mrÞ. Then,
lim
n!1

ðmrðxn; ynÞ � mrxn ;yn
Þ ¼ mrðx; yÞ � mrx;y : ð3:1Þ

Proof Using the triangular inequality of the rectangular

M-metric, we obtain

mrðxn; ynÞ � mrxn ;yn
�mrðxn; xÞ � mrxn ;x

þ mrðx; yÞ � mrx;y

þ mrðy; ynÞ � mry;yn
:

Then,

mrðxn; ynÞ � mrxn ;yn
� mrðx; yÞ þ mrx;y �mrðxn; xÞ � mrxn ;x

þ mrðy; ynÞ � mry;yn
:

ð3:2Þ

Knowing that ðxnÞ converges to x and ðynÞ converges to y,

we obtain the result from (3.2), that is,

mrðx; yÞ � mrx;y �mrðx; xnÞ � mrx;xn
þ mrðxn; ynÞ � mrxn ;yn

þ mrðyn; yÞ � mryn ;y

and then

mrðx; yÞ � mrx;y � lim
n!1

mrðxn; ynÞ � mrxn ;yn

� �
:

h

From Lemma 3.2, we can deduce the following lemma.

Lemma 3.3 Assume that xn �! x as n �! 1 in a rect-

angular M-metric space ðX;mrÞ. Then
lim
n!1

ðmrðxn; yÞ � mrxn ;y
Þ ¼ mrðx; yÞ � mrx;y for all y 2 X:

ð3:3Þ

Lemma 3.4 Assume that xn �! x and yn �! y as n �!
1 in a rectangular M-metric space ðX;mrÞ. Then,

mrðx; yÞ ¼ mrx;y . Further if mrðx; xÞ ¼ mrðy; yÞ, then x ¼ y.

metric spaces partial metric spaces M -metric spaces

rectangular metric spaces partial rectangular metric spaces rectangular M -metric spaces
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Proof From Lemma 3.2, we have

0 ¼ lim
n!1

ðmrðxn; ynÞ � mrxn ;yn
Þ ¼ mrðx; yÞ � mrx;y

and then

mrðx; yÞ ¼ mrx;y :

From the condition ðRM1Þ and the hypothesis

mrðx; xÞ ¼ mrðy; yÞ, we get x ¼ y. h

Lemma 3.5 Let fxng be a sequence in a rectangular M-

metric space ðX;mrÞ, such that

there exists r 2 ½0; 1Þ such that mrðxnþ1; xnÞ� rmrðxn; xn�1Þ
for all n 2 N: ð3:4Þ

Then,

(A) lim
n!1

mrðxn; xn�1Þ ¼ 0;

(B) lim
n!1

mrðxn; xnÞ ¼ 0;

(C) lim
n;m!1

mrxn ;xm
¼ 0;

(D) fxng is an mr-Cauchy sequence.

Proof Using the definition of convergence and inequality

(3.4), the proof of the condition (A) follows easily. From

the condition ðRM2Þ and the condition (A), we get

lim
n!1

min mrðxn; xnÞ;mrðxn�1; xn�1Þf g ¼ lim
n!1

mrxn ;xn�1

� lim
n!1

mrðxn; xn�1Þ ¼ 0:

Therefore, the condition (B) holds. Since

limn!1 mrðxn; xnÞ ¼ 0, the condition (C) holds. Using the

previous conditions and Definition 3.1, we see that the

condition (D) holds. h

Lemma 3.6 Let ðX;mrÞ be a rectangular M-metric space.

Then, we get

(1) fxng is an mr-Cauchy sequence in ðX;mrÞ if and only
if fxng is a Cauchy sequence in ðX;mw

r Þ (resp.

ðX;ms
rÞÞ.

(2) ðX;mrÞ is mr-complete if and only if ðX;mw
r Þ ( resp.

ðX;ms
rÞÞ is complete.

Proof Using Examples 2.7 and 2.8, the proof follows

easily. h

Topology of rectangular M-metric spaces

Let mr be a rectangular M-metric on X. For all x 2 X and

e[ 0, the open ball with the center x and the radius e is

Bðx; eÞ ¼ y 2 X : mrðx; yÞ � mrx;y\e
� �

:

Notice that we have x 2 Bðx; eÞ for all e[ 0. Indeed, we

get

mrðx; xÞ � mrx;x ¼ mrðx; xÞ � mrðx; xÞ ¼ 0\e:

Similarly, the closed ball with the center x and the radius e
is

B½x; e� ¼ y 2 X : mrðx; yÞ � mrx;y � e
� �

:

Lemma 3.7 Let mr be a rectangular M-metric on X. The

collection of all open balls on X

Bmr
¼ Bðx; eÞf ge[ 0

x2X ;

forms a basis on X.

Proof Let y 2 Bðx; eÞ. Then, we have

mrðx; yÞ � mrx;y\e;

for all x 2 X and e[ 0. If we take

d ¼ e� mrðx; yÞ þ mrx;y ; ð3:5Þ

then we get d[ 0. Now we show that

Bðy; dÞ � Bðx; eÞ:

Let z 2 Bðy; dÞ. Then, we obtain

mrðy; zÞ � mry;z\d: ð3:6Þ

From the conditions ðRM4Þ, (3.5) and (3.6), we get

mrðx; zÞ � mrx;z �mrðx; yÞ � mrx;y þ mrðy; yÞ � mry;y

þ mrðy; zÞ � mry;z\e� dþ d ¼ e:

Consequently, we find Bðy; dÞ � Bðx; eÞ and Bmr
is a basis

on X. h

Definition 3.8

a) Let mr be a rectangular M-metric on X and smr
be the

topology generated by the open balls Bðx; eÞ. Then,
the pair X; smr

ð Þ is called a rectangular M -space.

b) Let ðX; smr
Þ be a rectangular M- space. ðX; smr

Þ is

called a T0-space if for any distinct pair of points

x; y 2 X, there exists an open ball containing x but

not y or an open ball containing y but not x.

Theorem 3.9 A rectangular M-space is a T0-space.

Proof Let X; smr
ð Þ be a rectangular M-space and x; y 2 X

with x 6¼ y. Without loss of generality, let us consider the

following cases:

Case 1 If mrðx; xÞ ¼ mrðy; yÞ, then using the hypothesis,

the conditions (RM1) and (RM2), we get

mrx;y ¼ mrðx; xÞ ¼ mrðy; yÞ\mrðx; yÞ

and

mrðx; yÞ � mrx;y ¼ mrðx; yÞ � mrðx; xÞ[ 0:
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Hence, if we take e ¼ mrðx; yÞ � mrðx; xÞ; then we obtain

y 62 Bðx; eÞ.
Case 2 If mrðx; xÞ\mrðy; yÞ, then using the conditions

(RM1) and (RM2), we get

mrðx; yÞ � mrx;y [ 0

and

mrðx; yÞ � mrx;y ¼ mrðx; yÞ � mrðx; xÞ[ 0:

Hence, if we take e ¼ mrðx; yÞ � mrðx; xÞ; then we obtain

y 62 Bðx; eÞ.
Consequently, X; smr

ð Þ is a T0-space. h

Some fixed-point results

At first, we prove the following useful lemma.

Lemma 4.1 Let ðX;mrÞ be a rectangular M-metric space

and T be a self-mapping on X. If there exists k 2 ½0; 1Þ
such that

mrðTx;TyÞ� kmrðx; yÞ for all x; y 2 X ð4:1Þ

and consider the sequence fxngn� 0 defined by xnþ1 ¼ Txn:

If xn ! u as n ! 1; then Txn ! Tu as n ! 1.

Proof First, note that if mrðTxn; TuÞ ¼ 0; then mrTxn ;Tu
¼ 0

and that is due to the fact that mrTxn ;Tu
�mrðTxn; TuÞ; which

implies that

mrðTxn; TuÞ � mrTxn ;Tu
! 0 as n ! 1 andthatis

Txn ! Tu as n ! 1:

So, we may assume that mrðTxn; TuÞ[ 0; since by (4.1) we

have mrðTxn; TuÞ\mrðxn; uÞ; then we have the following

two cases:

If mrðu; uÞ�mrðxn; xnÞ; then it is easy to see that

mrðxn; xnÞ ! 0; which implies that mrðu; uÞ ¼ 0; and since

mrðTu; TuÞ\mrðu; uÞ ¼ 0; we deduce that mrðTu; TuÞ ¼
mrðu; uÞ ¼ 0; and mrðxn; uÞ ! 0; on the other, we have

mrðTxn; TuÞ�mrðxn; uÞ ! 0:

Hence, mrðTxn; TuÞ � mrTxn ;Tu
! 0 and thus Txn ! Tu:

If mrðu; uÞ�mrðxn; xnÞ; and once again it is easy to see

that mrðxn; xnÞ ! 0; which implies that mrxn ;u
! 0: Hence,

mrðxn; uÞ ! 0

and since mrðTxn; TuÞ\mrðxn; uÞ ! 0; we have

mrðTxn; TuÞ � mrTxn ;Tu
! 0 and thus Txn ! Tu as

desired. h

Now we give some fixed point theorems.

Theorem 4.2 Let ðX;mrÞ be a complete rectangular M-

metric space and T a self-mapping on X. If there exists

0\k\1 such that

mrðTx;TyÞ� kmrðx; yÞ for all x; y 2 X; ð4:2Þ

then T has a unique fixed point u in X, where

mrðu; uÞ ¼ 0:

Proof Let x in X be arbitrary. Using (4.2), we have

mr

�
Tnx; Tnþ1x

�
� kmr

�
Tn�1x; Tnx

�
� � � � � knmrðx; TxÞ;

ð4:3Þ

for all n� 1. We distinguish two cases.

Case 1 Let Tnx ¼ Tmx for some integers n 6¼ m. For

example, take m[ n . We have Tm�nðTnxÞ ¼ Tnx. Choose

y ¼ Tnx and p ¼ m� n. Then,

Tpy ¼ y;

that is, y is a periodic point of T. By (4.2) and (4.3), we

have

mrðy; TyÞ ¼ mr

�
Tpy; Tpþ1y

�
� kpmrðy; TyÞ:

Since k 2 ð0; 1Þ, we get mrðy; TyÞ ¼ 0: On the other hand,

we have

mrðy; yÞ ¼ mrðTpy; TpyÞ� kmrðTp�1y; Tp�1yÞ
� � � �\mrðTy; TyÞ� kmrðy; yÞ\mrðy; yÞ:

Thus,

mrðy; yÞ ¼ mrðTy; TyÞ ¼ 0:

Hence, y ¼ Ty, that is, y is a fixed point of T.

Case 2 Suppose that Tnx 6¼ Tmx for all integers n 6¼ m.

We rewrite (4.3) as

mr

�
Tnx; Tnþ1x

�
� knmrðx; TxÞ�

kn

1� k
mrðx; TxÞ: ð4:4Þ

Similarly, by (4.2), we have

mr

�
Tnx; Tnþ2x

�
� kmr

�
Tn�1x; Tnþ1x

�
� � � � � knmr

�
x; T2x

�

� kn

1� k
mr

�
x; T2x

�
:

ð4:5Þ

Now, if m[ 2 is odd, then consider m ¼ 2pþ 1 with

p� 1. By (4.2) and (4.4), we have

mr

�
Tnx; Tnþmx

�
�mr

�
Tnx; Tnþ1x

�
þ mr

�
Tnþ1x; Tnþ2x

�

þ � � � þ mr

�
Tnþ2px; Tnþ2pþ1x

�

� knmrðx; TxÞ þ knþ1mrðx; TxÞ þ � � �
þ knþ2pmrðx; TxÞ
¼ knmrðx; TxÞ

�
1þ k þ k2 þ � � � þ k2p

�

� kn

1� k
mrðx; TxÞ:

On the other hand, if m[ 2 is even, then consider m ¼ 2p

with p� 2. Again, by (4.2), (4.4) and (4.5),
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mr

�
Tnx; Tnþmx

�
�mr

�
Tnx; Tnþ2x

�
þ mr

�
Tnþ2x; Tnþ3x

�

þ � � � þ mr

�
Tnþ2p�1x; Tnþ2px

�

� knmr

�
x; T2x

�
þ knþ2mrðx;TxÞ

þ knþ3mrðx; TxÞ þ � � � þ knþ2p�1mrðx;TxÞ

� knmr

�
x; T2x

�
þ knþ2

1� k
mrðx; TxÞ

� knmr

�
x; T2x

�
þ kn

1� k
mrðx; TxÞ:

We deduce from all cases that

mr

�
Tnx; Tnþmx

�
� knmr

�
x; T2x

�
þ kn

1� k
mrðx; TxÞ

for all n;m� 0:

ð4:6Þ

The right-hand side tends to 0 as n ! 1, and since

mr

�
Tnx; Tnþmx

�
� mrTnx;Tnþmx

�mr

�
Tnx; Tnþmx

�
;

we deduce that the sequence fTnxg is mr-Cauchy in the mr-

complete rectangular M-metric space ðX;mrÞ. Hence, there
exists some u 2 X such that

lim
n!1

mr

�
Tnx; u

�
¼ lim

n;m!1
mr

�
Tnx; Tmx

�
¼ mrðu; uÞ:

In view (4.6), we get

mrðu; uÞ ¼ lim
n!1

mrðTnx; uÞ ¼ lim
n;m!1

mrðTnx; TmxÞ ¼ 0:

ð4:7Þ

We shall prove that Tu ¼ u. Mention that we are still in

case 2, that is, Tnx 6¼ Tmx for all integers n 6¼ m. Now, we

distinguish three subcases.

Subcase 1 If for all n� 0, Tnx 62 fu; Tug, the rectangular
inequality implies that

mrðu; TuÞ�mrðu; TnxÞ þ mrðTnx; Tnþ1xÞ þ mrðTnþ1x; TuÞ
�mrðu; TnxÞ þ mrðTnx; Tnþ1xÞ þ kmrðTnx; uÞ:

Taking limit as n ! 1 and using (4.4) and (4.7 ), we get

mrðu; TuÞ ¼ 0 that is, Tu ¼ u:

Subcase 2 If there exists an integer N such that TNx ¼ u.

Due to case 2, Tnx 6¼ u for all n[N. Similarly, Tnx 6¼ Tu

for all n[N. We reach subcase 1, so u is a fixed point of

T.

Subcase 3 If there exists an integer N such that

TNx ¼ Tu. Again, necessarily Tnx 6¼ u and Tnx 6¼ Tu for

all n[N. Similarly, we get Tu ¼ u.

We deduce that u is a fixed point of T. To show the

uniqueness of the fixed point u, assume that T has another

fixed point v. By (4.2),

mrðu; vÞ ¼ mrðTu; TvÞ� kmrðu; vÞ;

which holds unless mrðu; vÞ ¼ 0; so u ¼ v. h

Example 4.3 Taking h ¼ 0, we consider the rectangular

M-metric space ðX0;mrÞ introduced in Example 2.4 where

X0 ¼ ½0;1Þ and mrðx; yÞ ¼
xþ y

2
for all x; y 2 X0. Define

the mapping T,

T : X0 ! X0

x 7! x

2
:

Let x; y 2 ½0;1Þ, we have

mrðTx; TyÞ ¼ mr x=2; y=2ð Þ ¼ x=2þ y=2ð Þ=2

¼ xþ y

4
� 2

3

xþ y

2
:

Then, T satisfies mrðTx; TyÞ� kmrðx; yÞ with 0\k ¼ 2
3
\1.

Finally, all the conditions of Theorem 4.2 are satisfied.

Therefore, T has u ¼ 0 as a fixed point in X0.

Theorem 4.4 Let ðX;mrÞ be a complete rectangular M-

metric space and T be a self-mapping on X. If there exists

0\k\1 such that

mrðTx;TyÞ�kmaxfmrðx;yÞ;mrðx;TxÞ;mrðy;TyÞg for all x;y
2X;

ð4:8Þ

then T has a unique fixed point u in X, where mrðu; uÞ ¼ 0:

Proof Let x0 2 X and the sequence fxng be defined as in

the proof of Theorem 4.2. So, we may assume that xn 6¼
xnþ1 for all n.

For all natural number n, we have

mn ¼ mrðxn; xnþ1Þ ¼ mrðTxn�1; TxnÞ� kmaxfmrðxn; xnþ1Þ;
mrðxn�1; xnÞg:

Hence, if maxfmrðxn; xnþ1Þ;mrðxn�1; xnÞg ¼ mrðxn; xnþ1Þ;
then inequality (8) implies

mrðxn; xnþ1Þ\mrðxn; xnþ1Þ

which leads to a contradiction. Therefore,

maxfmrðxn; xnþ1Þ;mrðxn�1; xnÞg ¼ mrðxn�1; xnÞ for all n:
ð4:10Þ

Thus, the sequence fxng satisfies the hypothesis of Theo-

rem 4.2. So, similarly to the proof of Theorem 4.2, we can

easily deduce that T has a unique fixed point u in X, where

mrðu; uÞ ¼ 0: h

Theorem 4.5 Let ðX;mrÞ be a complete rectangular M-

metric space and T be a self-mapping on X. If there exists

0� k\ 1
2
such that
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mrðTx;TyÞ� k mrðx; TxÞ þ mrðy; TyÞ½ � for all x; y 2 X;

ð4:11Þ

then T has a unique fixed point u in X, where mrðu; uÞ ¼ 0:

Proof Let x0 2 X and define the sequence fxng by

xn ¼ Txn�1 for all n ¼ 1; 2; . . .

If there exists a natural number k such that xk ¼ xkþ1, then

xk is a fixed point of T. Indeed, we have

xk ¼ Txk�1 ¼ xkþ1 ¼ Txk

and xk is the desired point. Therefore, we can assume that

xn 6¼ xnþ1 for all n. By (4.11), we have

mrðxn; xnþ1Þ ¼ mrðTxn�1; TxnÞ� k mrðxn�1; xnÞ þ mrðxn; xnþ1Þ½ �

and so

mrðxn; xnþ1Þ�
k

1� k
mrðxn�1; xnÞ ¼ rmrðxn�1; xnÞ;

where 0� r ¼ k
1�k

\1. Then, by the completeness of X and

Lemma 3.5, we obtain xn ! x for some x 2 X. Hence, we

find

lim
n!1

mrðxn; xÞ � mrxn ;x

� �
¼ 0 and lim

n!1
Mrxn ;x

�mrxn ;x

� �
¼ 0

and since mrxn ;x
! 0 we have mrðxn; xÞ ! 0 and Mrxn ;x

! 0.

By Remark 2.3, we get mrðx; xÞ ¼ 0 ¼ mrx;Tx and by (4.11)

mrðxnþ1; TxÞ ¼ mrðTxn; TxÞ� k mrðxn; xnþ1Þ þ mrðx; TxÞ½ �:

Using the fact mrðxn; xnþ1Þ ! 0, we get

lim sup
n!1

mrðxnþ1; TxÞ ¼ lim sup
n!1

mrðTxn; TxÞ� kmrðx; TxÞ:

On the other hand,

mrðx; TxÞ � mrx;Tx �mrðx; xnÞ þ mrðxn; TxÞ

implies that

mrðx; TxÞ� lim sup
n!1

mrðx; xnÞ þ mrðxn; TxÞ½ � � kmrðx; TxÞ

since mrx;Tx ¼ 0 and mrðxn; xÞ ! 0. Consequently,

mrðx; TxÞ ¼ 0. By contradiction (4.11), we have

mrðTx;TxÞ� k mrðx; TxÞ þ mrðx; TxÞ½ � ¼ 2kmrðx; TxÞ

and so

mrðTx;TxÞ ¼ 0 ¼ mrðx; xÞ ¼ mrðx; TxÞ:

This shows that x ¼ Tx by the condition (RM1). Unique-

ness of the fixed point follows by (4.12). Assume that T has

two fixed points u, v. We have

mrðu; vÞ ¼ mrðTu; TvÞ� k mrðu; TuÞ þ mrðv; TvÞ½ � ¼ 0

and

mrðu; vÞ ¼ 0:

Using the fact mrðu; uÞ ¼ 0 ¼ mrðv; vÞ, we get u ¼ v as

required. h

Theorem 4.6 Let ðX;mrÞ be a complete rectangular M-

metric space and T be a self-mapping on X. If there exists

0� k\
ffiffi
3

p
�1
2

such that

mrðTx;TyÞ� k mrðx; TyÞ þ mrðy; TxÞ½ �; ð4:12Þ

for all x; y 2 X, then T has a unique fixed point u in X,

where mrðu; uÞ ¼ 0:

Proof Suppose that x0 2 X and Tnx0 ¼ xn. Now we show

that

mrðxn; xnþ1Þ ! 0 as n ! 1:

Using inequality (4.12), we get

mrðxn; xnÞ ¼ mrðTxn�1; Txn�1Þ� 2kmrðxn�1; xnÞ; ð4:13Þ

for all n 2 N. From the inequality (4.13) and the condition

(RM4), we obtain

mrðxn; xnþ1Þ ¼ mrðTxn�1; TxnÞ� k mrðxn�1; xnþ1Þ þ mrðxn; xnÞ½ �

� k
mrðxn�1; xnÞ � mrxn�1 ;xn

þ mrðxn; xnÞ � mrxn ;xn

þmrðxn; xnþ1Þ � mrxn ;xnþ1
þ mrxn�1 ;xnþ1

þ mrðxn; xnÞ

" #

:

If we take

Rn ¼ mrðxn; xnÞ � mrxn�1 ;xn
� mrxn ;xnþ1

þ mrxn�1 ;xnþ1
;

then we get the following cases:

Case 1 Let us consider

mrðxn�1; xn�1Þ�mrðxn; xnÞ�mrðxnþ1; xnþ1Þ:

Then, we get

mrxn ;xnþ1
¼ mrðxn; xnÞ;mrxn�1 ;xn

¼ mrðxn�1; xn�1Þ;mrxn�1 ;xnþ1

¼ mrðxn�1; xn�1Þ

and so

Rn ¼ 0:

Case 2 Let us consider

mrðxnþ1; xnþ1Þ�mrðxn; xnÞ�mrðxn�1; xn�1Þ:

By the similar arguments used in Case 1, we get

Rn ¼ 0:

Case 3 Let us consider
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mrðxn; xnÞ�mrðxnþ1; xnþ1Þ�mrðxn�1; xn�1Þ:

Then, we get

mrxn ;xnþ1
¼ mrðxn; xnÞ;mrxn�1 ;xn

¼ mrðxn; xnÞ;mrxn�1 ;xnþ1

¼ mrðxnþ1; xnþ1Þ

and so

Rn ¼ mrðxnþ1; xnþ1Þ � mrðxn; xnÞ�mrðxnþ1; xnþ1Þ:

Case 4 Let us consider

mrðxn�1; xn�1Þ�mrðxnþ1; xnþ1Þ�mrðxn; xnÞ:

By the similar arguments used in Case 3, we get

Rn ¼ mrðxn; xnÞ � mrðxnþ1; xnþ1Þ�mrðxn; xnÞ:

Case 5 Let us consider

mrðxn; xnÞ�mrðxn�1; xn�1Þ�mrðxnþ1; xnþ1Þ:

By the similar arguments used in Case 3, we get

Rn ¼ mrðxn�1; xn�1Þ � mrðxn; xnÞ�mrðxnþ1; xnþ1Þ:

Case 6 Let us consider

mrðxnþ1; xnþ1Þ�mrðxn�1; xn�1Þ�mrðxn; xnÞ:

By the similar arguments used in Case 3, we get

Rn ¼ mrðxn; xnÞ � mrðxnþ1; xnþ1Þ�mrðxn; xnÞ:

If Rn ¼ 0; then we obtain

mrðxn; xnþ1Þ� k mrðxn�1; xnÞ þ mrðxn; xnþ1Þ½ �

and so

mrðxn; xnþ1Þ�
k

1� k
mrðxn�1; xnÞ:

If Rn\mrðxn; xnÞ; then using inequality (4.13), we obtain

Rn\2kmrðxn�1; xnÞ

and so

mrðxn; xnþ1Þ�
kð2k þ 1Þ
1� k

mrðxn�1; xnÞ:

If Rn\mrðxnþ1; xnþ1Þ; then using inequality (4.13), we

obtain

Rn\2kmrðxn; xnþ1Þ

and so

mrðxn; xnþ1Þ�
k

1� kð2k þ 1Þmrðxn�1; xnÞ:

Since 0� k\
ffiffi
3

p
�1
2

, then we get k
1�k

\1,
kð2kþ1Þ
1�k

\1,
k

1�kð2kþ1Þ\1 and so using Lemma 3.5, we have

mrðxn; xnþ1Þ ! 0;

as n ! 1. Using the completeness hypothesis, we obtain

xn ! u for some u 2 X and so

lim
n!1

mrðxn; uÞ � mrxn ;u

� �
¼ 0and lim

n!1
Mrxn ;u

�mrxn ;u

� �
¼ 0:

Since mrxn ;u
! 0; we have mrðxn; uÞ ! 0 and Mrxn ;u

! 0.

By Remark 2.3, we get

mrðu; uÞ ¼ 0 ¼ mru;Tu :

From inequality (4.12), we obtain

mrðu; TuÞ� lim sup
n!1

mrðu; xnÞ þ lim sup
n!1

mrðxn; TuÞ

¼ lim sup
n!1

mrðxn; TuÞ

� lim sup
n!1

k mrðxn�1; TuÞ þ mrðxn; uÞ½ �ð Þ

� lim sup
n!1

kmrðxn�1; TuÞ þ lim sup
n!1

kmrðxn; uÞ

� lim sup
n!1

k mrðxn�1; uÞ � mrxn�1 ;u
þ mrðu; uÞ

h

�mru;u þ mrðu; TuÞ � mru;Tu � � kmrðu; TuÞ;

which implies mrðu; TuÞ ¼ 0 since 0� k\
ffiffi
3

p
�1
2

. Using

inequality (4.13), we get

0�mrðTu; TuÞ� 2kmrðu; TuÞ ¼ 0

and so

mrðTu; TuÞ ¼ mrðu; TuÞ ¼ mrðu; uÞ:

Using condition (RM1), we get u ¼ Tu. Now we prove that

u is a unique fixed point of T. Let us consider u; v 2 X with

u 6¼ v, Tu ¼ u and Tv ¼ v. Using the condition (4.12), we

have

0\mrðu; vÞ ¼ mrðTu; TvÞ� k mrðu; TvÞ þ mrðv; TuÞ½ �
¼ 2kmrðu; vÞ\mrðu; vÞ;

which is a contradiction. Therefore, u ¼ v and T has a

unique fixed point u in X. h

An application to fixed-circle problem

The notions of a circle and of a fixed circle on a rectangular

M-metric space are defined as follows:

Let r[ 0 and x0 2 X. The circle Cmr
x0;r

with the center x0

and the radius r is defined by

Cmr

x0;r
¼ x 2 X : mrðx; x0Þ � mrx;x0

¼ r
n o

:
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Let Cmr
x0;r

be a circle and T : X ! X be a self-mapping. If

Tx ¼ x for any x 2 Cmr
x0;r

then the circle Cmr
x0;r

is called as the

fixed circle of T.

Now we give the following fixed-circle result.

Theorem 5.1 Let ðX;mrÞ be a rectangular M-metric space

and Cmr
x0;r

be any circle on X. Let us define the mapping

u : X ! 0;1½ Þ;uðxÞ ¼ mrðx; x0Þ � mrx;x0
;

for all x 2 X. If there exists a self-mapping T : X ! X

satisfying

ðCM1Þ mrðx; TxÞ � mrx;Tx �uðxÞ � uðTxÞ,
ðCM2Þ mrðTx; x0Þ � mrTx;x0

� r,

ðCM3Þ mrx;Tx ¼ Mrx;Tx ,

for each x 2 Cmr
x0;r

, then the circle Cmr
x0;r

is a fixed circle of

T.

Proof Let x 2 Cmr
x0;r

. Then, we have mrðx; x0Þ � mrx;x0
¼ r.

Now we prove that Tx ¼ x whenever x 2 Cmr
x0;r

. From the

condition ðCM1Þ, we obtain

mrðx; TxÞ � mrx;Tx �uðxÞ � uðTxÞ

¼ mrðx; x0Þ � mrx;x0

h i
� mrðTx; x0Þ � mrTx;x0

h i
:

ð5:1Þ

Using the conditions ðRM2Þ and ðCM2Þ, we get

mrðTx; x0Þ � mrTx;x0
¼ r

and Tx 2 Cmr
x0;r

. Using inequality (5.1), we obtain

mrðx; TxÞ � mrx;Tx ¼ 0 ) mrðx; TxÞ ¼ mrx;Tx : ð5:2Þ

From conditions (5.2), ðCM3Þ and ðRM1Þ, we find

mrðx; TxÞ ¼ mrx;Tx ¼ Mrx;Tx ) x ¼ Tx:

Consequently, the circle Cmr
x0;r

is a fixed circle of T. h

Now we give an illustrative example.

Example 5.2 Let us consider the rectangular M-metric

space Xp
2
;mr

	 

introduced in Example 2.4, the circle Cmr

2i;1

on Xp
2
and define the self-mapping T : Xp

2
! Xp

2
as

Tz ¼
iz ; zj j\4

z ; zj j � 4

�
;

for all z 2 Xp
2
. Then, the self-mapping T satisfies the con-

ditions ðCM1Þ, ðCM2Þ and ðCM3Þ for x 2 Cmr

2i;1 such that

Cmr

2i;1 ¼ x 2 Xp
2
:
xj j þ 2ij j

2
� mrx;2i ¼ 1

� �
¼ 0; 4if g:

Clearly Cmr

2i;1 is a fixed circle of T.

Conclusion

Let us consider Example 2.6 and the contractive condition

given in Theorem 4.2. Then, we have

mrðTx; TyÞ� kmrðx; yÞ;

for all x; y 2 X and k 2 ð0; 1Þ. Using the definition of mr

defined in Example 2.6, we get

mrðTx; TyÞ ¼ mdðTx; TyÞ þ n� k mdðx; yÞ þ n½ �
¼ kmdðx; yÞ þ kn

)dðTx; TyÞ� kdðx; yÞ þ nðk � 1Þ
m

:

ð6:1Þ

Inequality (6.1) does not satisfy the Banach contraction

principle

dðTx; TyÞ� kdðx; yÞ;

for all x; y 2 X and k 2 ð0; 1Þ on a rectangular metric space.

Therefore, it is important to study fixed-point theorems

using different contractive conditions on a rectangular M-

metric space even if a rectangular M-metric and a rectan-

gular metric generate same topology. Furthermore, in the

last section, we have given an introduction to the fixed-

circle problem [8]. On this new space, it is possible to

study some fixed-circle results by various aspects.
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