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Abstract—A set of signal points is called a hexagonal constellation if it is possible to define a
metric so that each point has exactly six neighbors at distance 1 from it. As sets of signal points,
quotient rings of the ring of Eisenstein—Jacobi integers are considered. For each quotient ring,
the corresponding graph is defined. In turn, the distance between two points of a quotient ring
is defined as the corresponding graph distance. Under certain restrictions, a quotient ring is a
hexagonal constellation with respect to this metric. For the considered hexagonal constellations,
some classes of perfect codes are known. Using graphs leads to a new way of constructing these
codes based on solving a standard graph-theoretic problem of finding a perfect dominating set.
Also, a relation between the proposed metric and the well-known Lee metric is considered.

DOI: 10.1134/50032946008010018

1. INTRODUCTION

Problems of designing error-correcting codes for multi-dimensional signal spaces are intensively
studied. For two-dimensional spaces, in [1] the Mannheim metric (an analog of the well-known
Manhattan metric) was introduced, and error-correcting codes in this metric were proposed. In this
case, sets of signal points are elements of quotient rings of the ring of Gaussian integers. In [2],
this approach was extended to the case of hexagonal constellations, which were modeled by means
of quotient rings of Eisenstein—Jacobi integers, and an upgraded Mannheim metric was proposed
for this case.

In [3], lattices and plane tessellations were employed to derive codes based on the distance
induced by the Euclidean metric over certain graphs embedded in flat tori. Both two-dimensional
and hexagonal constellations were considered. It was pointed out that the metrics defined in [1, 2]
are particular cases of those used to construct the codes.

In [4], the circulant graph distance has been proved to be a suitable metric for designing codes
over Gaussian integers. In this metric, perfect group codes were constructed. The methodology
described in [4] can also be applied to define perfect codes over hexagonal constellations. To this
aim, we introduce a family of degree-six graphs whose vertices are labeled with elements of quotient
rings of the ring of Eisenstein—Jacobi integers. This allows us to interpret the distance between
graph vertices as a distance between elements of a quotient ring and to consider codes over the ring
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in this metric. Next, we consider the graph-theoretic problem of finding perfect t-dominating sets
for these graphs. If the problem has a solution, such a perfect set directly yields a perfect code
over a quotient ring of the ring of Eisenstein—Jacobi integers.

In [4] it was also proved that the Mannheim distance defined in [1] for two-dimensional constel-
lations is not a metric. There was given an example where the triangular inequality is not fulfilled.
By the same reason, the extended Mannheim distance defined in [2] for hexagonal constellations
is not a true metric either. A correct definition of a metric for two-dimensional constellations was
given in [5]. In the present work, the metric is extended to the hexagonal case. In both cases, the
graph-based metric constitutes a correct alternative to the Mannheim distance.

The paper is organized as follows. Section 2 presents definitions and basic facts on quotient rings
of the ring of Eisenstein—Jacobi integers. In Section 3 we introduce the family of Eisenstein—Jacobi
graphs and show that this family is a subset of the family of circulant graphs of degree six. In Sec-
tion 4, the problem of finding perfect t-dominating sets over Eisenstein—Jacobi graphs is solved.
In Section 5 we study the relationship between this new graph-based metric and the Lee metric.
Results of the paper were partially announced in [6].

2. THE RING OF EISENSTEIN-JACOBI INTEGERS

The ring of Eisenstein—Jacobi integers (EJ-integers for short) is defined as

Zip) ={z+yp|x,y e Z},

where p = (=1 +1/—3)/2. It is easy to see that p?> + p+ 1 = 0. This set is closed with respect to
addition, subtraction, and multiplication; i.e., it is a ring. It is known (see [7, Proposition 1.4.2])
that Z[p] is a Euclidean domain with the norm

N: Z[p] — N, z+yp— z°+1y° — .

Note that N(z+yp) = (z+yp)(x + yp) since  + yp = (x —y) — yp. Units of Z[p] (i.e., elements
with the unitary norm) are {41, +p, £p?}.
For every nonzero element « € Z[p| we can consider the corresponding quotient ring

Zlpla = {B (mod «) | B € Z[p]}.

Elements of the ring Z[p|, are equivalence classes of EJ-integers modulo the ideal generated
by «. The ring is clearly finite, as is shown by the following result.

Theorem 1. Let 0 # o = a+bp € Z[p|. Then the quotient ring Zlpls contains N(«) elements.
Moreover, in some particular cases we can state the following ring isomorphism.

Theorem 2. Let o = a+ bp € Z|p] be such that ged(a,b) = 1. Consider N = N(«). Then the
rings Zy and 7Z[pla are isomorphic.

Proof. It is sufficient to check that the mapping
f:Zny — Z[pla, n+——n (mod «),

is a ring isomorphism. A

We also need the following trivial consequence of Theorem 1.
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Fig. 1. The Eisenstein—Jacobi graph FJs 4.

Corollary. Let 0 # o =a+ bp € Z[p).

1. Let B € Z[p] divide o. Then the ideal generated by 3, i.e., () C Z[p|a, contains ﬁgg; elements.
2. Let B € Zlp] do not divide o, and let n = ged(B, ). Then the ideal (8) C Z[pla is generated
: (a)
b and contains elements.
. N(n)

Proof. The corollary is a consequence of Theorem 1 and the Third ring isomorphism theorem
(see [8, Corollary 5.9]). A

3. EISENSTEIN-JACOBI GRAPHS

Eisenstein—Jacobi graphs are Cayley graphs over quotient rings of the ring of EJ-integers. There-
fore, they are connected and vertex-symmetric. Since their adjacency pattern is determined by units
of the ring Z[p], they are regular graphs of degree six. We formally define Eisenstein—Jacobi graphs
as follows.

Definition 1. Let « = a 4+ bp € Zlp]. Consider the quotient ring Z[p],. We denote the
corresponding Fisenstein—Jacobi graph (EJ-graph for short) by EJ, = (V, E), where V is the set
of vertices and F the set of edges defined as follows:

e V =17Z[pla; i-e., vertices are all elements of the quotient ring;
e E={(B,7) € VxV|(y—-pB)==+l1,4+p,+p? (mod a)}; i.e., a pair of vertices is connected by
an edge if and only if their difference modulo « is a unit of Z[p].

Figure 1 shows the EJ-graph generated by a = 3 + 4p.

In some cases, EJ-graphs are degree-six circulant graphs. By definition, a degree six circulant
graph with N vertices and jumps j1, jo, and j3, denoted by Cn(j1,J2,J3), is an undirected graph
in which each vertex n, 0 <n < N — 1, is adjacent to exactly six vertices: n £ j; (mod N), n =+ jo
(mod N), and n + js (mod N).

The following theorem characterizes EJ-graphs that are degree-six circulants.

Theorem 3. Let o = a+ bp € Z|[p| be such that ged(a,b) = 1. Denote N = N(«). Then the
graphs EJ, and Cn(a,b,a —b) are isomorphic.

PROBLEMS OF INFORMATION TRANSMISSION Vol. 44 No.1 2008
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Proof. Any integer n can be represented in the form n = br—ay (mod N) because ged(a,b) = 1.
Let us prove that the ring homomorphism defined as

O: Zny — Z[pla, n=bxr—ay (mod N)+— z+yp (mod «), (1)

is a graph isomorphism.
The mapping ® is well defined: if bz — ay =0 (mod N), then there exist k,t € Z such that

z = k(a+0b)+ at,
y = k(2b — a) + bt.

Then ®(bx —ay) =z +yp = k((a+b) + (2b — a)p) + t(a+ bp) = k(1 — p)(a + bp) +t(a+bp) =0
(mod «).

The mapping ® is injective: if ®(bx —ay) = = +yp =0 (mod «), then there exist ¢,d € Z such
that = + yp = (ac — db) + (ad + bc — db)p, and

T = ac— bd,
y = ad + be — db.

Hence we obtain that bz — ay = —d(a® + b* — ab) = —dN =0 (mod N).

Finally, since both sets have the same number of elements, ® is a bijection. If two nodes,
j and h, are adjacent in the circulant, then j—h = +a, +b, £(a—b) (mod N). Hence, ®(j)—P(h) =
®(j—h) = £P(a), =P(b), £P(a—0b). Since ®(a) = p, ®(b) = —1, and ®(a—b) = ®(a)—P(b) = 1+p,
the nodes ®(j) and ®(h) are adjacent in EJ,. A

There are not too much works in the literature devoted to degree-six circulant graphs. The most
relevant results are presented in [9,10].

In [9], the author focused on graphs Cn(1,3k + 1,3k + 2) with the number of nodes N =

3k? + 3k + 1. The parameter k is the graph diameter, i.e., the maximum distance between a pair
of vertices. Let us show that this family of graphs is contained in the family of EJ-graphs.

Theorem 4. Let k be a positive integer and N = 3k? + 3k + 1. Then the graphs EJt@r+1)p
and Cn(1,3k 4+ 1,3k + 2) are isomorphic.

Proof. By Theorem 3, the graphs EJy (a41), and Cn(k,k + 1,2k + 1) are isomorphic. The
isomorphism mapping between the graphs Cn(1,3k + 1,3k +2) and Cn(k, k + 1,2k + 1) is defined
as the ring automorphism

2y —Zn, 1—k. A

In [10], the authors focused on degree-six circulants Cny(a,b,a + b) defined for any number of
. N . . .
vertices NV, where 0 < a < b < {2 J They studied some cases where this choice of parameters
minimizes the diameter. Clearly, this family contains the family of EJ-graphs if ged(a, b)=1.

One might be curious about what sort of graphs are the EJ-graphs with ged(a,b) # 1. The
problem of complete characterization of these graphs would be a future research topic. However,
we can assert that an EJ-graph is circulant only if ged(a, b) = 1, since this is the only case where the
quotient ring is cyclic. In addition, there are other interesting particular cases, where EJ-graphs
contain square tori graphs of degree four. A torus graph Ty = (V, E) with b? vertices is defined
by a set of vertices V' = Z;, x Z;, where two vertices (n,m), (n’,m’) € V are adjacent if and only if
either n =n' and m —m’ = +1 (mod b) or m = m’ and n —n’ = £1 (mod b).

Theorem 5. Let 0 # o = a € Z. Then the EJ-graphs EJ, and EJ,, are isomorphic and
contain a square torus graph T\, with a® vertices.
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Proof. We may assume that 0 < a € Z. It is straightforward that Z[p|, and Z[p],, are
isomorphic rings. Let a mapping f be defined as

[ Za X Lo — Zlpla, (z,y) — z+yp (mod a). A

Then it can be proved that f is an embedding of the torus graph of side a in both EJ, and EJ,,.
As an example, Fig. 2 shows the EJ-graph for a = 5p. Note that in this case the EJ-graph
contains a square torus graph (or Lee graph) of side 5.

Finally, we review dense EJ-graphs. These are graphs with the maximum number of vertices
for a given diameter ¢. They are generated by ¢ + (2t + 1)p or its conjugate. Note that they have
N = 3t? + 3t +1 vertices. By Theorem 3, they are isomorphic to the corresponding circulant graph
of degree six. In Fig. 3, a dense EJ-graph with diameter ¢t = 4 is represented.

4. PERFECT DOMINATING SETS IN EISENSTEIN-JACOBI GRAPHS

In this section we study the existence of perfect t-dominating sets over EJ-graphs. Such sets are
ideals of Z[p],. They directly lead to perfect codes over quotient rings of the ring of EJ-integers
whose metric is the EJ-graph distance. Similar codes were previously considered in [3].

Let us first introduce some necessary definitions.
Definition 2. Let o = a + bp € Z[p]. We denote by D,(f3,7) the distance between vertices (3
and v in EJ,. This distance can be expressed as
Do (B,7) = min{|z| + [y + [2] : ©+yp+2p° = (v — ) (mod a)}.

Ezample 1. Let a = 4 + 3p. Figure 4 illustrates the distance between the points A = —1 and
B =2+ 2p in the graph EJyy3,. The distance between A and B in the ring Z[p] is 3. However, in
the quotient ring Z[p|a43, the distance is Dyy3,(A, B) = 1.

Given 0 # o = a + bp € Z[i], an integer t > 0, and a vertex n € EJ,, a ball of radius ¢ centered
in 7 embedded in EJ, is the set

Bi(n) ={y € EJy | Da(v,n) <t}

PROBLEMS OF INFORMATION TRANSMISSION Vol. 44 No.1 2008
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Fig. 3. Dense Eisenstein—Jacobi graph with diameter ¢t = 4 (for « = 4 + 9p).

t
For any 3, the cardinality of By(8) is 1 + > 6d = 3t> + 3t + 1.
d=1

A vertex n of EJ, is said to t-dominate a vertex € EJ, if § € Bi(n). A vertex subset S is
called a perfect t-dominating set if every vertex of E.J, is t-dominated by a unique vertex in 5.
Note that if S is a perfect t-dominating set, then S+ 3 (mod o) = {n+ 3 (mod «) | n € S} is also
a perfect t-dominating set. Consequently, we may assume that 0 € S.

The following theorem states a sufficient condition for the existence of a perfect t-dominating
set in an EJ-graph containing the zero vertex.

Theorem 6. Let 0 # o= a+ bp € Zlp], and let t be a positive integer.

1. If B =1t+ (2t + 1)p divides «, then the ideal S = () C Z[pla is a perfect t-dominating set
m EJ,.

2. If =B =(t+1)+ (2t + 1)p divides «, then the ideal S = (=) = () C Z[pla is a perfect
t-dominating set in EJ,.

Proof. Let us prove the first claim of the Theorem. The second one is proved similarly.

Due to the corollary, the ideal () has gg;; elements, where N(3) = 3t? 4 3t + 1.

First of all, we prove that 8 = t + (2t + 1)p is such that D,(3,0) = 2t + 1. Obviously, since
B=({t+1)p+t(l+p) (mod «) and |t + 1|+ |t| = 2t + 1, we have D,(3,0) < 2t + 1. Next, we show
that this distance is exactly 2¢ + 1. Otherwise, the representation 3 = x +yp+ zp? (mod «) would
imply |z| + |y| + |z| < 2t. Therefore, there exists n € Z[p] such that 73 = x +yp+ zp? in Z[p]. Since

PROBLEMS OF INFORMATION TRANSMISSION  Vol. 44 No.1 2008
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Fig. 4. Distance D443, between points —1 and 2 + 2p.

N(B) > 3t2 and N(z + yp + 2p?) < 24t%, we obtain N(n) < 8. Now, if n = ¢ + dp with ¢,d € Z, we

have n = (ct —d(2t + 1)) + (c(2t + 1) — d(t + 1))p and therefore
x—z=ct—d2t+1), @)
y—z=c2t+1)—d(t+1).

Hence we get
|x| + |z] > |et —d(2t 4+ 1)],
lyl + |z| > |e(2t + 1) — d(t + 1)].

Since N(n) < 7, we have three different cases to be studied separately.

o If 0 < || < |d|, then |x| + |z| > |ct — d(2t + 1)| > |d||2t + 1] > 2t.

o If 0 < |d] <|c|, then |y| + |z| > |c(2t + 1) —d(t + 1)| > |c|[(2t + 1) > 2t.

e If 0 # |c| = |d|, we have two possibilities. If ¢ = —d, any of the preceding cases yields |z|+|z| > 2t
or |yl +|z| > 2t. If ¢ = d, from relation (2) we get |z| + |y| > |e(t + 1) + dt| = |[2¢t + | =
le|(2t + 1) > 2t.

In any case we have |z| + |y| + |z| > 2t, which is a contradiction.

Finally, let us prove that all elements in the ideal () are at distance greater than or equal to 2¢t+1
from each other. Assume the contrary. Then there exists ' € Z[p] such that D, (n'3,0) < 2t + 1.
Hence, /3 = = + yp + zp* (mod «) with |z| + |y| + |z| < 2¢; i.e., there exists n € Z[p] such that
np = x+yp+zp* in Z[p]. We have already proved that this condition yields a contradiction, which
completes the proof. A

Hence, if @« = a+bp € Z[p] and B =t + (2t + 1)p divides «, then the ideal C = () is a perfect
code over Z[i], with respect to the metric induced by the associated EJ-graph. Note that this
distance differs from the Mannheim metric introduced in [2]. Our codes coincide with the codes
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Fig. 5. Perfect 1-dominating set in EJ_g_3,.

Fig. 6. Perfect 2-dominating set in FJ_g_,,.

proposed in [3] and obtained as lattices over flat tori. Our approach seems to be simpler and more
understandable. As an example, we provide two perfect error-correcting codes constructed by our
method.

Ezample 2. Let a1 = (14 3p)? = —8 — 3p. By Theorem 6, the ideal generated by 1 + 3p gives
vertices of a perfect 1-dominating set in EJ_g_3,. In Fig. 5, a plane representation of this graph and
its perfect 1-dominating set are given. Now, let ag = (1 +2p)(2 + 5p) = —8 — p. Obviously, 2 + 5p
is a divisor of as. Hence, by Theorem 6, the ideal generated by 2+ 5p is a perfect 2-dominating set
in EJ_g_,. This set is represented in Fig. 6. To simplify the figures, wrap-around edges are omitted.
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Fig. 7. Perfect 1-error-correcting code over Zss X Zss for the Eisenstein—Jacobi metric.
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Fig. 8. Perfect 1-error-correcting code over Zss X Zss for the Lee metric.

5. EISENSTEIN-JACOBI GRAPHS AND THE LEE METRIC

In Section 4 we have introduced EJ-graphs over the quotients of the ring of EJ-integers. These
graphs model hexagonal constellations. The construction of perfect dominating sets over these
graphs allow us to define perfect codes for the induced graph distance in a very simple way.
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In Theorem 5 we have considered the case where the EJ-graph generated by an integer « = a € Z
(respectively, « = ap € Z[p]) has an embedded square torus graph of side |a|. It is obvious that
the metric induced by the torus graph is the Lee metric. As a consequence, we have that the Lee
metric is an upper bound for the EJ-graph metric. Thus, we can state the following result.

Lemma. Let t be a positive integer, and let a = 3t*> + 3t + 1. Then the ideal C = (t + (2t +1)p)
is a perfect code over Zg X Zq for the EJ-graph metric. Moreover, if we denote by wr(x + yp) the
Lee weight induced by the embedded torus graph, we have

dmax (C) := max{D,(c,0) | c € C} < max{wr(c) | c € C}.

Note that the diameter of the square torus graph of side a is either a or a — 1, depending on the
parity of a. This is a coarse upper bound for max{wr,(c) | ¢ € C}. Next, we are going to compare
the maximum distance of these EJ-codes with the maximum distance of the Lee error-correcting
codes constructed by Golomb in [11].

On the one hand, it is well known [12] that given a positive integer a there exists a perfect
t-Lee-error-correcting code over Z, x Z, if the integer 2t +2t + 1 divides a. Let a = k(2t% +2t+1).
Then the codewords are of the form [Cp + r(2t2 + 2t + 1), Oy + s(2t? + 2t + 1)], where 0 < r, s < k,
and C = [Cy, C1] is a codeword in a perfect t-Lee-error-correcting code over the alphabet of integers
modulo 2¢242t+1. This code can be considered as a particular case of a perfect code over Gaussian
integers presented in [13].

On the other hand, if there exists a positive integer ¢t such that 3t>+ 3t +1 divides a, then, as we
have seen, there exists a perfect t-EJ-error-correcting code over Z, X Z,. For example, for a = 35
we can construct perfect single-error-correcting EJ and Lee codes. These codes are presented in
Figs. 7 and 8. The first is a perfect 1-dominating set over E.J35, which is a perfect 1-error-correcting
code over Zgs X Zgs for the EJ-graph metric. The maximum distance of this code is 22. The second
is a perfect 1-error-correcting code for the Lee metric with the maximum distance equal to 33.

In these examples we have considered perfect codes over the same space Z, x Z, and with the
same error-correcting capacity but in different metrics. Thus, the obtained codes have different
number of codewords. If one considers codes in different metrics over the same alphabet and of the
same cardinality, their error-correcting capacity will be different. For instance, taking a = 61, we
can construct a 4-EJ-error-correcting code and a 5-Lee-error-correcting code over Zgy X Zg1.
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