
SIAM J. MATH. ANAL. c© 2020 Society for Industrial and Applied Mathematics
Vol. 0, No. 0, pp. 000–000

LONG-TERM BEHAVIOR OF CURVE SHORTENING FLOW IN R3∗

JIŘÍ MINARČÍK† AND MICHAL BENEŠ†

Abstract. Space curve motion describes dynamics of material defects or interfaces and can
be found in image processing or vortex dynamics. This article analyzes some properties of space
curves evolved by the curve shortening flow. In contrast to the classical case of shrinking planar
curves, space curves do not obey the Avoidance principle in general. They can lose their convexity
or develop noncircular singularities even if they are simple. In the first part of the text, we show
that even though the convexity of space curves is not preserved during the motion, their orthogonal
projections remain convex. In the second part, the Avoidance principle for spherical curves under
the curve shortening flow in R3 is shown by generalizing the arguments developed by Hamilton and
Gage.
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1. Introduction. Motion of curves and hypersurfaces induced by their mean
curvature has been extensively studied both for its convenient mathematical proper-
ties and for its usefulness in applications ranging from physics to computer science.
Adding an external forcing term to the prescribed normal velocity or considering an
anisotropic geometrical setting leads to motion laws that can describe the dynamics
of physical interfaces between different phases of material, defects in their crystalline
structure, or boundaries of thin layers (see [26, 18]). Alternatively, such motion
may be employed in the image segmentation task, where edges of different objects
within a given image are automatically extracted and used for further processing (see
[16, 6, 25]). Similar motion laws for curves in R3 can describe motion of elastic rods
discussed in [7], evolution of vortex filaments via the localized induction approxima-
tion (see [20]), or dynamics of particle accumulation systems (see, e.g., [23]).

The theoretical efforts to understand properties of the original curve shortening
problem in R2 have led to several important result obtained by Hamilton and Gage [10]
and Grayson [11]. The well-known Grayson theorem states that the curve shortening
flow shrinks all simple planar curves to a point, making them asymptotically circular
as they approach the singularity and keeping them simple throughout the timespan of
the evolution. The last property is referred to as the Avoidance principle for planar
curves (see [27]). This property is particularly interesting as the normal velocity only
depends on local geometrical information at a given point along the curve. The motion
also preserves convexity of the curve and makes initially nonconvex curves convex in
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finite time.
Many classical results have been generalized for the mean curvature flow of hyper-

surfaces (see, e.g., [13]). However, these results do not hold for the codimension-two
problems discussed in this contribution. Evolving curves embedded in the three-
dimensional Euclidean space may develop local singularities before shrinking to a
point and, in general, do not obey the Avoidance principle. Literature concerning
the curvature flow of manifolds with higher codimension is rather sparse (see, e.g.,
[1, 2, 3, 9, 12, 14, 17]).

This problem was first studied by Altschuler [2] and Altschuler and Grayson
[3], where the short-term existence and uniqueness of the solution was shown. The
article [2] also classified all types of singularities that may develop during the motion.
Recently, properties of this flow were studied in [17, 14, 9, 12] and solitons of the flow
were discussed in [1].

This paper further addresses the discrepancies between the classical curve short-
ening flow in plane and the generalized codimension-two flow and aims to contribute
to the understanding of long-term behavior of this problem. Convexity of curves and
their two-dimensional projections during the flow is discussed in the first part of the
text. The second part deals with spherical curves. First, we show that they obey the
Avoidance principle and then discuss behavior of several spherical curves evolving at
once.

The article is organized as follows. Section 2 introduces the necessary notation
for the parametric formulation of the curve shortening problem in R3. The main
results of this article are Propositions 3.5 and 4.6 in sections 3 and 4, respectively. In
section 3, we consider a generalization of convexity for curves embedded in spaces of
higher dimension and investigate whether it is preserved during the evolution. Then,
the convexity of orthogonal projection into a given plane is analyzed in Proposition
3.5. Section 4 is focused on the evolution of spherical curves. It includes the proof
of the Avoidance principle for spherical curves (see Proposition 4.6). The last section
contains final remarks and discussion of open problems.

2. Curve shortening flow in R3. This section introduces the curve shortening
problem in R3 and necessary notation used in the article.

The problem can be formalized in several ways. In this contribution, we use the
parametric approach for its simplicity. Other approaches, such as the phase field or
the level set method (see [25, 19]), are better suited for planar curves. Generalization
of these methods for manifolds with higher codimension can be found in [8, 4].

Let {Γt}t∈[0,tmax) be a family of closed curves in R3 evolving in time interval
[0, tmax). Each curve Γt is given by a parametric function X(∙, t) : S1 → R3, where
S1 = R/2πZ is a unit circle. We assume that the rate of parametrization does not
vanish, i.e., ‖∂uX(u, t)‖ > 0 for all u ∈ S1 and t ∈ [0, tmax), where ‖∙‖ is the Euclidean
norm in R3. Furthermore, we require X to be a C1-class function and X(∙, t) to be a
C2-class function for any given t ∈ [0, tmax).

The local geometry of Γt at each point u ∈ S1 is given by the Frenet frame
{T (u, t), N(u, t), B(u, t)}, the curvature κ(u, t), and the torsion τ(u, t). Using the
symbol s to denote the arclength parametrization which satisfies ‖∂sX‖ = 1, we
can define the tangent vector T and the curvature κ as T = ∂sX and κ = ‖∂2

sX‖,
respectively. The normal vector N exists only when κ 6= 0 and is given by N = 1

κ∂2
sX.

The binormal vector B is then defined as the cross product between T and N .
The curve shortening flow is defined as the following initial-value problem for the
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parametrization X = X(u, t):

∂tX = κN on S1 × [0, tmax),(2.1)

X|t=0 = X0 in S1,(2.2)

where X0 ∈ C2(S1;R3) is the parametrization of the initial curve Γ0. Although N
is undefined for all points on Γt where κ = 0, the term κN = ∂2

sX in (2.1) remains
defined everywhere.

3. Convex space curves. As mentioned in the introduction, the curve short-
ening flow preserves convexity of planar curves. The aim of this section is to find an
analogous statement for the codimension-two motion (2.1)–(2.2).

The notion of convexity for manifolds of higher codimension is not commonly
defined. In [24], space curves are called convex if they lie on the boundary of their
convex hull. This definition becomes troublesome for planar curves where the bound-
ary of the convex hull is equal to the hull itself. To address this issue, we propose the
following definition employing the Minkowski functional.

Definition 3.1 (convex space curve). For any convex set K ⊂ R3, let MK :
Rn → R+ denote the Minkowski functional prescribed by

MK(x) := inf
{
λ ∈ R+ : 1

λx ∈ K
}

for all x ∈ R3. We say that a closed curve Γ is convex if MC(Γ)|Γ ≡ 1, where C(Γ) is
the convex hull of Γ.

The following example illustrates that in contrast to the planar case, convex space
curves may loose their convexity during the evolution by (2.1)–(2.2).

Example 3.2. Consider a convex curve Γ0 = Ran X0 given by

X0(u) :=




cos(au3 + bu)
sin(au3 + bu)

sin u − 1
2 sin(2u)



(3.1)

for u ∈ S1, where a = π+2
2(1−π2) and b = π3+2

2(π2−1) . Let {Γt}t∈[0,tmax) be a family of space
curves evolving according to the curve shortening flow given by (2.1-2.2) with the
initial condition Γ0. Since the curvature of the original curve Γ0 at the point u = 0 is
greater than its curvature at u = w and u = −w, where w = (π3+2)

1
2 (π+2)−

1
2 , X(0, t)

departs from the line segment C({X(−w, t), X(w, t)}), which lies on the boundary of
C(Γt). Thus Γt will stop being convex immediately after t = 0.

Example 3.2 shows that the convexity proposed in Definition 3.1 is not preserved.
In Proposition 3.5, we show that even though space curves may lose their convex-
ity, their initially convex orthogonal projections remain convex throughout the total
timespan of the evolution.

The following two lemmas are used in the proof of Proposition 3.5. Lemma 3.3
uses the notion of star-shaped curves, which are boundaries of star-shaped sets. In
Lemma 3.3, we use the following sufficient condition. If Γ is a closed planar curve
and there is x ∈ int Γ such that X(u, t) − x and T (u, t) are linearly independent for
all u ∈ S1, then Γ is star-shaped.

Lemma 3.3. Let {Γt}t∈[0,tmax) be a family of closed planar curves such that Γ0 is
convex and the parametrization X ∈ C1(S1×[0, tmax)). Then there exists t0 ∈ (0, tmax)
such that Γt is star-shaped for all t ∈ [0, t0).
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Proof. Select any x from int Γ0 and define a function

ϕ(u, t) := ‖X(u, t) − x‖ − |〈X(u, t) − x, T (u, t)〉|,

where ϕ ∈ C(S1 × [0, tmax)) due to the assumptions. Furthermore, ϕ is non-negative
because of the Cauchy–Schwarz inequality. Next, inf S1 ϕ|t=0 > 0 because Γ0 is convex
and thus star-shaped with respect to any inner point. Since ϕ is continuous, there is
t0 ∈ [0, tmax) which satisfies

∀t ∈ [0, t0) : x ∈ int Γt ∧ inf
S1×[0,t0)

ϕ > 1
2 inf
S1

ϕ|t=0.

This implies the original statement.

Notice that Lemma 3.3 imposes regularity assumption on the parametrization X
but it does not require the curve to follow the curve shortening equation (2.1)–(2.2).

Lemma 3.4. Let P ∈ L(R3) be an orthogonal projection with dimRan P = 2 and
let Γ be a space curve in R3. Assume that ‖∂uPX(u)‖ > 0 and κP (u) > 0 for some
u ∈ S1, where κP denotes the curvature of the projected curve PΓ at point PX(u).
Then

〈PN(u), NP (u)〉 > 0,

where N(u) is the normal vector of Γ at the point X(u) and NP (u) denotes the normal
vector of the projected curve PΓ at point PX(u).

Proof. The assumptions imply that κ(u) > 0 and both N and NP are well defined
at u. Note that we omit explicitly writing the argument u in the rest of the proof
to increase its readability. Using ∂s = ‖∂uX‖−1∂u to denote the arclength derivative
with respect to the original curve Γ, we obtain

〈PN,NP 〉 =

〈
1
κ

∂2
sPX,

1
κP ‖∂sPX‖2

∂2
sPX −

∂s‖∂sPX‖
κP ‖∂sPX‖3

∂sPX

〉

=
‖∂2

sPX‖2‖∂sPX‖2 − 〈∂sPX, ∂2
sPX〉2

κκP ‖∂sPX‖4
.

The inequality 〈PN,NP 〉 ≥ 0 is obtained directly from the Cauchy–Schwarz inequality

〈∂sPX, ∂2
sPX〉 ≤ ‖∂sPX‖‖∂2

sPX‖.(3.2)

Equality can occur only when there is some α ≥ 0 such that ∂2
sPX = α∂sPX. Note

that ∂sPX is nonzero from the assumptions. This implies that ∂2
uPX = β∂uPX,

where β = α‖∂uX‖ + 1
2∂u‖∂uX‖2. Thus we obtain

κP NP = ‖∂uPX‖−2∂2
uPX − ‖∂uPX‖−3∂u‖∂uPX‖∂uPX

= β‖∂uPX‖−2 − ‖∂uPX‖−4
〈
∂uPX, ∂2

uPX
〉

= 0.

Since κP is assumed to be positive, ∂sPX and ∂2
sPX must be linearly independent

and the inequality (3.2) is strict.

As shown in Example 3.2, space curves may lose their convexity during the motion.
The following proposition states that the convexity of their orthogonal projections is
preserved.
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Proposition 3.5. Let P ∈ L(R3) be an orthogonal projection with dimRan P =
2 and let Γ0 be a space curve such that its projection PΓ0 is convex. Assume that the
parametrization PX(∙, t) of the projected curve PΓt is regular for all t ∈ [0, tmax), i.e.,
PT does not vanish on S1 × [0, tmax). If Γt evolves according to the curve shortening
flow given by (2.1) and (2.2) with the initial condition Γ0, then PΓt is convex for all
t ∈ [0, tmax).

Proof. Assume that PΓt loses its convexity during the evolution. In order to
formalize the proof, we define the following auxiliary functional:

φ : S1 × [0, tmax) → R+
0 : (u, t) 7→ dist (PX(u, t), ∂C(PΓt)) .

The proof is divided into several steps in which individual statements (a), (b), (c),
and (d) are shown. Their combination then leads to a contradiction.

(a) ∀t ∈ [0, tmax) : φ(∙, t) is continuous on S1.
We know that X(∙, t) is continuous, i.e. for all t ∈ [0, tmax), u ∈ S1 and ε > 0

there is δ > 0 such that |u′ − u| < δ implies ‖X(u′, t) − X(u, t)‖ < ε for all u′ ∈ S1.
This allows us to write

φ(u′, t) = inf
Y ∈∂C(PΓt)

‖PX(u′, t) − Y ‖

≤ ‖PX(u′, t) − PX(u, t)‖ + inf
Y ∈∂C(PΓt)

‖PX(u, t) − Y ‖

≤ ‖X(u′, t) − X(u, t)‖ + φ(u, t) < ε + φ(u, t).

Similarly, φ(u, t) < ε + φ(u′, t) and thus |φ(u′, t) − φ(u, t)| < ε when |u′ − u| < δ.
Because S1 is compact and φ(∙, t) is continuous on S1, φ(∙, t) attains its maximum

on S1. The maximum at each time t is denoted by an auxiliary function Φ:

Φ : [0, tmax) → R+
0 : t 7→ max

u∈S1
φ(u, t).

Note that PΓt is convex if and only if Φ(t) = 0.
(b) Φ is continuous on [0, tmax).
It suffices to show that φ is continuous with respect to time t. This would mean

that for all t ∈ [0, tmax), u ∈ S1, and ε > 0, there is δ > 0 such that for all t′ ∈ [0, tmax)
and all u′, |u′−u| < δ implies |φ(u, t′)−φ(u, t)| < ε. Since ∂C(PΓt) is compact, there
exists Ỹ ∈ ∂C(PΓt) such that

φ(u, t) = inf
Y ∈∂C(PΓt)

‖PX(u, t) − Y ‖ = ‖PX(u, t) − Ỹ ‖.(3.3)

For t′ close enough to t, the set ∂C(PΓt) is similar to ∂C(PΓt′) in terms of the
Hausdorff distance. This means that there is Ỹ ′ ∈ ∂C(PΓt′) such that ‖Ỹ ′ − Ỹ ‖ can
be arbitrarily small if t′ and t are close enough. Then

φ(u, t′) = inf
Y ∈∂C(PΓt′ )

‖PX(u, t′) − Y ‖ ≤ ‖PX(u, t′) − Ỹ ′‖

≤ ‖PX(u, t′) − PX(u, t)‖ + ‖PX(u, t) − Ỹ ‖ + ‖Ỹ − Ỹ ′‖

= ‖X(u, t′) − X(u, t)‖ + ‖Ỹ − Ỹ ′‖ + φ(u, t) < ε + φ(u, t).

Similarly, φ(u, t) < ε + φ(u, t′). Therefore, |φ(u, t′) − φ(u, t)| < ε when |t′ − t| < δ.
Let t0 denote the time when Γ loses its convexity, i.e.,

t0 := inf{t ∈ (0, tmax) : Φ(t) > 0},(3.4)

where the set {t ∈ (0, tmax) : Φ(t) > 0} is nonempty by the assumption.
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(c) Φ(t0) = 0.
If Φ(t0) > 0, continuity of Φ on [0, tmax) implies

∃ε > 0 ∀t ∈ (t0 − ε, t0) : Φ(t) > 1
2Φ(t0) > 0.

This would contradict the definition of t0.
(d) ∃t1 ∈ (t0, tmax) ∀t ∈ (t0, t1) : Φ(t) is nonincreasing.
By the assumption, the projection PΓt is a regular curve. Since P is a linear

operator, the regularity of the parametrization PX is at least C1. Thus, we may
use Lemma 3.3, which states that there exists t1 ∈ (t0, tmax) such that PΓt is star-
shaped for all t ∈ (t0, t1). For time t ∈ (t0, t1) fixed, the function φ(∙, t) reaches its
maximum at the point denoted by u2 ∈ S1. Let u1, u3 ∈ S1 satisfy u2 ∈ [u1, u3],
PX(u1, t) ∈ ∂C(PΓt), PX(u3, t) ∈ ∂C(PΓt), and

∀u ∈ (u1, u3) : PX(u, t) /∈ ∂C(PΓt).

Consider orthogonal coordinate system x-y in Ran P such that the x-axis is par-
allel to PX(u3, t)−PX(u1, t) and PX(u2, t)−PX(u1, t) has a positive y coordinate.
Since PΓt is star-shaped, no small kinks can develop along the curve, and we can
express Φ(t) as the difference between the y coordinate of PX(u2, t) and PX(u1, t).

If κP (u2, t) > 0, Lemma 3.4 and the motion law (2.1) imply that the y coor-
dinate of PX(u2, t) is nonincreasing in time. Similarly, when κP (u1, t) > 0 and/or
κP (u3, t) > 0, the y coordinate of PX(u1, t) and/or PX(u3, t) is nondecreasing, re-
spectively. When κP = 0 at u1, u2, or u3, the y coordinate of the corresponding
point remains constant as the motion takes place only in the x direction. In any case,
the distance between PX(u2, t) and ∂C(PΓt) cannot increase and thus Φ(t) cannot
increase either.

Finally, using (b), (c), and (d), we get

∀t ∈ (t0, t1) : 0 ≤ Φ(t) ≤ Φ(t0) = 0,

which implies that Φ = 0 in (t0, t1). This contradicts the definition of t0 in (3.4) and
thus ensures the convexity of PΓt for all t ∈ [0, tmax).

4. Spherical curves. The space curve Γ is called spherical if there exists a point
x ∈ R3 and a positive constant r such that ‖x− y‖ = r for all y ∈ Γ. Thanks to their
convenient properties, spherical curves, and their behavior during the shortening flow
has gained new attention in recent years. It has been recently discovered in [12] that
initially spherical curves remain spherical during the flow. We refer the reader to [14]
for further discussion and consequences of this result and to [17] for an alternative
proof.

In this section, we show that spherical curves also satisfy the Avoidance princi-
ple and thus closely resemble the behavior of evolving planar curves. This result is
achieved by generalizing the classical proof from [10]. A similar process might be used
for other types of space curves. The main obstacle is solved by the following lemma.

Lemma 4.1. Let Γ be a space curve embedded in a sphere, and denote f(u1, u2) :=
‖X(u2, t) − X(u1, t)‖2 for all u1, u2 ∈ S1. If f has a local minimum at (u1, u2) and
u1 6= u2, then T (u1) and T (u2) are collinear.

Proof. Since f has an extremum at (u1, u2), we get

∇f(u1, u2) = 2

(
‖∂uX(u1)‖〈X(u1) − X(u2), T (u1)〉
‖∂uX(u2)‖〈X(u2) − X(u1), T (u2)〉

)

=

(
0
0

)

.
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Thus T (u1) and T (u2) are orthogonal to X(u2) − X(u1). Let x denote the center of
the sphere. Then X(u1) − x and X(u2) − x are orthogonal to the tangent plane of
the sphere at the point X(u1) and X(u2), respectively. Thus T (u1) and T (u2) are
orthogonal to X(u1) − x and X(u2) − x, respectively. Together, we have

T (u1) ∈ span(X(u2) − X(u1))
⊥ ∩ span(X(u1) − x)⊥,

T (u2) ∈ span(X(u1) − X(u2))
⊥ ∩ span(X(u2) − x)⊥,

where span M and M⊥ denote the linear span and the orthogonal complement of the
set M , respectively. Then linearity of the inner product 〈∙, ∙〉 implies that

T (u1), T (u2) ∈ span(X(u1) − x)⊥ ∩ span(X(u2) − x)⊥.(4.1)

Since u1 6= u2, the intersection of span(X(u1)−x)⊥ and span(X(u2)−x)⊥ from (4.1)
is a one-dimensional affine space. Thus T (u1) and T (u2) are collinear.

Remark 4.2. Note that Lemma 4.1 does not generalize to curves embedded in
hyperspheres in Rn for n > 3. For example, consider the following curve in R4 with
the parametrization

X(u) :=







sin(cos u)
cos(cos u) sin(sin(2u))

cos(cos u) cos(sin(2u)) cos( 1
2 sin u)

cos(cos u) cos(sin(2u)) sin( 1
2 sin u)





 ,

and a tuple (u1, u2) =
(

π
2 , 3π

2

)
. This curve is embedded in unit 3-sphere, f has a local

minimum at the point (u1, u2), and yet 〈T (u1), T (u2)〉 = 0.

Following the proof from [10], we define the functional

f : T× [0, tmax) → R+ : (u1, u2, t) 7→ ‖X(u2, t) − X(u1, t)‖
2,(4.2)

where T = S1 × S1 is a torus. The following lemma, inspired by [10], trivially gener-
alizes to our setting of spherical curves in R3.

Lemma 4.3 (Lemma 3.2.2 from [10]). The functional f defined in (4.2) satisfies
a strictly parabolic partial differential equation

∂tf − Δf = −4,(4.3)

where Δ = ∂2
s1

+ ∂2
s2

.

Proof. Using ∂tX = κN and ∂sX = T , a straightforward differentiation yields

∂tf(u1, u2, t) = 2〈X(u1, t) − X(u2, t), κ(u1, t)N(u1, t) − κ(u2, t)N(u2, t)〉,(4.4)

∂s1f(u1, u2, t) = 2〈X(u1, t) − X(u2, t), T (u1, t)〉,

∂s2f(u1, u2, t) = −2〈X(u1, t) − X(u2, t), T (u2, t)〉,

∂2
s1

f(u1, u2, t) = 2 + 2〈X(u1, t) − X(u2, t), κ(u1, t)N(u1, t)〉,(4.5)

∂2
s2

f(u1, u2, t) = 2 − 2〈X(u1, t) − X(u2, t), κ(u2, t)N(u2, t)〉.(4.6)

Adding (4.4), (4.5), and (4.6) proves (4.3).

The following lemma ensures the absence of small kinks in a curve with bounded
curvature. The original result for planar curves is due to Schur [22]. Later, the
generalized version was given by Schmidt [21]. The following formulation of the Schur
theorem has been adopted from [15].
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Lemma 4.4 (Schur comparison theorem). Let Γ1 and Γ2 be open space curves
of the same length L ∈ R+ with the arc-length parametrizations X1, X2 : [0, L] → R3.
Assume that Γ1 is planar, and

Γ1 ∪ ∂C(Γ1) ⊂ ∂C(Γ1 ∪ ∂C(Γ1)).

Furthermore, assume that κ1(s) ≥ κ2(s) for all s ∈ [0, L], where κ1 and κ2 are
curvatures of Γ1 and Γ2, respectively. Then ‖X1(0) − X1(L)‖ ≤ ‖X2(0) − X2(L)‖.

Using the generalized version of Schur comparison theorem, stated in Lemma 4.4,
we can reformulate the following result from [10].

Lemma 4.5 (Corollary 3.2.4 from [10]). Let Γ be a space curve with uniformly
bounded curvature, i.e.,

∃C > 0 ∀u ∈ S1, ∀t ∈ [0, tmax) : κ(u, t) < C.

Then the functional f given by (4.2) satisfies

f(u1, u2, t) ≥
4

C2

[

sin

(
2
C

∫ u2

u1

‖∂uX(u, t)‖ du

)]2

for all (u1, u2, t) ∈ T2 × [0, tmax).

Proof. The inequality is obtained from Lemma 4.4 with Γ1 being arc of a circle
with radius C−1.

The following proposition is the Avoidance principle for spherical curves. It states
that originally simple spherical curves with bounded curvature cannot intersect them-
selves during the evolution. The statement and its proof are based on the classical
result for planar curves from [10].

Proposition 4.6 (Avoidance principle for spherical curves). Let Γt evolve ac-
cording to the curve shortening flow given by (2.1) and (2.2) with the initial condition
Γ0. Assume that Γ0 is a simple spherical curve and its curvature κ can be uniformly
bounded by a positive constant C for all u ∈ S1 and t ∈ [0, tmax). Then Γt cannot
intersect itself for all t ∈ (0, tmax).

Proof. We split T2 × [0, tmax) into E and D =
[
T2 × [0, tmax)

]
\ E, where

E :=

{

(u1, u2, t) ∈ T
2 × [0, tmax) :

∫ u2

u1

‖∂uX(u, t)‖ du <
π

C

}

.(4.7)

Lemma 4.5 ensures the fact that f(u1, u2, t) = 0 implies u1 = u2 for all (u1, u2, t) ∈ E.
In order to prove that Γt cannot intersect itself, it suffices to show that

inf
D

f(u1, u2, t) > 0.

From the definition of E in (4.7), all (u1, u2, t) from the boundary ∂E satisfy
∫ u2

u1

‖∂uX(u, t)‖ du =
π

C
.

Together with Lemma 4.5, we have f ≥ 4
C2 on ∂E. Since the initial curve Γ0 is

embedded and closed, there exists m1 ∈ (0, 4
C2 ) such that

inf
∂D

f(u1, u2, t) ≥ min

{

inf
∂D\∂E

f(u1, u2, t),
4

C2

}

> m1.
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For ε > 0 set

fε(u1, u2, t) := f(u1, u2, t) + εt.(4.8)

Assume there exists m2 ∈ (0,m1) and (uo
1, u

o
2, t

o) ∈ D such that fε(uo
1, u

o
2, t

o) = m2,
where to is the smallest possible. Since fε attains its local minimum at (uo

1, u
o
2, t

o),
we may use Lemma 4.1 and conclude that

|∂s1∂s2fε(u
o
1, u

o
2, t

o)| = 2|〈T (uo
1, t

o), T (uo
2, t

o)〉| = 2‖T (uo
1, t

o)‖‖T (uo
2, t

o)‖ = 2.(4.9)

Since to is the smallest possible, we get ∂tfε(uo
1, u

o
2, t

o) ≤ 0 and

det

(
∂2

s1
fε(uo

1, u
o
2, t

o) ∂s1∂s2fε(uo
1, u

o
2, t

o)
∂s2∂s1fε(uo

1, u
o
2, t

o) ∂2
s2

fε(uo
1, u

o
2, t

o)

)

(4.10)

= ∂2
s1

fε(u
o
1, u

o
2, t

o)∂2
s2

fε(u
o
1, u

o
2, t

o)−[∂s1∂s2fε(u
o
1, u

o
2, t

o)]2 ≥ 0.(4.11)

The Young inequality, equation (4.9), and inequality (4.10) yield

Δfε(u
o
1, u

o
2, t

o) = ∂2
s1

fε(u
o
1, u

o
2, t

o) + ∂2
s2

fε(u
o
1, u

o
2, t

o)

≥ 2[∂2
s1

fε(u
o
1, u

o
2, t

o) ∂2
s2

fε(u
o
1, u

o
2, t

o)]
1
2

≥ 2|∂s1∂s2fε(u
o
1, u

o
2, t

o)| = 4.

Using Lemma 4.3 and the definition of fε in (4.8), we obtain

0 ≥ ∂tfε(u
o
1, u

o
2, t

o) = ∂tf(uo
1, u

o
2, t

o) + ε = Δf(uo
1, u

o
2, t

o) − 4 + ε

= Δfε(u
o
1, u

o
2, t

o) − 4 + ε ≥ ε,

which contradicts ε > 0.

The strength of Proposition 4.6 lies in the fact that the motion of each point on
the curve is dictated by local information only, i.e., the normal vector and curvature,
yet even parts of the curve separated by long distance along the curve are guarantied
to avoid each other. Because of this local nature of the proof, the statement holds
true even if the curve is separated into several disjoint closed curves which all simul-
taneously satisfy the assumptions.

Below, we introduce the notion of mutually spherical curves, formalizing this
property.

Definition 4.7 (mutually spherical curves). Family of space curves {Γα}α∈M is
mutually spherical if

∃x ∈ R3, ∃r > 0 ∀α ∈ M, ∀y ∈ Γα : ‖y − x‖ = r.(4.12)

Corollary 4.8. Let each curve from family {Γt,α}t∈[0,tmax),α∈M evolve accord-
ing to the curve shortening flow given by (2.1)–(2.2). Assume that the initial condition
{Γ0,α}α∈M is a mutually spherical and mutually disjoint family of simple curves and
their curvatures κα(u, t) can be uniformly bounded by C > 0 for all α ∈ M, u ∈ S1

and t ∈ [0, tmax). Then the curves Γt,α cannot intersect for all t ∈ (0, tmax).

In Corollary 4.8, we assume that all curves lie on the same sphere. However,
similar result can be obtained for curves on different, mutually disjoint spheres. As
the curves evolve, they remain embedded on spheres shrinking according to the mean
curvature flow. Since the spheres remain disjoint, the curves cannot intersect either.
We refer the reader to [17] for further details.
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5. Conclusions. This article contributes to the understanding of the long-term
behavior of space curves during the curve shortening flow. We explored the differ-
ences between the flow in R2 and R3 and presented new properties for the latter. In
Proposition 3.5, we showed that even though space curves may stop being convex, the
convexity of their orthogonal projection is preserved. The second part of the article
was focused on the evolution of spherical curves and included proof of the Avoidance
principle (see Proposition 4.6).

In practice, the theoretical results obtained in this work can help reduce computa-
tional time of numerical simulations. Knowing that the curves cannot intersect from
the initial condition, we can switch off algorithmic treatment of topological changes.
Note that such algorithms are highly time consuming as their computational com-
plexity is usually O(n2), where n is the number of nodes on the discretized curve. For
further reading, see [5], where an approach for reduction of the time complexity has
been proposed for motion of curves in R2.

It remains an open question whether the technique of Gage and Hamilton can
be used for proving the Avoidance principle for other families of space curves. One
other promising research direction can be the study of knotted or linked parametric
curves evolving in R3. The discussion can also be enriched by considering the problem
in manifolds endowed with a Finsler metric or by increasing the dimension and/or
codimension of the object in motion.
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