IRRELEVANT NATURAL EXTENSION FOR CHOICE FUNCTIONS

Appendix A. Proofs

Proof [Proof of Lemma 7] For the sake of brevity, we
denote

Kir
= {A € 2: (3, hy € A)(h(T) > 0 and hy(H) > 0))

orAN.Z%, # 0},
Kt

=Rs({{h1,2}: h1,hr € fﬁg, (h (T),h2(H)) > 0}).

We will show (i) that Posi(.Z%, U %) C KII{ 1 (i) that
Kjy ¢ € Kfj 1, and (iii) that K 1 C C P031( o).

For (i)—to show that Posi(.£%,U.e7) C KH T—con31der
any gamble set A in P031(.,§,”g U;z/ ). This means that
there are n in N, A, ..., A, in ZS U &7, and, for all

fim in X, Ak, coefficients l{‘n” > 0, such that A =
{ZZZI l,{ Lo fo finm € XZZIAk}. Without loss of general-
ity, assume that Ay,...,Ay € & and Ay g, ..., A, € L5 for
some ¢ in {0,...,n}. Therefore, we may denote, also with-
out loss of generality, A; = { Iy + &1, ~Iy1y + 01}, ...,

Ap = {~Tpy + &, Ty + 0}, Arpr = {ge1}s - An =
{gn}, where €, 81, ..., &, Oy are elements of R~ and gy 1,

.., &n elements of Z.¢.If ¢ =0 or li’i""
in XZZIAk—and therefore necessarily
we have that Y)_, A/" fi = Y4_,.|
Z~0, so we find that {Zzzll,{“”fk: fin € XZ:IAk} =
ANLS, #0.1f, on the other hand, ¢ > 1 and lfilé” #0—
and hence 2,'1{‘(}” > 0—for every fi., in XZ:I Ay, then for the
two sequences of gambles fi1 = (fH, ... ) = (=L +
€y =Ly +€0,80115- -, 8n) and f = (ff,....f1) =

(7}1{'1‘} + 813' ] 7]1{'1‘} + 6€7g[+17 s agn) in XZZIA/( we
have that

0 for some f7.,

Sin
/'ngrl ., > 0O—then

l{ gk is a gamble in
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and, similarly,

n T 14 T 4 T
h2 — Z A[l:nf];r 2 _H{T}kzl)“kfl:n +k21}1’kfl:n5k7

k=1

s0 1y (T) > X0 Altne, > 0 and hy(H) > T4, 2/178, >
0. Note that both /#; and h, belong to A, so we find that
(3h1,hy € A)(h1(T) > 0 and k2 (H) > 0). Therefore indeed
Posi(Z5)U ) C K 1.
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For (ii)—to show that KPILT c KIZLT—consider any gam-
ble set A in K} 1. Then (a) /1 (T) > 0 and hy(H) > 0 for
some h; and hy in A, or (b) A NZ5, # 0. If (a), then
hi,hy € ZLz0, and (h1(T),hz(H)) >0, 50 A € Kjj 1. If (b),
then 2 > 0 for some % in A, so for hy := hy = h triv-
ially hy,hy € Zy0, and (hi(T),hy(H)) = (h(T),h(H)) >0,
whence A € KIZ{.T. We conclude that indeed KII{,T - KELT.

For (iii)—to show that Kj; C Posi(Z5) U &/ )—
consider any gamble set A in Kﬁ,T. Then A D {h1,ho}\
ZL<o = {h1,h2} for some hy and hy in £y such that
(h1(T),h2(H)) > 0. Without loss of generality, rename the
gambles in

1 11 v
A:{fla 7fn1a semdnp ] ”IV}’

with np, np, nmp and apy in {0} UN such that n := 2n; +
nyp 4 2npp + ny > 1, gambles fl, e m in the positive
quadrant %, gambles f1', ..., f in the second quadrant
Li={fe: fH) <0< f( )}, gambles fi", ..., fil
in the negative quadrant £, and gambles f{V, ..., /¥
in the fourth quadrant Ay = {f € .Z: f(T) <0< f(H)}.
We must show that A belongs to Posi(.Z3, U .<7). To this
end, we will construct n gamble sets Ay, ..., A, and, for
every fi., in XZ=1Ak’ coefficients A{:‘,;" > 0 such that A =
{Zz:l )kal:nfk: Sfin € XzzlAk}

LetA;:={g1} € £ Ay ={gn} €2 0 We con-
sider the additional nj gamble sets Ay 41 = = Ay =
{—]I{H} +1, =Ly + 1} € o7, in order to have enough free-
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[REEEEE

111
npr’

v
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dom in selecting the coefficients l{ln” > 0 later on. For ev-

eryiin{l,...,ny}, let Agy 1= {7H{H}+8,',7H{T}+5} €
f(T) __ m

o/ with g = T >0and 6 = VAV >0

if nyy > 1, otherwise 6 := 1. For every i in {1,...,ny}, if

SIS0, let Agpy g +i = {—Tgmy + ., —Iyry + 1} € o and

A2n[+Vl][+n]1[+i = {_H{H} + lﬂ_H{T} + %} S 'ds if fiHI =

0, let A2n1+nn+i = A2n1+nn+nm+i = {_]I{H} + %7 _]I{T} +

1} € . Foreveryiin {1,... nIV} let Aoy ny+2ny+i =
_ f,-IV(H)

The set szlAk contains 2" = 2”I+"H+2"HI+”IV se-
quences. Each such sequence fi., is characterised by a
choice of f; in the binary set A;—which we will denote
by {gf,gl}, where g!! is the gamble in A; of the form
—Iuy +€and giT the gamble in A; of the form —I;y + o—
, forevery i in {n1+1,...,n}. For the first nj entries fi.,,
of f1., we have no choice but to chose fi.,; = g1.4,, since
XL, Ay is the singleton {gy., }.

For any sequence fi., in XZ:IAk’ define n real coeffi-

cients liff;’ as follows:

* Situation (a): If there is an i in {2n1+1,..., 201+ ny }
such that
(f2n1+1u (R 7fi71 7fi7fi+17 ce 7f2n1+n11+nma
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f2n1+n11+n111+17--~afn)
_ (T T H T T
- (g2n1+17--~agi—17gi agi+17"-ag2n1+n[1+nm7
H
g2n1+n11+n111+17"'7gn)

or, in other words, such that f; = gH, (Vk € {2n +
L....2n0+ng +nm P\ {i}) fe = gZ, and (Vk € {2n1+
np+nm+1,... ,n})fk = g?, then let

ey
Altn =0 for all kin {1,...

7f]H(H) > 0 for j:=i—2nj,
;np\ i}

Situation (b): If there is an 7 in {2ny + ny + 20y +
.,n} such that

(f2n1+1 yeee 7f2n1+n11+nma
St +15 - fiet5 fis fivts - fn)
= (ggnﬁrl e 7g§n1+nn+nm7
g§n1+n11+n111+1 [N agin] ’g’ir7g£1kl [ 7g?)a

or, in other words, such that fi=gr, (Vk € {2m +
1,...,2n1+nq +nm})fk = gk’ and (Vk S {2}’11+nu+

nm+1,...,n}\ {i}) fi = g}, then let
Sim . IV IV
Al = V) — AV(T) > 0
fOI‘ ] =i— 21’11 —nj — an,
At =0 forall kin {1,...,n}\ {i}.
Situation (c): If there is an i in {2n;+np+1,...,2n1+
nir + i} such that
(f2n1+17 o aﬁ—laﬁ7ﬁ+1 g 7f2n1+n11+n111a
f2n1+nn+nm+17 (R 7ntH+i—1 7fn][1+i7fn111+i+17 [ 7fn)
T T H T T
= (g2n1+1 yoe o 8i—158i 7gi+1 PR ’anIJrnHJrnHI?
H T H H
g2n1+nn+nm+1 (AR ’gnHIJrifl ’gn111+i7gn111+i+l yoo8n )7
or, in other words, such that f; = gfl, Jomri = gzm i

(Vk € {2111 +1,...,2n1+ng +nm} \ {l})fk = gz and

(Vk e {2n1+np+nm+1,....n}\ {nmu+i}) fr = ng’
then let

A{fl moe— A’anlHriH = 1if fIH2n1+nH =0,

Afir = 7(3 J(H)+ f71(T)) > 0 and

= =5 U 0D +347(T) >0

for j:=i—2n;—ny and if m7é07
A]-(f‘:” :=0forall kin {1,...,n}\ {i,nm +i}.

Situation (d): If none of the Situations (a), (b) nor (c)
apply, and if there is an i in {n;+1,...,2n1} such that

(fn1+17'"7ﬁ717ﬁ7fi+17"'7f2nl)
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_ (T T _H T T
= (gnIJrla"'?gifl?gi 7gi+]v"'7g2n1)7

or, in other words, such that f; = g? and (Vk € {n;+
S 2n b\ {i}) f = g1, then let
Afl g 1

1—ny
AJtn =0 forall kin {1,...,n}\ {i —n}.

* Situation (el): If A N %59 # 0—so n; > 1—and none
of the Situations (a), (b), (c) nor (d) apply, then let

llf“” =1 and lzfln" = 0.

* Situation (e2): f AN%~0=0—sony > 1 and nyy > 1
because (k1 (T),hy(H)) > 0—and none of the Situa-
tions (a), (b), (c) nor (d) apply, then let, with i :==

2nI+ 13
At = ANT) — f{H) > 0iif f; = g},
A= NV H) — fV(T) > 0if f; = gT,
Al =0 orall kin {1,...,n}\ {i}.

In this way, we have defined coefficients )»1{‘,;" > 0 for every
fim in X_, Ag. It only remains to show, with our choices

of A/l > 0, that A = {¥2_ A/ fi: fim € X, Ax}-

We first prove that A C {¥_ llf' "fii fin € X_ Ak}
To show that fI' € {¥i_ A" fi: fin € X}_, Ax} for ev-
ery jin {1,...,ny}, consider any fj., in XZZIAk such
that f., satisfies the conditions of Situation (a) for i =
Jj + 2ny, which is then an element of {2n;+1,...,2n1 +

nir}. Then iy 4" fi = (F}'(T) — £} (H)gH = (f1/(T) -
A (Tgay + - Gh) = () = 73Ty +
fJI.I(T) = fJI.I, so indeed f}l € {Zk:ﬂ{'“”fki Sin €
XZ=1AI<}~

To show that /I € {T7_, A/1" fi: fin € X[_, Ax} for
every jin {l,...,nv}, consider any f., in XZ=1A1< such

that fi., satisfies the conditions of Situation (b) for i =
J =+ 2n1 + ny + 20y, which is then an element of {2n; +

i+ 2nm + 1,....n}. Then T4 Al fi = (fY(H) -
IV
£V (M)gl = (A (H) =¥ (D) (<) + vt vy ) =
(FY(T) = £V (H))ry + f}¥ (H) = f}Y, so indeed £}V €
(i A fi: frn € X AR}
To show that fj" € {Zzzllglz”fk: fin € Xi_ Ak}
for every j in {1,...,ny}, consider any f., in XZ:1A1<

such that fj., satisfies the conditions of Situation (c)
for i := j + 2ny + ny, which is then an element of

{2]’1[ +nn+1,....2n1 +ny + nm}. Then ZZ:I ),{I:”fk
—3GAMH) + FNT))el — (M H) + 3M(T))gl =
= GANE) + O (T + §) — UNE) +
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3T (< Lyry + §) = S H) Ly + (T gy = S
it /M £ 0, and i Afi = g+ gf
Iy + 53 —Iry + 5 = 0= fif /M =0, so indeed
e (X Al fi frn € X Ad)-

To show that fj € {¥}_, A fi fin € X_, Ay} for
every j in {l,...,n}, consider any fi., in XZ:1AI<
such that fj., satisfies the conditions of Situation (d)
for i := j+ n;, which is then an element of {n +
I,...,2n}. Then Yj_ A" fi = g; = f1. so indeed f! €
{Zi A fis fin € X A

We finally show, conversely, that A D
{):Zzll{“"fk: fin € XZZIAk}. Consider any f in
(i Al fi: frn € X A} Then f = X3 A" fi
for some fi., in XZ:I Ay. If this fi., satisfies the conditions
of Situation (a) for some i in {2n;+1,...,2n; + np }, then
Yiot l,{‘:”fk = fJI-I for j :==i—2nj, as shown above, so f € A.
If f1., satisfies the conditions of Situation (b) for some i
in {2n + np + 2nm + 1,...,n}, then Y7, l{‘i”fk = fJI.V
for j:=i—2n; — ny — 2nyy, as shown above, so f € A. If
f1:n satisfies the conditions of Situation (c) for some i in
{2111 +np+1,...,2n1+ng —l—nm}, then ZZ:] },](fl:”fk = f]m
for j :=i—2n; —ny, as shown above, so f € A. If fi.,
satisfies the conditions of Situation (d) for some i in
{n+1,....2n}, then Yi_ A" fi = f1 for ji=i—n,
as shown above, so f € A. The only other possibility is
that fi., satisfies the conditions of Situation (el) or (e2),
depending on whether ornot AN .%o #0. IfAN Lo # 0
(so Situation (el)), then Y7, lj(f bn i = fll, which is an
element of A since nf > 1,s0 fEA. If AN Lo =0
(so Situation (e2)), then Y;_,A/"f = (f(T) —

Ay n
) (~Tgny + ) = A1 or T Al =
Vu .
(fV(H) - }V(T))(—H{H}+f{\,af})7%) — IV, which
both belong to A since n;y > 1 and nry > 1, so f € A.
There are no other possibilities, so we conclude that indeed

AD XTI A" fir frn € X Ar b |

Proof [Proof of Proposition 10] By definition, the least
informative coherent set of desirable gamble sets that in-
cludes {{f}: f € D} is the natural extension clg (<) of
the assessment o7 = {{f}: f € D}.

Let us first show that <7 is consistent. By Theorem 6, we
need to show that 0 ¢ «7p and {0} ¢ Posi(.Z5,U.ap) =
Posi(/p ), where the equality follows from the fact that
L%, C @/p by Axiom Dj. By definition, 0 ¢ .o/, so it
remains to prove that {0} ¢ Posi(.% ). To this end, consider
any singleton {g} in Posi(.ep). There are nin N, Ay, ...,

A, in &, and, for all f., in XZ: 1 Aks coefficients lfil,;" >0,
such that { 1 l,{“"fk: Jim € XZ:IA/(} ={g}. Since the
entries of any sequence fi., in X:zlAk belong to Z~oUD,
so does Y ),,f tn fi, by repeated application of Axiom Dj.
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So g € DU %. By Axiom Dy, 0 ¢ D, whence indeed
g #0.

We now know that <7 is consistent, so by Theorem 6,
its natural extension .7 is equal to Rs(Posi(.2)), since
we already know that Z%, C o/p. Let us show that Kp =
Rs(Posi(ep)); we prove (i) Kp C Rs(Posi(e)) and (ii)
Kp DO Rs(Posi(«%)). For (i), consider any A in Kp, so
AND # 0, and therefore f € A for some f in D. This
tells us that { f} € 9. Since K C Posi(K) for any K in K,
we find that {f} € Posi(/p). Therefore, any superset of
{f}—and in particular indeed the set A—will belong to
Rs(Posi(ap)).

Let us now show that (ii) Kp 2 Rs(Posi(.%)). To this
end, consider any A in Rs(Posi(<)). Then, by the defini-
tion of the Rs operator, there is some B in Posi(% ) such
that B\ Z<o C A. This means that there are n in N, Ay, ...,
Ay in Z5 U, and, for all f1., in X]_ Ay, coefficients
Alln > 0, such that {zgzl Al fe fin € ><Z=1Ak} —B.
Since the entries of any sequence fi., in XZ:I Ay belong to
Z.oUD,sodoes Y, l,{ Ln £, by repeated application of
Axiom Dj3. So we find B C DU_.%~y = D, where the equal-
ity is a consequence of Axiom D5, and hence B\ %<y C D.
So AND # 0, and therefore indeed A € Kp.

We finish the proof by showing that K is indeed compat-
ible with D, or, in other words, that Dg,, = D. Indeed, infer

that Dg, = {fe Z: {ft€Kp}={fe Z: {f}ND #
0} =D. ]

Proof [Proof of Proposition 14] For Axiom Ky, consider
any A in K |E. Then [gA € K, whence IgA # 0 since K
satisfies Axiom K. Therefore indeed A # 0.

For Axiom K, consider any A in K|E. Then IgA € K,
whence [gA \ {0} € K since K satisfies Axiom K. Since
Igf # 0« f # 0 for any gamble f on E, we find that
Iz(A\{0}) € K, whence indeed A \ {0} € K |E.

For Axiom K5, consider any f in .Z(E)~¢. Then Igf €
Z(Z )0, whence by Axiom K, {Igf} € K. Therefore
indeed {f} € K|E.

For Axiom K3, consider any A; and A; in K | E, and, for
any finAj and ginAj, any (Af¢,lUre) > 0. ThenIgA; € K
and IgA; € K, whence by Axiom K3 {Asqf+Ureg: f€
IgA1,8 €lpAr} = {Apelef+ureleg: fEALE €A} =
Ie{Asef+Ureg: fEALEEAL} €K, where we identified
(Mg filgg > Mg £1ge) With (A, lre), forany fin Ay and g
in Ay. Therefore indeed {As, f+1ro8: fEAI,E €A} E
K|E.

For Axiom Ky, consider any A; in K|E and any A; in
2 such that A; C Ay. Then [gA; € K and IgA; C [gA,,
whence by Axiom K4 IgA; € K. Therefore indeed A, €
RJE. [

Proof [Proof of Proposition 15] For the first statement,
consider any fin £ (E), and infer the following chain of
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equivalences:

fe DKJE@HEfE DK<:>{]IEf} ek
< {f} €K|E & f€ Dy,

where the first equivalence follows from Definition 12, the
second one and the last one are due to Equation (3), and
the third one follows from Definition 13.

For the second statement, consider any A in 2(Z(E))
and the following chain of equivalences:

AEKDJE<:>]IEA EKp < IgAND #0
< (3f€A)lgfeD
S ANDJE#0<A€Kp g,

where the first equivalence follows from Definition 13, the
second one and the last one are due to Proposition 10, and
the fourth one follows from Definition 12.

We now turn to the last statement. By Theorem 11 we
have that K = N{Kp: D € D(K)}, implying that A € K <
(VD € D(K))A € Kp, for any A in 2(Z(Z")). Therefore
in particular, for any A in 2(%(E)),

A€EK|E<TgA € K& (VD € D(K))IgA € Kp
& (YD eD(K))A €Kp|E
& (VD eD(K))A € Kp g
& Ac({Kpjp: D eD(K)},

where the first and third equivalences follow from Def-
inition 13, and the fourth one follows from the already
established second statement of this proposition. Therefore
indeed K|E = N{Kpg: D € D(K)}. [ |

Proof [Proof of Proposition 19] The result follows immedi-
ately, once we realise that A| #0 < AT #0, f>0< f* >
0,Af+ugcAi < Af +ugcAi,andA; CAy < A7 C
A3, for all fin Z(Zo) whose cylindrical extension is f*,
all Aj and A, in 2(.Z(Z0)) whose cylindrical extensions
are A} and A%, and all A in y in R such that (A, ) > 0. B

Proof [Proof of Proposition 20] For the first statement,
observe that indeed

marg,Dx = {f € £(20): f € Dx}

={feZ(2o): {f} ek}

={fe L (Z20): {f} € margyK} = Drarg, &,
where the second and last equalities follow from Equa-

tion (3), and the third one follows from Definition 18.
For the second statement, observe that

marg,Kp
={Ac2(Z(Z0)):AcKp}
={Ae2(Z(Z0)): AND # 0}
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={A € 2(%(Z0o)): ANmarg,D # 0}
= {A S Q(g(%‘o)) Ae KmargOD} = Kma.rgOD,

where the first equality follows from Definition 18 and
the second and penultimate equalities follow from Proposi-
tion 10.

We now turn to the last statement. By Theorem 11 we
have that K = {Kp: D € D(K)}, implying that A € K <
(VD € D(K))A € Kp, forany A in 2(.%(21.n))- Therefore
in particular, for any A in 2(Z(Z0)),

A € marg,K A €K< (VD eD(K))A €Kp
& (VD € D(K))A € marg,Kp
& (VD € D(K))A € Knarg, D
& A €[ {Kmagon: D €D(K)},

where the first and third equivalences follow from Def-
inition 18, and the fourth one follows from the already
established second statement of this proposition. Therefore
indeed marg, K = (\{Kmarg,n: D € D(K)}. [ |

Proof [Proof of Proposition 21] We will first show
that any coherent set of desirable gamble sets K’ on
Z(Z1:n) that marginalises to Kp must be at least as
informative as ext.,(Kp). To establish this, since K’
marginalises to Ko, note that A € Ko < A € K, for all
Ain 2(Z(Z0)). Therefore, in particular, A € Ko = A €
K' for all A in 2(%(Z0)), so Ko C K'. This implies
that indeed ext;.,(Ko) = Rs(Posi(-Z*(Z1:)>0 UKp)) C
Rs(Posi(Z%(Z1:n)>0 UK")) = K', where the final equality
holds because K’ is coherent.

So we already know that any coherent set of desirable
gamble sets that marginalises to Kp must be at least as
informative as ext;., (Ko ). It therefore suffices to prove that
exty.,(Ko) is coherent and that it marginalises to Ko. To
show that ext;.,(Ko) = Rs(Posi(-Z*(Z1:)>0 U ,QleO")) is
coherent, by Theorem 6 it suffices to show that Ky is a
consistent assessment—that is, to show that 0 ¢ ,;37,(15” and
{0} ¢ Posi(£*(21:)>0 U &gM). That this is indeed the
case follows from the coherence of Kp = 4240"

The proof is therefore complete if we can show that
marg, (ext;.,(Ko)) = Ko. Since for any A in Ko it is
obvious that both A € ext;.,(Kp) and A € 2(Z(Z20)),
we see immediately that Ko C marg,(exty.,(Ko)), so
we concentrate on proving the converse inclusion. Con-
sider any A in marg, (ext;.,(Kp)), meaning that both
A€ Q(X(%g)) and A € eth;n(Ko). That A € eth;n(Ko)
implies that B\ .Z<o C A for some B in Posi(.Z5,UKp).
Then there are min N, Ay, ..., A, in Z%5,UKp, and co-
efficients A{lm’” > 0 for all fi.,, in XZL:] Ay such that B =
{Zf:l l,{ et fium € X';:lAk}. Without loss of general-

ity, assume that Ay,...,A; € Ko and Apyy,..., A, € 25
for some £ in {0,...,m}. Consider the special subset P :=
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{fim € X Ax: Alkm=0) of X[, Ay. If P # 0, then for
every element g, of P we have that Y7 | 18" ¢, > 0, so
BN.Z0# 0. Since B\ L9 CA, also AN.Zo(Z0) #0,
whence A € Kp by coherence [more specifically, by Ax-

ioms K, and K4]. Therefore, assume that P = (, and define

the coefficients
. A]{l:m
" ]o
,m}. Because P =0,

for all f1., in X;(nzlAk and k in {1, ..
for every fi:m in XZ;IA/( we have that [,L{l/” = A{f‘ém >0

Also, for every fi., in XZ' Ar and k > £+ 1, the co-
Siim fl[ J1: i

iftk</¢
iftk>0+1

u]{lm

efficient ;'™ equals 0, so we identify p;.;" with p;.;

Then every element of {Zk 1,,1]{1 e fim € Xk:lAk} —
{Zk lIJ'kak fl[ € ><k 0+1 } S POSi(Ko)

dominated by an element of B. Therefore, by Lemma 27
below B € Kp, whence by coherence, indeed also A € Kp.
[ |

:KO is

Lemma 27 Consider any coherent set of desirable gamble
sets K and any gamble sets A and B in 2. If A € K and
(VfeA)(JgeB)f<g thenB K.

Proof LetA :={fi,..., fn} for some m in N, and denote
the finite possibility space 2" = {xi,...,x¢} for some ¢
in N. Since (Vf € A)(3g € B)f < g, we have that B is a
superset of

4 4
B ::{fl + Z .uk,l]l{xk}a s Smt Z .uk,m]l{xk}}
k=1 k=1

m}}

for some p j > O forall kin {1,...,¢} and jin {1,...,m}.
Use the definition of the Posi operator, with A; =

V4
:{fi+ Y ol je{t,..,
k=1

{H{m}} ek, ...,Ay = {]I{x[}} €K,Apr1 =A €K, and
j 0+1
for all £, = Ly ys Ly Ly i) € X, A, let
)
ll{'{ffl' = (U1,j,M2,j,- - -, e, j 1) >0, to infer that
1 41
{Z}” MR fly € XAk}
k=1

m}} =B

belongs to Posi(K). Because B 2 B', we have that B €
Rs(Posi(K)). But since K = Rs(Posi(K)) by coherence,
we infer that indeed B € K. |

:{fj+ZNk,jH{xk}3 Je{l,...,
k=1

Proof [Proof of Proposition 22] By Theorem 11 we have
that Ko = N{Kp,: Do € D(Kop)}, implying that A €
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Ko < (VDo € D(Kp))A € Kp,,, for any A in 2(L(20)).
Therefore, for any A in 2(.Z(%£0)).
A €exty,(Ko) < A €Kp
& (VDo € D(Kp))A € Kp
& (VDo € D(Kp))ANDo # 0
& (VDo € D(Kp))ANext?, (Do) # 0
s Ace K ot (Dg) ! D €D(Ko)},

where the first equivalence holds because ext.,(Kp)
marginalises to Ko, the third one because of Proposition 10,
and the fourth one because ext? (DO) marginalises to Dy.
So indeed exty., (Ko) n{ xtD : Do € D(Ko)} |

Proof [Proof of Proposition 23] Consider the following
chain of equalities:

) Er)

={A e 2(Z(Z20)):

={A e 2(Z(20)):
(Z0)):
(Z

marg, (K,
A €K, |Er}
Ig,A €Ky}
={Ac 2(Z(Z0)): Ig,A € marg; oK, }
={A € 2(Z(Z0)): A € (marg; (K,)]|Er}
= marg,, ((marg; oK) Er),

where the third equality holds because Ig,A is a set of
gambles on Z7o. |

Proof [Proof of Proposition 25] To show that (i) implies (ii),
consider any A in 2(Z(Z0)) and E; in Z5(Z7), and
recall the following equivalences:
A €K, < A emarg, (K, |E)
S A€ KnJEI
&g A€k,

by Definition 18 and (i)

by Definition 18

by Definition 13.

To show that (ii) implies (i), consider any E; in Z2(27),

and recall the following equalities:

marg, (K, E) = {A € 2(L(20)): A € Ky | Er}

={A € 2(Z(Z0)): IgA € Ky}
={Aec2(¥(Zv)): A€K,}
= marg, Ky,

where the first and last equalities follow from Definition 18,

the second one from Definition 13, and the third one
from (i1). |

Proof [Proof of Theorem 26] We will first show that any
coherent set of desirable gamble sets K’ on Z(27.,)
that marginalises to Kp and that satisfies epistemic
irrelevance of X; to Xp must be at least as informative
as extl” (Kp). To this end, consider any B in 7™ ,.
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Then B = Ig,A for some E; in Z5(2Z;) and A in Ko.
Since K’ marginalises to Kp, infer that A € K'. Fur-
thermore, since K’ satisfies epistemic irrelevance of
X; to Xp, by Proposition 25 also B = Ig,A € K'. We
conclude that B € 7/ , = B € K’ < B € marg; oK', for
every B in 2(Z(210)), so ", C marg oK'

This implies that Rs(Posi(-Z*(Zwo0)>0 U
%)) S Rs(Posi(marg,pK')) = marg oK,
where the equality follows from the fact that

marg; oK' is coherent by Proposition 19. Then

ext},(Ko) = exti;(Rs(Posi(£*(Z1u0)>0 U ")) €
exty.,(marg;,oK’) and since by Proposition 21
exty.,(marg; ,nK’) is the least informative coher-

ent set of desirable gamble sets on Z(Z.)
that marginalises to marg; oK', we have that
exty., (Rs(Posi(marg; ,,K'))) C K'. Therefore indeed
extl” (Kp) C K.

The proof of the first statement is therefore complete
if we could show that extilrfn (Ko) (i) is coherent, (ii)
marginalises to Ko, and (iii) satisfies epistemic irrelevance
of Xj to Xp.

For (i), it suffices to show that 0 ¢ /™ , and {0} ¢
K" = Rs(Posi(-Z*(Z1u0)=0U ™ )):6 indeed, if this
is the case, then by Theorem 6 K[}, is a coherent set of
desirable gamble sets on .Z(Zu0 ), and then by Proposi-
tion 21 exti” (Ko ) is a coherent set of desirable gamble sets
on Z(Zi.n). So we will show that @ ¢ 7™ , and {0} ¢
K}L‘O. That 0 ¢ .@71150 is clear from Equation (6) because
Ky is coherent. So we focus on proving that {0} ¢ KI,.
Assume ex absurdo that {0} € K" . By Lemma 28 below
we would then infer that {¥, c 4. h(x;,+): h € {0}} =
{0} € Ko, contradicting the coherence of Kp. Therefore
indeed {0} ¢ Ki",,.

For (ii), we need to show that A € extl™ (Kp) < A € Ko
for any A in 2(%(%Zp)). For necessity, consider any
A in 2(Z(Z20)) and assume that A € extlT (Kp). By
Lemma 28 then {lee% h(x;,+): h e A} € Ko. Since A
is a set of gambles on 20, we infer { ¥, co; h(xs,+): h €
A} ={Xeah: h € A} = {|2ilh: h € A} = |2]|A,
whence by coherence, indeed A € Ky. For sufficiency, con-
sider any A in 2(.Z(Z0)) and assume that A € Kp. Then
A =1yA and 2] € P5( %), so A € " . Therefore
indeed A € extl™ (Kp).

For (iii), by Proposition 25 it suffices to show that A €
extl™ (Ko) & Ig,A € extl™ (Ko), for all A in 2(ZL(20))
and E; in PG(Z7). For necessity, consider any A
in 2(Z(Z0)) and any E; in Z5(Z;), and assume
that A € ext{” (Kp). Since we just have shown that
marg,exti’ (Ko) = Ko, this implies that A € K¢, whence
indeed Ig,A € o™, C extl” (Ko). For sufficiency, con-

Ay and {0} ¢

6. These two conditions are equivalent to @ ¢ <7

POSi(‘ZS(%U())>Q U VQ{I"E}O )
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sider any A in 2(Z(Zp)) and any E; in PG(27),
and assume that Ig,A € ext]” (Kp). Since by Proposi-
tion 21 extlT (Ko) marginalises to K}, this implies

that IgA € K}‘JO. Use Lemma 28 to infer that then

{Yyeah(xr, o) h€lgAy = {Lyca, lgh(xr,¢): h €
A} ={|E/|h: h € A} =|E[|A € Ko, whence by coherence
indeed A € Kp.

The second statement is a direct application of Proposi-
tion 22. |

Lemma 28 Consider any disjoint and non-empty subsets
I and O of {1,...,n}, and any coherent set of desirable
gamble sets Ko on L(Zo). Then

A € Rs(Posi(-Z*(Z100) >0 Uﬂf,iir,o))

:>{ Y h(x,e): heA} € Ko,
x[€EZT

SJorall A in 2(%£(Z100))-

Proof Consider any A in 2(%(Z1u0)) and assume that
A € Rs(Posi(L*(2100)>0 U™ ). Then B\ L« C A
for some B in Posi(-ZL*(2100) >0 U™ ), implying that
B = {Zznzllkf’:”lfk: Sim € kazlAk} for some m in N,
Al, ..oy Ay in Z5(Z100)>0 Uszflﬁo, and coefficients
lfilr;’l” > 0 for all fi., in X':zlAk. Without loss of gener-
ality, assume that A,...,Ay € d,iiO and Apiq,...,A, €
ZL(Z1u0)>o for some £ in {0,...,m}. Consider the spe-
cial subset P := { fi.m € X]_, Ak: llf:‘/f’" =0} of X', Ay
If P # 0, then for every element g;.,, of P we have that
Y Atmer >0, s0 BNZL(Z1u0)>0 # 0, and therefore
also ANZL(Ziuo)>0 # 0, whence {¥,c o h(x1,+): h €
A} € Ko by the coherence of Ko [more specifically, by
Axioms K5 and K4]. So assume that P = (), and define the
coefficients

Atm itk < e
=

fl:m =
0 ifk>0+1

for all fi, in X, Ay and kin {1,...,m}. Because P = 0,
for every fi., in XZ: | Ax we have that u{‘/‘ = llf‘é’” > 0.
Also, for every fi., in kazlAk and k > ¢+ 1, the coeffi-
cient [,L,{ m equals 0, so we identify ,u{‘é’" with ,u{:‘[j‘ . Then
every element of B' := {¥J" | ,u,{“”fk: fim € XZ":lAk} =
{Zﬁzlu,{”fk: fie € XizlAk} is dominated by an ele-
ment of B. For every k in {1,...,/} the gamble set Ay
belongs to <7}, so we may write Ay = Ig Ap; with
Ey € Z5(Z1) and Ag . € Ko. Therefore |Ax| = |Ap «l,
and every f; in Ay can be uniquely written as f; = Ig, gk
with g in Ag k. So for every fi., in XizlAk there is a

unique g.¢ in Xi=1A0A % such that f; = I, g for every k in
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{1,...,£}. For every fi.; in Xi:l Ay and its corresponding
unique gq.7 in Xi:] Aok, we define il == ,ulf‘/ . There-
. ¢
fore B' = {Z£=1 g Ig gk 810 € X, _, Ao,k }» and hence

{ Y h(x,e): heB’}

x1€§f}

‘ ¢
= { Y Y wit g e, e): gie € XAoyk}

x,e%kzl k=1
! ¢

= {Z‘U.]fl:['EHgk(XI, '): 810 € XAO,/(}
k=1 k=1

belongs to Posi(Kp) = Kg. Since every element of B’ is
dominated by an element of B, we have that every el-
ement of {¥, cy;h(x;,+): h € B'} is dominated by an
element of {):xlegfl h(x,¢): h € B}, so by Lemma 27
{¥i,ca;h(x;,+): h € B} € Ko. By K4 we have that also
indeed {¥,,c9;h(x;,*): h€A} € Ko. [ |
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