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Abstract

Random Reshuffling (RR), also known as Stochas-
tic Gradient Descent (SGD) without replacement,
is a popular and theoretically grounded method
for finite-sum minimization. We propose two
new algorithms: Proximal and Federated Ran-
dom Reshuffling (ProxRR and FedRR). The first
algorithm, ProxRR, solves composite finite-sum
minimization problems in which the objective is
the sum of a (potentially non-smooth) convex reg-
ularizer and an average of n smooth objectives.
ProxRR evaluates the proximal operator once per
epoch only. When the proximal operator is ex-
pensive to compute, this small difference makes
ProxRR up to n times faster than algorithms that
evaluate the proximal operator in every iteration,
such as proximal (stochastic) gradient descent.
We give examples of practical optimization tasks
where the proximal operator is difficult to com-
pute and ProxRR has a clear advantage. One
such task is federated or distributed optimization,
where the evaluation of the proximal operator cor-
responds to communication across the network.
We obtain our second algorithm, FedRR, as a spe-
cial case of ProxRR applied to federated optimiza-
tion, and prove it has a smaller communication
footprint than either distributed gradient descent
or Local SGD. Our theory covers both constant
and decreasing stepsizes, and allows for impor-
tance resampling schemes that can improve con-
ditioning, which may be of independent interest.
Our theory covers both convex and nonconvex
regimes. Finally, we corroborate our results with
experiments on real data sets.
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1. Introduction

Modern theory and practice of training supervised machine
learning models is based on the paradigm of regularized
empirical risk minimization (ERM) (Shalev-Shwartz & Ben-
David, 2014). While the ultimate goal of supervised learn-
ing is to train models that generalize well to unseen data,
in practice only a finite data set is available during training.
Settling for a model merely minimizing the average loss
on this training set—the empirical risk—is insufficient, as
this often leads to over-fitting and poor generalization per-
formance in practice. Due to this reason, empirical risk is
virtually always amended with a suitably chosen regularizer
whose role is to encode prior knowledge about the learning
task at hand, thus biasing the training algorithm towards
better performing models.

The regularization framework is quite general and perhaps
surprisingly it also allows us to consider methods for feder-
ated learning (FL)—a paradigm in which we aim at training
model for a number of clients that do not want to reveal their
data (Konecny et al., 2016; McMabhan et al., 2017; Kairouz
et al., 2019). The training in FL usually happens on devices
with only a small number of model updates being shared
with a global host. To this end, Federated Averaging algo-
rithm has emerged that performs Local SGD updates on the
clients’ devices and periodically aggregates their average.
Its analysis usually requires special techniques and deliber-
ately constructed sequences hindering the research in this
direction. We shall see, however, that the convergence of
our FedRR follows from merely applying our algorithm for
regularized problems to a carefully chosen reformulation.

Formally, regularized ERM problems are optimization prob-
lems of the form

min [P(z) := 5 Y0, fi(z) + ()], (1)

zERC

where f;: RY — R is the loss of model parameterized by
vector z € R? on the i-th training data point, and ¢: R? —
R U {+o0} is a regularizer. Let [n] := {1,2,...,n}. We
shall make the following assumption throughout the paper
without explicitly mentioning it:

Assumption 1. The functions f; are L;-smooth, and the
regularizer 1 is proper, closed and convex. Let Ly .y :=
maxie[n] Li~
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In some results we will additionally assume that either the
individual functions f;, or their average f := % > fisor
the regularizer ¢ are p-strongly convex. Whenever we need
such additional assumptions, we will make this explicitly
clear. While all these concepts are standard, we review them
briefly in Appendix A.

Proximal SGD. When the number 7 of training data points
is huge, as is increasingly common in practice, the most
efficient algorithms for solving (1) are stochastic first-order
methods, such as stochastic gradient descent (SGD) (Bordes
et al., 2009), in one or another of its many variants pro-
posed in the last decade (Shang et al., 2018; Pham et al.,
2020). These method almost invariably rely on alternating
stochastic gradient steps with the evaluation of the proximal
operator

prox.,, (z) := argmin, cga {10(2) + 31 — ]2} .
The simplest of these has the form
R Y = proxy, (20 = wV [ (233°P), @

where iy, is an index from {1,2, ..., n} chosen uniformly at
random, and ~y;, > 0 is a properly chosen learning rate. Our
understanding of (2) is quite mature; see (Gorbunov et al.,
2020) for a general treatment which considers methods of
this form in conjunction with more advanced stochastic
gradient estimators in place of V f;, .

Applications such as training sparse linear models (Tibshi-
rani, 1996), nonnegative matrix factorization (Lee & Seung,
1999), image deblurring (Rudin et al., 1992; Vogel, 2002),
and training with group selection (Yuan & Lin, 2006) all
rely on the use of hand-crafted regularizes. For many of
them, the proximal operator can be evaluated efficiently,
and SGD is near or at the top of the list of efficient training
algorithms.

Random reshuffling. A particularly successful variant of
SGD is based on the idea of random shuffling (permutation)
of the training data followed by n iterations of the form
(2), with the index i following the pre-selected permuta-
tion (Bottou, 2012). This process is repeated several times,
each time using a new freshly sampled random permutation
of the data, and the resulting method is known under the
name Random Reshuffling (RR). When the same permuta-
tion is used throughout, the technique is known under the
name Shuffle-Once (SO).

One of the main advantages of this approach is rooted in its
intrinsic ability to avoid cache misses when reading the data
from memory, which enables a significantly faster imple-
mentation. Furthermore, RR is often observed to converge
in fewer iterations than SGD in practice. This can intuitively
be ascribed to the fact that while due to its sampling-with-
replacement approach SGD can miss to learn from some

data points in any given epoch, RR will learn from each data
point in each epoch. Understanding the random reshuffling
trick, and why it works, has been a non-trivial open prob-
lem for the past decade (Bottou, 2009; Recht & Ré, 2012;
Giirbiizbalaban et al., 2019; Haochen & Sra, 2019), and has
inspired significant ongoing research effort (Shamir, 2016;
Haochen & Sra, 2019; Nagaraj et al., 2019; Mishchenko
et al., 2020; Ahn et al., 2020).

2. Contributions

Our goal in this paper is twofold: we develop RR in new
settings (namely, for proximal and federated learning), and
also address some of the shortcomings of existing theory,
in particular in the dependence on the condition number as
well as step-size scheduling. The difficulty of analyzing RR
has been the main obstacle in the development of even some
of the most seemingly benign extensions of the method.
Indeed, while these extensions are well understood in com-
bination with its much simpler-to-analyze cousin SGD, fo
the best of our knowledge, there exists no theoretical analy-
sis of proximal, parallel, and importance sampling variants
of RR with both constant and decreasing stepsizes, and in
most cases it is not even clear how should such methods
be constructed. In this section we outline the key contribu-
tions of our work, and also offer a few intuitive explanations
motivating some of the development.

2.1. RR in new problem settings

o New algorithm: ProxRR. Despite rich literature on Prox-
imal SGD (Gorbunov et al., 2020), it is not obvious how one
should extend RR to solve problem (1) when a regularizer v
is present. Indeed, the standard practice for SGD is to apply
the proximal operator after each stochastic step (Duchi &
Singer, 2009), i.e., in analogy with (2). On the other hand,
RR is motivated by the fact that a data pass better approxi-
mates the full gradient step (Bertsekas, 2011). The following
example shows that if we apply the proximal operator after
each step of RR, we would no longer approximate the full
gradient after an epoch:

Example 1. Letn = 2, ¢(z) = 1|z|? fi(z) = (c1,2),
fa(x) = (c2,2) with some c¢i,co € R?, ¢; # co. Let
rg € R 4 > 0 and define z1 = z9 — YV fi(z0),
z9 = x1 — YV fa(x1). Then, we have prOXQW(xg) =
proxy.,, (2o — 27V f(z0)). However, if #; = prox.,(zo —
7V fi1(z0)) and Zo = prox,, (1 — YV f2(Z1)), then T2 #
ProXy.y (2o — 27V f(20)).

Motivated by this observation, we propose ProxRR (Algo-
rithm 1), in which the proximal operator is applied at the
end of each epoch of RR, i.e., after each pass through all
randomly reshuffled data. A notable property of Algorithm 1
is that only a single proximal operator evaluation is needed



Proximal and Federated Random Reshuffling

Algorithm 1 Proximal Random Reshuffling (ProxRR) and
Shuffle-Once (ProxSO)

1: Input: Stepsizes y; > 0, initial vector 2o € R?, number of
epochs T'

2: Sample a permutation m =

(Do step 1 only for ProxSO)

3: for epochst =0,1,...,7 —1do

: Sample a permutation 7 = (o, 71, ...

(Do step 3 only for ProxRR)

33? = Tt

fori =0,1,...,n—1do
ay ™ = ah = 1V, ()

end for

Ti41 = Prox,, ., (z¢")
: end for

(ﬂ'ou,ﬂ'l, . ,71'»,171) of [n]

,Tn—1) of [n]

VR IDWN
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during each data pass. This is in sharp contrast with the
way Proximal SGD works, and offers significant advantages
in regimes where the evaluation of the proximal mapping is
expensive (e.g., comparable to the evaluation of n gradients

Vi, s Vin).

o Convergence of ProxRR (for strongly convex functions
or regularizer). We establish several convergence results
for ProxRR, of which we highlight two here. Both offer a
linear convergence rate with a fixed stepsize to a neighbor-
hood of the solution. In both we reply on Assumption 1.
Firstly, in the case when in addition, each f; is pu-strongly
convex, we prove the rate (see Theorem 2)

2

2
E [z — 2.lP] < (1= 9" o — | + 201,

where v = v < 1/L,... is the stepsize, and o2, is a

shuffling radius constant (for precise definition, see (4)).
In Theorem 1 we bound the shuffling radius in terms
of |[Vf(.)]|%, ns Limax and the more common quantity
02 = LS |V fi(x.) — V(2| We give a similar
rate of convergence if ¥ is also strongly-convex.

Both mentioned rates show exponential (linear in logarith-
mic scale) convergence to a neighborhood whose size is
proportional to v202 ;. Since we can choose 7 to be arbi-
trarily small or periodically decrease it, this implies that the
iterates converge to x, in the limit. Moreover, we show in
Section 3 that when v = O(#:) the error is O(7z ), which is
superior to the O(#) error of SGD. All of our results in the
convex case apply to the Shuffle-Once algorithm as well.

e Convergence of ProxRR for nonconvex optimization.
In the nonconvex regime, and under suitable assumptions,
we establish (see Theorems 5 and 3) an (’)(WLT) rate up to a
neighborhood of size O(?). For a certain stepsize it yields
an O(Z) convergence rate.

e Application to Federated Learning. In Section 5 we
describe an application of our results to federated learning

(Konecny et al., 2016; McMahan et al., 2017; Kairouz et al.,
2019). In this way we obtain the FedRR method, which is
similar to Local SGD, except the local solver is a single pass
of RR over the local data. Empirically, FedRR can be vastly
superior to Local SGD (see Figure 2). Remarkably, we also
show that the rate of FedRR beats the best known lower
bound for Local SGD due to (Woodworth et al., 2020) (we
needed to adapt it from the original online to the finite-sum
setting we consider in this paper) for large enough n. See
Appendix G for more details.

2.2. Improving vanilla RR

Besides the above results, we describe two extensions that
improve upon the rates of vanilla Random Reshuffling (i.e.
with no prox) and which are of independent interest.

o Extension 1: Importance resampling for Proximal RR.

All existing rates of convergence of RR in the strongly-
convex regime exhibit a dependence on max; L; /i (e.g.
(Mishchenko et al., 2020; Ahn et al., 2020) and others),
where L; is the smoothness constant of f;. We observe
that this is highly suboptimal compared to the L/ rate (for
L =21%" L) that SGD and variance-reduced methods
can achieve: indeed, the difference between these two condi-
tion numbers can be of order n (Gower et al., 2019). This is
a serious problem as the difference between the rate of con-
vergence of RR and SGD is tightly related to the condition
number (Safran & Shamir, 2021). In other words: existing
results on RR can be suboptimal by up to a factor of n
compared to the best known rates for SGD.

To handle this, we reformulate problem (1) into a similar
problem with a larger number of summands. In particu-
lar, for each i € [n] we include n; copies of the function
% fi, and then take average of all N = ZZ n; functions
constructed this way. The value of n; depends on the “im-
portance” of f;, described below. We then apply ProxRR
to this reformulation. If f; is L;-smooth for all i € [n]
and we let L := 13" L;, then we choose n; = [Li/L].
It is easy to show that N < 2n, and hence our reformula-
tion leads to at most a doubling of the number of functions
forming the finite sum. However, the overall complexity of
RR/ProxRR applied to this reformulation will depend on L
instead of max; L; (see Theorem 9), which can improve the
convergence rate by up to a factor of n. For details of the
construction and our complexity results, Appendix I.

o Extension 2: Decreasing stepsizes.

The convergence of RR is not always exact and depends on
the parameters of the objective. Similarly, if the shuffling
radius 02, ; is positive, and we wish to find an e-approximate
solution, the optimal choice of a fixed stepsize for ProxRR
will depend on €. This deficiency can be fixed by using
decreasing stepsizes in both vanilla RR (Ahn et al., 2020)
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and in SGD (Stich, 2019). However, the rate given by (Ahn
et al., 2020) does not recover linear convergence in the
absence of noise (i.e. o, = 0). We propose a stepsize
schedule that allows us to both recover linear convergence
in the absence of noise and recover the optimal O((n7?)~1)
rate of convergence of RR in the presence of noise. Our
proposed stepsize schedule is thus noise-adaptive without
requiring any knowledge of the magnitude of the noise o.
For details, see Appendix J.

3. Theory for strongly convex objectives
3.1. Preliminaries

In the strongly-convex setting, we build upon the notions of
shuffling variance introduced by Mishchenko et al. (2020)
for analyzing RR. Given a stepsize v > 0 (held constant
during each epoch) and a permutation 7 of {1,2,...,n},
we introduce the points z1, 22, ..., 2" defined by

wli=2, =y Vi (@), i=1...n )

The intuition behind this definition is fairly simple: if we
performed i steps starting at =, we would end up close to
x%. To quantify the closeness, we define the shuffling radius
and then show how to upper bound it.

Definition 1 (Shuffling radius). Given a stepsize v > 0
and a random permutation 7 of {1,2,...,n} used in Algo-
rithm 1, define 2° = 2% (v, 7) as in (3). Then, the shuffling
radius is defined by

1 |
o, [FE D o]

where Dy(z,y) = f(z) — f(y) — (Vf(y),z —y) is the
Bregman divergence associated with f evaluated at x,y
and where the expectation is taken with respect to the ran-
domness in the permutation 7. If there are multiple step-
sizes 71,72, ... used in Algorithm 1, we take the maxi-
mum of all of them as the shuffling radius, i.e., 02, =
max;>1 0%q(7)-

Theorem 1 (Bounding the shuffling radius). For any step-
size 4 > 0 and any random permutation 7 of {1,2,...,n}
we have o2, < Lmaxn (n||V f(z,)||> + 102), where z, is
a solution of Problem (1) and o2 is the population variance
at the optimum

02 = L3 |V fi(w.) — V()] )

O-rzad (7) =

All proofs are relegated to the supplementary material. In
order to better understand the bound given by Theorem 1,
observe that if there is no proximal operator (i.e., ¢ = 0)
then Vf(z.) = 0 and we get that 02 ; < Lm%mz This
recovers the existing upper bound on the shuffling variance
of Mishchenko et al. (2020) for vanilla RR. On the other
hand, if V f(z.) # 0 then we get an additive term of size
proportional to the squared norm of V f(z.).

3.2. Convergence guarantees

Our first theorem establishes a convergence rate for Algo-
rithm 1 applied with a constant stepsize to Problem (1) when
each objective f; is strongly convex. This assumption is
commonly satisfied in machine learning applications where
each f; represents a regularized loss on some data points, as
in /5 regularized linear regression and /5 regularized logistic
regression.

Theorem 2. Let Assumption 1 be satisfied. Further, assume
that each f; is u-strongly convex. If Algorithm 1 is run with
constant stepsize v, = v < 1/L..x, then its iterates satisfy

T 2 2 2‘
E [llor = 2.l?] < (1= wo — | + 20,

We can convert the guarantee of Theorem 2 to a convergence
rate by properly tuning the stepsize and using the upper
bound of Theorem 1 on the shuffling radius. In particular, if

1 VER
n
Lmax’ \/iorad } ’ a d

let k := Lmax/p and 19 = ||xg — z.||?, then we obtain
E [HxT — Ty ||2} = O (&) provided that the total number of

iterations Krr = n7 is at least

Krr = [k + Y2 (VA ||V f(2.)]| + 0.)]log (2£2) . (6)

we choose the stepsize as 7y = min {

Comparison with vanilla RR. If there is no proximal op-
erator, then ||V f(z.)|| = 0 and we recover the earlier re-
sult of Mishchenko et al. (2020) on the convergence of RR
without proximal, which is optimal in € up to logarithmic
factors. On the other hand, when the proximal operator is
nonzero, we get an extra term in the complexity propor-
tional to ||V f(z.)]|: thus, even when all the functions are
the same (i.e., o, = 0), we do not recover the linear conver-
gence of Proximal Gradient Descent (Karimi et al., 2016;
Beck, 2017). This can be easily explained by the fact that
Algorithm 1 performs n gradient steps per one proximal
step. Hence, even if f; = --- = f,, Algorithm 1 does not
reduce to Proximal Gradient Descent. We note that other
algorithms for composite optimization which may not take
a proximal step at every iteration also suffer from the same
dependence (Patrascu & Irofti, 2021).

Comparison with proximal SGD. In order to compare
(3.2) against the complexity of Proximal SGD (Algorithm 3
in Appendix C), we recall that Proximal SGD achieves

E [HxK - a:*HQ} = O (e) if either f or v is u-strongly
convex and

o

2
*
2

Ksep > (/H- o

)10g (222). (7)

This result is standard (Needell et al., 2016; Gower et al.,
2019), with the exception that we do not know any proof in
the literature for the case when 1 is strongly convex. For
completeness, we prove it in Appendix C.
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By comparing Kggp (given by (7)) and Krgr (given
by (3.2)), we see that ProxRR has milder dependence on
than Proximal SGD. In particular, ProxRR converges faster
whenever the target accuracy ¢ is small enough to satisfy

4
e < g ) . Furthermore, ProxRR is

S T (nuwwfmuaz
much better when we consider proximal iteration complex-
ity (# of proximal operator access), in which case the com-
plexity of ProxRR (3.2) is reduced by a factor of n (because
we take one proximal step every n iterations), while the
proximal iteration complexity of Proximal SGD remains the
same as (7). In this case, ProxRR is better whenever the

accuracy ¢ satisfies

2 4
g > G or e< 2

= —n S TG
where G2 := n||Vf(z.)||> + 02. We can see that if the
target accuracy is large enough or small enough, and if
the cost of proximal operators dominates the computation,
ProxRR is much quicker to converge than Proximal SGD.

Comparison with ProxSVRG. Variance-reduced methods
can improve the rate of convergence of SGD from sublinear
to linear by using better estimates of the gradients V f;.
ProxSVRG (Xiao & Zhang, 2014) is a common variance-
reduced method used for solving (1) in practice (Tang et al.,
2020). Xiao & Zhang (2014) give the following iteration
complexity (in both proximal & gradient oracle calls), up to
constant factors:

Ksvra > (k+n)log (422) ®)

Comparing (8) and reveals that for gradient oracle calls,
kG2
) pun
where G? := n||V f(z.)|” + 2. This bounds means that
ProxRR is better when the problem is better-conditioned or
when the number of functions n is large and the minimizers
of both P and f match well (i.e. ||V f(x,)|| is small). The
situation is much better for proximal oracle calls, where
ProxRR is better when

KkG? K

— 2 1 2
e> 20— (19 sl + 102,

using ProxRR is beneficial if the accuracy satisfies € >

Observe that this expression is decreasing in n as long as
02 /n is nonincreasing in n, a very mild requirement satis-
fied, for example, if the functions f; are themselves sam-
pled i.i.d. according to some distribution with mean f and
bounded variance.

Extension for strongly-convex regularizers. In Theorem 2,
we assume that each f; is p-strongly convex. This is moti-
vated by the common practice of using ¢, regularization in
machine learning. However, applying /- regularization in
every step of Algorithm 1 can be expensive when the data
are sparse and the iterates ! are dense, because it requires
accessing each coordinate of z¢ which can be much more

expensive than computing sparse gradients V f;(z%). Alter-
natively, we may instead choose to put the /5 regularization
inside v and only ask that 1) be strongly convex—this way,
we can save a lot of time as we need to access each coor-
dinate of the dense iterates % only once per epoch rather
than every iteration. Theorem 8 in Appendix D.3 gives a
convergence guarantee in this setting which is similar to that
of Theorem 2.

4. Theory for non-convex objectives

We shall now present our theory for the nonconvex case.
To quantify convergence, we define the proximal-gradient
mapping, which was also used in the prior literature to show
convergence of Proximal SGD.

Definition 2. Given a stepsize v > 0, a convex function v
and arbitrary f, we define the proximal-gradient mapping
as

Gy (z) := % [ — prox. ,(x — 7V f())] .

Similarly to Theorem 1, the analysis shows that a gradient
term appears in the variance bound. However, in contrast
to the convex settings of Theorem 1, there might not ex-
ist an optimum to which the iterates would converge and
we cannot use ||V f(x.)||? in the variance bound. For this
reason, we resort to the following assumption that bounds
full gradients in terms of proximal-gradient mapping and an
extra constant.

Assumption 2. There exists a constant ¢ > 0 such that the
full gradient of f is uniformly bounded by the proximal-
gradient mapping and ¢

IVF@)I? < [1Gyn (@)% + ¢
for any x € dom(¢) and v > 0.

We note that this assumption is trivially satisfied with { = 0
if ¢» = 0 because in that case, G- (z) = V f(x). Therefore,
when there is no proximal term, it is not an extra assumption
compared to the analysis of Mishchenko et al. (2020). We
will also rely on the following measure of gradient variance,
which we need for the same reason that there might be no
optimum x, to measure the variance the way we did for
Theorem 1.

Assumption 3. There exists a constant ¢ > 0 such that
L3 IVfile) = Vf(2)]|* < o2 for any € RY.

Note that we can relax this assumption by introducing extra
terms in the right-hand side as in (Khaled & Richtérik, 2020).
Nevertheless, for the sake of simplicity and readability, we
prefer the stronger version as presented above. Theorem 3
gives our main convergence result:

Theorem 3 (Convergence result in the nonconvex case).

Let Assumptions 2 and 3 hold and choose any v < ﬁ

max T
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Then,

2 < N VE TR
L T

+ 2% Linaxn®C? + 292 L2 | no?.

Instead of obtaining a convergence guarantee on the mini-
mum of the prox-grad mapping norm, we can get the same
guarantee by randomly choosing an iterate. This is standard
in stochastic nonconvex optimization since, for any oracle
with access only to stochastic gradients, obtaining a guaran-
tee for a fixed iterate (e.g. the final iterate) is impossible in
general (Drori & Shamir, 2020).

Obtaining a complexity. Set the stepsize v to

. 1 =
7 = min { B5Limax®’ Luaxy/no+ Lmax"<} '

Then plugging into Theorem 3 and denoting &g := P(xz¢) —
P,, we obtain that in order to get an e-stationary solution the
complexity in terms of full number of stochastic gradients
nT" equal to

nT — O (soLmn 4 Solmagv/io | %ﬁLmaxnc) .

e? e3

When the accuracy e is small enough, this rate is better than
the O(e~*) rate of convergence of Proximal SGD (Davis &
Drusvyatskiy, 2018).

S. FedRR: application of ProxRR to federated
learning

Let us consider now the problem of minimizing the average
of N = 271\7/1[:1 N,,, functions that are stored on M devices,
which have Ny, ..., Nj; samples correspondingly,

min F(x) + R(x), F(z) = LM Fu(x), 9
rERY

where F),(z) := Z;V:"‘l fmj(x). For example, fy,;(z) can
be the loss associated with a single sample (X,y,;, Ym;),
where pairs (X, Ym;) follow a distribution D,, that is
specific to device m. An important instance of such formu-
lation is federated learning, where M devices train a shared
model by communicating periodically with a central node.
We normalize the objective in (9) by IV as this is the total
number of functions after we expand each F;,, into a sum.
We denote the solution of (9) by z..

Extending the space. To rewrite the problem as an in-
stance of (1), we are going to consider a bigger prod-
uct space, which is sometimes used in distributed op-
timization (Bianchi et al., 2015). Let us define n :=
max{Ny,..., Ny} and introduce )¢, the consensus con-
straint, defined via

O7 Tl =""=Tnm

otherwise

’L/)C(.Z‘l,...,l‘]\/[) = {

+00,

By introducing dummy variables z1, ...,z and adding
the constraint 1 = - - - = xs, we arrive at the intermediate
problem

min L SM Fo(2,) + (R+Ye) (2, .

T M
Z1,...,L0 ERP ’ )7

where R + 1¢ is defined, with a slight abuse of notation, as
(R+vYc)(z1,...,am) = R(z1) if 1 = -+ = 2, and
(R+v¢)(x1,...,xp) = +00 otherwise.

Since we have replaced R with a more complicated regu-
larizer R + ¥ ¢, we need to understand how to compute the
proximal operator of the latter. We show (Lemma 8 in the
supplementary) that the proximal operator of (R + ¢¢) is
merely the projection onto {(z1,...,zp) | 1 = -+ =
x s + followed by the proximal operator of R with a smaller
stepsize.

Reformulation. To have n functions in every F,, we write
F,,, as a sum with extra n — N, zero functions, fy,;(z) =0
for any j > N, so that Fy(z) = 327, fmj(zm) =
Z;V:ml fmj(@m) +3°7_n. 41 0. We can now stick the vec-
tors together into = (1, ...,7y) € RM 4 and multiply
the objective by 7—1\{, which gives the following reformula-
tion:

min &35 fil®) + o), (10)

rcRM-d T

where 1(x) := Y (R + ¢¢) and

M
fz(m) = fi(l'la ce. axM) = Z fml(xm)
m=1

In other words, function f;(x) includes i-th data sample
from each device and contains at most one loss from every
device, while F,,,(x) combines all data losses on device
m. Note that the solution of (10) is &, := (z],...,z])T
and the gradient of the extended function f;(x) is given by
Vi) = (Vfu(z1)", -, Vaui(ea)")T. Therefore, a
stochastic gradient step that uses V f;(x) corresponds to
updating all local models with the gradient of ¢-th data
sample, without any communication.

Algorithm 1 for this specific problem can be written in
terms of 1, ...,z s, which results in Algorithm 2. Note
that since f,,;(z;) depends only on x;, computing its gradi-
ent does not require communication. Only once the local
epochs are finished, the vectors are averaged as the result of
projecting onto the set {(z1,...,znp) | 21 = =2}

Reformulation properties. To analyze FedRR, the only
thing that we need to do is understand the properties of the
reformulation (10) and then apply Theorem 2 or Theorem 8.
The following lemma gives us the smoothness and strong
convexity properties of (10).

Lemma 1. Let function f,,; be L;-smooth and p-strongly
convex for every m. Then, f; from reformulation (10) is
L;-smooth and p-strongly convex.
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Algorithm 2 Federated Random Reshuffling (FedRR)

1: Input: Stepsize v > 0, initial vector zo = z € R, number
of epochs 7T, number of functions N,,, on each machine m,

set N ="M N, and n = max, N,
2: forepochsth,l,..., —1do
3 form = 1,..., M locally in parallel do
4: x?,m =T
5 Sample permutation 7o,m, T1,m,- .-, TN,,—1,m Of
{1,2,..., N}
6 forz-O,L...,Nm—ldo
7 T = 2 =YY fry o ()
8 end for
9: T = a:g,’,’;
10:  end for
11: @441 = proxq v p (ﬁ Efle J;?m>
12: end for !

The previous lemma shows that the conditioning of the refor-
mulation is kK = % just as we would expect. Moreover, it
implies that the requirement on the stepsize remains exactly
the same: 7 < 1/Lomax. What remains unknown is the value
of o2, ;, which plays a key role in the convergence bounds
for ProxRR and ProxSO. To find an upper bound on o2

let us define

02 = 1= Y ||V () = R VE(2.)

rad?

2

)

which is the variance of local gradients on device m.
This quantity characterizes the convergence rate of local
SGD (Yuan et al., 2020), so we should expect it to appear in
our bounds too. The next lemma explains how to use it to
upper bound O'rQad.

Lemma 2. The shuffling radius o2, of the reformula-
tion (10) is upper bounded by

rad < Lmax : Z (Hva(l‘*)HQ + 4 T)’L *)

The lemma shows that the upper bound on o2, ; depends
on the sum of local variances Zm 102, as well as on

the local gradient norms Zm 1 HVFm( *)||2 Both of
these sums appear in the existing literature on conver-
gence of Local GD/SGD (Woodworth et al., 2020; Yuan
et al., 2020). We are now ready to present formal conver-
gence results. For simplicity, we will consider heteroge-
neous and homogeneous cases separately and assume that
N; = --- = Ny = n. To further illustrate generality of our
results, we will present the heterogeneous assuming strong
convexity R and the homogeneous under strong convexity
of functions f,;.

Heterogeneous data. In the case when the data are het-
erogeneous, we provide the first local RR method. We can
apply either Theorem 2 or Theorem 8, but for brevity, we
give only the corollary obtained from Theorem 8.

Theorem 4. Assume that functions f,,; are convex and
L;-smooth for each m and i. If R is p-strongly convex
and v < 1/L,..x, then we have for the iterates produced by
Algorithm 2

E [Jlor — 2] < (14 2yum) ™7 Jlzg — @

?Linax \~M
+ “fMﬂ Zm:1(||VFm(x*)”2 + $0%7*>.

In the supplementary material (Appendix G), we show that
our rates for FedRR improve over the best known rates for
both Local SGD and Distributed Gradient Descent in the
heterogeneous data seting.

For nonconvex analysis, we consider R = 0 and require the
following standard assumption.

Assumption 4 (Bounded variance and dissimilarity). There
exist constants o, ¢ > 0 such that for any 2 € R and
||V i — %VFm(x)H <o? and,

AIZ HlVF z) - VF (x)“ C

Note that above LV F,,, () = 5~V F,,(z) is the gradient

of a local dataset and VF(z) = & Zl]\il VFi(z) is the full
gradient on all data.

I /\

Theorem 5 (Nonconvex convergence). Let Assumptions 1
and 4 be satisfied, and R = 0 (no prox). Then, the com-

munication complexity to achieve E [||VF(3:T) ||2} <e?
is

T=0 ((i + o+ i) (F(zo) — F*)> .

Notice that by replicating the data locally on each device
and thereby increasing the value of n without changing the
objective, we can improve the second term in the commu-
nication complexity. In particular, if the data are not too
dissimilar (¢ > () and ¢ is small (6% > 6%), the second
term in the complexity dominates, and it helps to have more
local steps. However, if the data are less similar, the nodes
have to communicate more frequently to get more informa-
tion about other objectives.

Homogeneous data. For simplicity, in the homogeneous
(i.e., i.i.d.) data case we provide guarantees without the
proximal operator. Since then we have Fy(z) = -+ =
Fy(x), for any m it holds V Fy, () = 0, and thus 07, , =
+ 3% IV fmj(2.) || The full variance is then given by

S 02 =L S IV (@) =

:Ma*.

where 02 := L S S™ IV £,,:(.)||? is the variance

of the gradients over all data
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Theorem 6. Let R(x) = 0 (no prox) and the data be i.i.d.,
thatis VF,,(x.) = 0 for any m, where x, is the solution of
9). Let 02 := L 30" SOM |1V fni(2.)||2. If each fr;
is Liyax-smooth and p-strongly convex, then the iterates of
Algorithm 2 satisfy
n 2Ln1ax NUE

E [lzr — 2.?] < (1 =)™ llwo — 2. + =55
Observe that the guarantee given by Theorem 6 scales with

the effective number of functions per machine N/M, similar
to the scaling displayed by single-node RR.

Corollary 5.1. Choose the stepsize v > 0 as

— i 1 eMp
’y = min (Lmax ’ 2LmaxN0'z) ’

and suppose that the total number of iterations K = nT
satisfies

Lyax | /2LmaxNoZ 2]z —z.|*
KZ( PR ERY s v o TE )log - .

Then E [||xT - x*||2} <e.

In the small-accuracy regime, Theorem 5.1 shows that Fe-

dRR enjoys a convergence rate depending on ﬁ compared
to the % rate of convergence of FedAvg (Karimireddy et al.,

2020).

6. Experiments'

ProxRR vs SGD. In Figure 1, we look at the logistic regres-
sion loss with the elastic net regularization,

LN fil@) + Mzl + 22|22, (11)

where each f; : R? — R is defined as f;(z) :=
—(b; log (h(a; x))+(1—b;) log (1—h(a x))), and where
(ai,b;) € R x {0,1},i = 1,..., N are the data samples,
h:t— 1/(1+e™") is the sigmoid function, and A1, A > 0
are parameters. We set minibatch sizes to 32 for all methods
and use theoretical stepsizes, without any tuning. We denote
the heuristic version of RR that performs proximal operator
step after each iteration as ‘RR (iteration prox)’. From the
experiments, we can see that all methods behave more or
less the same way. However, the algorithm that we propose
needs only a small fraction of proximal operator evaluations,
which gives it a huge advantage whenever the operator takes
more time to compute than stochastic gradients.

FedRR vs Local SGD and Scaffold. We also compare the
performance of FedRR, Local SGD and Scaffold (Karim-
ireddy et al., 2020) on homogeneous (i.e., i.i.d.) and het-
erogeneous data. Since Local SGD and Scaffold require

LOur code is available on GitHub: https://github.com/
konstmish/rr prox_fed. More experimental details are in
the appendix.

— sGD
101 RR (iteration prox)
—— RR (epoch prox) ~

— sGD
RR (iteration prox)
—— RR (epoch prox)

0 200 400 600 800 1000 1200 0 20000 40000 60000 80000
Data passes Prox steps

— Average
0.002 —e— Worst shuffle
—— Best shuffle

Px)-P,

0.0 0.5 1.0 15 2.0
Data passes

Figure 1. Experimental results for problem (11). The first two
plots show with average and confidence intervals estimated on 20
random seeds and clearly demonstrate that one can save a lot of
proximal operator computations with our method. The right plot
shows the best/worst convergence of ProxSO over 20,000 sampled
permutations.

smaller stepsizes to converge, they are significantly slower
in the i.i.d. regime, as can be seen in Figure 2. FedRR, how-
ever, does not need small initial stepsize and very quickly
converges to a noisy neighborhood of the solution. We ob-
tain heterogeneous regime by sorting data with respect to
the labels and mixing the sorted dataset with the unsorted
one. In this scenario, we also use the same small stepsize
for every method to address the data heterogeneity. Clearly,
Scaffold is the best in terms of functional values because it
does variance reduction with respect to the data. Extending
FedRR in the same way might be useful too, but this goes
beyond the scope of our paper and we leave it for future
work. We also note that in terms of distances from the op-
timum, FedRR still performs much better than Local SGD
and Scaffold.

— Local SGD
Scaffold
—— FedRR

— Local SGD
Scaffold !
—— FedRR

0 200 400 600 800 1000 0 10000 20000 30000 40000
Communication rounds Communication rounds

40 — sop
Scaffold

20 - —— FedRR
<10 - .

0 10000 20000 30000 40000
Communication rounds

Figure 2. FedRR vs Local-SGD and Scaffold: i.i.d. data (left) and
heterogeneous data (middle and right). We set A\; = 0 and estimate
the averages and standard deviations by running 10 random seeds
for each method.
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Proofs

A. Basic notions and preliminaries

We say that an extended real-valued function ¢: R? — R U {400} is proper if its domain, dom ¢ := {z : ¢(z) < +oc},
is nonempty. We say that it is convex (resp. closed) if its epigraph, epi ¢ := {(z,t) € R? x R : ¢(z) < t}, is a convex
(resp. closed) set. Equivalently, ¢ is convex if dom ¢ is a convex set and ¢(ax + (1 — a)y) < ag(z) + (1 — a)¢(y) for all
x,y € dom ¢ and « € (0, 1). Finally, ¢ is p-strongly convex if ¢(x) — & H33||2 is convex, and L-smooth if% ||x|\2 — ¢(x)
is convex.

One useful fact that we will need is that for any vectors a1, .. .,ay € R? we have
m M 2 m M 2
) 1 1
a; = — Am + Am — 7 a . 12
S = s em] e ar "

The identity above is sometimes called bias-variance decomposition.

To prove the upper bound in Theorem 1, we rely on a lemma due to Mishchenko et al. (2020) that bounds the variance when
sampling without replacement.

Lemma 3 (Lemma 1 in (Mishchenko et al., 2020)). Let X1, ..., X, € R? be fixed vectors, let X = % Z?:l X; be their
mean, and let 02 = L 377" || X; — )_(HQ be their variance. Fix any i € [n] and let X, ..., X,,_, be sampled uniformly

. v 1 i—
without replacement from {X,..., X, } and X = 7 >

j:%) X, be their average. Then, the sample average and variance
are given by

E[%]=X E[|%-X|"] =z (13)

Finally, we define [n] := {1,2,...,n}.

A.1. Bregman divergence

These notions have a more useful characterization in the case of real valued and continuously differentiable functions
¢: R? — R. The Bregman divergence of such ¢ is defined by Dy (z,y) := ¢(z) — ¢(y) — (Vé(y), z — y) . A continuously
differentiable function ¢ is called p-strongly convex if

2
%”‘T_y” §D¢(£L',y), V$7y€Rd~
It is convex if this holds with ¢ = 0. Moreover, a continuously differentiable function ¢ is called L-smooth if
~§llz—yl” < Do(ay) < g llu—yl®,  VayeR” (14)

Note that the first inequality is redundant for convex ¢ because convexity implies 0 < Dy(z, y).

A.2. Properties of the proximal operator

Before we proceed to the proofs of convergence, we should state some basic and well-known properties of the regularized
objectives. The following lemma explains why the solution of (1) is a fixed point of the proximal-gradient step for any
stepsize.
Lemma 4. Let Assumption 1 be satisfied.” Then point . is a minimizer of P(z) = f(z) + ¢ (z) if and only if for any
v,b > 0 we have

Ty = ProX.p, (T« — YOV f(24)).

Proof. This follows by writing the first-order optimality conditions for problem (1), see (Parikh & Boyd, 2014, p.32) for a
full proof. u

2We only need the part about 1.
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The lemma above only shows that proximal-gradient step does not hurt if we are at the solution. In addition, we will rely on
the following a bit stronger result which postulates that the proximal operator is a contraction (resp. strong contraction) if
the regularizer v is convex (resp. strongly convex).

Lemma 5. Let Assumption 1 be satisfied.® If 1/ is u-strongly convex with 1 > 0, then for any v > 0 we have

I” <

[PToX., 4 (%) — PrOX.,,,4(Y) = yl?, (15)

14+ 2vyun
for all z,y € R%.
Proof. Letu := prox.,,,(x) and v := prox, ,,, (). By definition, u = argmin,, {¢)(w) + 5. [w — z||*}. By first-order
optimality, we have 0 € 9¢(u) + ,%n(u — x) or simply  — u € yndy(u). Using a similar argument for v, we get
x—u— (y—v) € yn(0yY(u) — 0(v)). Thus, by strong convexity of 1), we get
(@ —u—(y—v),u—v)>yunfu—o|*

Hence,

lz = yl* = llu = v+ (@ —u—(y =)
= Jlu— ol + 2z —u— (y —v),u—v) +lz —u—(y —v)|
> Jlu—ol® +2(z —u— (y —v),u—0)
> (1 -+ 2ypm) Ju — o] 2. n

B. Proof of Theorem 1 (Bounding the shuffling radius)

Proof. By the L;-smoothness of f; and the definition of 2, we can replace the Bregman divergence in (4) with the bound

: 4 (L, Luox ,
E [Dfm; (zl,z.)] < E [ 5 XL — X, ﬂ < Tr”E [z} — z.]1%]
2 Pl |5 ot o]
_ Y Lmax?” mez
o[l giere]
LmaxZ o |12
= T Zmaxt P E {HX”H } : (16)
where = ZZ : X, with X; := Vf;(z,) for j =1,2,...,n. Since X = V f(z.), by applying Lemma 3 we get
S 2 5112 S 1121 U3)+6) 2 n—1
E[[%]°] = IX]*+E ]| % - X| ] EO |V @) + am
i(n—1)
It remains to combine (16) and (17), use the bounds 72 < n? and i(n—1i) < @, which holds foralli € {0,1,...,n—1},
and divide both sides of the resulting inequality by 2. |

C. Proof of Convergence of Proximal SGD

Theorem 7 (Proximal SGD). Let Assumption 1 hold. Further, suppose that either f := L+ ZZ 1 fiis p- strongly convex or
that 1) is p-strongly convex. If Algorithm 3 is run with a constant stepsize v, =y > 0 satlsfymg Y < 5, then the final

iterate after K steps satisfies
2 K 2 | 2yo?
E |lzx — 2P| < (1= 2m)" flzg — 2. ]* + 2.

3We only need the part about 1.
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Algorithm 3 Proximal SGD

1: Input: Stepsizes y; > 0, initial vector £y € R, number of steps K
2: forsteps k =0,1,..., K —1do

3:  Sample i) uniformly at random from [n]

4 wrgr = prox,, g (zx — Vi, (Tk))

5: end for

Proof. We will prove the case when v is u-strongly convex. The other result follows as a straightforward special case of
(Gorbunov et al., 2020, Theorem 4.1). We start by analyzing one step of SGD with stepsize v = 7y and using Lemma 4

|21 — 2al|® = |[prox. , (@x — YV fe(2k)) — Prox, (. — YV ()|
ok — YV fe(zr) — (@ — AV f ()% (18)

< 1
— 14 2vu

We may write the squared norm term in (18) as

lze =V fe(an) = (e =7V @)|® =l = 2ll* = 2 (@ — 22, Ve(zr) = V(@)

(19)
+ 2|V fe(zn) — V(o).

We denote by Ey, [-] expectation conditional on ;. Note that the gradient estimate is conditionally unbiased, i.e., that
By [Vfe(xi)] = = 30, Vfi(wr) = V f(ay). Hence, taking conditional expectation in (19) and using unbiasedness we
have

Ep (llee —vVfe(an) = (we =7V @)|?| = llax = 2l® = 29 (wn — 2, VF(21) = V(22))

) (20)
+ 7B ||V felar) = V@]

By the convexity of f we have
(T — 20, V(1) = Vf(24)) > Dy (28, 4.

Furthermore, we may estimate the third term in (20) by first using the fact that ||z + y||> < 2||z||* + 2||y||* for any two
vectors 7,y € R?

Ex IV felar) = VF@)IIP] < 2B [IVfe(@n) = Ve ()] + 2B [IVfe(a) - V@)
= 2B, [|IV fe(an) = Vie(w.)I] + 202
We now use that by the L,,,x-smoothness of f; we have that
IV fizx) = Vfi(@)|* < 2Lunax - Dy, (wi, 22).
Hence

B IV fe(ow) = Ve ] = = S IV o) = Vfite)

n

< 22 S [fion) = ) = (Vi) — )
= 2Lmax [f(zr) — fzs) = (Vf(2:), 26 — 24)]
= 2Lmafo(mk,x*). (21)

Combining equations (20)—(21) we obtain

Ep |||k — vV fe(ar) — (2 =V (@)IP| < lloe — 2] = 29 (1 = 29 Limax) Dy (21, 24) + 27202,
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1
2Lmax

Since v < by assumption we have that 1 — 2y L, > 0. Since D f(xk, xx) > 0 by the convexity of f we arrive at

Bi ok =7V felwr) = (20 =1V F@))I] < o — 2l + 29202,

Taking unconditional expectation and combining (43) with the last equation we have

1 2
B [lrens o] < gy (B [l = ]+ 20%0%)
[h1 —2|7] < o 2k — "] + 27703
1 2v202
=—F [||:1:k - :zr*HQ} 4 2%
14+ 2vp 14+ 2vu
1 2
<7E{ Tk — Tx }+2 203.
< o [z — 2.l g
To simplify this further, we use that for any x < % we have that ﬁ <1 —zandthat yu < 575 — < % hence
E [oes —2.)%] < 0= 30 E [lor — 2. ] + 24%2.
Recursing the above inequality for K steps yields
K—1
2 K 2 k
E [l — .| < (1 =90 llao - 2. + 2% ( (1= 7n) )
k=0
K 2 k
< (L= ||lwo — a.l” + 29702 <Z(1 — i) )
k=0
K 2 | 2v0}
=1 =yp)” [ro — x| T u

Furthermore, by choosing the stepsize v as 7 = min { L }, we get that E {Hx K — Ty ||2} = O (&) provided that

o ? 107
o2 2r,

Ksep > (H-i- 2) log (0> )
el £

D. Proofs of Theorem 2 and Theorem 8

the number of iterations is at least

which we previously stated in (7).

D.1. A key lemma for shuffling-based methods

The intermediate limit points % are extremely important for showing tight convergence guarantees for Random Reshuffling
even without proximal operator. The following lemma illustrates that by giving a simple recursion, whose derivation follows
(Mishchenko et al., 2020, Proof of Theorem 1). The proof is included for completeness.

Lemma 6 (Theorem 1 in (Mishchenko et al., 2020)). Suppose that each f; is L;-smooth and A-strongly convex (where
A = 0 means each f; is just convex). Then the inner iterates generated by Algorithm 1 satisfy

E [l -t |*] < 1 = W E [[lef - 2t ]*] = 20 (1 = 1Luan) E [D,, (@ 2)] + 2000, (22
where 2% is asin (3),7 = 0,1,...,n — 1, and x, is any minimizer of P.
Proof. By definition of ! and z%t!, we have
B [[l2i = o] =B [|lof - 2 *] - 298 (9, (@}) = V(2,25 — 2]

; : 23)
+ 7 (|9 fr (o) — V()]



Proximal and Federated Random Reshuffling

Note that the third term in (23) can be bounded as
i 2 i
IV fri(@}) =V fr; (@)||” < 2Linax - Dy, (z1, 24).-
We may rewrite the second term in (23) using the three-point identity (Chen & Teboulle, 1993, Lemma 3.1) as
<Vfﬂ'7 (l’%) - Vfﬂ'q ($*)7 (t; - $i> = ‘Df‘rri (xia xZ) + wai (l’;, 1’*) - Dfrri (wiv :L'*)
Combining (23), (24), and (25) we obtain
B ([l = ot 7] < B{lai - at][*] — 2B [y, (0t h] + 20 B [Dy, o)
=27 (1 = vLmax) E [wai (zylfa x*)] .

Using A-strong convexity of f., we derive

Al ill? i

§th - JJ*H < Dfn—i (xth)'
Furthermore, by the definition of shuffling radius (Definition 1), we have

E [Dy,. (zl,2.)] < max E Dy (2, 2.)] =v’0%.

i=0,...,n—1

Using (27) and (28) in (26) yields (22).

D.2. Proof of Theorem 2

Proof. Starting with Lemma 6 with A = p, we have

E ot = o] < 1=y E |2} = 2] = 29 (1 = 7Lmax) E [Py, (21, 2.)] + 2900,

(24)

(25)

(26)

27)

(28)

Since Dy_(z},x.) is a Bregman divergence of a convex function, it is nonnegative. Combining this with the fact that the

stepsize satisfies ¥ < /L., we have
i i+1]|2 i i||2
E [Joi - 2] < (1 =) E [[l2f - 2i]*] + 29°0%a.
Unrolling this recursion for n steps, we get

n—1

n n|2 n 2 :
E |27 - a2lP] < (1= y)"E [[Jaf = o2|"] + 2% | D (1 =)’
J

I
=)

3
—

= (1= )" E [loe — 2 ?] +2%02 [ 3o (1= |,

=0
where we used the fact that x? — xB = x; — x,. Since x, minimizes P, we have by Lemma 4 that
n—1
Ty = PrOX,,,, (x* - Z V fr; (u)) = Prox. ., (v7).
i=0
Moreover, by Lemma 5 we obtain that
2 n ny |2 n n| 2
||$t+1 - Z’*H = ||prOX'yn1p(xt) - pI‘OX,ynw(l‘*) } < ||'rt — Ty || .
Using this in (29) yields
n—1
2 2 j
E |21 — o] < (0= 90" E [loe = 2. *] +29%0% | D (1 =)’

<
Il
=3

(29)
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We now unroll this recursion again for 7" steps

n—1 T-1
E [llor = o] < (1= 90" E [lao —2.*] + 2020 | Y- (1 =) ( (1- w)’”) SNED)
j=0 i=0
Following Mishchenko et al. (2020), we rewrite and bound the product in the last term as
n—1 T-1 ) n—1T-1 o
BRI N O SIEETE B o SIIEEVES
§=0 i=0 §=0 i=0
nT—1
= > (11—
k=0
<> - =—
k=0 H
It remains to plug this bound into (30). |
D.3. Theorem 8 and its proof
Theorem 8. Let Assumption 1 hold and fi, ..., f,, be convex. Further, assume that ¢ is p-strongly convex. If Algorithm 1
is run with constant stepsize y; = 7 < 1/Luax, Where Liax = max; L, then its iterates satisfy
2 2
E [lor — 2] < (14 2yun) ™" flzg — 2. |]* + T
Proof. Starting with Lemma 6 with A = 0, we have
i i+10]2 i il)2 i
[Hx +1 _ oA } <E [th 9 } —27(1 = ¥Lmax) E [Dfm, (zh, )] +27°00
Since ¥ < /L. and Dy_(z%, x,) is nonnegative we may simplify this to
|:||LEZ+1 i+1||2] SE |:||£E; _xiH :| +2’7 rad
Unrolling this recursion over an epoch we have
[th | } <E [Hx? — Y| } + 27302 4n = [||xt — x*HZ} + 27302 4n. (31)

Since x, minimizes P, we have by Lemma 4 that

n—1
Ts = PIOX.y, (m* - Z A\ (x*)> = ProX.,, (7).

=0

Hence, 2441 — T+ = Prox,,, (zy) — prox,,, (=} ). We may now use Lemma 5 to get
(1+ 2yun) E [[lers = 2all’| < E [laf - 22)?].
Combining this with (31), we obtain

1 2 342
g [loe - a?] + T

E |llzesr — .l } =1+ 29 1+ 2yun
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We may unroll this recursion again, this time for 7" steps, and then use that Z (1 + 2yun) 7 < ZJ 1 (T4 2vypn)~ i =
1/(2ypn):

2 =T [ 2] 27 rad — 7
E [HxT—x*H ] < (1+2ym) " E |[lwo — 2| +W ; (14 2yun)~

i i T _
= (14 2yun) " E |20 — z.l*| + 29 02 ( (1+2wn)J>
] ] =
T [ 2] 1
< (1+29um) " E |flzo — 2| + 27303adn2wn
P ; 2,2
= (14 29m) R [fla — e ]+ e n
Using Theorem 8 and choosing the stepsize as
,y:min{Ll ﬁ} (32)
we get E [HzT — ||2} = O (&) provided that the total number of iterations satisfies
K > (k4 22 4 n) log (222) (33)

This can be converted to a bound similar to (3.2) by using Theorem 1, in which case the only difference between the two
cases is an extra n log ( ) term when only the regularizer 1) is p-strongly convex. Since for small enough accuracies the
1/./e term dominates, this difference is minimal.

E. Nonconvex analysis
E.1. A key lemma

For notational convenience, we define

1

gt = o~ — (¢ — xy) Z V fri (),
which is equivalent to z} = z; — Yng;.
Lemma 7. Let functions f1, ..., f,, be Lyax-smooth, Assumptions 2 and 3 be satisfied and v < 5T L —. Then,
2
Ec [IV7(@0) = 9] €92 L2n®(1Gan (@) |2 4 ¢) + 72 Lo (34)

Proof. We start with the observation that gradient Lipschitzness reduces the left-hand side to a difference of iterates:
2

1 n—1 )
va(xt) - gtH2 = E Z [vfm(zt) - me(zz)]
=0
1 n—1 ,
< o 2 194 = VIl
< - Z Lmax |‘Tt - ‘Tin

=0

Define V; := Z?:_ol ||zt — ¢ ||. Clearly, it is sufficient to bound E [V4] to finish the proof. Also note that for any intermediate
iterate 2 within epoch ¢ we do not use proximal step, so the following identity holds:

oy =y — vam ).
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This identity only includes gradients, so to bound the deviation of 2§ from z; we apply Jensen’s inequality and gradient
Lipschitzness

k—1 .
vam (z1)

Ee [|lzf — 2¢)|*] = 7°Eq

2 2

< 29°F, + 297K, ()

k—
Z V fri( xt Vfﬂ'i(xt))
i=0

()

<27k E, (19 £ () = Vs @)|] + 20°E,
=0

k-1 2

< 2’72L1?naxk Z ]Et ”xt - xt” + 2’72Et
=0

Z vfm xt

Now we are going to use the fact that for any ¢ in RR we have E; [V fr,(z:)] = Vf(z;). Note that this property
does not hold if z; is not independent of 7;, which is why the result does not hold for SO. Let us also define 07 :=

LY IV () = V f(z¢)||>. By Lemma 3 we have

2 2

(1) = K|V ()| + k’E,

i (V fo () — T (22))

(13) k(n—k
D 2|+ B g
Plugging this back and using Assumption 3, we derive
2 = 2 k(n —k)
E, [fo — 2| } < 272L12naxkzZJEt [Hm; — x| } + 292KV f(z)]]? + 2,},2ﬁ02

i=0
k(n —k) o2

< 29212, KE [Vi] + 29282V £ (20) | + 292 ="

max

Let us use the obtained bound on a single iterate distance E; {fo — x4 HQ} to upper bound E [V;]:

n—1

Vil = > By [[laf — @]
i=0
1 1
< L2 n(n — DE V] + 377(n = Dn(2n = DV (@) + 57%n(n + 1)o?
This inequality has E; [V;] in both sides, so we can rearrange it and use the assumption y < ﬁ which results in

Ee [Vi] < (1= 72 L3 aun(n — 1))E; [Vi]

Q| W~

< 2720~ Vn(2n ~ DIVS @I + 54%nln + 1)o®

< 03|V f@)||” + 2o

To conclude the proof, apply Assumption 2 to z; € dom() and plug-in the bound on E, [V4] into the bound on
E; [V f(2e) = 9] u
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E.2. Proof of Theorem 3

Proof. Let us introduce
Wy := Prox.,,,,, (vs — ynV f(x)).

The idea of our proof is to first obtain a descent recursion for P(w;) and then bound P(z;y1) — P(w;).

By convexity of 1, we have for any g € v (w;)

Y(we) < () + (g, wp — x4).

Furthermore, the definition of w; implies by first-order optimality that z; — ynV f(x:) — w; € yndy(w;), so we can plug
it into the bound above to get

W(wr) < Pla) + ,yinm ANV (1) — wp, wr — 1)
= (ae) — (VF(@e) we — z2) — %HW -

At the same time, by L,,x-smoothness of f we have

Fluw) < Flw) + (VF ), — )+ Z2 g — ]

Adding the two recursion together yields

Plur) = fo0) + 00w0) < Pl + (F5= = ) s - P

Now we shall upper bound P(x;41). Using the convexity of ¢ for 2} — x411 € yndv(xi41), we derive

1 1

P(xpp1) < P(we) + %@C? — Tyq1, T — we) = P(wy) — (Ge, Tegp1 — wy) + %<$t — g1, Teg1 — W)
1
= (W) = (ge, Tey1 — we) + % (||$t - th2 — e — 5Ct+1||2 = lzt41 = wt||2) .

Next, we apply Lax-smoothness of f two times, to upper bound D s(x¢+1, ;) and to lower bound Dy (wy, x¢):

Floes) S F(@) + (VH @), zen = 20) + 22 s — i,

and  f(w) < Fn) + (9 £(0)me = w) + T2y —

Therefore,

Flen) < Fw) + (V5 (), w1 — wd + 22 (s = 2l + e — )

Combining the inequalities for ¢)(x¢41) and f(z;41), we obtain

Linax 1
Plavin) < Plu) + (VF(e) = groen =)+ (552 = ) o =l

: - [z — we]|* — . [ 41 — we]|”
+ + Ty — W T we||”.
2 2yn ! ¢ 2yn s ¢
By Young’s inequality and Lemma 7 we have
E: (Vf(zt) = gt Te1 — wi)]

n 2
< B | DA =l + ol — wil?]

(34) 3L2 TL3 3L2 TL3 ,.Y?)L2 712 2
S TR T G )P+ T o [l — .
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If we plug this back, the term ||z;11 — w;||? will cancel out, giving us for v <

maxn
By [P(2i41)]
< P+ Dl ry Thoatl g ey Dl (Do o LY
+ (Lr;ax - 2’1”) By [[lzi41 — o4]|]
R e 2 e R e [ R

Using the recursion for P(w;) and our choice v < -———, we finally obtain, after plugging-in ||z, — w¢||? = v*n?Gp (z4),

L, 1 L
max max - max
2 + 2 + 2vn + 2

3L2, 3 3L2, 2 L
Y max'? C2_|_ Y r;axn 0_ + (7”

1 2,2 2
)Rl

3L2 n3 3L2 Tl2 Lm(x 1
S P(J?t) + V" Lmax §2 4 V" Limax 0_2 4 (‘L +Lmax _ ) 72n2||g'yn($t)‘|2

2 2 10 29n
VLo VL 1
< Plog + Thaster Thawt oo Lozg, o),
Recursing this to P(z() and using P, < P(zr), we get the Theorem’s claim. [ |

F. Proofs for federated learning

F.1. Lemma for the extended proximal operator

Lemma 8. Let v be the consensus constraint and R be a closed convex proximable function. Suppose that x1, xo, ..., T
are all in R%. Then,
PIOX( ftper) (T -+ o5 Thr) = prOX%R(f),
where T = ﬁ Z%:l Tm.
Proof. We have,
prOX%R(E) 1 M
prOXW(RM)C)(ﬂ?l,---,JEM): with E:Mme.

prox = p(7)

This is a simple consequence of the definition of the proximal operator. Indeed, the result of prox. (g, ) must have blocks
equal to some vector z such that

LM
zZ = argmin )+ = x—xm2
. { 52 n}
M
. 1 —12 = = = 2
= argmin —|—§ (|l = Z|I> + 2(x = Z,T — ) + |IT — zn|?)
v m=1
: 1 2 _
= argmin { YR(z) + QMHQJ—:EH = prox » p(T).
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F.2. Proof of Lemma 1
Proof. Given some vectors ¢,y € R%M et us use their block representation = = (z{ ,...,2,) , ¥y = (y{,---,yi) "
Since we use the Euclidean norm, we have

IV fi(z) = Vi(y)lI* = Z IV fmi(@m) =V fmi(ym) |* < Z LE||#m = ymll* = L7z — y|*.

m=1 m=1
We can obtain a lower bound by doing the same derivation and applying strong convexity instead of smoothness:

M M
Z IV foni (€)= V foni (ym) |2 > 12 Z [2m — yml® = 1?2z — y*.

m=1

Thus, we have u|lx — y|| < ||V fi(x) — Vfi(y)l| < , which is exactly p-strong convexity and L;-smoothness of
fi- u

F.3. Proof of Lemma 2
Proof. By Theorem 1 we have

P < T2 (02| ()P + 2o?).
Due to the separable structure of f, we have for the variance term

=Y _IIVfila.) = Vf(x.) Z Z
i=1

=1 m=1

2
V fmi(2s) —fVF (x4)

The expression inside the summation is not exactly the variance due to the different normalization: % instead of Ni
Nevertheless, we can expand the norm and try to get the actual variance:

n 2

>

1 2
Vifmi(ws) = —VEn(s)

o 1
-1 m

+ (5=~ 3) 1Pl

=1
o 1 1
+2 (Vi) = = VFn(a.), (JT - E)VF (2.))
i—1 m m
= N4 N (5 = ) [V En ()|

<02, + [V En (@)

Moreover, the gradient term has the same block structure, so

1 n
2 n ;Vfi(w*)

Plugging the last two bounds back inside the upper bound on o2

M

S

m=1

n 2 M
n?|V f(a.)|* = D Vimil@)|| =Y IVEa(a)l.
i=1 m=1

we deduce the lemma’s statement. |

rad’

F.4. Proof of Theorem 4

Proof. Since we assume that N1 = - -- = Nj; = n, we have % = n and the strong convexity constant of 1) = % (R+v¢)

is equal to % - 47 = p. By applying Theorem 8 we obtain

2 2
Y 0rad
o

Since xr = proxWN(RJﬂpc)(w%_l), we have 7 € C, i.e., all of its blocks are equal to each other and we have
_ (T T\T
xr = (Tp,...,Tp)

E [ler — 2] < (1+2y0m) " o — @ > +

. Since we use the Euclidean norm, it also implies

E [Jor - @.|?] = Moz — o
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The same is true for x, so we need to divide both sides of the upper bound on ||z — . ||? by M. Doing so together with

applying Lemma 2 yields
2 7 s 202
E [HxT — x| } < (14 2yun) " |Jwo — . ||” + TT
<12 o+ T 57 (19 (el + .
B MM m=1 4™
M
= (1 2 o = T 3 (9 Ene I+ o)

F.5. Proof of Theorem 6

Proof. According to Lemma 1, each fi is p-strongly convex and L,,x-smooth, so we obtain the result by trivially applying
Theorem 2 and upper bounding o2, ; the same way as in the proof of Theorem 4. ]

F.6. Proposition 1 and its proof

An important property of Assumption 2 is that it is equivalent to the bounded dissimilarity assumption that was previously

used for the nonconvex analysis of Local SGD. We formalize this in the following proposition.
Proposition 1. Consider federated learning reformulation (10). If ¢ = ¢ ¢, i.e., R = 0, then Assumption 2 with constant
62 := M(? is equivalent to (-bounded dissimilarity (Assumption 4):

2

M M
3 2 || VER(@) = 57 D VE(@)| <¢
m=1 =1
Proof. First, observe that if z € dom(z)), then x has all blocks equal to some z € R%, z = (z",...,2")". Therefore, for
the objective in reformulation (10) and € dom(¢)), we have
1 n 1 n M 1 M n
Vi@) == Vi@ == > Vim@ =~ 3> Vi)
i=1 i=1 m=1 m=1i=1
1 ) )
m=1 %VFM(.Z‘M) %VFM(JL‘)

With the help of bias-variance decomposition, the left-hand side of Assumption 2 can be written as

M
(35
IVF(@)|? = Z IV ()|

. 2 M | M 2
= = — 27 2 VEi(@)
m=1 =1

Let us now work out the proximal-gradient mapping. According to Lemma 8, the proximal operator of v is simply the
averaging of all blocks, while the full gradient is given in (35), which give when combined

ﬁ errvf:l(x —VE,(z))

prox. ., (z — ynVf(x)) = : . (36)
3 Lot (7 = 7V o ()
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Therefore,
1Gyn ()[I* = oz [l — prox.,,, (& — ynV f(x))|*
M M 2 M 2
36) 1 M1
36 —AVF,, -2 123"V, 37
|7~ 37 @ VE@)| = T ll57 3 VEn() (37)
Having the expressions for both sides, we can write
| M 2
IVF@)I1? = G2 (@)1 7) - 5 2 VA@)
=1
From this expression and the fact + le\il VF(x) = VF(x), itis easy to see the equivalence. ]

F.7. Proof of Theorem 5

The federated learning reformulation (10) has different constant scaling than the finite-sum federated learning problem (9),
and the only constant that does not change at all is L, .. For the initial error Jg of the reformulation we have

- N
do = —do = My,
n

where 0o == ¥ Zf\f 1 Fn (o) —min, Zm 1 Fi(x) and we use only consider the simplified case Ny = --- = Ny = n
so & = M. For the variance, we have

M 1 2
& = swk [|Vfi(z) - V/(@)|*] =suwp > E [Hmei(xm) - ﬁVFm(xm)H } — Mo2.
€T T m=1

As we derived in (37), the proximal-gradient mapping norm is equal to

2

1 M
= M||VF ()|,

¥ > VE,(x)

m=1

E [[|G:n(2)]?] Z VEn =M

so to have |[VF(zr)||? < €2, we need E [||G,n(x7)||*] < &% := Me?. In addition, notice that by Proposition 1 the
constant from Assumption 2 is ¢ = v/ M(.

Thus, Theorem 3 implies, if we ignore Ly,ax, that we need

305 d0C o oo &
T = O( \/3234‘ °f>:(9<0+ 07 +°<>

communication rounds to achieve min;—o,....7—1 E [[|[VF (z7)[]?] = O(?).

G. Comparison of FedRR with other algorithms for federated learning
G.1. Heterogeneous Data

In this section we compare between FedRR and several known baseline algorithms for Federated Learning. In particular, we
consider the following algorithms:

1. Distributed gradient descent (DGD)

2. Local SGD (with M nodes and n local steps per node)
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To be clear, the problem we are considering is

| M
geuthli f(z):= i ; Fo(z) + R(x)

where each objective f,, can be written as
1 n
Fn(w) =~ > fmilx).
i=1

We further assume that each objective is L-smooth and convex, and that R is p-strongly convex. This implies that f is
L-smooth and p-strongly convex. Note that this is a special case of (9) where we keep N; = Ny = ... = n for simplicity.

Corollary 1. Let ¢ = (2 + 202, where (2 := & S M_ ||VE,(2)|* and 02 = & M [|[VF(z,) — VEu (2]
Then the communication complexity required by FedRR to reach an e-accurate solution is

TQ(<”+C\/E) log(ro)), (38)
n o un\ e €

where 7o = ||zg — 2]
Proof. This is a straightforward consequence of Theorem 4. |

G.1.1. DISTRIBUTED GRADIENT DESCENT

When we compute n gradients on each node per communication round, we are essentially running distributed gradient
descent (DGD). In order to reach an e-accurate solution, DGD requires the following number of iterations

T=0Q (Hlog <r—0)> .
€
Comparing against the result of Corollary 1, we see that FedRR is better whenever the accuracy e satisfies
1 /¢ N o2 c? -
— (S +=)= €.
uL \n?  n un2L

Note that this guarantee grows more rigorous with increasing levels of heterogeneity— this has been observed for other local
methods as well, such as Local SGD (Woodworth et al., 2020).

G.1.2. LocAL SGD

The best current lower bound for Local SGD is given by (Woodworth et al., 2020) in the stochastic case. By stochastic case,
we mean that the problem considered is

min Eep [fe(2)]-

This is a more general problem than the finite-sum minimization problem (1) and is usually strictly harder to solve (i.e.,
requires more iterations to achieve an e-accurate solution). We are not aware of any analysis of Local SGD specifically for
the finite-sum problem, and thus we specialize the result of Woodworth et al. (2020) anyway. For Local SGD on p-strongly
convex and L smooth functions, and with n steps of local steps per node, the lower bound they give after 7' communication
rounds is

. wl L(f o? . Lo?
min <A exp (L) i + MnT +min | A, 2277 ) (39)

where o2 is a uniform bound on the variance (i.e., E[||V f¢(z) — f(2)||?] < o forall 2z € R?), ¢? is defined as in Corollary 1,
and A is an upper bound on f(xg) — f.. We note that this lower bound is not actually met by any of the existing analysis
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for Local SGD. Even ignoring the dependence on o (which may not be tight because this is the stochastic case), the first
VG
VheE

term (i.e., the “optimization term”) in (39) scales with x when T is large and when 7' is small. This is clearly worse

than (38) for large n.

H. Further experimental details

Implementation details. For cach i, we have L; = 1||a;||. For the {-regularized problem, we set A, = 3-107° - L and
tune \; to obtain a solution with about 25% zero coordinates, which gives \; = 5 - 107°. We use stepsizes decreasing as
(’)(%) for all methods. We use the ‘w8a’ dataset* for the experiment with ¢; regularization.

Proximal operator calculation. It is well-known (see, for instance, (Parikh & Boyd, 2014)) that the proximal operator for
Y(x) = M||z[1 + 22 ||2|? is given by

1

T POl (),

proxw,(x) =1 —

where the j-th coordinate of prox. . ., () is

sinxj ij—/\l,iijZ/\l,
[pmwm]j:{o,g (1) (1] = vA) t}|luw|v

Federated experiments. The experiments for the comparison of FedRR, Local SGD and Scaffold use no ¢; regularization
and Ay = 10~° - L. To make comparison fair, all methods use n local steps. For FedRR, the initial stepsize was % in the
i.i.d. regime and ﬁ in the heterogeneous regime. As per Theorem 3 in (Khaled et al., 2020), the stepsizes for Local SGD
must satisfy v, = O(1/(LH)), where H is the number of local steps, a similar result holds for Scaffold (Karimireddy et al.,
2020). The parallelization of local runs is done using the Ray package®. We use the ‘w8a’ dataset for the i.i.d. experiment.
For the heterogeneous experiment, we sort ‘a9a’ dataset with respect to the target labels b € {0, 1} and then mix it with the
original order in proportion 2:1. For all methods, the local workers used minibatch size 16. Exact implementation can be
found in our code.

“The datasets were downloaded from LibSVM https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/binary.html
5 .
“https://ray.io/
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Extensions

Here we discuss two extensions of our theory that significantly matter in practice: using decreasing stepsizes and applying
importance resampling.

I. Extension: Importance resampling

Suppose that each f; is L;-smooth. Then the iteration complexities of both SGD and RR depend on Lmax/u, where Lyax is
the maximum smoothness constant among the smoothness constants Ly, Lo, . . ., L,,. The maximum smoothness constant
can be arbitrarily worse than the average smoothness constant L = 1 27 1 L. ThlS situation is in contrast to the complexity
of gradient descent which depends on the smoothness constant L ¢ of f=21%" | fi for which we have Ly < L. Thisisa
problem commonly encountered with stochastic optimization methods and may cause significantly degraded performance in
practical optimization tasks in comparison with deterministic methods (Tang et al., 2020).

Importance sampling is a common technique to improve the convergence of SGD (Algorithm 3): we sample function
(L/L;) f; with probability p; proportional to L;, where L := % >, L;. In that case, the SGD update is still unbiased since

SmE

Moreover, the smoothness of function (E/ L) fiis L for any ¢, so the guarantees would depend_ on L instead of max;—1,...n Lj.
Importance sampling successfully improves the iteration complexity of SGD to depend on L (Needell et al., 2016), and has
been investigated in a wide variety of settings (Gower et al., 2020; Gorbunov et al., 2020).

Importance sampling is a neat technique but it relies heavily on the fact that we use unbiased sampling. How can we obtain
a similar result if inside any permutation the sampling is biased? The answer requires us to think again as to what happens
when we replace f; with (L/L;) f;. To make sure the problem remains the same, it is sufficient to have (Z/L,) f; inside a
permutation exactly Li/L times. And since Zi/L is not necessarily integer, we should use n; = [Li/L] and solve

| 1
min = ;(mfi(x) ot ;ifi(x)) + (), (40)
n; times
where I I
Nomng ot = 2]+ 4 [ 2]
et = |2 [ 2]

Clearly, this problem is equivalent to the original formulation in (1). At the same time, we have improved all smoothness
constants to L. It might seem that that the new problem has more functions, but it turns out that the new number of functions
satisfies N < 2n, so any related costs, such as longer loops or storing duplicates of the data, are negligible, as the next
theorem shows.

Theorem 9. For every ¢, assume that each f; is convex and L;-smooth, and let 1) be p-strongly convex. Then, the number
of functions N in (40) satisfies NV < 2n, and Algorithm 1 applied to problem (40) has the same complexity as (33) but
proportional to L rather than Ly, x.

Proof. We show that N < 2n as the rest of the theorem’s claim trivially follows from Theorem 8. Firstly, note that for any
number a € R we have [a] < a + 1. Therefore,

. TL; (L Ly ¥
N = 2 < 22 41) = = — 9. [ |
,=1{L—‘_;<L+> n+;L n

K3

J. Extension: Decreasing stepsizes

Using the theoretical stepsize (32) requires knowing the desired accuracy € ahead of time as well as estimating oyaq4. It
also results in extra polylogarithmic factors in the iteration complexity (33), a phenomenon observed and fixed by using
decreasing stepsizes in both vanilla RR (Ahn et al., 2020) and in SGD (Stich, 2019).
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We show that we can adopt the same technique to our setting. However, we depart from the stepsize scheme of Ahn et al.
(2020) by only varying the stepsize once per epoch rather than every iteration. This is closer to the common practical
heuristic of decreasing the stepsize once every epoch or once every few epochs (Sun, 2020; Tran et al., 2020). The stepsize
scheme we use is inspired by the schemes of (Stich, 2019; Khaled & Richtérik, 2020): in particular, we fix T' > 0, let
to = [T/2], and choose the stepsizes v; > 0 by

N 7 T < e ort < to, (41)
t 7 1 Lmax
m lfT>mandt>t07

where s := 7L/ (4un). Hence, we fix the stepsize used in the first 7'/2 iterations and then start decreasing it every epoch
afterwards. Using this stepsize schedule, we can obtain the following convergence guarantee when each f; is smooth and
convex and the regularizer v is u-strongly convex.

Theorem 10. Suppose that each f; is L.x-smooth and convex, and that the regularizer v is u-strongly convex. Fix T > 0.
Then choosing stepsizes ~y; according to (41) we have that v; < /L., for all ¢ and the final iterate generated by Algorithm 1
satisfies

2
E [llor = .I] = O (exp (3255 ) ro + 584 )
where £ 1= Lmax/p, o := ||wg — x.||? and O(-) hides absolute (non-problem-specific) constants.

This guarantee holds for any number of epochs T" > 0. We believe a similar guarantee can be obtained in the case each f; is
strongly-convex and the regularizer 1 is just convex, but we did not include it as it adds little to the overall message.

In the rest of the section we provide a proof of Theorem 10.

J.1. A recursion Lemma

We first state and prove the following algorithm-independent lemma. This lemma plays a key role in the proof of Theorem 10
and is heavily inspired by the stepsize schemes of Stich (2019) and Khaled & Richtérik (2020) and their proofs.

Lemma 9. Suppose that there exist constants a, b, ¢ > 0 such that for all v; < % we have

(14+yan)rir <re+ fyf’c. (42)

Fix T > 0. Let tg = [ 7. Then choosing stepsizes y; > 0 by

e ift <tgorT < -,
"= m ift >toand T > 2
where s = % Then
nT 1421c
TS exp <_2(b/a+n)> 0" @372’

Proof. f T' < Z—z, then we have v, = v = % for all ¢. Hence recursing we have,
-T ve -T ye
rp < (1+~vyan) 1o+ —=1+~van) " 1o+ —
yan an
Note that 14%;1; < exp(—1%;) for all z, hence
T 2
yan > N

< _
rT _exp( 1+’yan

Substituting for v yields

< nT n c
rp<exp|—————|ro+5—.
T =P bja+n) " b2an
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: 1 7
Note that by assumption we have 3 < ~— hence

n 49c¢
< S —_— 43
TT_GXP( b/a+n>r0+T2a3’ﬂ3 (43)
IftT > %, then we have for the first phase when ¢ < ¢y with stepsize v, = % that
ntg c nT c
< - — < YT = —. 44
"o _exp( b/a—|—n> r0+b2an _exp( 2(b/a+n))r0+b2an @4
Then for ¢ > t; we have
(14 yan)rip1 <re+ye=1 + e
1S = .
t t+ t TV tT s (s 41— t0)3
Multiplying both sides by (s + t — o) yields
3 3 730
(s+t—1to)” (L4+yan)rir < (s+t—tp) r + et (45)

Note that because ¢ and ¢ are integers and ¢ > ¢, we have that t — ty > 1 and therefore s + ¢ — ¢y > 1. We may use this to
lower bound the multiplicative factor in the left hand side of (45) as

3 3 7
(s+t—1to)" (1 +man)=(s+t—to) ( +S+t_t0

=(s+t—t))> +T7(s+t—t)°
=(s4+t—t) +3(s+t—1t0) +3(s+t—tg) + (s+t—10)°
>(s+t—1t0) +3(s+t—to)° +3(s+t—tg)+1
=(s+t+1—1ty)°. (46)
Using (46) in (45) we obtain
(s4+t+1—1t)ry < (s+t7to)3rt+%.
Let w; = (s + ¢ — to)°. Then we can rewrite the last inequality as

3¢

Wi 1Teg1 — Wry < ——.
a3n3

Summing up and telescoping from ¢t = ¢y to T yields

< 3¢
wrry < Wiy Tey + P (T —to).
Note that wy, = s® and wy = (s + T — t,)”. Hence,
< 53 n T3¢ T —to
rT S ———————3 7T
4T —to) " @S (s+T —to) 5+ T —to
53 3¢

<y + :
(s+T —to)* o g3ps (s+T —to)*
Since we have s + T — tg > T — tg > T'/2, it holds

8s3 4.7¢

rp < ﬁrt[) + W (47)

The bound in (44) can be rewritten as

s3 < s3 nT n s3c
—7r —exp| ————— 7 —_—
73"t =3 P\ Ty (bfa+n)) " b2anT?
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We now rewrite the last inequality, use that 7' > 2s and further use the fact that s = %:
3 <(3)3 nT N s%c (s>
—r =) exp|l——FF7—— |70+ 55— | =
T3 " = \T P\73 (bf/a+n)) " b2anT? \T
~—— ~—~—
<1/8 <1/2
< 1 nT n s?c
—exp| - |T0+ s5—5
=8P\ " 20/a+n)) T 22anT?
1 nT c
== —_— —. 48
SGXP( 2(b/a—+—n)>r0_‘_8a3n3T2 (“48)

Plugging in the estimate of (48) into (47) we obtain

o < oxp [ — nT n 72c 4-73¢
T=9P Ty (bfa+n)) ° " aBndT? " a3ndT?
nT 1421c
P ( 2(b/a+ n)) 0" a3n3T? “49)
Taking the maximum of (43) and (49) we see that for any 7 > 0 we have
|

. < 6 nT . 1421c
xp|—=——— e
T =P Ty (bja+n)) ° " a3n3T?

J.2. Proof of Theorem 10
Proof. Start with Lemma 6 with A = 0, L = L., and v = 7,

i i+11|2 i il|2 i :
E [ngﬂ — 2| } <E [th — i } — 2y (1 = YLumax) E [Dy, (2, 7.)] + 29202,
Since ¥ < /L. and Dy_(z}, x,) is nonnegative we may simplify this to

E (ot 2i1)") <8 [l - o

2
| :| + QVEUrQad'
Unrolling this recursion for n steps we get
n n 2
E |27 - 221?| <E [|[29 - 22| +2nviola.
By Lemma 5 we have
(14 29pn) E [llzsr = 2. *] S B [z - 2.]*] + 209f0kg.
We may then use Lemma 9 to obtain that

nT 5 35602
E[ — ., 2] < - - _x, PVTrad
||xT T || > exXp 2(Lmax//~’f + n) ||370 € || + u3n2T2

nT 2 O'?a
:O<exp <_I€+27L> o =] +u3n2%“2) ' "
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