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Abstract

This paper gives the first polynomial-time algorithm for tabular Markov Decision Processes (MDP)
that enjoys a regret bound independent on the planning horizon. Specifically, we consider tabular
MDP with § states, A actions, a planning horizon H, total reward bounded by 1, and the agent

plays for K episodes. We design an algorithm that achieves an O (poly(S ,A,logK) \/E) regret in
contrast to existing bounds which either has an additional polylog(H) dependency (Zhang et al.,
2021b) or has an exponential dependency on S (Li et al., 2021b). Our result relies on a sequence of
new structural lemmas establishing the approximation power, stability, and concentration property
of stationary policies, which can have applications in other problems related to Markov chains.

1. Introduction

Tabular Markov Decision Process (MDP) is one of the most fundamental models for reinforcement
learning (RL). The first algorithm that enjoys polynomial time and sample complexity guarantee
at least dates back to 1990s (Kearns and Singh, 1998). However, despite of nearly two and half
decades of research, the sample complexity on this fundamental model remains open. We study the
canonical episodic time-homogeneous MDP with S states, A actions, planning horizon H, and total
reward upper bounded by 1.!

The main challenges that differentiate RL and its special case, contextual bandits, are the un-
known state-dependent transition and the long planning horizon. In contextual bandits, the planning
horizon is one and there is no state-dependent transition to learn. Till today, it is unclear whether
RL requires more samples than contextual bandits in the minimax sense.> Specifically, the lower
bound for the RL setting considered in this paper is Q ( VS AK), which is the same for contextual
bandits.

Due to these two challenges in RL, Jiang and Agarwal (2018) conjectured a poly (H) lower
bound. Recent work refuted this conjecture by providing algorithms whose regret scales only log-
arithmically with H (Wang et al., 2020; Zhang et al., 2021b). Specifically, when the dependency

1. The upper bounded total reward is without the loss of generality. If the total reward is upper bounded by some
Vinax > 0, then our regret will scale with V.

2. For gap-dependent bounds, it has been shown that there is a gap between tabular MDP and contextual bandits (Xu
et al., 2021).
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Paper Regret PAC Bound
Zhang et al. (2021b) 0 ((VSAK + 52A) polylog (S. A, K. H)) | O((34 + 24) polylog (5. A, 1. H))
Li et al. (2021b) - sa
This work 0 (( VS A3K) polylog (S, A, K)) 0 ((£4) polylog (5.4, 1))
Contextual bandits lower bound Q(VSAK) Q(4)

Table 1: Comparisons of our result with prior arts. S: number of states, A: number of actions, H:
planning horizon, K: number of episodes, €: target error.

on H is allowed, state-of-the-art result shows one can have an O ( VS AK - polylog(S,A, H, K )) re-
gret (Zhang et al., 2021b). More recently, Li et al. (2021b) gave a surprising result showing the
dependency on H is not necessary. However, their sample complexity has an exponential depen-
dency on the number of states. Therefore, one natural and conceptually important open question
is:

Is there an algorithm whose regret (1) scales polynomially with S and A, and (2) does not depend
on H?

1.1. Our Result

Our paper answers this question positively.

Theorem 1 Suppose the reward at each step is non-negative and the total reward of each episode
is bounded by 1. Given a failure probability 0 < § < 1, then with probability at least 1 — 6, the regret
of our algorithm is bounded by O (( ‘VS9A3K) polylog (S, A,log K, log 1 /6)) where S is the number
of episodes, A is the number of actions, and K is the total number of episodes.

Using a standard reduction (Jin et al., 2018), this regret bound also implies a PAC sample complexity
of O (S9A3poly102g(S,A,l /e))
€

, where 0 < € < 1 is the target error. In Table 1, we compare our results

with prior arts.

Several comments are in sequel. First, this is the first polynomial algorithm for tabular MDP
whose regret has no dependence on H. Therefore, we achieve an exponential improvement over Li
et al. (2021b). Second, our dependency on K (or 1/¢€) is optimal up to logarithimic factors. Third,
the dependencies on S and A are not optimal. A fundamental open problem is to design an algorithm
for tabular MDP whose regret bound exactly matches the lower bound of contextual bandits.

1.2. Related Work

We focus on papers that study episodic tabular MDP. Other closely related settings include infinite-
horizon discounted MDP, learning with a generative model, etc. We believe our techniques can be
applied to those settings and obtain improvements, which we leave as future work.
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Tabular MDP. There is a long list of sample complexity guarantees for tabular MDP (Kearns and
Singh, 2002; Brafman and Tennenholtz, 2003; Kakade, 2003; Strehl et al., 2006; Strehl and Littman,
2008; Kolter and Ng, 2009; Bartlett and Tewari, 2009; Jaksch et al., 2010; Szita and Szepesvari,
2010; Lattimore and Hutter, 2012; Osband et al., 2013; Dann and Brunskill, 2015; Azar et al.,
2017; Dann et al., 2017; Osband and Van Roy, 2017; Agrawal and Jia, 2017; Jin et al., 2018;
Fruit et al., 2018; Talebi and Maillard, 2018; Dann et al., 2019; Dong et al., 2019; Simchowitz
and Jamieson, 2019; Russo, 2019; Zhang and Ji, 2019; Cai et al., 2019; Zhang et al., 2020; Yang
et al., 2020; Pacchiano et al., 2020; Neu and Pike-Burke, 2020; Zhang et al., 2021b; Li et al., 2021b;
Meénard et al., 2021; Xiong et al., 2021; Li et al., 2021a; Pacchiano et al., 2020). We note that
some previous works consider the time-inhomogeneous MDP where the transition and the reward
can vary on different time steps (Jin et al., 2018; Zhang et al., 2020; Li et al., 2021a; Ménard et al.,
2021). The regret for time-inhomogeneous setting will have an VH factor in the regret, which
is necessary because the degree of freedom increases by H compared with the time-homogeneous
setting. Transforming a regret bound tightly from the time-homogenous setting to that for time-
inhomogeneous setting is often straightforward (with an additional VH factor), but not vice-versa,
because one of the main difficulties to obtain sharp bounds in time-homogeneous MDP is how to
exploit the property that the transition and reward do not vary on different time steps.

In this paper, we assume the total reward from all steps are upper bounded (cf. Assumption 1).
Many prior work used the assumption that the reward from each step is upper bounded 1/H, ak.a.,
the uniformly bounded assumption. The bounded total reward is strictly more general than the
uniformly bounded assumption. From a practical point of view, the bounded total reward assump-
tion can model environments with spiky rewards, which are often considered to be a challenging
problem (Jiang and Agarwal, 2018).

Dependence on Horizon. Then main focus of this work is the dependence on the planning horizon
H. This problem was throughly discussed in a COLT 2018 Open Problem (Jiang and Agarwal,
2018) where it was conjectured that there would be a poly(H) regret lower bound. Zanette and
Brunskill (2019) partially refuted this conjecture by giving an algorithm whose regret only scales
logarithmically with H in the regime where K = poly(S, A, H). This conjecture was refuted by Wang
et al. (2020) who built an e-net for the policy set and used it to develop a computationally inefficient
algorithm which only requires poly (S, A, log H, 1/€) to learn an e-optimal policy. This result was
substantially improved by Zhang et al. (2021b) who gave a computationally efficient algorithm
which enjoys an O (( VSAK + S 2A) polylog (S,A, K, H )) regret. Their technique was later adopted
in several other setting to tighten the dependency on the horizon (Zhang et al., 2021a,c; Ren et al.,
2021; Chen et al., 2021a; Tarbouriech et al., 2021; Chen et al., 2021b). In Section 3, We will discuss
why their work has polylogH dependency and how we design new techniques to remove it.

Comparison with Li et al. (2021b). The recent breakthrough by Li et al. (2021b) gave an (Sf‘eﬁ
sample complexity bound. Notably, this is the first result showing the sample complexity can be
completely independent of H. They have two key ideas: (1) a refined perturbation analysis in
the generative model setting,® and (2) bounding the reaching probability based on the analysis on
the entire trajectory instead of dynamic programming which is typically used in the literature. An
implication of the second idea is an approximation bound to non-stationary policies using stationary
policies of discounted MDPs. The approximation to non-stationary policies incurs the exponential

3. In the generative model setting, the agent can query any state-action pair. In this setting, they have can have polyno-
mial sample complexity.
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dependency on §. At a high level, they first uses all stationary policies (which is exponential in
size) to collect enough samples to reduce the problem to the generative model setting, and uses the
refined bound for to prove the final result.

We adopt their idea on the analyzing the entire trajectory. We give a refined analysis in bound-
ing the reaching probability with an exponentially improved multiplicative constant (see discussions
below Lemma 2). Our algorithm framework is different from theirs: our algorithm follows a more
conventional approach based on upper confidence bound (UCB), and thus we do not use their per-
turbation analysis for the generative model setting. Nevertheless, the goal of the stage 1 of our
algorithm, initial sample collection, is the same as their algorithm. The main differences are (1) we
divide each episode in stage into two phases, each with a different policy, whereas they used a single
stationary policy; and (2) our sample collection is adaptive in that we change the exploration policy
based on the collected samples whereas theirs is oblivious in the sense that they simply enumerate
all stationary policies.

Stationary policy is a central object in both works. They established the approximation power of
stationary policies to non-stationary policies. We give an exponentially improved bound of approx-
imation power dedicated to the visitation count (Lemma 3), and new results on the concentration
(Lemma 4) and stability (Lemma 5) of stationary policies.

Lastly, besides using discounted MDPs to establish approximation bounds, we also use dis-
counted MDP to compute stationary policies to make our algorithm run in polynomial time. All
these differences are crucial in obtaining our polynomial-time horizon-free algorithm. See Sec-
tion 3 for more details.

2. Preliminaries

Notations. Throughout this paper, we use [N] to denote the set {1,2,...,N} for N € Z,. We use
1, to denote the one-hot vector whose only non-zero element is in the s-th coordinate. For an event
&, we use [[&] to denote the indicator function, i.e., I[E] = 1 if & holds and I[&] = 0 otherwise. For
notational convenience, we set ¢ = In(2/6) throughout the paper. For two n-dimensional vectors x
and y, we use xy to denote x"y, use V(x,y) = 3; xiyl.2 - x,~y,~)2. In particular, when x is a proba-
bility vector, i.e., x; > 0and X; x; = 1, V(x,y) = X x; (vi = (& x,‘yi))2 = minger Y, Xi (vi — 2)*. We
also use x? to denote the vector [x%, x%, - xﬁ]T for x = [x1, x2, ..., x,] . For two vectors x,y, x >y
denotes x; > y; for all i € [n] and x < y denotes x; < y; for all i € [n].

Episodic Tabular MDP. We consider finite-horizon time-homogeneous Markov Decision Process
(MDP) which can be described by a tuple M = (S, A, P,r,H,u). S is the finite state space with
cardinality S. A is the finite action space with cardinality A. P : S X A — A(S) is the unknown
transition operator which takes a state-action pair and returns a distribution over the states. r : S X
A — [0, 1] is the reward function. For simplicity, we assume the reward function is known because
the main difficulty is in estimating the transition function. Prior work, e.g., Jin et al. (2018), also
made this assumption. H € Z, is the planning horizon. y; € A(S) is the initial state distribution.
For notational convenience, we use P;, and P, ¢ to denote P(:|s, a) and P(s’|s, a) respectively.
A policy 7 chooses an action a based on the current state s € S and the time step 7 € [H].
Note even though transition operator and the reward distribution do not depend on the level 4 € [H],
the policy can choose different actions for the same state at different level 4. Formally, we define

= {”h}thl where for each h € [H], 1, : & — A maps a given state to an action. The policy 7
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induces a trajectory {s1,ai, ri, 82, a2, 72, ..., Sy, amg, rg}, where s; ~ uy, ay = my(sy), r1 ~ R(sy,ai),
s> ~ P(:|s1,a1), ay = ma(sy), etc. Our goal is to find a policy 7 that maximizes the expected total
reward, i.e., max, E [Zthl | n] , where the expectation is over y;, P and R. We make the following
normalization assumption about the reward.

Assumption 1 (Bounded Total Reward) The reward satisfies that ry, > 0 for all h € [H]. Besides,
for all policy m, ZhH:  Tn < 1 almost surely.

Q-function and V-function. Given a policy 7 and a level 2 € [H] the Q-function is defined
as: Qf : SXA — R, 0(s,a) = E[Zgzh rw | sp=s,an = a, n]. Similarly, given a policy «, a
level h € [H], the value function is defined as: V;f : S - R, V;f(s) = E[ij:h rw | sp=s, zr].
Then Bellman equation states the following identities for policy m and (s,a,h) € S X A X [H]:
Qr(s,a) = r(s,a) + PIQVZ 1 and Vji(s) = Q5 (s, mu(a)). Throughout the paper, we let Vy,1(s) = 0
and Qp+1(s,a) = 0 for simplicity. We use Q; and V; to denote the optimal Q-function and V-
function, which satisfies for any state-action pair (s,a) € S X A, Q,(s,a) = max, Q}(s,a) and
V,(s) = max, V7 (s).

Regret and PAC Bound. The agent interacts with the environment for K episodes, and it chooses
a policy 7 at the k-th episode. The total regret is defined as

K

* k
Regret(K) = " Vi(sf) = V' (sf).
k=1

PAC-RL sample complexity is another measure which counts the total number of episodes to find
an e-optimal policy 7, i.e., Eg, <y, [Vf(sl) - V”(sl)] <e

A regret bound can be transformed into a PAC bound (Jin et al., 2018). Specifically, if an
algorithm achieves a CK'~® regret for some « € (0, 1) and some C independent of K, by randomly
selecting from policy 7% used in K episodes, 7 will satisfy Egi~p [Vi‘(sl) - V”(sl)] = O(CK™).
Setting CK™* = €, we can obtain a PAC-RL bound, which we also use.

Additional Notations. Let IT denote the set of all policies and Il, denote the set of all station-
ary policies (a policy r is stationary if 1y = mp--- = 7my). We use Ep,[-] and P[] to denote
the expectation and probability following a policy 7 under a transition p. We let Wi(r', p, ) :=
Eﬂ,p[ZZZ 7' (sp,ap)ls1 ~ u] be the value function for a reward function 7’ and a transition model
p with horizon length d and initial distribution p. With a slight abuse of notation, we also define
Wi, p,p) = En,p[Zzzl r'(sp, ap)l(s1,a1) ~ p] for u as a distribution over state-action space.
We also use 15 and 15, to denote the reward function r’ such that r'(s’,a’) = I[s" = s] and
r(s’,a’) = I[(s",a’) = (s,a)], respectively. Sometimes we also abuse the notation to use 1, and
15, to denote a distribution with Pr(s) = 1 and Pr(s,a) = 1 respectively, With these notations,
Wi (154, p, 15) denotes the expected number of visits to (s,a) under the policy 7 in a transition p
with a planing horizon d and the agent starts from the fixed state s. This is a crucial function which
we will use in our proof.

3. Technical Overview

Our algorithm follows the conventional UCB-based framework. Different from existing work, to
avoid the dependency on H, we also design a new stage to explicit explore each state-action pair.
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To illustrate why we introduce this new stage, along with our other technical ideas, we discuss
each major source that incurs a log H dependency in Zhang et al. (2021b), and then describe our
techniques to remove the log H.

Source 1: Higher Order Expansion. One key idea in Zhang et al. (2021b) in bounding the regret
is to use a recursive structure to relate the estimated variance to the higher moments. They expanded
for O (log H) times, which incurred a log H in their regret bound.

This source is relatively simple to remove. We use an observation in Chen et al. (2021a) (cf.
Lemma 9) that bounds the variance of the product two random variables, together with several
probability bounds (cf. Lemma 10, 11, 12, 14, (40), and (53)), to avoid the use of recursion. We note
that this analysis technique directly applies to the algorithm in Zhang et al. (2021b), and therefore
can simplify their proof.

Source 2: Counting in Pigeonhole. A standard proof step in nearly all UCB-based algorithms is

bounding Zszl ZhH: | WM)” where N¥(s, a) is the number of visits to state-action pair (s, a)

before the k-th episode, and (s';l, a’;l) is the state-action pair of the A-step in the k-th episode. By the
pigeonhole principle, we can bound

1 k+1(S a)
max(NK(sk, ab), T} ( 2 me(log( N¥(s,a) ) 1)]

s€S,acA k=1

K H

k=1 h=1

Since in total we have KH state-action pair visitations, we can have a straightforward bound by

Z,le min (%, 1) = O (log(KH)), which is used in all prior work. However, in the regime

that H is large, e.g., H = 2%, this naive bound gives linear regret. This source is much more difficult
to remove. To remote it, we start with the following observation.

The Benefit of Initial Samples. Our first observation is that if we have enough initial samples, i.e.,
N'(s,a) is above a certain threshold, then we can avoid using the naive log(KH) bound. Formally,
define U(s,a) := max, WI’;(I s.a» P, 111) be the maximum expected visitation count of (s,a) in one
episode. Then by Markov’s inequality, with probability 1 — §, the total count of (s, a) in K episodes
satisfies NX(s,a) < KU(s,a)/5. Conditioned on this event, if we make N'(s, a) comparable to
U(s,a), for example, N I(s,a) > U(s,a)/ exp(poly(S)), then we have that

Nk+l NK ,
me(log( Nk(is ‘)1)) 1) 0(log( i ((SZ)) ))=0<poly(5>log<1</6>>, (1)

which is independent of H. Now, the problem reduces to collect enough initial samples to make
N'(s,a) comparable to U(s,a). This problem of collecting initial samples is highly non-trivial and
we devote the following subsection to describe our technical ideas.

3.1. Collecting Initial Samples

Now we focus on collecting the initial samples. For a fixed (s*, a*), our goal is to collect samples
of (s*, a*). For the ease of discussion, here we assume that N' (s, a) > % for all (s, a) except
for (s*,a”).

For this task, we divide one epoch into two phases. In the first phase, we aim to reach the target
state s*. In the second phase, we aim to collect as many samples of (s*, a*) as possible with the agent
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starting from s*. We note that this two-phase procedure uses two stationary policies, in contrast to
Li et al. (2021b) who used a single stationary policy to collect samples. This difference is one of
the key ingredients in obtaining the polynomial bound.

3.1.1. PHASE 1: REACHING THE TARGET STATE s*

We first decide the length for each phase, which relies on the following lemma. The formal statement
requires more notations and defer to appendix.

Lemma 2 (Informal) Let O ¢ S X A. Let X7,(O, p, 1) denote the probability of reaching O
in d’ steps following n under the transition p. We have the following bound: for any d € Z.,
max, XETS+2)J(O’ P, 1) < S?max, XETS+1)J(O’ D, H1).

Lemma 2 establishes a bound of two reaching probabilities induced by the same policy, transi-
tion, initial distribution but slightly different planning horizons ((S + 1)d v.s. Sd). We believe this
lemma will have applications in other problems. To prove this lemma, we count the probability of
all possible trajectories under two horizons and construct a mapping between the trajectories.

We note this lemma is similar in spirit to Lemma 4.2, 4.3 and 4.4 of Li et al. (2021a), which
bound the reaching probability of a longer horizon Markov chain by that of a shorter horizon Markov
chain and a multiplicative factor. The main difference is that we are using the reaching probability
of a horizon-Sd Markov chain to approximate that of a horizon-(S + 1)d Markov chain whereas
they used the reaching probability of a horizon-S d Markov chain to approximate that of a horizon-
4S d Markov chain. This difference (Sd and (S + 1)d versus Sd and 45 d) results in an exponential
improvement in the multiplicative factor: from S5 in Li et al. (2021b) to S? in Lemma 2. The proof
for both results are based on counting arguments although the details are substantially different.

To use this lemma, we view H = (S + 1)d, and from the bound, it is natural to use the first ;%
steps in one episode to reach s* and use the remaining steps to collect (s*, a*). *

To find a policy that reaches s*, we can use 1 as the reward function, and perform a re-
gret minimization algorithm. Since we have assumed N!(s",a’) > U(s’,a’)/ exp(poly(S)) for any
(s,a) # (s*,a"), running the regret minimization problem for K; episodes gives a first-order regret
bound of O(poly(S A)polylog(K7) VKiv*t), where v* is the optimal value, i.e., the maximal probabil-
ity of reaching s. Now we have two cases: (1) v* > %ﬁ'log(m) for some polynomial f, then the

cumulative reward, i.e., the number of times of reaching s* is large enough; (2) v* < %flog([(')

B

then (s*, a*) could be ignored with most O (%}ylogm)) = O(poly(S A)polylog(K) VK1) regret

by choosing K; = O(VKt). We note that the actual algorithm simultaneously explores all under-
explored states by setting reward to be 1 for all under-explored states. See Algorithm 1 for details.

3.1.2. PHASE 2: COLLECTING SAMPLES OF (s*,a") STARTING FROM s*

In this phase, we start from the state s*, and we would like to collect as many samples of (s*,a*)
as possible. Inspired by recent work (Li et al., 2021b), we also consider using stationary policies
to collect samples. Below we will give three key lemmas (Lemma 3, 4, 5) to characterize the
approximation power, the concentration property, and the stability of stationary policies. We believe
these lemmas will have applications in other problems.

_H_

4. With loss of generality, we assume 35

is an integer and H > S because we are interested in the regime H is large.
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Recall that W (1,4, P, 1) denotes the expected number of visits to (s, @), starting from s, follow-
ing m in a transition P with planning horizon d. The following lemma establishes that the power of
stationary policies in collecting samples is not much worse than that of non-stationary policies. We
prove this lemma using the discounted approximation by noting that there is an optimal stationary
policy for the discounted planning.

This lemma can be compared to Corollary 4.7 of Li et al. (2021b). Their lemma is more general
because it applies general reward and arbitrary initial distribution but ours only applies to reward
of the form 1;, with the starting distribution being 1;. On the other hand, our multiplicative factor
is exponentially smaller than theirs (roughly speaking, O(S) vs. SY®)) and this improvement is
crucial in obtaining our polynomial-time algorithm.

Lemma 3 [Approximation Power of Stationary Policies] Let k and d be positive integers. We have
that for any (s,a) € S X A,
max W, (14, P, 15) < 6k max W1y, P, 1y).
mell m€llga
The following lemma is a concentration bound for stationary policy, which shows the number

of samples we collect empirically is close to the expectation. The proof is by regarding the recurrent
time as i.i.d. random variables and constructing a stopping time.

Lemma 4 [Concentration Property of Stationary Policies] For any (s,a) € S X A and € I,
such that n(s) = a, we have that Pr [N > }‘Wg (P 14,1 &)] > % for any horizon d, where N is the
visit count of (s, a) following m under P in d steps with the initial distribution as 1 ;.

Therefore, if we successfully find a stationary policy that maximizes WI’ZI /(S +2)(1 s.a» Py 15), then

by Lemma 4, we can collect Q(maxzer,, WZ/(S +2)(1m,P, 1,)) samples, which, by Lemma 3, is

larger than Q (Slj maxzqern Wi (154, P, ls)) = QU(s,a)/S).

To learn a stationary policy with large enough visitation count to (s, a), we consider to learn a
reference model P™f close to P to help plan. The next lemma can be viewed as a multiplicative
performance difference lemma. This lemma establishes the stability of stationary policies in the
relative sense. Importantly, the multiplciative factor is completely independent of H. The proof
is based on a local perturbation analysis. In each time, we perturb one (s,a) and aggregate the

perturbation error in the end.

Lemma 5 (Multiplicative Performance Difference Lemma for Stationary Policies) Left the ini-
tial distribution uy be fixed. For two transition model P" and P" such that e P, , < P! <

s,a,s’ —
e‘P’ ., we have that

e BWI(r P o) < Wi P ) < €5 Wi(n P ) ©)
for any stationary policy n, horizon d > 1 and non-negative reward r.

Viewing W7 (P’, r, 1) as a function of P’, Lemma 5 shows that log(W(P’, r, 1)) is O(S )-Lipschtiz
continuous in log(P’). It is crucial that the Lipschtiz constant is independent of H, which allows us
to choose € = O(1/S) in Lemma 5.

Now our goal is to find a transition model P! such that e‘€P§e£ v S Psay < eEPf'Z  for any
(s,a, s’). By concentration inequalities for the multinomial distribution, to learn such a transition
model, we need to sample from (s, a) until (s, @, s”) is visited more than % times for each (s, a, 7).
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Clipped MDP and Explicit Exploration. The main difficulty is to deal with the case that P, ¢
is small. For example if P, ¢ < ﬁ, we can hardly collect enough samples of (s, a, s”). To address
this problem, we simply ignore such (s, a, s”) tuples since the probability of visiting them is also
very small. More precisely, we maintain a set (K)¢ for such tuples and construct a clipped MDP,
where we redirect all (s, a, s") € (K)€ tuples to the virtual ending state, denoted as z. We note that
we will update ()€ throughout the training process because after we collect new samples, we can
assert that certain P, ¢ is large and we can move (s, a, s”) out of (FOC.

In addition, we conduct explicit exploration. Roughly speaking, for each (s, a), if we have the
chance to visit (s, a), then we design a policy to visit (s, a) as much as possible to judge whether z
can be reached by (s, @). More precisely, in the beginning of the first sub-phase, we test that if there
exists some (s, a) such that the maximal possible expected count of (s, @) under the clipped transition
model exceeds the current visitation count of (s, a) by a m ratio. Then we have two cases: (1)
There exists such a (s, a). In this case we conduct exploration to collect samples of (s, a). Our target
is the maximal possible expected count under the clipped transition model, which is smaller than
that under the original transition model. Therefore, this task is easier and could be completed by
naive planning. (2) Otherwise, we can ensure that the probability of visiting z is bounded by an
universal constant. Then we can plan to visit the target state-action pair (s*, a*) by ignoring z.

Using Discounted MDP for Efficient Planning with Stationary Policies. Our final major tech-
nical idea is for the computational purpose. Given a finite-horizon MDP, finding the best stationary
policy that maximizes the reward may not be computationally efficient. Recall that all we need is a
multiplicative approximation. Therefore, we use discounted MDP to approximate the finite-horizon
MDP. See Lemma 18 for the guarantees. We note that the idea of using discounted MDP was also
used in Li et al. (2021b), although they did not use it for computational reasons.

4. Main Algorithm

Now we present our main algorithm. There are two stages in Algorithm 1. In the first stage,
for each episode, we let the agent explore in its first % steps to reach new state-action pairs, and
collect the initial samples using the remaining S—Iil steps. The number of this stage is bounded
by O(poly(S, A, log(K)) \/E), and incurring at most O(poly(S, A, log K) \/f) regret. In the second
stage, we play optimistic value iteration to learning the MDP with initial samples. Below we give
two important notions used in Algorithm 1.

In stage 1, the algorithm maintains an omitted set denoted as O* ¢ S x A for the k-th episode.
If a state-action pair (s, a) is not in O, we know we have have collected enough samples for (s, a).
We note that in this end we may not have O¢ = 0 because there can be states that are hard to reach
using any policy and we cam simply ignore them. To explore, we plan optimistically according to a
confidence set of the transition matrix, constructed by the collected samples.

Confidence set. Given {N(s,a, s")}s4y, We define N(s,a) = max{},y N(s,a,s),1}, and P =
ConfidenceSet({N(s,a, s")}sq.s) by setting P = ®p_54Ph.s.a Where
N(s,a,s’)

< 4N(s,a,s’)t+ 5t
N(s,a) \} N2(s,a) N(s,a)

We note that #}, s, does not depend on #. We add 4 in the subscript only for the writing purpose
when we use Py, 5 4.

Ph,s,a =3P E€ AS : Ips’
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Algorithm 1 Main Algorithm
1: Input: state space S, action space A, reward r, horizon H, confidence parameter ¢;
2: Tnitialization: N(s,a, s') « 0,Vs,a, ', N(s,a) « 0,Y(s,a),d « S 0! « Sx A; P!
(ASYSA Ky« CyVS943K1, ny « C287A%; d’ = H —d; m(s,a) «— 0; Ny — 25652 log(1/6);
3: /] Stage 1: Collecting initial samples
4: fork=1,2,...,K; do
s Pk« ConfidenceSet({N(s,a, SWsas);

6: (nk, P*) « max, ,cpk XZ(Ok,p,,ul)
7. forh=1,2,...,ddo
8: Observes s’;l, takes action ﬂ’;l(sz), receives r'}i and transits to sﬁ 1
) k k ok k k ok .
9 {V(sh’ah’ She) < ]]Y(sh’ah’ Spe) T 15
10: if Ja, (s}, . a) € O then
. * * k .
11: (sy.ay) < (Sj1> @3 )
12: {NGs,a, s)MNsas < n(s,a, 5 )}s.a,5;
13: K* — {(s,a,s) : n(s,a,s’) > Nob, KK(s,a) — {5’ : (s,a,s") € K~}):
14: n(s, a) < max{} s 4.¢ext 1(s,a, s"), 1} V(s, a);
) f n(s,a,s’) f k.
15: P?j’a’s, — W, Pl:a’z — 0, V(S, a, S,) S (]( N
16: P 0, P =1,VY(s,a,s) such that K*(s,a) = 0;

s,a,s’ 5,a,2

17: (Trigger, {n(s, a, s")}sq.¢) < Algorithm 2 with inputs
((Sik’ aT)a Pref9 {n(sa a’ S,)}(S,a,s’), 7(k9 d’)7

18: if Trigger = FALSE then

19: {n(s,a,s"))(sas) < Algorithm 3 with inputs
((s},a}), P {n(s,a, 5 ) s.a5.d")

20: m(sy,ay) < m(sy,ap) + 1;

21: if m(s},a}) > 4001log(1/6) then

22: o+l Ok/(sT,aT);

23: end if

24: end if

25: {n(s, a, s,)}s,a,s’ — {N(s,qa, s,)}s,a,s/;

26: break;

27: end if

28:  end for

29:  If there are remaining steps, run a random policy and update {N(s, a, s')}s.q.5';
30: end for

31: // Stage 2: Regret Minimization with Initial Samples

32: Run Algorithm 4 with inputs {Ny 4 ¢ }s.a.5 -

For each k € [K], we use N¥(s,a, s’) to denote the value of N(s,a, s) before the k-th episode.

Define N*(s,a) = max{}y N*(s,a,s’),1} and P¥ , =% “a0.5) Define G be the event where
’ s’ > ’ s,a,s’ Nk(s,a) .
A P A L ’
Pyay — PX, Jl <min{ {222 4 A4+ 3
Pray = Fiasl Nk(s,a) = 3N(s,a) N¥(s,a) = N(s,a) 3)

10
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Algorithm 2 Explicit Exploration

1: Input: starting state-action pair (s1, a;), reference model pref, sample count {n(s,a, s")}sq.s»
known set K, horizons d’, d» = d’ /(208 log(S)), dy =d' — d;

2: Initialization: discounted factory = 1 — 1/d, Ny < 25652 log(1/9);
3: Trigger = FALSE;
4: for (s,a) e Sx Ado
5. if A5’ € S such that (s, a, s') ¢ K then
6: ﬂ'lf € arg MaXyelly, 7 (s1)=a; X;r({s}’ Pref’ 131);
7: k(s) - X"k( P 1);
8 7r2 — arg max,renSla W 154, P 1));
o V(s a) e« WL P 1),
10: if u*(s) > 3355 and n(s, a) < 810S ANou*(s)v*(s, a) then
11: Trigger « TRUE;
12: Run ﬂ’f for d; steps. Stop if (s, a) is reached or some unknown state-action-state tuple is
visited;
13: if (s, @) is reached then
14: Play 7112‘ for d, steps, then play random policies till the end;
15: else
16: Play random policies till the end;
17: end if
18: Let {s;, a;, si+ 1} denote the data collected in the length d’-trajectory;
19: fori=1,2,. d’ do
20: n(s;, a;, Si+1) «— n(s1,a;, siv1) + 1;
21: end for
22: Break;
23: end if
24:  end if
25:  Break;
26: end for

27: Return: Trigger, {n(s,a, s")}(s,a.s):

holds for any %, s,a, s’. By Bennets’s inequality and Bernstein’s inequality, we have that P[G] >
1 — 2S2AKS. In the analysis below, we assume G holds.

Now we describe Stage 1. We divide each episode into two phases. The first phase has length
d = S5 and the second phase d’ = H —d. In Line 5, we plan and try to arrive at a state-action pairs

H+1
that we have not collected enough samples, a.k.a., maximize the reaching probability of O. In the
episode k and during phase 1, 4 = 1,...,d, whenever we meet a state sh , such that there exists a

that (sﬁ A E O*, we stop phase 1 because we have reached one state-action pair that we have not
collected enough samples of.

In phase 2, we denote (s7,a]) = (sﬁ +1»@ and try to collect as many (s}, a}) as possible. Instead
of using the confidence set of the transition matrix to do planmng optimistically, we split state-
action-state triples as known set (K *y and unknown set (‘K k) (cf. Line 13), and then we compute a
clipped reference transition model to plan defined below (also see Line 14 - Line 16 in Algorithm 1).

11
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Algorithm 3 Sample Collection with a Reference Model

Input: initial state-action pair (s1, a1), reference model P* | visit count {n(s, a, $")}s.a,s» horizon
d.
Initialization: discounted factor y = 1 — 1/d, where d» = d’ /(208 log(§)).
7 e arg maxgeri,, Wi (L, ap, P 1))
Run 7 and collect d’ samples {s;, a;, s,-+1}f:1;
fori=1,2,...,d do

n(s;, a;, Siv1) < n(s;, aj, siy1) + 1;
end for
Return: {n(s,a, s")}(s.a.s)

sta
’

Clipped Reference Transition Model. Given K¢ ¢ S x A x S and a transition model p, we
define p’ := clip(p, K©) be the transition model such that p} , , = psa.y,Y(s,a,5") & K, p, . =
0,Y(s5,a,5) € K, pha; = Zyi(sas)ek Psass Pog = Lo, Ya and p, , = 1y,Ya. In words, we
redirect the (s, a, s’) triples in K€ to a virtual state z, which transits to a virtual absorbed state z’
with probability 1. The reason why we need an additional z” instead of just z is make the total reward

bounded by 1. As a result, we have the following identity by definition:
X5(KE, p, i) = Wi(L, Clip(p, K, p1), ¥d € Z.. )

In a similar way, we define clip(p, K€) for K¢ ¢ S x A and K€ c S.

R c R
In our context, P*' = Clip(P, (7(") ) where P is the empirical model. This clipping operation
is crucial to enable us to use Lemma 27.

Explicit Exploration. Given the a starting state-action pair (s7,a}), a reference model and the
known set, we apply Algorithm 2. In Algorithm 2, we first try to explicit explore the unknown set
in order to make our reference model estimation more accurate. To do so, for every state-action-
state triple (s,a, s’) not in the known set, we compute two stationary policies, 1 and m, where m;
tries to reach s from (s}, a}) and m; tries to collect as many (s, a) as possible starting from s. The
stationary policies are computed by using a discounted MDP to approximate a finite-horizon MDP.
The purpose is that we can compute the stationary policies in polynomial time.

Besides the policies, we also obtain estimates uk(s) and v¥(s, a) on how many samples we can
expect to collect. In Line 10 of Algorithm 2, we check whether our estimation is large, and we have
not collect enough samples. If this is the case, we execute m; and m,. Otherwise, we either have
collected enough samples or s is hard to reach.

We iterate all state-action pairs, and if for all pairs we have either collected enough samples
or identified that this triple is hard to reach (which we an ignore), we are confident the reference
model is good enough for our purpose (Trigger = FALSE in this case). In this case, we use the
reference model to collect as many (s, a}) as possible (cf. Algorithm 3). Again, for computational
efficiency purpose, we use a stationary policy computed from a discounted MDP that approximates
the finite-horizon MDP.

Stage 2: Regret Minimization with Initial Samples After collecting initial samples, in Stage
2, we perform standard optimistic model-based planning using dynamic programming. See Algo-
rithm 4 for details.

12
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Algorithm 4 Regret Minimization with Initial Samples (RMIS)
1: Input: {N(s,a, s")}(s.a.5);
2: N(s,a) « max{> s N(s,a,s’),1};
3: fork=1,2,...,K - K; do

4:  P* « ConfidenceSet({N(s,a, s")}sas)

500 VE ()< 0,Vs;

6 Vi(s) & minfmax, ,ept (r(s,a) + pVy, ), 1}, V(h, ) € [H] X S;

7. m(s) < argmax, max epx (7(s,@) + pVy, ), V(h, 5) € [H] X S;

8 forh=1,2,...,Hdo

9: Observes s'];, takes action n';l(s’;l), receives reward r’;l and transits to s’,‘l T
10: N(s’l;,al;‘l, s’}‘lﬂ) — N(s’;l,a’l;, sl;m) +1;
11:  end for

12: end for

5. Regret Analysis
Setting K; = C; VS2A3 K. with some constant Cy, we have two key lemmas below.

Lemma 6 Let OX1*! be defined in Algorithm 1. With probability 1 — 10S AKS, we have that

S9A3 S%A 2
max P, [3h € [H], (s, ap) € OK1] < 0(#).
Ve

X )

Lemma 6 states that, we can collect enough initial samples for most state-action pairs. And the
probability of visiting the remaining state-action pairs (those in the omitted set) is comparably small.
See Appendix D for details.

Lemma 7 With probability 1 — 10S3A%KS6, it holds that

NFL(G a) > 2 max Wj, (Isa, P.15) log(1/5)

sta
for any (3,a) € ()‘Vz“/()’2 and any 1 <k < K.

Lemma 7 states that the initial number of state-action pairs not in OX1*! is large enough. The
proof of Lemma 7 is given in Appendix F.1.1

Lemma 8 With probability 1 — 10S AK6, the regret in the second stage is bounded by

SPASK+ S3AZ
0 (polylog(SAK)( S2AK2 + ;{ ‘ )) :
1
Lemma 8 is based on classical regret analysis for finite horizon-MDP. The second term comes
from the error from stage 1. In the proof we also need refined analysis to remove the extra log(H)
factors. See Appendix E for details.
By Lemma 8, and noting that the regret in the first stage is bounded by K, we have that the total

regret is upper bounded by O(polylog(S AK) +/(S°A3 + S3A1)K1), and we finish the proof.

13
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6. Conclusion

In this paper, we presented the first polynomial-time algorithm for tabular MDP whose regret is
completely independent of the horizon. Our result crucially relies a series of structural lemmas of
stationary policies, which we believe will be useful in other setting.

A fundamental open problem is whether we can design an algorithm with O ( VSAK ) regret.
A positive answer would have a surprising implication that tabular MDP is as easy as contextual
bandits in the minimax sense.
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Appendix A. Technical Lemmas
Lemma 9 (Lemma 30 in Chen et al. (2021a)) Var(XY) < 2E?[Y]Var(X) + 2 sup X>Var(Y).

Lemma 10 Ler X1, X>, ... be a sequence of random variables taking value in [0,1]. Define F; =
o(X1,Xa,...,Xi—1) and Yy = E[Xi|Fi]l for k = 1. For any 6 > 0, we have that

Plan, ) Xi =3 ) Y +1log(1/8)| <6

k=1 k=1

In, > Ye =3 Xi + Log(1/6)

k=1 k=1

P <0

Proof Letr € [0, 1/]] be fixed. Consider to bound Z; := E[exp(t Z’,j,zl(Xk/ — 3Yy))]. By definition,
we have that
k-1
E[ZIFi] = exp(t ) (Xe = 3Yi)E [exp(Xe — 3% | F]
k=1
k—1
< exp(t Z(Xk/ — 3Yp)) exp(=3Yy) - E[1 + tX; + 22X | F%]
k=1
k—1
< exp(t Z(Xk' —3Yp)) exp(—3Yy) - B[1 + 3tXy | Tl
k=1
k-1
= exp(t Z(ka —3Yu)) exp(=3Yy) - (1 + 3tY))
k=1
k—1

<exp(t ) (X = 3Y)
k=1
=Z-1,

where the second line is by the fact that e* < 1+ x+2x? for x € [0, 1]. Define Zy = 1 Then {Z;}i>0 is
a super-martingale with respect to {¥¢}i>1. Let 7 be the smallest n such that 22’21 X, -3 ZZ:] Y >
llog(1/6). It is easy to verify that Znyinr,,y < exp(tllog(1/6) + tl) < co. Choose t = 1/I. By the
optimal stopping time theorem, we have that for any N:

n n
PlAn <N, > X 23 )" Y+ 1log(1/6)
k=1 k=1

=P[r < N]
<P [Zmin{T,N} = exp(tl log(l/é))]
E[Zmin{T,N}]

~ exp(tllog(1/9))
2

~ exp(tlog(1/6))
<o

18
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Letting N — oo, we have that

<o

I, ) Xe23 ) Ye+log(1/6)

k=1 k=1

Considering Wy = E[exp(t Z',z,:l(Yk/ 3 — X;))], using similar arguments and choosing ¢ = 1/(3/), we
have that

<o.

Plan, Y Y>3 ) Xi+llog(1/)

k=1 k=1

The proof is completed. |

Lemma 11 Letv € [0, 1]° be fixed vectir. Let X1, X, ..., X; be i.i.d. multinomial distribution with

S Var — 1 r2 1 t
parameter p € A°. Define Var = 7( =1 Vx. T 1 ( =1 vX) ) be the empirical variance of {vx.}!

and Var = VY (p, v) be the true variance of vx,. With probability 1 — 36, it holds that

1 71

1y Tog(1/6) log(1/6)
3 3t

Proof Without loss of generality, we assume E[vy,] = 0. By Lemma 10, with probability 1 — ¢, it

holds that

i=1

S\7z;rs3Var+

(6)

1

iVar < Z E[v},] + log(1/6). )

Dividing both side with ¢, we prove the right hand side of (6). For the other side, by Hoeftfding’s
inequality, we have that | Y{_, vx,| < +/2rlog(1/6) holds with probability 1 — 6. Using Lemma 10
again, with probability 1 — ¢ it holds that

t
As a result, with probability 1 — 26 it holds that (by the definition of Var)

— t 1 1
tVar > §E[v§(i] ~3 log(1/6) — rh 2tlog(1/6)

X1~ —log(l/é)

><l\)

t
' 3

T
= 3E[VX[] 3 log(1/9).

The proof is completed by dividing both side by ¢.
|

Lemma 12 (Freedman’s Inequality, Theorem 1.6 of Freedman (1975)) Let (M,),>0 be a mar-
tingale such that My = 0 and |M, — M,,_1| < c. Let Var, = 3/, E[(M} - M) Fiei1] for n > 0,
where Fr = o(Mo, My, M>, ..., My). Then, for any positive x and for any positive y,

2
P[3n: M, > x and Var, < y| < exp (—m) )
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Lemma 13 (Bennet’s Inequality) Let Z,7Z,,...,Z, be i.i.d. random variables with values in [0, 1]
and let 6 > 0. Define VZ = E [(Z - ]EZ)Z]. Then we have

N \/Wg@/é) N log(z/é)l] <6
n n

Lemma 14 Let (M,),>0 be a martingale such that My = 0 and |M,, — M,,_| < ¢ for some ¢ > 0
and any n > 1. Let Var,, = ZZZIE[(Mk - Mk_1)2|7—“k_1]forn > 0, where ¥, = o(M, M>, ..., My).
Let C > 0 be a constant. For any p > 0, we have that

n

E[Z]—%ZZI-

i=1

P

P [3n, i,|My| > 10 - 2cilog(1/p), |Var,| < 2%ic* log(1 /p)] < p. 9)

Proof By using Lemma 12 with x = 10 - 2/cilog(1/p), y = 2%ic? log(1/p), we have that

P[an, IM,| > 10 - 2'cilog(1/p), |Var,| < 2%ic? 1og(1/p)] < 3{. < 23 (10

e
Taking sum over i we finish the proof. |
Lemma 15 Let X1, X5,... be i.i.d. random variables with multinomial distribution. For each
y € supp(Xy), we define N/(y) = X! I[X; = y). Let t(y) be the first time N(y) = N := logiﬁ

log(2/6)
&2

(assume that is an integer) . It then holds that

N N
P[e—gf— <P[X; =y] < eSf—] >1-6.
1(y) 1(y)
Proof Let p = P[X; = y]. Note that N (y) = N, it suffices to prove that
Ple 8N < t(y)p < N1 > 1 - 6.

Let X] = I[X; = y]. Note that

n

4

Pr [Hn >1, E X{ > eénE[X;] + = log(2/6)} <6/2;

€
i=1

n

4

Pr [Hn > 1, X/ < e nE[X[] - 5 log(2/6)l <6/2,

€
i=1

we have that

4 - 4
Pr|Vn > 1,e “nE[X]] — —log(2/6) < ZX-’ < enE[X]] + —log(2/6)| > 1 - 6. (11
€ L €

i=1

Then with probability 1 — ¢, it holds that
4 4
e “t(y)p — —1og(2/6) < N < etyp + —log(2/9). (12)
€ €
The proof is finished by noting that N + 210g(2/6) < N(I + 4¢€) < ¢*N and N — 210g(2/6) =

N( - 4e) > 7. [ ]
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Appendix B. Collection of Notations
e N¥(s,a, s'): the value of N(s, a, s’) before in the k-th episode;
o N*(s,a) = max{3, N¥(s,a, s'), 1};

o KK = {(s,a,5") : NK(s,a, s") = Ny := 25652 log(1/6)}: known state-action-state triples at the
beginning of the k-th pair;

o Kk(s,a):=1{s": (s,a,s) e K}

o UK :={(s,a) : K*(s,a) = 0}: the unknown state-action pairs;

* z: an additional state, which transits to 7" with probability 1 for any action;
* 7': an absorbed state, i.e., P,, = 1., Va;

¢ P: the true transition model;

» P*: the clipped transition model with respect to (K¥)C, i.e., the set of unknown state-action-
state triples

P’gmz MS,V(SdS)E?(k
pk k.
Psas,—OV(sa s ¢ K5
saz_ Z Pvav7

s’ ¢ Kk (s,a)

o PCUtk - the transition model which ignore the probabilities transiting to z;

Ps,u,s’
Zs”E‘Kk(s a) Py
Pk = 0,Y(s,a,5") ¢ K~

SdS

P = 1,9(s,a) € U,

$,a,2

pcut,k
Psas

V(s a, ") € K

o Ptk - the cut-off reference model

Pref,k _ Nk(s’a S/)

s,a,s’

(s, a,5") € K
ZS”E?(]((S a) NS a,s”

Pt = 0,Y(s,a,5") ¢ K~

SllS

Pk = 1, Y(s,a) € UK,

5.4,
e E, x[]: the expectation(probability) following 7 under transition p;
* P, (-] : the probability following 7 under transition p;

. Wg(r, pu1) = Epx [Zthl ruls1 ~ ﬂ]]t the general value function;

* Wi(r,p, 1) = EpalXis1 Y rilsy ~ s
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* X7(0, p,u1) : the probability of reaching O in d steps with (p, 7r) as transition-policy pair and
M1 as initial distribution;

© X720, p.p1) := Nis1 ¥ Ppal(sivais siv1) € O, (s i, sig1) € O,V <0 < i— sy ~ ],
* cut(p): the cutting function for a transition model p. p’ = Cut(p) is defined by

’ Ps.a.s' .
Psays = V(S, a) S.t.psaz < 1;
24z Psas”

P;,a,z =0,Y(s,a) s.tpsa;<l;
Phaz = LVY(s,a) stpsa.=1.

Note that PUK = cut(P¥).
e 1,: the vector which is 1 at s and O otherwise.
* 1, ,: the vector which is 1 at (s, a) and O otherwise.

* 1;,y: the vector whichis 1 at (s,a, s”) and O otherwise.

T =tk € [K\1Fh € [d],a, (st |, a) € OF);
. (s?k, a?k) : the value of (s}, aj) in the k-th episode for k € T;
¢ Ilg,: the set of stationary policies;

* II : the set of all possible policies.

Appendix C. Structural Lemmas for Stationary Policies

Lemma 16 (Restatement of Lemma 3) Ler k and d be positive integers. We have that for any
(s,a) e SX A,

max Wi (14, P, 1) < 6k max Wi(I,, P, 1).

mell m€llsta
Proof [Proof of Lemma 3] Let 7 be fixed. Let ji; be the distribution of sy;;1 following 7. We have
that

k-1 k-1
(i) ~ (i)
Wii(Loa P1) = 3 W (Loa Poi) < ) Wy (L Po1) < 6k max WLy, P. 1),
i=0 i=0 ‘

where 7 is defined as 71'2, (als) = mig+w (als). The first inequality uses the fact that to get a reward

1,4, the best initial state is s. The second inequality uses Lemma 17. The proof is finished by taking
maximization over 7. n

Lemma 17 For any horizon d and state-action pair (s, a), it holds that

1
max Wi(l,, P, 1) > 3 max Wi, P 1y).

mellg
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Proof Let 7 be the optimal stationary policy with respect to reward 1;, under transition P and
5. Let fi; denote the distribution of s;z,1 under P following & with initial

discounted factor y
distribution 1.
Then we have that for any policy 7',

W (Lsq, P 15) >

N =

\%
N =

v
| =

NI NG ERNTE

Il
—_

Ms

N =

1

\Y%
— AN\| =
,M&

1l
—_

'ydiWer*(ls,ae Pa ls)
YEWT (14, P, fiz)
Y Prl(si,ai) = (s,a)]
Y Prl(sia) = (5,0)]

Pr (s, ai) = (s,a)]

g,(ls,aa P’ IS)

@)}

The proof is completed by taking maximization over 7’.
|

Recall that W;’ (r, P, 1) denotes the discounted accumulative reward with reward r, transition P,
policy r, initial distribution y; and discounted factor y.

Lemma 18 Let dy,d, be positive integers such that dy > 10S log(S)d,. Lety = 1—-1/d,. Let (s, a),
a non-negative reward r and a stationary policy r be fixed. Then we have that

1

gWgz(IS,a, P, ls) < W;/r(ls,ae )28 Is) < 3Wg2(1s,aa )28 IS) (13)
o 1 o

Wy(r’p’ls) 2 §Wd2(r’p’ls) (14)

W;,r(r, p, 1) < 10W§1 (r, p,I). (15)

Proof The left side of (13) holds because y%2 = (1 — 1/d»)® > 1/3. As for the right side, letting y;
denote the distribution of s;4,+1 following 7 starting from s, we have that

Wiy, o 19) < ) YPWE (g po i) < Wi (Lo o 1) ) (1 = d)Y™ < 3W5 (144, p, 1), (16)
i=0 i=0
The first and second inequalities are by ignoring the terms with index larger than d5. (14) holds by
the fact y2 = (1 — 1/d»)® > 1/3.
To prove (15), letting u; denote the distribution of sg4,;+1 following 7 starting from s, we have
that

Wi(r, p, 1) < Oy IWE (o poui) < e 0 EOIWE (1 p, ).
i=0 i=0
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Next, we have

2k+1_1

Z W, (r, p, i) < Z Wy (r, p, i)

i=2k =0
= W2k+1d1 (}’, P7 S)
< exp(S(k + 1)S log(S )Wy, (r, p, 1,).

The second inequality we used Lemma 19 for (k + 1) times. Therefore, we obtain

00 2k+l 1
— i _ k
Ze lOSlog(S)ng' ", p, ﬂz) Z 10S log(S)2 Z ng(rp i)
i=0 i=2k
< ) e S ONOTSE DG p 1) < 10WS(r p, 1), a7
k=0
The proof is completed. |
Lemma 19 [Lemma 4.6 in Li et al. (2021b)] Suppose d > S > 5. Then
W3,(r, p, 1) < 4SS W2(r, p,p) < exp(5S log(S)Wi(r, p, )
for any proper r, p, u and stationary policy m.
Lemma 20 Let X, Xy,...,X, be i.i.d. positive random variables. Define Ty := min{i| Z’ X >
H}. Then we have that
1 1
Pr TH = EE[TH] -1 > E (18)

Proof The proof comes from the analysis in Corollary 4.9 in Li et al. (2021a). Clearly E[7y] > 1.

Let 7" = [tg] — 1, it suffices to prove that
/2

D Xj<H|>
=1

Pr

Define X| = min{X;, H}.

19)

By the stopping time theorem, we have that 7’E[X]] < H, it then holds that %E[Xi] < % By

Markov’s inequality we have that

/2

Zx;.<H >
=1

Noting that ZT 2 X’ < H implies ZT 2 X; < H, we finish the proof.

Pr

N —

By Lemma 20, we further have that

(20)

Lemma 21 (Restatement of Lemma 4) For any (s,a) € S X A and n € Iy, such that n(s) = a,
we have that Pr [N > }‘Wg (P 14,1 S)] > % for any horizon d, where N is the visit count of (s, a)

following r under P in d steps with the initial distribution as 1.
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Appendix D. Proof of Lemma 6

Proof [Proof of Lemma 6] Recall the definition of 7%, PX and OF in Algorithm 1. Recall thatd = g h; .
We use the following two lemmas below.
Lemma 22 With probability 1 — 6, we have that

S7A%
max W’(I, Clip(P,0%1*1), ) < 0( e
Ve

polylog(SAK)|.

Lemma 23 (Formal statement of Lemma 2) For any O C S X A and d > 1, we have that

T 2 T
maxX(S+2)d(O, Pu)<s maxX(SH)d(O, P, ).

Given these two lemmas and setting d = SL we can have that

max W (L, Clip(P,O"1* 1), 1) = max B [3h € [(S + D], (s, ar) € OF1*! |
U
T Ki+1
= maxX(S 1)d(O L Pouy)
< SzmaxX’SrJ(OK”l,P,,Ul)
U

=52 mfrlxXZ(OK‘“,P,,ul)

S 9A3
< 0( Lpolylog(SAK))
K
This completes the proof of Lemma 6. |

Below we prove these two lemmas.

Proof [Proof of Lemma 23] Inspired by the analysis in Li et al. (2021b), we regard each d steps
as one big step, which reducing the problem to a special case where d = 1. Then we construct a
mapping from the set of trajectories of length (S + 1) with final state as z to the set of trajectories
of length S with final state as z, which bounds the probability of the former trajectories using the
probability of latter trajectories.

Define P, sa = Psq forany (s,a) ¢ O, P, sa = 1; for (s,a) e()andP a = 1; for any a. In words,
P is a copy of P, except for redirecting (s, a) € O to a absorbed state z.

Let (1) = {plps € Conv({l_’m}aeg)} be the set of all possible 1—step transition probability
under P, where Conv(X) denote the convex hull of a set X. Let P(c?) = {Hf:1 pilpi € P(1),Vi},
which is the set of [-th step transition probability with respect to P.

By definition, we have that

7 TrS+1.3)

rnaxX(S 2)d(0 P ) = {p(’)EP(l)S”ﬂ S piL 21
T T (i)

maxX(S l)d(O P uy) = {p(i)rer;)a(ll))(}$+lu1 Hl Y2200 P (22)
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Let 7 = {{5; € SU {z}}3*!} be the set of all possible trajectories with length S + 1. Then we

N i=1
have that for any {p) € P()}3*!

1

p 4 p01, =

{Si

For any trajectory {§i}f:11

iy, iy such that §;, = §;,. In the first case,

have that for any {§,'}Z.S:+11 €T,

S+
Ss+1,2°

S+1
Yo €T

we define that 77 =

S G S+1 B B () s
'ul(sl)ni:lp(;i),fiu 'p(fs:rl,; = #l(sl)nlfl p(fli),fm ) (fs?z'
Taking sum, we have that
JUN i S+1 ~S-1.G s s
Z ﬂl(sl)ni:]péi),ﬁi+l 'Pésfl,l = Z ﬂl(sl)n,‘:1 Pg,.),gm 'pég?z = /"TH,':
()5l (&) €T

In the second case, for a fixed (i1, i2), we define 7 (i1, i2) = {85}, € T : Ss41 # 2,5

1<ii<ip<S+1.
Then we have that

M1 (51 )Hlep(fi)jiH
(ST i)
{g,.}[_S:*II €T (i1,iz)

>

5L 3

)

<l S+l
{s’}i=l’{s}i=i2+l

L sl
= ui I p - I, p91..

=

S+1
i=ip+1

(I p?

Here (26) holds by the fact that }; {

Si
§;, using i — i) steps under transition {p®}
By (27) and (25), we obtain that

- ii—1 @
i (SDITL p(sl,)

- i—1 (i
GO

i=1 P55

N
)2

i=ig+1

S+1

. p(i)lz.

S+
p§S+1,Z
-1, s O (S+D
Siv1 i=iy P55 Hi:i2p§i,§i+l Ss+1,2°
s @ (S+]) Z ir—1 (i)
i= P55 " Pigaz 1 Pssiny
Iy
BitiZi
s @ S+
i=in P 5,501 Ss+1,2

i=i] P55
ih—1
=i’

which is bounded by 1.

S+1 (i
'u—lrni:l p(l)lz
= AT @ (S+1)
- Z 'ul(sl)Hi=1p§i,§i+1 Psgiz
mer
PR s ) (S+1) s )
< Z ’ul(sl)Hizlp@j[H "Pigiz + Z Z /ll(sl)l—[i:lpE[’EH—1
{5}?:1167'/ 1<i<ipa<S+1 {5},-S=+11€7'(i1,i2)
5 ‘ i—1_ (i S+1 (i
<piTL 0L + p I p@ T p1,
1<ij<ip<S+1
2 S :
<8§? max (T, p01..

PP,

26

LS+
Ss+1,2

(23)

€ 7, by the pigeon hole principle, it either holds that §g,; = z or
{51341 € T, Ss41 = z}. Then we

(24)

(25)

= §;,} for

(26)

27

is the probability of transiting to §;, from

(28)
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Noting that (28) holds for any {p® € P()}$*!, we conclude that

max  p IR P01, <82 max  u/T,p@1,.
(PP (PP,

The proof is completed by (21) and (22). |

D.1. Proof of Lemma 22

The following lemma guarantees that all state-action pairs in the known set (i.e., ¢ O), we have
collected enough data.

Lemma 24 Recall the definition of U(s,a) = max; W[,(1s4, P, u1). With probability 1 — 10S AKG,
for each 1 < k < Ky and each (s,a) ¢ O, we have that

C
k
N%(s,a) > 56 1 1)IOg(S)U(s,a), (29)

where C is an universal constant.

Proof [Proof of Lemma 24] By Lemma 7, with probability 1 — SAKJ, it holds that N¥(s,a) >

C maxgen,, W* (154, P, 1) for some constant C.
28 (S+1)log(S)
Now we can lower bound

Nk(S, a) > Cmax W* (ls,aa P 1y)

ﬂensta 25§ +T)log(S)
C
128 (S + 1)log(S)
C
>
125(S + 1) log(S)
C

= 1256 + Diogs) L& @

max Wg(ls,m P7 1?)
T

max W7 (14, P, p11)
Ve

where the first inequality we used Lemma 3, and the second inequality we used that 1 is the optimal
initial distribution for reward 1;,.
|

Proof [Proof of Lemma 22] Now we proceed to prove Lemma 22. We first make some definitions.

Define P* = Clip(P, O%). Note that O* never appears under PX. We then define the state-action
space of PX as ®*. Below we continue the analysis for the k-th episode in the first stage under the
context of PK. Let 7 = 1,. Note that OF varies in k, then the definition of z varies in different
episodes. As a result, PX and 7 also vary in k.

Define R = 2115:11 max, W"(1,, 13",,111) - Zf:ll Zthl Fk(sﬁ, a’;), which can be viewed as the regret.
Note this is different from the regret in standard MDP because the reward is not fixed (z depends on
k).

Recall that (¥, PX) = arg max, ,cpc X7(OF, p,u1). Let p Chp(Pk 0, p* = Clip(P*,0%) and
{vk 4 (D) n.s)etxst be the value function with reward 1, and transition P~
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Define J := {(k,h) : k € [K;], 3 < h,(s,a) € S X A,NK(s,a) > 2N (s,a) + 1} and i¥ =
Ik, h) & I1.

Following the regret analysis in Zhang et al. (2021b), by the optimality of PX, we have that

Z max W% (lz,Pk,/ll) - Z Z rk(sh,ah)

=1 h=1
< Z VEshyk - Z Z (s} )
- k=1 h=1
K1 d
= Z Z (Vk(Sh)lh V/lf+1(5h+1)’h+1 Z Z rk(sh’ah)
k;ll h;l
53
=1 h=1 =1 =l
d
2

ko ok , —k
(pd;afgvhﬂlh"'r (s @iy — 1 sk Vh+1’h+1) ZZ (s )

Ki d
“k pk ok ok ok
l’s;c’azvml - 1 h+1)’h+1 Z Z Vh+l(lh = Gper)

' k=1 h=1
d Ki d

<k Bk Uk ik Pk ok ok Sk ko ok ik

Z(Psk o~ P Vit + (P o =1 Vi [+ Z Z P Vi1 @y = 11)
=l % % hl =1

d
~k Sk &k sk Tk & 5k ok ok
Z ((P‘k o — Py ak)(vhﬂ =Py Vi Dy, + (Psk & Lo Vi
h % % % htl

K d

k
+ZZ P, Vh+1(’h ini)
eyl

(30)
SRS S Bk Tk ik
S20k /Z: N (sj, @) NG a) | h+1(s)_Ps’;’,azvh+l|lh+1
=1 h=1 s'#z ’ ’
Ky d
D DR =L T+ Z]I [Fh e [d], (k,h) e F]  (31)
== " =1
izd: Sik ¢ Klzd: ZZ": Sik e
<20 — . V(P* ik - +20 *
k _k k k’ +1 h+1
= = NGy ap) =1 h=1 i =1 h= Nk(sh’ h)
Ky d K
pk 7k ok T2
+ 2 ;(Ps,ﬁsaﬁ — 1y VE ik + ; [[3h e [d],(k,h) € F]. (32)
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In the first equality we used the fact that i’l‘ = 1. In (30), we used the fact that P’;k y V;l‘ - lisa
h"h

constant factor and ”[)sk aklll = ||I3’;k y [l = 1. In (31), we used the fact that
“hh h™h

Dk pk
s & 4Psﬁ aﬁ s’L S5t Psﬁ,aﬁ,s’ L
lps"a"s’ skaks’|_ k + k(k Kk <20 ki Kk ok k
hh N (sh’ h) N (sh’ah) N (Shaa ) N (Sh’ h)

for s” # z. Lastly, (32) holds by Cauchy’s inequality.
Define

l L

T = ZZ g

X
k=1 h= N(sh’ah)
K d

Iy = Z ZV(Pkk k> V}];+1)lh+l

k=1 h=1
K

T3 = Z Z(Pkk A -1 k )V}]:+1ih+1

k=1 h=1
T4_Z]I3he 1.k, h) € T1.
The following lemma bounds these four terms.
Lemma 25 With probability 1 — 46, Ty, T4 < SAB with B = O(ipolylog(S AK)),

Ky d
T, <O [polylog(SAK) [Z PRACH AL S2ABLD

k=1 h=1
<0 (polylog(SAK)(STA% + S2A%)),

and T3 < 0( VSTA32 + SZAL3poly10g(SAK)).

By Lemma 25, with probability 1 — 46, we have that

Z max W*(1., P, ;) - Z Z P (sy» )

k=1 h=1

K, d
< 0| polylog(SAK) JSZABL DU sk ab) + S2AB
k=1 h=1

K d
D sk df) + SZABL]],
k=1 h=1

<0 [polylog(S AK)

where it follows that

Kl d
Z max W*(1,, P*, ) < 0 [polylog(SAK) [Z PR AL SZABL]] (33)

k=1 k=1 h=1
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Let u = max, W7(1,, PX*! ;1)) be the maximal possible probability of visiting O**!. Noting
that O is non-increasing in k, the probability of visiting O is also non-increasing in k. By (33) we
have that

K d

Kyu <O | polylog(SAK) (Z Z sk, dby + S2ABL]] (34)
k=1 h=1

=0((S" A% + S?AP)polylog(S AK)), (35)

which implies that u = O (£AL8 At polylog(SAK)).
The proof is completed.

It remains to prove Lemma 25.
Proof [Proof of Lemma 25] We start with bounding 7'} and T4. Define L(s,a) = {k € [Ki] :
N¥1(s,a) — N¥(s,a) > K*U(s,a)}. By Lemma 10, |£(s, a)| < O(1/K? + ¢) with probability 1 — 6.
By Lemma 24, NK(s,a) > mU(s a) for any (s,a) ¢ o*. By definition

k+1
T1<2Z Z mln{log( ((s ;l)) }

k=1 (s,a)¢O*

Fix (s,a) ¢ OK1*!. Noting that O is non-increasing in k, there exists some k’, such that (s, a) ¢ OF
for k > k' and (s,a) € OF 1.
Suppose Lr(s,a) N{k : k' <k < K1} = {ki, ko, ..., }. Let kg = kK" — 1. We have that

K
min{log(N**'(s, a)/N*(s, a)), 1}
k=k’:k¢ L(s,a)
kiv1—1
=" > logN* (s, @)/Nk(s, @)
>0 k=k;+1

K3U(s,a) + Nkt
= ZIO ( Nk,-+1

< |L(s, )| log(K*U(s, a)/N¥ (5, a))
< O(polylog(S AK)).

It then holds that
Ki k+l
Z min {log(M), 1}
P Nk(s,a)

< |L(s, @)l + | L(s, @) log(K>U(s, @)/N¥ (s, a))
< O(polylog(S AK)). (36)

Taking sum over (s, a), we obtain that 7'; < O(polylog(SAK)S At)
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In a similar way we have that

K N+l
Ty< > > min log(Y (S NG04 < opolylog(S AK)S Au). 37)
k=1 (s,a)¢O* N¥(s, a)

To bound 7>, following regret analysis in Zhang et al. (2021b), we have that

d
Bk Tk Nk
Ty = Z Z V(Psﬁyaﬁ, Vi et
k=1 h=

K, d
- ZZ( P, k(Vi]fﬂ) ~ (P o, kV;]fH) )’h+1
k=1 h=1
Ky d Ky d
= ZZ( PG Vi i — (V,’,‘(s’;))zi’;)+ Z“((V,’;(s’,;))2 = (P Vi) lh+1)
k=1 =l k=1 h=l
Ky d Ky, d
< Z Z (Pl;k SV iy - (V,’j(s’,‘l))zi’;l) +2 Z Z min{V¥(sk)ik — Pkk ka1:+1ih+1’ 0}
=1 h=1 " " = o
Ky d K, d
<3N (P" S TE D = (T (5, zhﬂ) +2 ) N F(shab) + 8 VSPABIT, + 2T,
k=1 h=1 k=1 h=l
K d K1 d 1
Bk (7 ok ok ko ko k 2
< Z (P k(Vh+]) lh+l (Vis1(Shi1)) lh+1) + ZZ Z (s, ap) + ETZ +8S“ABL+ 2B

k=1 h=1 k=1 h=1
K d K

d
3222( g V)i = (V;jH(shH))%hH)+4zsz(s’,§,a’;,)+2052ABl. (38)
=1

k=1 h=1 h=1

where the last step is by solving 75.

Define
K

ko ok 2k "
Ts = ZZ(Pk k(Vh+1) iner = Vet S ) i)

k=1 h=1
and

Te = Z ZV(Pkk /{’(V;];H)zlhﬂ)

k=1 h=

By Lemma 9, we have that

Te<4 ) VP o Vi) = 472 (39)
7 )

We note that here we cannot directly use the Freedman’s inequality because we do not know
a tight upper bound of variance and using a naive upper bound will lead to a dependency on H.
Instead, we resort to Lemma 14.

By Lemma 14, we have that

P [3i, Ts > 10 -2, Tg < 2%] <6, (40)
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which implies that
P [31’, Ts > 1020, Ty < 22"—2u] <6 41)

Therefore, with probability 1 — &, for any i > 1, it either holds Ts < 10 - 2it or T» > 2%~2j1. Then
we have that

Ty < Ts+ 4K + 20 VS2AKL: + 60S*ABt < Ts + 8K + 60S *AL¢.
Suppose Ts > C > 8K + 60S 2ABi, then we have that

T? C2
Tr > > > >
800c1og,(C) ~— 800:¢log,(C)

3C. (42)

Then we have that Ts > T»> — (8K + 60S2ABt) > T, — C > 2C. In this case, T’ is infinite, which
leads to a contradiction. Therefore, with probability 1 — &, Ts < 8K + 60S2ABx, and it follows that
T, < 16K + 480S2ABu. As aresult, To < 64K + 480S?ABt and Ts < /800u(log,(K) + 10)T¢ =

O('Ty)polylog(S,A, K, 1/6). Recall that J == {k € [Ki]|3h € [d],a,(s},,,a) € O"}. By
Lemma 28, we have that |.J| < O(S’A3tpolylog(S AK)). Therefore, we have

Ky d

T, <4 Z Z P (sk, af) + 2082 ABt + O(+ i Tapolylog(S, A, K, 1/5))
k=1 h=1

K, d
<0 [polylog(SAK) [Z PRACHALS S2ABL]]

k=1 h=1
< O (polylog(SAK) (S"A% + S?Ar%)). (43)

Here (43) is by the fact that 31| ¥¢_, (s, a¥) < |7 < O(S7 A3 ipolylog(S AK)).
Using Lemma 14 again, and noting that with probability 1 — &, T> < O(polylog(SAK)(S A3t +
S2A:%)), we learn that with probability 1 — ¢

Ty < O(\Tat +0) < 0(\/S7A3L2 + SZAL3polylog(SAK)).

The proof is finished.

Appendix E. Proof of Lemma 8

Notations Since the proof is independent of our main proof, we will re-use some notations for
simplicity. We re-define N¥(s,a, s’) be the count of (s, a, s’) before the k-th episode in the second
stage. Let N,’j(s, a, s”) be the count of (s, a, s”) before the h-th step in the k-th episode in the second
stage. We also define N*(s, a) = max{}, N¥(s,a, s'), 1} and N}’;(s, a) = max{) ¢ N}’:(s, a,s’),1}.

Define (k,h) < (K, h’) when k' > k or k' = k,h’ > h. Similarly we define (k, h) < (k’, ') when
kK >kork =k, > h. Let ‘7‘7{( = U({sg}(k’,h’k(k,h))

Now we bound the regret. Conditioned on G, we have that P € P* for any 1 < k < K. By
induction on s, we have that max, W7 (r, P, lsllf) < V{‘(s’{ ) for any k.
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Define J = {(k,h) : AW < h,(s,a) e SX A,N (s a) > 2N¥(s,a) + 1} and Ik =1k, h) ¢ T].

Let Vk Vk Ik Let i, s be fixed and a = n* 7 (8)- Us1ng a similar argument in the proof of Lemma 22,
. we have that

Vi(s) = PoaViiy

< (s, @)If + max pVE - (If = I}, ) + max(p — Ps )V, (44)
pEfD_’{a pep?,a

2P 45t L . , .
<A alf+Uf -1 )+ [ \ /Nk(sa) * 3N a)] WVE () = PsaVELL (45)
S/ 2 b

By definition of 7, the regret is bounded by

K H
s _ k _k
kgl [m;lx Wy (r, P,ur) hgl r(sh,ah)]

Er
I

1

K
SZ[‘V/{‘ k) Zr(sh,ah)]

K
= Z Z rk(s];l,aﬁ)lg - r(s ah) +( max p-— P k)\v/,';‘+1 + (Psﬁ’ai - 1%1)\7}];1

k=1 | h=1 PE’Dﬁ P
K H
+ > > max pv,’;H(Ik )
k=1 h=1P<¥
K [ H PY/( at st L e ) Vk
< 10; [; [;[ NE(sk, ) Nk(sk,a];l)] Vi1 (8 = P ot Vi L |+ ]
K H K
+ D D Py =1y IV + D 1ER () € T (46)
k=1 h=1 k=1

Here (46) is by the definition of I’}f and Lemma 11.

Let
ng o, ol L . .
\ Vi (8)) = Py Vi
Nk(sh,ah) Nk(sk,a]];) + Spdy, - ht
K H
7k
M, = Z Z(Psﬁ,a’h‘ - ls’h‘+l)vh+l
k=1

K
M ZI[[Hh (k,h) € T1.

k=1

The following lemma is crucial in bounding M; and M3 and it shows the usefulness of stage 1.

Lemma 26 Define L = max ,¢or+1 2 Min {log(NK1*1(s, a)/N¥(s,a)), 1}. With probability 1 —
2SA8, Mz < U := SAL + O(S3A3K/K)) < O(S A K‘polylog(SAK)) and L < O(tpolylog(S AK)).
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Proof [Proof of Lemma 26] Define 8; = {k € [K] : Jh, (sfl,aﬁ) e OK*1} and By (s,a) = {k €
[K] : (s,a) : N**(s,a) — N*(s,a) > K*U(s,a)}. By Lemma 6 and 10, with probability 1 — &, we
have that |B| < O (%:K‘ + L). By definition of U(s, a) and Lemma 10, with probability 1 — S A8,
|B>(s,a)| < (1/K? + 1) for any (s, a). By definition, we have that

K
My = > 1(3h, (k,h) € J] 7)
k=1

K

<IBi1+ Y max min{log(N*"'(s,a)/N (s, @), 1}.
= (sagoft!

Let (s,a) ¢ O%X1*! be fixed. Suppose B,(s,a) = {ki, ks, ..., }. Let kg = 0. Then

min{log(N**!(s, a)/N*(s, a)), 1}
k¢Bs(s,a)
kiy1—1
=0 > logN* (s, @) /N¥(s, @)
>0 k=k;+1

K3U(s,a) + Nkt
= Zlo ( Nk,-+1

< |Ba(s, a)|log(K>U(s, a)/N' (s, a))
< O(polylog(S AK)).

The proof is completed by taking sum over S A. |

Now we use this lemma to bound M;. We have that

’ 7k 2
MlSlOZK:ZH: JSZS PoaslV +1(S)—Ps’,;,a§;Vh+1IL+ STy, 0

k _k k
=1 h=1 N*(sy ap) Nk(sh’ a)
k
’ k h+1
;Zpb gV () = P o VE P+ 108 Z—k(s 5
s’/ k.h h
< 10VS2AL: - Z D Pt VEL () = Py 4 VK P+ 408 AL, 48)
kh s
where the last line is by the fact that /¥ el S I and > 5, NG, —1 5 S < SAL.
Let
My = Z Z Psﬁ,az,s’l‘v/}];l(s,) - Psz,a’;l V}],<+1|2- (49)
kh s
By (48) we have that
1
My < 10VS2ALMat + 40S%AL < ZM4 + 1408 2AL¢. (50)
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We continue with bounding Mj.

My

ZPskaks|Vh+l(s) Pk kV}]:+l|2

s

(Ps’;,,a’;;(‘v/il;l)z - (Ps';,,al,‘l ‘7}1:+1)2)

(P (Vi = VA + 3 ((VEGHP = (Py s VE 1)
k.h

IA

(Py (VE)? = VA +2 ) max{V(sh) = Py VS, 1, 0)
k,h
h

L . , .
+2Z (s, Ik + 1k - ,1+1)+1oz \ Nk(s a)+Nk( )JIV{‘[H(S)—PSi’aﬁV,';HI]
h h’ h

< Z(Psk GV = Vi koD +2 3 U =1 ) + 22 r(sk, d) + 2M,

k,h
< Z(Ps’;l,aﬁ(viliﬂ)z = Vi1 (s D)D) + 22 r(sy, dy) + 2(My + M3)
kh kh

IA

kN2 vk ok N2
(st;,a’;(vhﬂ) = Vi1 )

k)

7k \2 7k k2 2
<2 ;(Psﬁﬂﬁ(vm] P = VE (55,0 + 4K + 20 VS2AK L + 60S >ALL + 4U, (51)

where U = O (S A K‘polylog(SAK)) is an upper bound of M3. Here (51) is by (50) and rearrange-
ment.

Let Ms = Zk,h(Psﬁ,a’;(V;];l)z h+1(sh+1)2) and Mg = Zth(Psk > (V;l‘ﬂ)z) By Lemma 9, we
have that

Me < 4ZV(P it Vier) = 4M. (52)

By Lemma 14, we have that
P|3i, Ms 2 10 - 2'it, Mg < 2%it| < 6, (53)
which implies that
P[3i, Ms > 10 - 2'it, My < 227%i| < 6. (54)

Therefore, with probability 1 — ¢, for any i > 1, it either holds M5 < 10 - 2l or My > 252, By
(51), we have that

My < Ms + 4K + 40 VS2AKL: + 60S?ALt + 4U < Ms + 8K + 100S*ALt + 4U. (55)
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Suppose Ms > C > 8K + 100S2AL. + 4U, then we have that

M? C?
My > 6 > >
800clog,(C) — 800clog,(C)

3C. (56)

By (55), we have that Ms > M4 — (8K + 100S 2ALi+4U) > My—C > 2C. In this way, Ms is infinite,
which leads to contradiction. Therefore, with probability 1 — 8, Ms < 8K + 100S2AL¢ + 4U, and it
follows that

8 3KL

M, < 16K + 100S2AL +4U = O (K + polylog(SAK)) . (57)

Next, we bound M,. Using Lemma 12, we have that

P[M2 > 10 V16K + 200S2AL: + 4U,]

<P [Mz > 10V16K + 2008 2AL: + 4U, My < 16K + 2005 2ALs + 4U] +6
<26,

Finally, putting all together, with probability 1 — 6S Ad,

S < SBAPKL
E max W (r, P, 1) — E r(sk,ah)| <0 (polylog(SAK) ( VS2A2 + © ))
Vs

=1 h=1 1

The proof is completed.

Appendix F. Missing Proofs about Collecting Initial Samples

F.1. Approximated Reference Model
Define ¢ = log(1/6). Define {S} = S U {z,7’}. Define G; be the event where

N¥(s,a, s') 2P 45t L
IPS,a,S/ - k | S k‘a d + k (58)
N*(s,a) N*(s,a) 3N*(s,a)

holds for any proper k € [K], (s,a) € S X A. By Bennet’s inequality (see Lemma 13), we have that
P[G:1] > | — S2AKS. We continue the analysis assuming G holds.

Lemma 27_ Let k bf fixed. With probability 1 — S?A¢, e™!/5 P‘;eafl;, < Pi“a”;, < ells Prse;];, for any
(s,a,8) e SXAXS.

ref,k _ peutk _ ref,k _ peutk _
Proof For each (s,a) € U¥, Pgg. = P;,; = 1. Forany (s,a,s") ¢ K*, Py =P =0
ref,k

For s = 7,7/, we have that PIF = peutk 1otk peutk — 9 for any a.

“Za T T Za
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For (s,a, s") € K*, by the definition of G, and noting that n*(s, a, s") > 25652, 1/S < 1/2, we
have that

IN(s,a)Pyqy — N¥(s,a,5")|

< [2PsayNK(s,a) + %

1 L
< KN"(s, WPy +8SL+ 3

1 1 ,
< KNk(S’ APy + KNk(s’ a,s'),

which implies that
k L k , k L
N(s,a)e 5 Pgqy < N°(s,a,5) < N(s,a)e Py y.

Taking sum over s’ such that (s, a, s’) € K, we have that

1 1
Nk(s,a)e™ = Z Psuy < Z n*(s,a,s’) < N(s, a)e™ Z Psay-
s :(s,a,8")EK (s,a,5")EK (s,a,5")EK
Therefore, it holds that
k - k ’ k L
N*(s,a)e” s Ps,a,s’ < N*(s,a,s") < N*(s,a)ezs Ps,a,s’
1 = = 1 .
Nk(sa a)exs Z(S,a,s’)E‘K Psas Z(s,a,s/)EW Nk(s’ a, ') Nk(s’ a)e”2s Z(S,LLS')EW Psay

The proof is completed. n

F.1.1. PROOF OF LEMMA 7

lemma[Restatement of Lemma 7] With probability 1 — 10S3A%K$, it holds that
N5 a) > 2 max Wj, (1sa. P 15) log(1/5) (59)
e

sta

for any (5,a) € O*1/0F and any 1 <k < Kj.
Proof

Let Tgigger’f denote the value of Trigger in the end of the k-th round for k € [K;]. Fix k and
(3,a) e O /OF.

Recall that J := {k € [K{][3(h,a),(st,,,a) € O"). Define C := {k € J,k < k|Trigger* =
FALSE, (s%,a}") = (5,a)}.

By Algorithm 1, we have that |C| > 4001og(1/6). Let k € C be fixed. We first show that

1

W: (1., PF15) < —. 60
pert DA 2,12 PP 1) < 0 (60)
Recally =1 - d—12. By Lemma 18
1
uk(s) = max X7({s}, P, 15) > = max X7 ({s}, P, 15) (61)
nm€llsea Y 3 ”EHsta,n(&):a 2

k o4 ref,k 1 g ref,k

vi(s,a) = max Wi(1yq, P75, 15) > = max W) (1,4, P77, 1y). (62)
m€llg Y ’ 3 ”Ensta.n(i):& 2 ’
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For each s € S, if there exists @ and s’ such that (s, a, s”) ¢ K*, then we either have u*(s) < 12005
or N¥(s,a) > 100S2ANyu*(s)v*(s, a). Denote S’f = {s 1 uf(s) < ﬁ}. In the first case, we have
that

max X7 ({s}h, P, 15) < max X7 ({s}, P 1) (63)
nellgq,m(5)=a nellg,m(5)=a
< Xﬂ Pref,k 1~ 4
< 3”€H$§r>(<§):& 5 ({sh, 1) (64)
< 124%(s) (65)
1
< —.
100S

Here (63) holds by Lemma 31 and the fact that Pk = cut(P), (64) holds by Lemma 27 and
Lemma 5.
In the second case, by definition of G, we have that

2S Ny < 1
Nk(s,a) = 810S Auk(s, a)vk(s,a)

Pk = Z Psay < (66)

§,a,2
s :(s,a,5")¢K
For any stationary policy r such that n(§) = 4, noting that z is a transient state, the probability of

reaching z from some state s is bounded by the probability of reaching s. That is, for any state s, it
holds that ¥, W7 (L4, Pk 1Pk < X (s}, Pk 15). As a result, we have that

s,a,z —

wr ., P, o—ZW"(lm,P" 1P,

= Z ZWH (1Sa’Pk S)PAaZ+ Z ZWF (lsa’Pk S)PSLIZ

seSk a sgSk @
< XGPS+ Y Y W (L0, PP ©7)
seSk sgSka

Continuing the computation, we obtain that

Wgz(lz, Pk’ 15)

EDICEDIPN TS UL (68)

seSk sgSka

T pk
_400+ZZW (lsaeP S)Psaz
SéSk a
1

< 0 k 69

40() Z wis)-vi(s,a)- 8108 Auk(s)V*(s, a) ©

1
< —.
10

Here (68) is by (67) and (62), and (69) holds because (66) and the fact below
Wgz(ls,aa }‘)k, 15)
< max_ X5 ({shPN1p)-  max Wi (L. PA1Y)

€l m(5)=a n€lls,m(3)=a

< 9uk(s) . 9vk(s, a).
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Define E’l‘ to be the event z is visited under PX. So E’]c is corresponding to visiting (X*)¢ under
P. Let be X* be the count of (5, @) in the first d» steps, i.e., Xk = Zf’zl I[(s;, a;) = (§5,a)]. Then we

have that for any stationary policy m such that (%) = a,

Wi (52, P 15) = Bpe [ X = 151 2 Bpe [ XMII(ED) T = 15].

By definition of P¥ and EX, we obtain that

Ep [ X IIED N1 = 15] = Bp X IED N1 = 151,

which implies that W} (154, PX, 15) = Ep[X*I[(E))“1ju1 = 15].
On the other hand, by Lemma 20, we have that

1 1
Pr|x* > EEP,,T[X’% = 15] and (E)C | > 3

As a result, it holds that
W (L5, P, 15)
>Er p[X'TIED Ty = 15]
1 1
>—(1 — —)E, p[X |1 = 15
_2( 10) 7Pl |11 5]
9

=%W§2(13,a, P 15)

By (60) and Lemma 30, we have that for any stationary policy x such that 7(3) = a,
W) (50, P, 15) < W] (15,0, P 15) < 2W) (150, P, 15).

By Lemma 27 and 5, we further have that

Wi, (154, Pk 15) < 3W5, (5, P15 < 18W§2(1§,a,Pk, 15).

Combining (73) with (75), we learn that

Wi (54, P, 15) < OW7 (L5, P, 15) < 54W7 (154, P 15)

for any stationary policy n such that 7(5) = a.
Recall thaty =1 — diz. By running the policy

k 4 ref,k
T, = ar max W (15 P, 15)
2 8 relln(=a 74 i

using (72) and (76), with probability 1/2,
1
Xk > Zng(lg’a,Pref,k’ 1)
1 ~
> EW;TQ(lg,a,Pret’k, 15)
= i max iWﬂ'(1~~ Pref,k 1~)
12 relly,x(5)=a 12 y\ s , 15

1 1
—  max  — W' (154 PP, 15)

>
36 rellggn(s)=a 127
1
> — Wﬂ 1"*,P, 1.
~ 108 ﬂeﬂzgf}r%;):a dz( §,a s)

39

(70)

(71

(72)

(73)

(714)

(75)

(76)

(77)

(78)

(79



ZHANG J1 DU

samples of (§,a) in the k-th episode. Here (77) and (78) are by Lemma 18, and (79) holds by
Lemma 27 and Lemma 5.
By Lemma 10, with probability 1 — ¢ it holds that

NG5, a) > > xt
keC
>2  max WI(Ly,, P 1) log(1/6)

nellg,n(s)=a

=2 max W (154, P, 15) log(1/0). (80)

nelly,

The proof is completed.

F.1.2. STATEMENT AND PROOF OF LEMMA 28

Lemma 28 With probability 1 — 3S3A%KS6, it holds that | J| < O(polylog(S AK)S A3 log(1/6)).
Proof For fixed (s, a), we define
True(s,a) = {k € | Triggerk is set to be True with respect to (s, a)}.

Now we analyze the size of True(s,a). Let 7 = {k : K* # K*!}. Since K! c K?> c ... K* c
..., and the |K¥| < S2A for any k, we have that || < S2A. Suppose I = {ki, ko, ... NTE
Then we have that

7]
|Tme(s9 Cl)| = |True(s7 Cl) N [ki—lyki - 1]|’ (81)
i=1

where ky is defined as 1.
Then we have the lemma to bound |True(s, a)|.

Lemma 29 For any 1 < i < |I|, with probability 1 — 3S3A26, it holds that

Z Z [True(s, a) N [ki_1, k; — 11| < 480S (96008 *A> Ny + 553A2 log(1/5) + 25 2ANy).
(s,a) 1<i<|T]

By Lemma 29, we obtain that

1< >0 > [True(s,a) N[kt ki — 111+ Y 1| Trigger* = FALSE]

I<i<|I| s.a kelT]
= O(polylog(S AK)S A3 log(1/9)).

The proof is completed.
|

Proof [Proof of Lemma 29] Let i and (s, a) be fixed. Let Ay ;(s,a) = True(s,a) N [ki—1, ki — 1]. Let
K = K* for some k € A1,(s, a). The definition is proper since ¢k is the same for any k € Ay,(s, a).
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Recall thaty =1 — d]—z and

1
W¥(s) = max X7({s}, P*K,15) > = max X7 ({s}, P, 1) (82)
nellya 3 ”enmamk etk 2 5
1
Vi(s,a) = max Wi(Lea, PP, 1) > = max W] (Ly4, P, 1) (83)
m€llga 3 rell *k 2 ’

sla,lr(xT’k)=a1
Recall that 7r1,7r2 € Il are such that 7r"(s1 ) = 7r2(s1 ) = al kand

XD (s}, P 1, ) = u(s)

WL P, 1) = K5, a), (84)
By Lemma 18, and recalling di = d — d> > 10S log(S )d», we also have that
1
X”1 ), Ptk 1 i) 2 —X”l({s I I ) = U k(s) (85)
Wd;(lx,a,Pfef’k, 1) > gv’%s, a). (86)

By definition, for any k € Aj;(s,a), we have that N*(s,a) < 3008 ANou*(s)V*(s,a) and u*(s) >

—12503 . By Lemma 5 we have that

_ 1 1
cut,k - ref,k k
Xf({s}, N PR 3Xjf({s}, P ) 2 il (s) (87)

By Lemma 31, Lemma 27 and Lemma 5, we further have that
k -
Xﬂ '({s}, Pk 1 *A,k)
> x”l [ ) - W”‘(lz,Pk 1.4)
5
k pk

> %u (s) - W;’; (1, P41 000,

By rearranging the inequality, we have that

X ) P 1)+ Wi (L P10 2 X5, P10 2 () 2 5

Let E’; be reaching s without visiting K€ in the k-th episode and E’3‘ be reaching K€ in the first d
steps in the k-th episode. Then we have that

(88)

_ k -
Prpu [E5 U ES] = X3 (1s), P, 13*,k)+w”1(1z,Pk 1,.0) (89)
1
X'”/\ Pcutk 1 > k
a ¢ 2 30” (%)= 36005 ©0)

Therefore, if |A1 (s, a)| = 288005 log(1/6), by Lemma 10, with probability 1 — ¢, it holds that

I[EX] + I[EX] >
kEAl,,‘(S a)

1
Aq (s, a)| — log(1/6). 1
144OOS| 1,i(s, @) —log(1/6) ©On
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Define Aji(s,a) = {k € A1i(s,a) : ]I[E’z‘] = 1}. Let k € Aj;(s,a) be fixed. Also recall that
k
nlg(s) =aqaand W;Tz(ls,a, Ptk 1,) = V& (s, a). By Lemma 5 and (86), we have that
Wﬂg peut,k 1 k
d (ls,as P 1) > §V (s,a).

By Lemma 30, we have that

k _ k _ k -
WA (L, P10 2(1 = WA (L, PA 1)) - W2 (1, P, 1) (92)
1 _
231 = WL P 10) (5,0, (93)

Let Z* be the number of samples of (s,a) collected in the d; steps following n’é. Noting that
E[Z] = W’r (150, P 1)) > Wﬂz(lm,Pk 1,), by Lemma 20, we have that

Pr [z" > %(1 - Wf(lz,ﬁk, 1,)) - v&(s, a)] > (94)

N =

Note that for any k € A1 i(s,a), P k does not vary in k. By Lemma 27 and Lemma 5, we learn that

MiNgeA | (s.a) V k(s,a) > maneAl,(s )V k(s,a). As a result, by (94), we have that
Pr|Z* > i(1 —W”5(1 P51,)- max V(s a) > 1 (95)
- 96 dz @ > k'EAl,,'(S,a) ’ - 2.
Let kmax = Maxpen, (s.a) k' By Lemma 10, with probability 1 — ¢ it holds that
1 k = ’ A ACE) _1
I1ZF > —(1- W, 1, Pk, 1), max Wis,a)| > A2uls.2) ~ 1| —log(1/6),
96 2 A1i(s,a) 4
ke i (5,a),k<kmax
where it follows that
Ao i(s,a) — k _
7k > % _ _1 o(1/6) - % > owra B 1S)J max (s, ).
kE/\zyi(S,a),k<kmax kE/\z,i(s,a) A1 i(s a)
(96)

Let Eﬁ be the event E’2C occurs, and then the agent reaches K in the following d steps under 71’5.

Note that Wf(lz, Pi, 1) = E[Ejf]. By Lemma 10, with probability 1 — ¢ it holds that

k —
WRLPu1)<2 Y IES] +4log(1/6). 97)
ke i(s,a),k<kmax ke i(s,a),k<kmax
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By (91), (96) and (97), with probability 1 — 36, it holds that

Zk
ke i(s,a),k<kmax

1 [|A2(s,a)—1
29_6[% max vk(s,a)

kel i(s.a)

~Slog(1/6)-2 Y IE}]

kEAzyl‘(S,a)

11| 1
> — || ———|A1i(s, a)| - log(1/6) — JI[E’;]J —61log(1/6) -2 IE})
96 [4 [144003 e Az(l) keAzz,,-:‘s,a)

- max vk(s, a)
kEAl’,’(S,a)

|A1,i(s, @)l — 6log(1/6) — 2 Z I[ES U Eﬁ]]kef\naé ) Ve (s, a).
1,i(8,

> —
96 [576005 kel i(s.a)

Also note that by definition,

ZF < Nfmox (5, a) < 810S ANouF(s)V¥(s,a) < 810SAN; max (s, a),
K €A i(5:a).K' <kmax kehui(s.a)

we have that

|A1,i(s,a)l —6log(1/6) =2 Z ]I[Eé‘ U E]j]] < 8100008 ANp. (98)

[57600S keAy,i(s,a)

Taking sum over i, and noting that > ; 2% xeA, i(s.a) ]I[Eg‘ U Eﬁ] < §2ANy, we learn that

D77 IALiCs, @)l < 576008 (8100008 *A% Ny + 65 A% log(1/6) + 252 ANy) (99)
s,a 1<i<|7|
The proof is completed. |

F.1.3. PUTTING ALL TOGETHER

Combining Lemma 7 and 29, the proof is completed.

F.2. Other Missing Proofs

Lemma 5 (restated) Let the initial distribution u, be fixed. For two transition model P’ and P"
such that P’ is e-closed to P”, it holds that

e SWI(r, P ) < Wi P, i) < € Wi (r, P 1) (100)

for any stationary policy n, horizon d > 1 and any non-negative reward r.

Proof Let the policy « be fixed. First, we assume P’ only differs with P” at (s*,a"), where a* =
n(s*)°. Moreover, we assume that there are only two possible next states of (s*,a*), which are
denoted as s; and s,..

5. Here we deal with a deterministic policy 7. The proof also works for non-deterministic policies.

43



ZHANG J1 DU

Letp; = Pl oo Py = 1= pp p) = P . and p)’ = 1 — pj’. We assume that the agent starts
at (s*,a"), since the transitions of the two models are exactly the same before visiting (s*, a*). For

each (s,a, s’), we define

d
wi(s,a,5") = Eqxpr

I[(si, ai, siv1) = (s,a, 5] | (s1,a1) = (s*,a*)};
i=1
d
W:ZI(S’ a, SI) = Eqpr

I[(si, ais siv1) = (s,a, 81| (s1,a1) = (s*,a*)}.
i=1
wzl(s,a,s')
W;;(S,a,b‘l) .
Assuming p). > p//, by policy difference lemma (Lemma 32) we then have that for any d,
wi(s*,a*, s,) = w/(s*,a, s;) and W/ (s*,a", s)) < w/(s",a", s).
By definition it follows that

For fixed h, we define «; (s, a, s") := minj<g<,

Ky (s*,a", s,) > 1

K, (s*,a",s51) < 1

Let (s,a, s") be fixed. Let x;4, 4,(xr.4,.4,) be the probability of visiting (s, a, s") at the d,-th step
starting from s;(s,) at the d;-th step without visiting (s*, a*) between the d;-th and d,-th step. By
definition, x;4, 4, only depends on (d2 — d;) and we can rewrite x4, 4, as x;(dy — dp). Similarly
we define x.(d> — di) = X,.q4,4,- Note that x;(d")(x,(d’)) do not depends on p.. Since the initial
state-action pair is (s*, a*), for any 4’ € [h] we have that

n n
Wh(s,a,5) = > > ®Bplsa, = sl +Prlsa = $:1%a,.4)

di=1 dy=d,
W %
51 Z Xidydy + P lsa; = 5] Z Xr.dy dy

h/
= Z (PP' [Sdl
di=1

dy=d, dr=d,
n h/—d1+l h/—d1+l
= > |Brlsa =1 D) xld) +Pplsq =51 D xi(da)
di=1 dr=1 dr=1

W W —dy+1 W W —dy+1
= Z xl,l,dz( Z Pplsa, = Sz]} + Z -xr(dZ){ Z Pplsa, = Sr]]
di=1

dr=1 dr=1 di=1
n n
= > AWy gy (50" 5D+ D xdo)Wiy_g (57" 5)
dr=1 dr=1
n n
> ku(s", @, 51) Z X AWy _g, 1 (87,07, 50) + Z X (d)W_ gy 1 (87,07, 51)
dr=1 dr=1

=k (s™, @, spwy, (s, a, s).
By definition, we then have that

K, (s*,a", s1) < K (s,a,s") (101)
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Note that for any d > 1,

wi(s", ", sp)/ pr = wy(s™,a", s/ pl;

wy(s*,a”, sp)/p = wy(s",a", s/ p;.

We then have that

/ 3k * ’ 144 / * *
. owistat, sy prpl . owist,at, )
1 <k, (s*,a",s,) = min fi MRS f f, min jd, . SBZEK;Z(S*,G*,SI)SBZE. (102)
I<d<h w(s*,a*,sy)  pipy 1<d<h w(s*,a*, s;)

By (101) and (102), we have that «; (s, a, s") > k,(s*,a", s,) > e~2¢ for any h > 1 and any (s, a, "),
which implies that

w(s,a,s’) > e‘zew;’(s, a,s’)

for any d > 1 and any (s, a, s"). By reversing s; and s,, we can obtain that
w/(s,a,s") > e_zewzi(s, a,s’)

for any d > 1 and any (s,a, s’). The proof is completed by noting that any reward r is a positive
linear combination of {1, ¢ }(s.4,5)eSxAXS -

As for the general case, we also the case where P’ only differs with P at (s*,a"). Let p" = P, ..
and p” = P{. ... We claim there exists po = p’, p1, p2,..., ps = p”’ satisfying that: s ,Sg,Sé be
a partition of S such that

Pis = Pirl s, VS €S, pis=e€ipi1 Vs €S, pis=e 4 pirsVseS, (103)

for1 <i< S —1with ei’ , el.” > 0 and ZI.S:_I] max{el.’ , el.”} < 2e. If this claim holds, then the conclusion
holds by iteratively using the proof for the case where there are only two possible next states. Now
we construct {p;}. Give p; = p’, we define &’ = {s : p; > pY}. For A € [0, 1], define p; , by
setting pyas = Ap1s for s € 8 and py s = A'py1 for s € &, where A’ is the unique real such
that 3. p1ay = 1. Let Ay be the largest real in [0, 1] such that 3s”, p1,, v = p’,. We then choose
p2 = p1y,- Fori > 2, we define p;, by setting p; s = pi, Vs such that p; s = p%, pias = Apis, Vs
such that p; ; > p% and p; s = A'pis, Vs such that p; ; < p?/, where A" is the unique real such that
2y Pids = 1. Let A; be the largest real such that 3, s” such that p; ¢ # p’, and p; ¢ = p}; and 4]
be the corresponding A". Then we set p;+1 = p; 4. It is easy to note that for s’ = arg max S—é}, Dis'
is increasing in i, therefore, we have that HI.S:_II/% < ef. In a similar way, Hf:‘ll/ll’. < ef. The proof is
completed. |

Lemma 30 For any stationary policy n and any transition model p and any (s,a) € S X A such
that n(s) = a and p,, = 1;,Va, it holds that

(- Wg(lz’ p; Is))Wg(Is,aa cut(p), I5) < Wg(ls,a, p. 1) < Wg(-ls,a’ cut(p), Iy).
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Proof Let p’ = cut(p). By policy difference lemma (Lemma 32), we have that

Wg(ls,a, D ls) - Wg(ls,a’ P’, ls)

d-1
= Ep,n Z Z(psh,ah,s’ - p;h,ah,s/)Wg_h(ls,a, P’, 1y)
h=1 s
d-1
> <Epr | Y Popanellsn # 21| Wi, ', 1) (104)
h=1
= _Wg(lz, p. 1) Wg(ls,aa P’, 1,). (105)

Here (104) uses the fact that
Wzir_h(ls,a’ p.1y) < Wzir(ls,a, p,1y) < Wg(ls,a’ P, 1y).

The left part is proven by rearranging (105). As for the right side, it suffices to note that for any
(s,a) such that ps, . < 1,

(ps;,,ah - P;h,ah)Wg_h(ls,a, PI, IS/,,a;,) = _Psh,ah,zwg_h(ls,a, p’, lsh,ah) <0,

and for (s, a) such that ps,. = 1, (pg,.a, — p;h’ah)Wg_h(ls,a,p’, 15,.4,) = 0. The proof is completed.
[ |

Lemma 31 Let the initial distribution u; and s € S be fixed. Let n be a policy (which is possibly
non-stationary). Suppose p,, = 1, for any a. Then we have that

X5 ({s}, p. 1) = X5({s}, cut(p), uy) = Wi, p, uy).

Proof [Proof of Lemma 31] Let p be defined as py » = py for s’ # s and any a, and p,, = 1,
for any a, where p;, , = 1, and p;, , = 1, for any a. We also define p’ by p’ = p} , for s’ # s and
any a, and p; , = 1, p, , =1 and p,, , = 1, for any a. Then we have that

XG({s}, popr) = Wiy, P, pa1)s
XG(sh p'o ) = Wik, p'o ). (106)

Using policy difference lemma (Lemma 32), and noting that 0 < W7 (1, p’, 1) < 1 for any 0 <
d’ < d+ 1, we obtain that

d-1
Wg(lzl ’ﬁ’/‘tl) Z W:]T(lzl ’ ﬁ”ﬂl) - E[)J{ Z psh,ah,z]l[sh :/t Z]
h=1
= Wg(lzl’p’,/ll) - Wg(lh ﬁuul)
> W1y, p's 1) — Wy, p, i), (107)
where the last line is by the fact that
d-1
Wg(lz, P’,ul) - Wg(lza 15,#1) = Ep,n Z(psh,ah - ﬁs;,,ah)Wg(lza p, ls;,,ah)]l[sh #2z]|>20. (108)
h=1
|
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Lemma 32 Let p and p’ be two different transition model. Let the reward r, policy n, horizon d
and initial distribution p; be fixed. It then holds that

Wi(r, popr) = Wir, p', 1)

d
= > Prplsian) = (5,51 ~ 1] Y (Pray = Pra Wi 0 1) (109)

h=1 s,a s’

Proof Let fi; be the distribution of s;;1 under p for i > 0. Define w; = WZ(r, p, 1) + Wg_l.(r, P’ ).
Then we have that wy = W/(r, p, 1) and wo = W/ (r, p’, p11). Then the proof is completed by noting
that

Whil = Wh

=W (r,p,) + Wi, (r, P’y i) = Wi, ppn) + W (r, P i)

= " ()1 @l)rns1(s,@) + Wii__ (5 P finst) = Wi p' i)

s,d

= > () Tnsr @) (s,@) + Wiy p/ s finer)
s,a

= > () mher @) rher(s,@) + Pl Wiy (' 1)
s,a s’

= D () Tne1(@ls) D Pray Wi (0 1) = D n($)mner(@ls) Y. Pl Wiy (1, 15).
s,a s’ s,a s’

Here the second last inequality is by the fact that fi,41(s") = X5 4 fin($)mh+1(als)psas |
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