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Abstract

Reinforcement learning (RL) algorithms can be used to provide personalized services, which
rely on users’ private and sensitive data. To protect the users’ privacy, privacy-preserving
RL algorithms are in demand. In this paper, we study RL with linear function approx-
imation and local differential privacy (LDP) guarantees. We propose a novel (g,0)-LDP
algorithm for learning a class of Markov decision processes (MDPs) dubbed linear mixture
MDPs, and obtains an O(d%/4H7/AT3/4 (log(l/é))1/4 \/1/¢) regret, where d is the dimension
of feature mapping, H is the length of the episodes, and T is the number of interactions
with the environment. We also prove a lower bound Q(dH+/T/ (ef(ef — 1))) for learning
linear mixture MDPs under e-LDP constraint. Experiments on synthetic datasets verify
the effectiveness of our algorithm. To the best of our knowledge, this is the first provable
privacy-preserving RL algorithm with linear function approximation.

Keywords: Machine learning, Reinforcement learning, Differential privacy, Linear mixture
MDPs

1. Introduction

Reinforcement learning (RL) algorithms have been studied extensively in the past decade.
When the state and action spaces are large or even infinite, traditional tabular RL algo-
rithms (e.g., Watkins, 1989; Jaksch et al., 2010; Azar et al., 2017) become computationally
inefficient or even intractable. To overcome this limitation, modern RL algorithms with
function approximation are proposed, which often make use of feature mappings to map
states and actions to a low-dimensional space. This greatly expands the application scope of
RL. While RL can provide personalized service such as online recommendation and person-
alized advertisement, existing algorithms rely heavily on user’s sensitive data. Recently, how
to protect sensitive information has become a central research problem in machine learn-
ing. For example, in online recommendation systems, users want accurate recommendation
from the online shopping website to improve their shopping experience while preserving
their personal information such as demographic information and purchase history.
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Differential privacy (DP) is a solid and highly successful notion of algorithmic privacy
introduced by Dwork et al. (2006), which indicates that changing or removing a single
data point will have little influence on any observable output. However, DP is vulnerable
to membership inference attacks (Shokri et al., 2017) and has the risk of data leakage. To
overcome the limitation of DP, a stronger notion of privacy, local differential privacy (LDP),
was introduced by Kasiviswanathan et al. (2011); Duchi et al. (2013). Under LDP, users
will send privatized data to the server and each individual user maintains its own sensitive
data. The server, on the other hand, is totally agnostic about the sensitive data.

(Local) differential privacy has been extensively studied in multi-armed bandit prob-
lems, which can be seen as a special case of MDPs with unit episode length and without
state transition. Nevertheless, Shariff and Sheffet (2018) proved that the standard DP is
incompatible in the contextual bandit setting, which will yield a linear regret bound in
the worst case. Therefore, they studied a relaxed version of DP named joint differential
privacy (JDP), which basically requires that changing one data point in the collection of
information from previous users will not have too much influence on the decision of the
future users. Recently, LDP has attracted increasing attention in multi-armed bandits.
Gajane et al. (2018) are the first to study LDP in stochastic multi-armed bandits (MABs).
Chen et al. (2020) studied combinatorial bandits with LDP guarantees. Zheng et al. (2020)
studied both MABs and contextual bandits, and proposed a locally differentially private
algorithm for contextual linear bandits. However, differentially private RL is much less
studied compared with bandits, even though MDPs are more powerful since state transi-
tion is rather common in real applications. For example, a user may click a link provided
by the recommendation system to visit a related webpage, which can be viewed as state
transition. In tabular RL, Vietri et al. (2020) proposed a e-JDP algorithm and proved an
O(WHASAT + SAH3(S + H)/c) regret, where H is the episode length, S and A are the
number of states and actions respectively, K is the number of episodes, and T' = K H is the
number of interactions with the MDP. Recently, Garcelon et al. (2020) designed the first
LDP tabular RL algorithm with an O(max {H3/252A\/T/€, HS~VATY) regret. However, as
we mentioned before, tabular RL algorithms suffer from computational inefficiency when
applied to large state and action spaces. Therefore, a natural question arises:

Can we design a privacy-preserving RL algorithm with linear function approximation while
maintaining the statistical utility of data?

In this paper, we answer this question affirmatively. More specifically, we propose a
locally differentially private algorithm for learning linear mixture MDPs (Jia et al., 2020;
Ayoub et al., 2020; Zhou et al., 2021b) (See Definition 3.1 for more details.), where the tran-
sition probability kernel is a linear function of a predefined d-dimensional feature mapping
over state-action-next-state triple. The key idea is to inject Gaussian noises into the sen-
sitive information in the UCRL-VTR backbone, and the main challenge is how to balance
the tradeoff between the Gaussian perturbations for privacy preservation and the utility to
learn the optimal policy.

Our contributions are summarized as follows.

e We propose a novel algorithm named LDP-UCRL-VTR to learn the optimal value func-
tion while protecting the sensitive information. We show that our algorithm guarantees
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(¢,6)-LDP and enjoys an O(d*H7/AT3/4 (1og(1/8))"/* \/1/e) regret bound, where T is
the number of rounds and H is the length of episodes. To our knowledge, this is the first
locally differentially private algorithm for RL with linear function approximation.

e We prove a Q(dH~/T/ (ef(ef — 1))) lower bound for learning linear mixture MDPs under
e-LDP constraints. Our lower bound suggests that the aforementioned upper bound
might be improvable in some parameters (i.e., d, H,T'). As a byproduct, our lower bound
also implies Q(dv/T/ (¢*(ef — 1))) lower bound for e-LDP contextual linear bandits. This
suggests that the algorithms proposed in Zheng et al. (2020) might be improvable as well.

Notation We use lower case letters to denote scalars, lower and upper case bold letters
to denote vectors and matrices. For a vector x € R? | we denote by |x|; the Manhattan
norm and denote by |x[|2 the Euclidean norm. For a semi-positive definite matrix ¥ and
any vector x, we define x|y, := H21/2XH2 = vVx"Xx. 1(-) is used to denote the indicator
function. For any positive integer n, we denote by [n] the set {1,...,n}. For any finite set
A, we denote by |A| the cardinality of A. We also use the standard O and Q) notations,
and the notation O is used to hide logarithmic factors. We denote Dy, = {D1,...,Dp}.
For two distributions p and p’, we define the Kullback-Leibler divergence (KL-divergence)
between p and p’ as follows: KL(p,p') = §p(z) log (p(z)/p'(z)) dz.

2. Related Work

Reinforcement Learning with Linear Function Approximation Recently, there have
been many advances in RL with function approximation, especially in the linear case. Jin
et al. (2020) considered linear MDPs where the transition probability and the reward are
both linear functions with respect to a feature mapping ¢ : S x A — R?, and proposed
an efficient algorithm for linear MDPs with O(vVd®H3T) regret. Yang and Wang (2019a)
assumed the probabilistic transition model has a linear structure. They also assumed that
the features of all state-action pairs can be written as a convex combination of the anchoring
features. Wang et al. (2019) designed a statistically and computationally efficient algorithm
with generalized linear function approximation, which attains an (5(H V3T ) regret bound.
Zanette et al. (2020) proposed RLSVI algorithm with O(d2vH*T) regret bound under
the linear MDPs assumption. Jiang et al. (2017) studied a larger class of MDPs with
low Bellman rank and proposed an OLIVE algorithm with polynomial sample complexity.
Another line of work considered linear mixture MDPs (a.k.a., linear kernel MDPs) (Jia
et al., 2020; Ayoub et al., 2020; Zhou et al., 2021b), which assumes the transition probability
function is parameterized as a linear function of a given feature mapping on a triplet 1 :
Sx AxS — R% Jia et al. (2020) proposed a model-based RL algorithm, UCRL-VTR,
which attains an O(dv/H3T) regret bound. Ayoub et al. (2020) considered the same model
but with general function approximation, and proved a regret bound depending on Eluder
dimension (Russo and Van Roy, 2013). Zhou et al. (2021a) proposed an improved algorithm
which achieves the nearly minimax optimal regret. He et al. (2021) showed that logarithmic
regret is attainable for learning both linear MDPs and linear mixture MDPs.

Differentially Private Bandits The notion of differential privacy (DP) was first intro-
duced in Dwork et al. (2006) and has been extensively studied in both MAB and contex-
tual linear bandits. Basu et al. (2019) unified different privacy definitions and proved an
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Q(VKT/ (e(ef — 1))) regret lower bound for locally differentially private MAB algorithms,
where K is the number of arms. Shariff and Sheffet (2018) derived an impossibility result
for learning contextual bandits under DP constraint by showing an Q(T") regret lower bound
for any (g,6)-DP algorithms. Hence, they considered the relaxed joint differential privacy
(JDP) and proposed an algorithm based on Lin-UCB (Abbasi-Yadkori et al., 2011) with
(5(\/? /€) regret while preserving e-JDP. Recently, a stronger definition of privacy, local
differential privacy (Duchi et al., 2013; Kasiviswanathan et al., 2011), gained increasing
interest in bandit problems. Intuitively, LDP ensures that each collected trajectory is dif-
ferentially private when observed by the agent, while DP requires the computation on the
entire set of trajectories to be DP. Zheng et al. (2020) proposed an LDP contextual linear
bandit algorithm with O(d34T?/4) regret.

Differentially Private RL In RL, Balle et al. (2016) is the first to propose a private
algorithm for policy evaluation with linear function approximation. In the tabular setting,
Vietri et al. (2020) designed a e-JDP algorithm for regret minimization which attains an
O(VHASAT+SAH3(S+H)/e) regret. Later, Garcelon et al. (2020) presented an optimistic
algorithm with LDP guarantees, which enjoys an O(max {H?’/QS’QA\/T/S, HS\/ﬁ}) regret
upper bound. They also provided a Q(vHSAT/min {exp(e) — 1,1}) regret lower bound.
However, all these private RL algorithms are in the tabular setting, and private RL algo-
rithms with linear function approximation remain understudied. Recently, an independent
(concurrent) work by Luyo et al. (2021) also studied (locally) differentially private rein-
forcement learning and proposed an almost same algorithm as ours with slightly different
parameter choice. Later, Zhou (2022) studied the joint differential privacy guarantee for
linear mixture MDPs, and their result can be potentially extended to the locally differential
privacy. Nevertheless, neither Luyo et al. (2021) or Zhou (2022) provided a lower bound for
regret.

3. Preliminaries

In this paper, we study locally differentially private RL with linear function approximation
for episodic MDPs. In the following, we will introduce the necessary background and
definitions.

3.1. Markov Decision Processes

Episodic Markov Decision Processes We consider the setting of an episodic time-
inhomogeneous Markov decision process (Puterman, 2014), denoted by the following tuple
M = M(S,AH, {rh}hH:1 , {Ph}hH:1)7 where S is the state space, A is the action space, H
is the length of each episode, r, : S x A — [0, 1] is the deterministic reward function and
Py (s'|s,a) is the transition probability function which denotes the probability for state s
to transfer to state s’ given action a at stage h. A policy m = {Wh}thl is a collection of
H functions, where 7j,(s) denote the action that the agent will take at stage h and state
s. Moreover, for each h € [H], we define the value function V;" : & — R that maps state
s to the expected value of cumulative rewards received under policy = when starting from
state s at the h-th stage. We also define the action-value function Q} : § x A — R which
maps a state-action pair (s, a) to the expected value of cumulative rewards when the agent
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starts from state-action pair (s,a) at the h-th stage and follows policy 7 afterwards. More
specifically, for each state-action pair (s,a) € S x A, we have

H

Q5 (s,a) =rp(s,a) + E Z Th (shf,ﬂh/(sﬁl)) JVii(s) = Qg(s,ﬂh(s)) ,

h'=h+1

where sp, = s,ap, = a and sy ~ Pp(- | spryap).
For each function V' : & — R, we further denote [PrV](s,a) = Egy. p,(.|s,a)V (s'). Using
this notation, the Bellman equation with policy w can be written as

QZ(Sv a) = rh(‘g?a) + [thfﬂrl] (57 a’)v Vhﬂ(s) = QZ(Svﬂh(s))7 Vlz}-&-l(s) =0,

We define the optimal value function V;* as V;*(s) = max, V;7(s) and the optimal action-
value function Q} as Qj (s, a) = max,; QF (s, a). With this notation, the Bellman optimality
equation can be written as follows

Q;kz(sv a) = rh(sv a) + [thh*Jrl] (saa)? Vh*Jrl(s) = Igsaji( QZ(87Q)’

where V77, 1 (s) = 0. In the setting of an episodic MDP, an agent aims to learn the optimal
policy by interacting with the environment and observing the past information. At the
beginning of the k-th episode, the agent chooses the policy 7 and the adversary picks the
initial state s¥. At each stage h € [H], the agent observes the state sh, chooses an action

following the policy af = w¥(sF) and observes the next state with sf, | ~ Py(-[sf,af). The

difference between Vi*(s¥) and V/" (81) represents the expected regret in the k-th episode.
Thus, the total regret in first K episodes can be defined as

Regretao—i(vl () = VI (s1) -

k=1

Linear Function Approximation In this work, we consider a class of MDPs called
linear mizture MDPs (Modi et al., 2020; Jia et al., 2020; Ayoub et al., 2020; Zhou et al.,
2021b), where the transition probability function can be represented as a linear function
of a given feature mapping ¢(s'|s,a) : S x A x S — R? satisfying that for any bounded
function V' : S — [0, H] and any tuple (s,a) € S x A, we have

lpv (s, a)l, < H, where ¢y (s,a) = > ¢(s'|s,a)V(s). (3.1)

s'eS

Formally, we have the following definition:

Definition 3.1 (Jia et al. 2020; Ayoub et al. 2020; Zhou et al. 2021b). An Markov Decision
Processe (S, A, H, {r,};_, , {Py};_,) is an inhomogeneous, episodic bounded linear mixture
MDP if there exist vectors 6, € R? with |6}, < < +/d and a feature map ¢ : S x Ax S — R?
satisfying (3.1) such that Pp,(s" | s,a) = (¢(s'| s, a), 0;) for any state-action-next-state triplet
(s,a,8') €S x A x S and stage h.

Therefore, learning the underlying 0; can be regarded as solving a “linear bandit”
problem (Part V, Lattimore and Szepesvari (2020)), where the context is ¢v; ., (sF,ak) e
R?, and the noise is Vk7h+1(sﬁ+1) — []P’th,h+1](SZ7 aﬁ).



Liao HE Gu

Remark 3.2. Linear mixture MDPs have been widely studied in the literature (Modi
et al., 2020; Ayoub et al., 2020; Zhou et al., 2021b; Cai et al., 2020; Zhou et al., 2021a; He
et al., 2021; Wu et al., 2022; He et al., 2022) for reinforcement learning with linear function
approximation, and it contains several important MDPs models such as tabular MDP and
feature embedding of transition model (Yang and Wang, 2019b).

Example 3.3 (Tabular MDPs). In particular, for any tabular Markov Decision Process
M(S, A, H, {rp}L {P,}L ) with finite state space S and finite action space A, it can
be represented by a linear mixture MDP with dimension d = |S|*|A]. More specifi-
cally, the transition probability function can be written as the inner product between
the one-hot feature mapping ¢(s'|s,a) = €(s,a,5'), and the unknown parameter vector

0, = [Ph(sl‘sa a)]s’eS,seS,aeA-

Example 3.4 (Feature embedding of transition model Yang and Wang 2019b). For any
feature embedding of transition model, it assumes that the transition probability function
can be denoted by Py (s|s,a) = ¢(s,a) " Mpap(s'), where ¢(s,a) : S x A — R4 4p(s) :
S — R% are feature mappings based on the state and action, and M, is the unknown
parameter matrix. This model can be represented as a linear mixture MDP with the
dimension d = dyds. More precisely, the transition probability function can be written as
the inner product between the feature mapping ¢(s'[s,a) = vec(¥(s')@(s,a)") and the
unknown parameter vector 8, = vec(IMy,).

3.2. (Local) Differential Privacy

In this subsection, we introduce the standard definition of differential privacy (Dwork et al.,
2006) and local differential privacy (Kasiviswanathan et al., 2011; Duchi et al., 2013). We
also present the definition of Gaussian mechanism.

Differential Privacy Differential privacy is a mathematically rigorous notion of data
privacy. In our setting, DP considers that the information collected from all the users can
be observed and aggregated by a server. It ensures that the algorithm’s output renders
neighboring inputs indistinguishable. Thus, we formalize the definition as follows:

Definition 3.5 (Differential Privacy). For any user k € [K], let Dy be the information
sent to a privacy-preserving mechanism from user k£ and the collection of data from all the
users can be written as {Dy}y. = {D1,...,Dg,...,Dk}. For any e > 0 and § > 0, a
randomized mechanism M preserves (g, d)-differential privacy if for any two neighboring
datasets {Dy}y.,{D}};.0 S Z which only differ at one entry, and for any measurable
subset U € Z, it satisfies

P(M({Dihyse) € U) < B (M ({Dh}, ) € U) + 4.
where {Dk}lzK = {Dl, - .,Dk, - .,DK}, {D;c}lzK = {Dl, ey ;C, ce ,DK}.

Local Differential Privacy In online RL, we view each episode k € [K] as a trajectory
associated to a specific user. A natural way to conceive LDP in RL setting is to guarantee
that for any user, the information sent to the server has been privatized. Thus, LDP
ensures that the server is totally agnostic to the sensitive data, and we are going to state
the following definition:
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Definition 3.6 (Local Differential Privacy). For any ¢ > 0 and § > 0, a randomized
mechanism M preserves (g,0)-local differential privacy if for any two users u and u' and
their corresponding data D,,, D, € U, it satisfies:

P(M(Dy)eU) <eP(M(Dy)elU)+6, Uel.

Remark 3.7. The dataset {Dy},., in DP is a collection of information from users 1, ..., K,
where the subscript indicates the k-th user. Post-processing theorem implies that LDP is a
more strict notion of privacy than DP.

Now we are going to introduce the Gaussian mechanism which is widely used as a
privacy-preserving mechanism to ensure DP/LDP property.

Lemma 3.8. (The Gaussian Mechanism, Dwork et al. 2014). Let f : X — R? be
an arbitrary d-dimensional function (a query), and define its fy sensitivity as Aqof =
MaX,djacent(x,y) I.f () — f(y)[,, where adjacent(wx,y) indicates that z,y are different only
at one entry. For any 0 < ¢ < 1 and ¢® > 2log(1.25/6), the Gaussian Mechanism with
parameter o = cAyf /e is (g, 0)-differentially private.

4. Algorithm

We propose LDP-UCRL-VTR algorithm as displayed in Algorithm 1, which can be re-
garded as a variant of UCRL-VTR algorithm proposed in Jia et al. (2020) with (e, 0)-LDP
guarantee. Algorithm 1 takes the privacy parameters ¢, as input (Line 1). For the first
user k = 1, we simply have Ay = 31, = Al and 6, = 0 (Line 4). For local user k and
received information Af;, u’fL, the optimistic estimator of the optimal action-value function
is constructed with an additional UCB bonus term (Line 6),

Qun(e ) « miﬂ{Ha (s ) + <§k,ha AV O ')> + B HEI;}/Q¢V,€,H1(', ')HQ} ,

and 3 is specified as cd®*(H—h+1)32k*log(dT /a) (log((H — h + 1)/5)1/4 \/1/e, where cis
an absolute constant. From the previous sections, we know that learning the underlying 67
can be regarded as solving a “linear bandit” problem, where the context is ¢y, , ., (sﬁ, aﬁ) €
R?, and the noise is Vk7h+1(sﬁ+1) — [IP’thﬁH](sﬁ,aZ). Therefore, to estimate Qj, it suf-
fices to estimate the vector @} by ridge regression with input PV +1(st, a]fL) and output
Vk7h+1(sfi +1)- In order to implement the ridge regression, the server should collect the in-
formation of gbvk’hﬂ(sﬁ,aﬁ)cj)vk’hﬂ(sfl,a’,’j)T and Vi, p41(sf ;) from each user k (Line 15).
Thus, we need to add noises to privatize the data before sending these information to the
server in order to kept user’s information private. In LDP-UCRL-VTR, we attain LDP
by adding independent Gaussian noises: symmetric Gaussian matrix and d-dimensional
Gaussian noise (Line 12 and Line 13). For simplicity, we denote the original information
(without noise) AAF = ¢, ., (sh, an) v iy (Shyan) T AT = by, o, (SF, af ) Vaner () 4),
where k indicates the user and h indicates the stage. Since the input information to the
server is kept private by the user, it is easy to show that LDP-UCRL-VTR algorithm satis-
fies (g,0)-LDP. After receiving the information from user 1 to user k, the server aggregates
information Ay p, g, and maintains them for H stages separately (Line 18). Besides, since
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Algorithm 1 LDP-UCRL-VTR
Require: privacy parameters ¢, J, failure probability «, parameter A

1: Set o = 4H3/2log(2.5H/5)/s

2: foruser k=1,...,K do
3:  For the local user k: R R
4: Receive {3 1,..., 8 #,0k1,...,0,n} from the server
5 for h=H,...,1do
. A~ —1/2
e o < b s 1+ (B a1} o 3]
T: Vien (1) < maxg Qg (-, a).
8.
9

end for
. Receive the initial state s%
10 forh=1,...,H do

11: Take action af « argmax,c 4 Qr,n(s}), and observe sf

12: Set AAp <« ¢Vk,h+1(8h,Gh)¢vk,h+1(8h7ah)T + Wy n, where Wy, 5,4, j) = Wy ,(4,1)
and Wy 5 (i, 7) "X N(0,02), Vi < j

13: Set Auy, < qbvk7h+1(sﬁ, a’fL)VkﬁH(SIfLH) + &3, where &, ~ N (04, 0%I3.4)

14:  end for

15 Send D* = {AA4,...,AAy, Auy,...,Auy} to the server
16:  For the server:

17 for h=1,...,H do

18: Apiih < A + AAp, gy < Uy + Auy,
19: Sha1h — Apgrn 71
A 1
20 Orr1h < (Brs1n) Urirn
21: end for
22: Send {2k+1,17 ce 2k+1,H7 0k+1,17 ey 0k+1,H} to user k£ + 1
23: end for

the Gaussian matrix may not preserve the PSD (Positive semi-definite) property, we adapt
the idea of shifted regularizer in Shariff and Sheffet (2018) and shift this matrix Ay by
rI to guarantee PSD (Line 19). We then calculate §k+17h and send X1 p, §k+1,h back to
k + 1-th user in order to get a more precise estimation of 8} for better exploration.

Comparison with related algorithms. We would like to comment on the difference
between our LDP-UCRL-VTR and other related algorithm. The key difference between our
LDP-UCRL-VTR and UCRL-VTR (Jia et al., 2020), which is the most related algorithm,
is that we add additive noises to the contextual vectors and the optimistic value functions
in order to guarantee privacy. Then the server collects privatized information from different
users and update A, u for ridge regression. A shifted regularizer designed in Shariff and
Sheffet (2018) is used to guarantee PSD property of the matrix. It is easy to show that
if we add no noise to user’s information, our LDP-UCRL-VTR algorithm degenerates to
inhomogeneous UCRL-VTR. Another related algorithm is the Contextual Linear Bandits
with LDP in Zheng et al. (2020), which is an algorithm designed for contextual linear
bandits. Setting H = 1, our LDP-UCRL-VTR will degenerate to Contextual Linear Bandits
with LDP in Zheng et al. (2020).
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5. Main Results

In this section, we provide both privacy and regret guarantees for Algorithm 1. The detailed
proofs of the main results are deferred to the appendix.

5.1. Privacy Guarantees

Recall that in Algorithm 1, we use Gaussian mechanism to protect the private information
of the contextual vectors and the optimistic value functions. Based on the property of
Gaussian mechanism, we can show that our algorithm is (g, )-LDP.

Theorem 5.1. Algorithm 1 preserves (g, §)-LDP.

The privacy analysis relies on the fact that if the information from each user satisfies
(¢,6)-DP, then the whole algorithm is (e, d)-LDP.

5.2. Regret Upper Bound
The following theorem states the regret upper bound of Algorithm 1.

Theorem 5.2. For any fixed a € (0, 1), for any privacy parameters ¢ > 0 and ¢ > 0, if we set
the parameters A = 1 and 8, = O(d34(H —h+1)%2kY*log(dT /o) (log((H — h + 1)/(5))1/4 v/ 1/e)
for user k, with probability at least 1 — «, the total regret of Algorithm 1 in the first T steps

is at most O(d*H"/AT3/*1og(dT /) (10g(H/5))1/4 \/1/¢), where T = K H is the number of
interactions with the MDP.

Remark 5.3. By setting the failure probability o = d, our regret bound can be written as
O(d>/*H/AT3/4 (log(H/é))l/4 +/1/¢). Compared with UCRL-VTR, which enjoys an upper
bound of (5(d\/ H3T), our bound suggests that learning the linear mixture MDP under the
LDP constraint is inherently no easier than learning it non-privately.

5.3. Regret Lower Bounds

In this subsection, we present a lower bound for learning linear mixture MDPs under the e-
LDP constraint. We follow the idea firstly developed in Zhou et al. (2021a), which basically
shows that learning a linear mixture MDP is no harder than learning H /2 linear bandit
problems. As a byproduct, we also derived the regret lower bound for learning e-LDP
contextual linear bandits.

In detail, in order to prove the regret lower bound for MDPs under e-LDP constraint,
we first prove the lower bound for learning e-LDP linear bandit problems. We adapted
the proof techniques in Lattimore and Szepesvéri (2020, Theorem 24.1) and Basu et al.
(2019). In the non-private setting, the observed history of a contextual bandit algorithm in
the first 7' rounds can be written as Hp = {xy, yt}thl. Given history H;_1, the contextual
linear bandit algorithm chooses action x;, and the reward is generated from a distribution
fo(:|x¢), which is conditionally independent of the previously observed history. We use Pf’g
to denote the distribution of observed history up to time 7', which is induced by 7 and fp.
Hence, we have

T
PLy =Pro(Hr) = | [m(xe| Hio1) folu | xe)
t=1
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where 7 is the stochastic policy (the distribution over an action set induced by a bandit
algorithm) and fg(-|x;) is the reward distribution given action x;, which is conditionally
independent of the previously observed history H;_1.

In the LDP setting, the privacy-preserving mechanism M generates the privatized ver-
sion of the context x;, denoted by X; = M(x;), to the contextual linear bandit algorithm.
For simplicity, we denote M, as the distribution (stochastic policy) by imposing a locally
differentially private mechanism M on the distribution (policy) 7. Also, we use fé‘/‘ to de-
note the conditional distribution of §; parameterized by 6, where 7; is the privatized version
of y; obtained by the privacy-preserving mechanism M. We denote the observed history
by Hr = {()?t,gjt)}le, where X;, 9 are the privatized version of contexts and rewards.
Similarly, we have

T
PL g i=Pro(Hr) = | [ M| He1) o B | x2) - (5.1)

t=1

With the formulation above, we proved the following key lemma for e-LDP contextual linear
bandits.

Lemma 5.4. (Locally Differentially Private KL-divergence Decomposition) We denote the
reward generated by user t for action x; as y; = x/ @ + n;, where 7 is a zero-mean noise.
If the reward generation process is e-locally differentially private for both the bandits with
parameters 81 and 65, we have,

T
KL(P;QGN}P?GQ) < 2min {43 628} (e — 1)2 ) Z Er0, [KL(fé\lA (e | %), fé\;l (W | Xt))] )
t=1

where X;, 9 are the privatized version of contexts and rewards.

Lemma 5.4 can be seen as an extension of Lemma 3 in Basu et al. (2019) from multi-
armed bandits to contextual linear bandits.

Equipped with Lemma 5.4, the KL-divergence of privatized history distributions can
be decomposed into the distributions of rewards. We construct a contextual linear bandit
with Bernoulli reward. In detail, for an action x; € A < R?, the reward follows a Bernoulli
distribution y; ~ B((0,x¢) +0), where 0 < 0 < 1/3. We first derive a regret lower bound of
learning contextual bandits under the LDP constraint in the following lemma.

Lemma 5.5 (Regret Lower Bound for LDP Contextual Linear Bandits). Given an e-locally
differentially private reward generation mechanism with € and a time horizon T', for any envi-
ronment with finite variance, if then time horizon T satisfies that T > 4d?/( min{4, e*“} (e —
1)2), then the pseudo regret of any algorithm 7 satisfies

c
Regret(T) > dvT.
egret(T) min {2, e} (ef — 1) VT
Since the distribution of rewards will only influence the KL-divergence by an absolute
constant, the lower bound we obtained is similar to that in Lattimore and Szepesvari (2020,
Theorem 24.1), which assumes that the reward follows a normal distribution.
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According to the proof of Lemma 5.5, the only difference between our hard-to-learn
MDP instance and that in Zhou et al. (2021a) is that we need to specify the parameter A
as A =+/§/ (min {2, e} (e* — 1)\/T) We then utilize the hard-to-learn MDPs constructed
in Zhou et al. (2021a) and obtain the following lower bound for learning linear mixture
MDPs with e-LDP guarantee:

Theorem 5.6. For any ¢-LDP algorithm, if the number of interactions with the environ-
ment T satisfies that 7 > 4d*H /( min{4, e*}(e¢ — 1)?), then there exists a linear mixture
MDP parameterized by © = (64,...,0y) such that the expected regret is lower bounded
as follows:

1
=
EeRegret(Me, K) = Q (min 2o (e = 1)dH\/T> ,

where T' = K H and Eg denotes the expectation over the probability distribution generated
by the interaction of the algorithm and the MDP.

Remark 5.7. Compared with the upper bound O(d?*H7/4T3/4 (log(H/(S))l/4 \/1/e) in
Theorem 5.2, it can be seen that there is a d¥/4T/4H3/4 gap between our upper bound
and lower bound if treating € as a constant. It is unclear if the upper bound and/or the
lower bound are not tight.

(1 —app)/2 (1 —app)/2

aph aph aph aph

—
1—aph<:@/\ e \/@31—6%

(L—apn)/2— (1 —apn)/2 (1 —app)/2 (1 —aps)/2
Figure 1: The transition kernel P, of inhomogeneous “RiverSwim” MDP instance.

6. Experiments

In this section, we carry out experiments to evaluate the performance of LDP-UCRL-VTR,
and compare with its non-private counterpart UCRL-VTR (Jia et al., 2020).

6.1. Experimental Setting

We tested LDP-UCRL-VTR on a benchmark MDP instance named “RiverSwim” (Strehl
and Littman, 2008; Ayoub et al., 2020), where we model this instance as a linear mixture
model by defining the feature mapping as ¢ (s’ | s, a) = e, 4 ¢, which is a one-hot vector with
value 1 in the (s, a, s’)-th entry. The purpose of this MDP is to tempt the agent to go left
while it is hard for a short sighted agent to go right since 7(0,0) # 0,7(s,1) = 0,0 < s < |S|—
1. Therefore, it is hard for the agent to decide which direction to choose. In our experiment,
the reward in each stage is normalized by H, e.g., r(0,0) = 5/(1000H),r(S,1) = 1/H. Our
LDP-UCRL-VTR is also tested on the time-inhomogeneous “RiverSwim”, where for each
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Figure 2: Evaluation of the algorithms in two “RiverSwim” MDPs. Results are averaged
over 10 runs and the standard deviations are calculated to plot the confidence
band. These results show that the cumulative regret of LDP-UCRL-VTR is
sublinear in K, and its performance is getting closer to that of UCRL-VTR while
the privacy guarantee becomes weaker, i.e., choosing a larger €.

h € [H], the transition probability pp, is sampled from a uniform distribution U(0.8,1). We
also choose H = 2S5. Figure 1 shows the state transition graph of this MDP.

6.2. Results and Discussion

We evaluate LDP-UCRL-VTR with different privacy budget € and compare it with UCRL-
VTR on both homogeneous and inhomogeneous “RiverSwim”. For UCRL-VTR, we set

VB = c/di+(H—h+1)4/2log(1/K) + log det M, where d; = SA with S being the number
of states and A being the number of actions, M is the covariance matrix in Algorithm 3
(Jia et al., 2020). We fine tune the hyper parameter c¢ for different experiments. For LDP-
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UCRL-VTR, we choose § = 0.1, « = 0.01. Since § and « are prefixed for all experiments,
they can be treated as constants. Thus, we can choose /3 in the form cd®/*(H — h + 1)%/2k/4
and only fine tune ¢. The results for each € are averaged over 10 runs.

In our experiments, since the reward is normalized by H, we need to recompute o for
the Gaussian mechanism. Recall that o = 2AfH+/2log(2.5H /0)/e, where Af represents
the ¢y sensitivity of Au in Algorithm 1. In our setting, |@| < 1 and therefore Af < 1.
Thus, we set 0 = 4H/2log(2.5H/d)/e. In addition, we set K = 10000 for all experiments.
To fine tune the hyper parameter ¢, we use grid search and select the one which attains the
best result. The experiment results are shown in Figure 2.

From Figure 2, we can see that the cumulative regret of LDP-UCRL-VTR is indeed
subliear in K. In addition, it is not surprising to see that LDP-UCRL-VTR incurs a larger
regret than UCRL-VTR. The performance of LDP-UCRL-VTR with larger ¢ is closer to
that of UCRL-VTR as the privacy guarantee becomes weaker. Our results are also greatly
impacted by H and d, as the convergence (learning speed) slows down as we choose larger
H and smaller . The experiments are consistent with our theoretical results.

7. Conclusion and Future Work

In this paper, we studied RL with linear function approximation and LDP guarantee. To the
best of our knowledge, our designed algorithm is the first provable privacy-preserving RL
algorithm with linear function approximation. We proved that LDP-UCRL-VTR satisfies
(¢, 8)-LDP. We also show that LDP-UCRL-VTR enjoys an O(d>4*H7/4T3/4 (log(1/6))"/* \/1/e)
regret. Besides, we proved a lower bound Q(dH+/T/ (e?(ef — 1))) for e-LDP linear mixture
MDPs. We also provide experiments on synthetic datasets to corroborate our theoretical
findings. In our current results, there is still a gap between the regret upper bound and the
lower bound. We conjecture the gap to be a fundamental difference between learning linear
mixture MDPs and tabular MDPs. In the future, it remains to study if this gap could be
eliminated.
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Appendix A. Proof of the Privacy Guarantee

In this section, we provide the proof of Theorem 5.1 with the help of the Gaussian mecha-
nism, which is introduced in Lemma 3.8. We start with the following definition.

Definition A.1. (Privacy Loss, Dwork et al. 2014; Abadi et al. 2016). For neighboring
databases d,d’ € D", a mechanism M, auxiliary input aux, and an outcome o € R, we
define the privacy loss at outcome o as

P [M(aux,d) = o]
P[M(aux,d) = o]

c(o; M,aux,d,d') := log
With the definition of Privacy Loss ¢, the following theorem can provide a guarantee of
the (g,0)-DP property.

Theorem A.2. If the privacy loss c satisfies that P, aqq) [c(0; M, aux,d,d’) > ] < 0
for all auxiliary input aux and neighboring databases d,d" € D", then the mechanism M
satisfies (g,6)-DP property.

Proof of Theorem A.2. This proof share the similar structure as that in Abadi et al. (2016).
For simplicity, we denote the set B as

B= {0 s c(o; M, aux,d,d') > E} ,

which contain all “bad” outcome. With this notation, for each set S, we have

PM(D)e S]=P[M(D)e (SnB)]+P[M(D)e (S\B)]
<P[M(D)eB]+P[M(D)e (S\B)]
< P[M(D) € B] + P [M(D') € (S\B)]
<P[M(D) e B] +P[M(D') e 5] ,

where the first inequality holds due to the monotone property of probability measure with
(SN B) < B, the second inequality holds due to the definition of set 5 and the last inequality
holds due to the monotone property of probability measure with (S\B) < S. In addition,
since Py rq(q) [c(0; M, aux, d, d") > €] < 6, we have

PM(D)eS]<é+eP[M(D')esS],
and it implies that the mechanism M satisfies (g, 0)-DP property. O

Now we prove Theorem 5.1.

Proof of Theorem 5.1. To prove the Theorem 5.1, it suffices to prove that for each episode
k € K, Algorithm 1 satisfies the (e,9)-LDP property. In the following proof, to avoid
cluttered notation, we omit the superscript k for simplicity. For the Gaussian mecha-

nism, we first compute the sensitivity coefficient ¢5 for Algorithm 1. We denote Auy =

¢Vk,h+1 (Slfwaz)vk,h—&-l(sfwrl) and AAh = ¢Vk,h+1 (Slfi’ a£)¢Vk,h+1(S£7a£)T7 where Vk7h+1(82+1)

is a scalar. Therefore, for the vector Auy, the sensitivity coefficient is upper bound by

|8 = (A8, < 01 Vel + [0, V| < 287,
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where the first inequality holds due to that fact that ||x + y[2 < [x[l2 + [y]2 and the last
inequality holds due to (3.1). Similar, for the matrix AA, = v (s, af)py(sk,af)T, the
sensitivity coefficient is upper bound by

|ovey — ooy | < lever]y + |¢ver |
= \Jur[dvolovel] +\/ir[8) 6 ¢ ]
= DLy + ¢ ¢
< 2H?,

where the first inequality holds due to triangle inequality and the last inequality holds due
0 (3.1). According to the Algorithm 1 (Lines 12 and 13), we have AA, = AA, + W),
and Auy, = Ay, + £, where W, are independent symmetric Gaussian matrices and &, are
independent Gaussian vector defined in the Algorithm 1. Now, We use D1.;, to denote the
collected information from stage 1 to stage h. Considering two different datasets Dy, (Dp,)’
collected by the server and any possible outcome (M, at) of the Algorithm 1, then we have

P (Vhe [H], (AAy, Auy) = (M, @) | {Dy}IL,)

P (Vhe [H], (AAAY, (Aw)) = (M, @) | {D}}L)
uo P((Wheh) = (M- AR, a—A) | Dip)
giE P((Wa), (€)) = (M~ (AR a— (At)) | D,y )

where the equation holds due to Markov property. With the help of the Markov property,
we can further decompose the probability as

P ((Wh,Eh) = (M~ AAj, o — Aliy,) | Dh—l)
it B (W) (60)) = (M= (AR o= (ATY) D))
P (wh — M — AAy| Dh_1> P (&, = a — Atip | Dy_1)

h=1P ((Wh)' =M — (AAy)| Dﬁfl) P ((&n)') = a— (Aw,)' | Dj,_,) .

According to Lemma 3.8 and the sensitivity coefficient of Axh, if we set the paremeter
o = 4H3\/2log(2.5H /) /e, then with probability at least 1 —§/(2H), for the W}, term, we

have

£

P (W =M= ve) | Di1) <exp (5

JE((Wh) =M~ 6] | D) -

For the & term, the probability density function (PDF) can be written as

P(é, = a— Ay |Dy1) exp (— o — Ay | /(202))

P ((&n) = a— (AU [ D} 1) exp (— lo — Adiy, + (Afiy, — (Afiy))|2 /(202)) ’
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Therefore, applying Lemma 3.8, with probability at least 1 —0/(2H), we have the following
inequality

P(gh = a— At | {D}fL,) < exp (5 ) P((6h) = a— (A | {Dh}hL,) -

Finally, taking a union bound for Wp,,£;, terms and all stage h € [H], with probability at
least 1 —2H x §/(2H) = 1 — 9, we have

P (Vh e [H], (AA, Aw,) = (M, a) | {Dy}]L,)

P (vh e [H], (AAW), (Aup)) = (M. a) | (D4},

log

Therefore, according to Theorem A.2, we can conclude that our algorithm protects (e, 0)-
LDP property. According to the post-processing property, one can also prove that our
algorithm satisfies DP property.

Appendix B. Proofs of Regret Upper Bound

In this section, we provide the proof of Theorem 5.2. We first propose the following lemmas.

Lemma B.1. If we choose parameter 3 = ¢'d**H3/?}1/4 log(dT/a)(10g(H/5))1/4«/1/5 and
A = 1 for a large enough constant ¢’ in Algorithm 1, then for any fixed policy 7 and all
pairs (s,a,h,k) € S x A x [H] x [K], with probability at least 1 — /2, we have

H(Ek,h)l/z <§k,h - 92)

< B.
2

Proof of Lemma B.1. According to the definition of §k7h in Algorithm 1 (Line 19), the
difference between our estimator 8y, ;, and underlying vector 6} can be decomposed as

Orp — 0F = (Shn)~ Z SV, ir (s a7 ) Ve a1 (sh41) + &R} — O

k-1 k-1
—1
= (Bgp)” { Z BV 1OV, O — WETIOE + Y Dv, Ve + D &
=1 T=1
k-1
= (Zkpn) — W 1) 05+ > v, s [Vensr —PuVensal+ D &7 ¢
T ! " - T;/_J
q2 qs

where the matrix WF=1 = Zfz_ll W, ;. Simply rewriting the above equation, we have

()2 (B = 07)|, = | (B ™ (@ + a2 + ) (B.1)

}



Liao HE Gu

Now, we first give a upper and lower bounds for the eigenvalues of the symmetric Gaussian
matrix W51, According to the Algorithm 1 (Line 12), all entries of W, ;, are sampled from
N(0,0?) and known concentration results (Tao, 2012) on the top singular value shows that

k—1
(

T=1
For simplicity, we denote T' = v/k — 1o(v/4d + 2log(6H /). Since the symmetric Gaussian
matrix W*~1 may not preserve PSD property, we use the shifted regularizer. More specif-
ically, after adding a basic matrix 2I'T to the matrix WF—1 = Zf;ll W, i, for each stage

h € [H], the eigenvalues can be bounded by the interval [I', 3['] with probability at least
1 — a/6. We use the notation &£ to denote the event that

6H

>Vk—1lo (\/zﬁ+ 210g(6H/a))> <—.
2

Vh e [H], Vjeld],I <o; <3T,

where 01, .., 04 are eigenvalue of the matrix W*~1 and we have P(&1) = 1 — a/6.
Now, we assume the event £ holds and we further denote pmax = 3I' + A, pmin = '+ A
Then for the term qi, we have

@™ P, < (W 07 e
~ |(W 267

< V pmax HOZHZ
< \/12d\/k: — 1H34/210g(2.5H/8)(4Vd + 21og(6H/d))/e + A\d, (B.2)

where the first inequality holds due to 3, 5 > WP =L 1 A, the second inequality holds due
to the definition of event £ and the last inequality holds due to the choice of ¢ in Algorithm
(Line 1).

For the term qo, we have

H(Ekh 1/2012H Z Venis [Vrhe1 = PrVepi]
(Bg,n)t

Venos Vrhe1 — PrVeni] ;
(z)-1

/A
I MH I

where Z = A\ + Zﬁ;% v, , +1¢\T/T,h+1 and the inequality holds due to the tact that 3 >
Z = )\I+Zf;} ¢V‘r,h+1¢$nh+1' According to the Definition 3.1, we have V; 411 = Py Vy 41 +

Nrhtl = ¢‘T/} h+10;: + Nrpt1- Let {Qt}f';l be a filtration, {qbvm, nTvt}tzl a stochastic process
so that @y, , is Gi-measurable and 7;; is Gy 1-measurable. With this notation, we further
have

) < Vg = PpVepsal < H,  E[n7|G] <E[V?|G] < H?
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Now we introduce the following event &;:

—1)H? 24(k — 1)2H
& = {Vh € [H], |azfz-: < 8H\/dlog <1 + (kd)\)> log <(ka)>

+4H log (M) }

(07

then from Theorem 4.1 in Zhou et al. (2021a), we have & holds with probability 1 — /6.
For the term qg, it can be upper bounded by

k—1
1
<A [Se
T=1 (Zg.n) L T=1 (Wk*1+>\1)71 mm -l —q 2

where the first inequality holds due to Xy} > W =1 £ AT and the second inequality holds
due to the definition of event &£. Furthermore, by Lemma E.1, with probability at least
1 — «a/6H, there is

12dH

< a\/(k: —1)dlog

k—1
Y&
T=1 2
We also let &35 be the event that:

k—1
£ = {Vhe[H]: Y e éa\/(k—l)dlog 12dH}.
T=1 2

By taking a union bound for all stage h € [H], we have P(£3) > 1 — /6. Therefore,

=%
T < Sg
(B,n) 7t S
U\/ —1)dlog(12dH /)
4/ Pmin
- o/ (k —1)dlog(12dH /)
\/O'«/ — 1)(V4d + 21log(6H /a)) + A

_ Valk - 1)Y4\/dlog(12dH /)

~

T=1

\

\/ Vad + 21og(6H /a)
<d"(k - 1)1/4H3/2\/2\/2 log(2.5H /8)/e+/log(12dH /) , (B.3)

where the second inequality holds due to the definition of event &3, the third inequality
holds due to A > 0 and the last inequality holds by the fact that 2log(6H /o)) = 0. Finally,
substituting the (B.2), (B.3) with the definition of event & into (B.1), with probability at
least 1 — /2, we have for each h € [H],

(k)" (B~ 01)

<p,
2

where 8 = C"d**H3/2kY/ 4 log(dT /o) log(H/é))lM«/l/a and C” is an absolute constant. []
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Lemma B.2. Let Qyp, Vi, be the value functions defined in Algorithm 1. Then, on the
event &1, &9, 3, defined in Lemma B.1, for any pairs (s,a,k,h) € S x A x [K] x [H], we
have Q7 (s,a) < Qkn(s,a) and V,*(s) < Vi p(s).

Proof of Lemma B.2. We prove this lemma by induction. First, we consider for that basic
case. The statement holds for H + 1 since Qp r4+1(-,-) = 0 = Qf;1(-,-) and Vi gy1(-) =
0 = V5 ,1(-). Now, suppose that this statement also holds for h + 1, we have Qp p41(-,-) =
Qh1(5), Viny1(-) = Vi¥ 1 (-). For stage h and state-action pair (s,a), if Qpn(s,a) = H,
obviously, we have Q ,(s,a) = H > Qj(s,a). Otherwise, we have
Qk,h(s’a) - Q;kz(sa CL) = Th(57 CL) <0k h ¢Vk h+1 (S a)> + IBk sz h ¢Vk h+1 (8 a)HQ
—rp(s,a) — []P’th+1] (s,a)
= <9k7h7 v, 1 (87a)> - <0;:a ¢Vk,h+1 (37 a)> + <027 ¢Vk,h+1 (37G)>
+ Bk HE 1/2¢Vk s (8, a) — []Pth*+1] (s,a)
= Bk H2_1/2¢Vk h+1 8 a H - <9h ek h7¢Vk 1 (3 a)>
+ PViht1(s,a) — PV (s, a)
L O e A R | R v C
+ PVihs1(s, @) —PVi'y (s, a)
= PVins1(s,a) = PVy' (s, a)
=0

)

where the first inequality is because of Cauchy-Schwarz inequality, the second inequality
holds due to Lemma B.1, and the last inequality holds by the induction assumption with
the fact that P, is a monotone operator with respect to the partial ordering of functions.
Moreover, since we have Qpp(-,-) = Qj(:,-) for any state-action pair (s,a), we directly
obtains that Vj 5 (-) = V;*(-). Therefore, we conclude the proof of this lemma. O

Now we begin to prove our main Theorem.

B.1. Proof of Theorem 5.2

Proof of Theorem 5.2. We give the proof of our main theorem on the events &1, £, €5 defined
in Lemma B.1. According to Lemma B.2, we have that Qj(s,a) < Qkn(s,a), Vi (s) <
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Vi,n(s). Thus, we have
vie (sk) = v (sh) <Vea (k) = vi" (sh)
= max Qi (s}, @) —max QF (s}, a)
<Qun(sh,af) — QF (s}, af)
<rp(sf,af) + <9k hs Vi ni (Sh, ah>> + Bk HEk i ¢Vk i1 (‘Sh’ ah) H
—"”h(szﬂh) [PthH] (sﬁ,aﬁ)
< |20 O =00, |23 0 (shoa)
+ [P Vi nt1] (Slfu aﬁ)
[ G + ko ()
< [PrVih1] (5;3’@}1) [thh-i-l] (5i>ah) + 20k HE hPVini (5;3’@2) H2 )

where the first inequality holds due to Lemma B.2, the second inequality holds due to
the choice of action a]fL in the Algorithm (Line 11), the third inequality holds due to the

definition of Vj ) with the Bellman equation for V}© k, the fourth inequality holds due to
Cauchy- Schwartz inequality and the last inequality holds by Lemma B.1. We also note that
Vien (sh) 174 (sh) < Vin (sh) < H and it implies that

Vieh (sk> — V,Zr (sk>
< min {H 28 H21/2¢Vk — (sl,";, ah> H [Pr Vi ht1] (sl,";, ah> []P’thH] <sﬁ, al,";)}
< min {H 284 HEl/Qq')Vk — (sh,ah) H } + [Py Vi, nt1] (sﬁ,ai) — [Pthﬂfl] (sz,alﬁ) ,
where the second inequality holds since Vi 11 > Vh"‘Jrl > Vh’fl and we further have
Vieh (sk) - V;Zrlc (Sk> - [Vk h+1 (52+1> - Viﬁl (Sllz-i-l)]
< min {H,28 |2 bvi.. ., (s of) H }

+ [Pr Vi h1] <Shaah> - [Pth-H] (Slﬁaaﬁ) - [Vk,h+1 <5§+1) - Vi (SZ-H)] :

Summing up these inequalities for k € [K]| and stage h = h/,..., H

o (hef)]}

h=
+ i i [[Ph (Vk,h+1 - V}Zi)] <3]13:a£> - [Vk,thl - V;Zfl] (3]fz+1)] .

B
I
—
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Now, we define the event &4 as follows

K H

k k

&1 - { >0 2 [Puinan = Vil (shah) = Wenin = Vil (shn) | < 42T Tog(2H /o),
k=1h=h'

Vh e [H]}

Thus, since [Py, (Vi pe1— V}Zﬂfl)](sﬁ, a¥) = [Vint1— V,ffl] (sf,) forms a martingale difference
sequence and ’[]P’h(Vk,hH - Vh”fl)](sh, a¥) = [Vihs1 — Vhﬂfl](szH)’ < 4H, applying Azuma-
Hoeffding inequality, we have &, holds with probability P(&;) = 1 — «/2.

Now, note that X > AI and choosing the stage h/ = 1, by the Cauchy-Schwartz inequal-
ity, we have

K H
Z Z Ok min{l
k=1h=1

o (et)]}
(B.4)

H K
ot 2Bvnn (shab)| } < o hz kz min {1,] =
=1k=1

< HBgA/2dK log(1 + K/)),

where the first inequality holds due to Sr < fBx and the last inequality holds due to
Lemma E.2.
Finally, on the events &1, &, 3, &4, we conclude with probability at least 1 — a:

Regret(K) < 4H/2T log(2H /«)

1/4
3/4 173/2 71 /a . AT H / 1
+ cd YK log — | log — EH\/2dKlog(1+K/)\)

N 1 1/4 1
<O | dPHYPK3M (log6> = .
g

Appendix C. Proofs of Regret Lower Bound

In this section, we provide the proof of lower bound for learning e-LDP linear mixture MDPs,
using the hard-to-learn MDP instance constructed in Zhou et al. (2021a). More specifically,
there exist H + 2 different states si,.., Sf12, where sy and spio are absorbing states.
The action space A = {—1,1}9"! consists of 277! different actions. The reward function
rp, satisfies that r,(sp,a) = 0(1 < h < H + 1) and rp(sg+2,a) = 1. For the transition
probability function Py, sgy1 and sgyi9 are absorbing states, which will always stay at the
same state, and for other state sp(1 < h < H), we have

Ph(sht1lsn,a) =1 —0 — {up, a),
Py(sa+2|sn,a) = 0 + (up, a),

where each pj, € {—A, A}? and § = 1/H. Furthermore, these hard-to-learn MDPs can be
represented as linear mixture MDPs with the following feature mapping ¢ : S x S x A — R¢
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and vector 0y,:

G(sni1lsn,a) = (a(1 = 8),—pa),h e [H],
G (smy2lsn,a) = (ad, fa), h e [H],

@ (sn+1lsn,a) = (a,0),h e [H],
@(sn+1lsn,a) = (0,0),h € [H],

0n = (1), un/B), h e [H],

where 0 = {0}4~! is a (d — 1)-dimensional vector of all zeros, a = \/1/(1 +(d—1)A) and

B = \/ A/(1+ (d—1)A). According to previous analysis on these hard-to-learn MDPs in

Zhou et al. (2021a), we know that the regret of this MDP instance can be lower bounded
by the regret of H/2 bandit instances. Thus, we will give a privatized version of Lemma
C.7 in Zhou et al. (2021a).

Lemma C.1. (KL-divergence Decomposition for Linear Bandits) We denote the reward
generated by a linear bandits at the ¢-th episode as y; = x; @ + 1; where x; is the action at
t-th episode and 7 is the random noise at the ¢-th episode. We have

T

]P)ﬂ' 02 = Z ]Eﬂ',@l [KL(f91 (yt |Xt)7 f92 (yt |Xt))] )
t=1

KL(PT

7r917

where we use IP’Z}O to denote the distribution of observed history Hp = {Xt,yt}le up to
time T'.

Proof. The proof adapts the chain rule of KL divergence in Exercise 14.12, Lattimore and
Szepesvari (2020). For two measures P, @ on (R™, B(R")), and let P, Q; be regular versions
of X; given X1,...,X;_1 under P and @, respectively. The chain rule of KL divergence
shows that

T
Z X1y, Xio1), Qe+ | Xy, X))

KL(P

Therefore, by substituting :, x; into the chain rule, we have

KL(PL, . PL,)

7T,01? 71',02

T
= Ero, [ 2 KL (Pr g, (ye | x¢, He—1), Py (e [ x¢, He-1))

t=1

+ KL (By gy (¢ | Hoo1), Prg (¢ | Ho1)) ]

T
=Erg, [ 2 KL (foy (ye [ %0), fou (v |%0)) + KL (Br gy (3¢ | Hi1), Py (0 | Him1)) }
t=1

T
2 71’91 KL fel(yt‘xt) fOQ(yt ‘Xt))] )
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where the second equality is from the fact that 1 only dependents on x;, and the third
equality is from the fact that the distribution of x; only depends on the algorithm and
Hi1. O

We now present the following locally differentially private KL-divergence decomposition
lemma for e-LDP contextual linear bandits.

Proof of Lemma 5.4. Instead of only protecting the output rewards in MAB algorithms with
LDP guarantee, LDP contextual linear bandit algorithms requires the input information
X4,y to the server to be protected by the privacy-preserving mechanism M. We denote
by fel, fﬁj the privatized conditional distribution of reward given x;, and X, #; are the
privatized version of xi,y, respectively. Combining the definition of “the distribution of
observed history” }INDT{B in (5.1), we have

KL(PL

7r,017

PLy,) 05) ZEw o1 [KL(fo (Te |xe), for (B | x¢))]

Er g, [KL( f91 (W | %), f92 (T 1x0))]

HMH

+ Z Ero, [KLOAA @0 | x0), f84 G0 | x0))]
t=1

T
< min {476 6 - 1 Z m,01 Hf91 yt‘xt) f92(§t ’Xt)”'QI‘V
t=1

T
< 2min {4, e*} ( Z 01 [KL(fo, (Ut [ %¢), fo (Tt | x¢))]

where the first equality is directly obtained from Lemma C.1, the first inequality is from the
fact that KL divergence is non-negative. The second is obtained from Theorem 1 in Duchi
et al. (2018) and the last inequality is due to Pinsker’s inequality (Cover, 1999). Therefore,
we complete the proof of Lemma 5.4 and obtain a result that is similar to Lemma 4 in Basu
et al. (2019). O

C.1. Proof of Corollary 5.5

Now, we begin the proof of Corollary 5.5, which give a lower bound for the regret of e-LDP
contextual linear bandits.

Proof of Corollary 5.5. In this proof, we adapted the hypercube action set in Lattimore and
Szepesvari (2020) (Theorem 24.1). Let the action set A = {—1,1}% and © = {—A, A}
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Let’s define x; € A to be the action chosen at step t. Given 8 € ©, we have

T d
Regret(T) = AErg | > > (sign(8;) — sign(x)) sign(@i)]
t=11:=1

d T
Z [Z 1 {sign(zy) # Sign(@i)}]

T d T
= 5 Z <Z 1 {sign(xy;) # sign(6;)} = T/2> ,

t=1

.

where the first inequality holds due to (sign(6;)—sign(xy;)) sign(6;) = 1 {sign(z;) # sign(6;)}
and the last inequality holds due to the Markov’s inequality. For any vector 8 € ® and
i € [d], we consider the vector & € © such that ¢ = 0; for j # i and 6] # 0;. We

denote the event & as & = {Z;‘le 1 {sign(zy) # sign(6;)} = T/Z}. Then, according to
the Bretagnolle-Huber inequality (Bretagnolle and Huber, 1979) with the notation pg, =
Pro(Eo) and py, = Pr g/(Eg ), we have

1 I
Po; + g, > 5 exp(~KL(Pr g, Prg)). (C.1)

Suppose that § < 1/3,dA < 46/2, by Lemma 5.4, we further have

1=

KL(Pg,Pg) < 2min {4,e*} (¢ — 1) > Eq [KL(fo(J¢ | xt), for (Bt | x¢))]

o~
I
—_

Mﬂ

=2min {4,e*} (e — 1)* )  Eg [KL (B({x¢,0) + 6), B ((x4,0") +6))]

t=1
T 2
00
< 2 3 47 2e g __ 1 2 E <Xt’
AQ
< 32min {4,e*} (ef — 1)? 5 (C.2)

where the first inequality holds due to Lemma 5.4, the second equality holds since for any
two Bernoulli B(a) and B(b), we have KL(B(a), B(b)) < 2(a—b)?/a when a < 1/2,a+b <

and the last inequality holds due to the definition of vector 8" with the fact that (x;, 6) 2
—dA = —¢§/2. Therefore, combining (C.1) and (C.2), we further derive that

1 TA2
Do, + p@; = 5 exp <—32 min {4, 628} (ea — 1)25> .

Taking average over all 8 € ©, we get

TA?
’@| Z Zpe = exp <—32 min {4, 625} (e° — 1)26> .

fe® i1=1
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Thus, there exists a 6 € ® such that Z‘Z-i:lpgi > dexp (—32 min {4, 625} (e — 1)2TA2/5) /4.
By choosing A = v/§/ (min {2, e} (e — 1)v/T), we obtain:

exp(—32)
Regret(T') > Smin (2, 7] (5 = 1)d\/'1T5.

C.2. Proof of Theorem 5.6

Proof of Theorem 5.6. Our proof is based on the hard-to-learn instance M (S, A, H, {ry}, {Ph})
constructed in Zhou et al. (2021a), where A = {—1,1}%7! § = 1/H and pj, € {—A, A}~
The only difference is that we set A = +/6/ (min {2, e} (e — 1)VK). According to Deﬁm—
tion 3.1, we choose ¢(s’|s,a), 8, € R¥*! as follows:

(a(l—ﬁ)%—BaT)T, s =uxp,s =xpi1,he[H|
, ) (ad,Ba’)’, s=uxp, 8 =xgio,he[H]; B T T
¢ (s']52) = (,0M)T, se{rgi1, T2}, s = s; O = (/e /B) - e [H].
0, otherwise .

where @ = 4/1/(1 + A(d — 1)) and 8 = \/A/(1 + A(d — 1)). Therefore, from Lemma C.7
in Zhou et al. (2021a), we directly obtain

H/2

H
sup E, Regret (M, K) Z BanditRegret(K)
0=
c
> dH*VK§
min {2, e} (ef — 1)
¢ dHNT,

~ min {2,e°} (ef — 1)

where c¢ is an absolute constant, the first inequality holds due to Lemma C.7 in Zhou et al.
(2021a) and the last inequality follows by Corollary 5.5. Thus, we complete the proof of
Theorem 5.6. 0

Appendix D. More Discussions on the Gap between Upper and Lower
Bounds

We have mentioned before that there exists a gap between our current upper bound in
Theorem 5.2 and lower bound in Theorem 5.6. Roughly speaking, from the proof of Theorem
5.2, we have shown in (B.4) that the cumulative regret can be upper bounded by

Regret(K) < Sk Z Z { _1/2¢Vk — (sh,ah> H } + 4H+/2T log(2H /)

h=1k=1

S s (skal H }+4H 9T log(2H Ja)
< B HA/2dK log (1 + K/)\) + 4HA/2T log(2H /),
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where the second inequality is due to Cauchy-Schwarz inequality, and the third inequality
is by Lemma E.2. Therefore, we only need to calculate the confidence radius (i, which
satisfies the following property in Lemma B.1:

(B (B0 0], =

where the covariance matrix Xy ;, and estimated vector ék,h are defined in Algorithm 1. In
Lemma B.1, we have shown in (B.1) that

H(Ek,h)1/2 (@m - 07;) H = H(Ek h)_1/2(Q1 + q2 + q3 H
(Zk n)q H + H k) 1/2(12H2 + H(zk,h)il/QQB‘

(i) (if) (iii)

)
2

where vectors qi, q2,q3 are defined as

qi = ( A — WH™ 1) 0y, qz= Z OV, 1 Voot = PuVonga], as= Z & s

and the inequality holds due to the triangle inequality.

To see the reason of this gap, we not only analyze the proof in the private setting, but
also consider the non-private setting, i.e., W*~! = 0,q3 = 0 for comparison. For the first
term (i) in the private setting, it can be bounded by

(@) ar = | (W) oy

1
4/ Omin
3I

(Bg,n)t

< <)\I + W’“*) or),

<

0
16}l

kY4, (D.1)

1l

-0

—~

where we use opin to denote the smallest eigenvalue of X, 5, and

—Vk— 1o (\/@ +2log (6H/a)) = vk — 14H?\/210g(2.5H/5) (\f +2log (6H/a) ) /=

is defined in the proof of Lemma B.1. The first inequality in (D.1) holds due the fact that
Ykh = ominl, and the second inequality is due to the definition of high probability event
&1 in Lemma B.1.

In the non-private version, the first term (i) can be written as

1
—1/2 * ol —
H(Ekh Q1H = 2605z, 1 < e 1651, = O1),

where the inequality holds due to 3, > AI in the non-private setting. Compared with

non-private bound, the random noise introduces an additional factor of (5(K 1/4) in the
upper bound of the first term.
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For the second term (ii) H(Ekﬁ)*l/zqg HQ, according to the proof of Lemma B.1, under

the event &, it is in the order 5(1) This upper bound is unaffected by the noise matrix
W*" =1 since we simply drop the noise term WX 1 to get the lower bound Ypn = M+
Zf;i OV, qb‘T/T . and this inequality trivially holds in the non-private setting. Therefore,
the order of term (ii) should be O(1) for both the private and the non-private settings.

For the last term in the private setting, similar to the analysis of term (i), it can be
upper bounded by

(B0, -

-1
2:k,h

Omin

1 12dH
< k—1)dlog ——
4/ Omin O\/( ) o8 Q

12dH
3 _ it
Jmm4H V2log(2.5H/9) \/ 1)dlog /€

= O(K'4).

In comparison, the third term (iii) does not exist in the non-private setting. Combining
these three terms together, we come to the conclusion that the confidence radius Bx is of
@(K 1/4) in the private setting, and (5(1) in the non-private setting. In a word, our current
gap between the regret upper and lower bounds is caused by the additional noises used in
Gaussian mechanism.

Appendix E. Auxiliary Lemmas

Lemma E.1. (Corollary 7, Jin et al. 2019). There exists an absolute constant ¢, such that
if random vectors Xi,...,X, € R? and corresponding filtrations F; = o(Xy,...,X;) for
i € |n] satisfy that X;|F;_1 is zero-mean o;-sub-Gaussian with fixed {o;}, then for any
0 > 0, with probability at least 1 —§

Lemma E.2. (Lemma 11, Abbasi-Yadkori et al. 2011). Let {¢:},-, be a bounded sequence
in Ry satisfying sup, |@:| < 1. Let Ag € R9*4 be a positive definite matrix. For any ¢ > 0,
we define A; = Ay +2§-:0 gbjT(,bj. Then, if the smallest eigenvalue of A satisfies Apin (A) = 1,

we have .

det(At) Ta-—1 det(At)

1 — | < E CAC - < 21 — .
% [det(Ao)] 5 P A% %8| de
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