DECENTRALIZED ONE GRADIENT FRANK-WOLFE

Supplementary File for One Gradient Frank-Wolfe for Decentralized
Online Convex and Submodular Optimization

Appendix A. Theoretical Analysis for Section 3

In the analysis, we note o4(k) to be the permutation of k at phase q. We define the average
function of the remaining (K — k) functions as

_ 1 & 1 &1,
Fop(x) = K _k F, (@) = K _k Z o Zf;qw)(w)
(=k+1 (=k+1 =1
(10)
where Fy, (o) (x) = s féq(e) (). We also define
ok = Z f;q Tge)s Vigr= K 2 Z faq(e) 0t) (11)

E k+1 l=k+1

as the average of the remaining (K — k) functions and stochastic gradients of féq(é)(ccfl )
respectively. Then we note,

1 o & 1 & ‘
=~ o VEr=-3 Vi (12)
=1 =1

In the same spririt of f(;k, we define

1 &, , 1 &
9ok =7 Do oer dop = D dye (13)
(=kt1 =k t1

In the rest of the analysis, we let F,1 C --- C Fy to be the o-field generated by the per-
mutation up to time k& and Hy1 C - -+ C H,y g another o-field generated by the randomness
of the stochastic gradient estimate up to time k.

T ~
Assumption 5 Let {dt} be a sequence such that E [dt | Htfl} = d; where H;_1 is the
1
filtration of the stochastic estimate up to t — 1.

Lemma 8 (Fact 1, Wai et al. (2017)) Let z',...,x" € R? be a set of vector and and
Tavg = %Z?:l x; their average. Let W be non-negative doubly stochastic matrixz. The
output of one round of the average consensus update &' = Z;”:l Wija:j satisfy :

n

n
i 2 ; 2
Z |2 = Tavg||” < [A2(W)] - Z " — @aug|
i=1

i=1

where \o(W) is the second largest eigenvalue of W.
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Lemma 9 Foralll <g¢<@Q and1 <k < K, we have

B _ I,
Tgk+1 = Tqk + Nk (n Z C qu) (14)
=1

for conver case, and

_ _ 1 (1
Toktl = Tqp + 5 (n > U;k) (15)
=1

for submodular case.

Proof
N
Tgkt1 = n Z Ty i1 (Definition of @ ;1)
i=1
1 « . :
= Z ((1— NE)Ygr + Uk”fbk) (Definition of ; ;)
i=1
1 o - : .
= Z (1 — ) Z Wijx) | + mkvg (Definition of y ;)
i=1 j=1
1 n [ n ] n
“w 3 S W+t
i=1 | j=1 | i—1
1 n ) n ] 1 n
SCOE 9T L RS otF
Jj=11 =1 J =1
e ;1 &K
=(1- 771@)% ijq,k + 5771:: ZU;]{; (Z?:l Wij =1 for every j)
j=1 i=1

&Ky
= (1 = nk)Tgk + pl Z Vo k
=1

n
_ 1 i _
=Xk + Nk ” Z Vo k — Lqk
i=1

where we use a property of W which is > | W;; = 1 for every j. The proof of the second
equation is similar. |

Lemma 10 For all k € {1,..., K}, it holds that

1 & , 1 e 1 &
V== V=" Gu=—> dy, (16)
=1 i=1 =1
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Proof First, we verify that V¢ € {1,..., K}

=~ Vieo(®@g) =~ o= dy (17)
i=1 =1 =1

For the base step £ = 1, we have gfﬂ = Vf(f,q(l)(a:;l). Averaging over n yields

1< 1 & . .
n 292,1 = Z Vf;q@)(fcz,l)
i=1 i=1
Since W is doubly stochastic, we have
n Z a1 — szﬂg%l - qu,l ZVVU - qu, (18)
i=1 j=1

For the recurrence step, recall the definition of gé o

vf o(xg ) — vf (@ b)) d

Averaging over n and using the recurrence hypothesis % Y,V f; ( g0-1) = IS df} 1>
we deduce that

qu,f - Zv'f;q i’ (19)

Also, using the same techniques in equation (18) for dq s» we complete the verification for
equation (17). The proof of Lemma 10 can be deduced from equation (17) by averaging
over e {k+1,...,K} [ |

Lemma 11 Suppose that each of qu(k) is B-smooth. Using the Frank- Wolfe update of :c;k,

the average of the remaining (K — k) gradient approzimation (i;k satisfies

N K

- k 1. —

Foee[ug]
N

K—-k+1

max B |

e~ VF‘I”“‘HS K
ke |o +1,K
Lreex

where N = nGkomax{Az (1 + 1_—2)\2> ,2}.

Proof We will prove the lemma by induction following the idea from Lemma 2 of Wai
et al. (2017). Let’s define following variables

T T AT T
dett = [dihodif] o agt= o ait] . VES =[RS VEL] (20
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and let the slack variables as

Ri= Vi = Vi,

n

Og i
i=1

then, following the definition in 20, we note

S (Vi Vi

oeet = [5qk,...,6QZ}T, o0 = [5qk,.. SMT

By Lemma 8, we have

We can deduce that
]E H dcat

since

H(;cat

IN

d

VFcat

n
Tl I
i=1

cat

dcat

<Ny

_>\2

~cat

9qk —
::AﬂE[ seat

on (e
on(e]

<t

jeat
dq k—1

VFcat

+d

Jeat
dq k=1~

i=1

-~ cat

|

jeat
q,k—1

— VEF,
VF,

VFC

cat
q,k—1

cat
q,k—1

VFCCLt

R 2
vad’

N 2
—VQA’

+ VFCat

1) = Vﬁ‘%k - VFq,k—l

VFcat m

H] —i—E ‘5cat catH])

|} +Eisssin)

=S [[ Vi V]
=1

%WSZWM—MWM<ZWM_MW
=1

Notice that we can bound the expected value of §°* by

B [t - [Zuaaku

. o 2
E “ Vigk— Vf;,k—1H | ]:q’k_IH
_ — i . . 2
. Sk V@) Stk Vi, (@) | F,
K—k K—k+1 okl
- ) . . . 2
. >tk VI (0@ ) VL (®ar) |
(K -k(E-k+1) K-k+l o
26 Y
K—k+1

(21)

(22)
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using Jensen’s inequality, we can deduce that

2 2./nG
e (Il <\ ||| < 2 (26)

We are now proving the lemma by induction, when k£ = 1, we have

~ 2 ~ 2
E U deet — v et ] —VFq,1H < AE —VFQJH
N L2 n 12
< XJE [ZHW;;,I —VFq,1H < XNE || V||| < e
=1 =1

where we have used Lipschitzness of f in the last inequality. We now suppose that 1 < k <
ko, from equations (23) and (26)

J<n e[

< M TnG +2 Z ApV/nG

B [|dt - vz dett_y — VESL[] +E [ll6:500)

= ovnG 1+ (27)
1— X
2 : Jeat [cat No
We set Ny = koy/nG max{ Az (1 + m) ,2}, we claim that E H d — VIS } < s for

k € [ko, & +1]. Recall that K — k41> k — 1, by equations (23) and (26) and induction
hypothesis, we have

dl

dcat V Fcat

dety = VEsL] +E (o))
No 2/nG

k—1 K—k+1)

No  2vnG

<

§A2<1<;—1Jr I<:—1>
<
(

(28)

k‘(]—l—l <l
ko(k—1) — &

. Ny
dcat Fcat :|
0.k v K—-k+1

where we have used the fact that Ao(W) in the last inequality. When

ke [§+1,K],we claim thatEH The base casekz%—i—l
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is verified by equation (28),

dl

For k > & + 2, using equations (23) and (26) and the induction hypothesis, we have
gt — VEL 1H] +E H‘Sth])

i }SM(EHN |
)\2<K—/~:+2+K2:/l;+1>

\ Ny + 2G
\K —k+1

ko+1
<Ny [ Ng— DO T2
= 2( OkO(K—k+1))

dcat \v4 Fcat

N Ny N
<5 <® <7y (29)

dcat \v4 Fcat

IN

IN

No
R
T K—-k+1 (30)
Recall that
1 i - ca ca
E - VFq,kH <E (M VFqu ] -] 6y
The desired result followed from equations (28), d (31) where N = /nNy
2 { 2]
k "2
max E H(qu VFqkm < (32)
ieltnl _ N e Bk
K — k +1 2
[ |

Lemma 1 Fori € [n],k € [K]. Let V; = 2nG (1272/\2 + 1), the local gradient is upper-
dZJcH < Va

bounded, i.e

Proof We use the same notation introduced in equation (20). Let’s define

T T
dett = |dig it €M, ety = [V @b s VI @) T] e R
(33)

and

n n T
T 1 X . 1 . )
t _ 7 7 T 7 3 T
VE k) = [VF A VFch} = [nzvfaqw)(%w e D Vi (@) ]
=1 i=1
(34)
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Using the local gradient update, we have
dg?]g = (W X Id) <Vf§;ﬂ(:k) Vfca k— 1) + dqak 1)

(W ® Iy) (Vfcatk) - Vg k—l)) + (W I)? (Vfﬁjfk_1> - Vféff,‘fk_m + dé?é_z)
k—
S (W L)' (Vfet Ly = Vet ) + (W e L) vre

,_.

(W 1) 7 (Vfca(TH Vfca(T)> + (W e I v 5t

Il
i Z’Tﬂ
[ =

o

-1

(]

cal cal cat cat
(VFa (r+1) ~ VFaq<r>)—VF 0+ V)

I
—

ML

[(W’“ = 1 1T> ® Id] (Vrstty = VI

T=1

+

1 1
<Wk - -1 1T> ® Id} Vst + <1n1§ ® Id> A (35)
n q

where the fourth equality holds since VF;ka) - Z (VF C“(T +1) — VF? (T)) VEF ( )= =0.

The fifth equality can be deduced using VF; = (51,15, ® Ia) V[, and (W @ I)F =

(WF* @ I). Recall that [|[W @ I;|| = |[W]||. Taking the norm on equation (35), we have

||| <2fGZ/\’f T+fG(/\ ><2\FG< _)\2+1> (36)

cat cat
oo(r+1) ~ Voy(r)

1 in the first inequality. We have Vi € [n]

where we have used HV < 2ynG, HWk - %lnlgu < A5 and H%lnlgH <

/2

el = 3 ] < f(zudaku ) _ vl an

one can obtain the desired result. [ |

Lemma 2 Under Assumption 2 and let o3 = 4n <G+GO> +202|. Forie€ [n],k € [K],

1
A2
the variance of the local stochastic gradient is uniformly bounded.

?|

; =12 2
ak q,kH <o
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Proof We denote d°® the stochastique version of d°*, following equation (35), we have

k—1
1 ~
w3 o] G570
=1
~ 1 ~
+ ( 5) ® Id} V5 + <n1n1£ ® Id> V5 (38)
Then, we have
k—1
1 ~ ~
cat Jeat k—1 T cat cat cat cat
et —deot =3 [(W - n1”1"> ® Id} (v oy~ VIS VS Vfgq(T))
=1

k 1 T cat o rcat
+ [(W - 117 ) el (Vfgq(l)—Vfgq(l))

1 ~
+ (Ao n) (Vi - Vi) (39)
By Assumption 2 and Jensen’s inequality, we have
~ 2 n . . ~ A 2
& |est, - st ] ~2 |3 [¥ 0 (o) D (et
2
JZE[V'}M T) sz ( 27) ‘ ] < v/noy (40)



DECENTRALIZED ONE GRADIENT FRANK-WOLFE

The second moment of equation (39) is written as

[l

k—1
1 ca
=5 (Vsz T 1T> @14 (V) = VIS iy + VIS = V%)
T=1

dcat dcat

2

1 S 1 v
k T cat cat T cat cat
KW - n1”1"> ® Id] (Vs = Vrsety) + <n1n1n ® Id> (Ve = Vrethy)
>2
k 11 1T I v cat 6 cat l]_ 1T I v cat % cat
W - nl;, ® 1g faq(l) faq(l) + n nilp & 1q fo-q(k) faq(k’)

)2

aq(T) aq(T)

+
k—1 1
<E ( 'WkT— ~1,17

T

vacatT+1 fgqatr—i-l +v cat v/ cat

—_

+E

cat o rcat cat cat
| Vst = Visatesny + Vst = Vi

k—1 1
<E <Z 'Wk T_ = 1 17

T=1

7

+4|E Wk_ll 1T QHVfcat _%fcat H2 +E ll 17 2vacat _6fcat H2
n o aq(1) aq(1) noon oq(k) oq(k)
k—1 2
<4n (G + Gy)* (Z /\’Q‘H) + dnol (/\3’“ + 1)
T=1
N \2 G+Go\
§4n(G+G0)2<1 2A> +4nod (Mo +1) < 4n ( + 10) + 202 (41)
W TQ _

where the first inequality holds since E [V ng'ET )~ \V/ ngfT +1) +V f;qm(fT) S v fgqafT)} = 0.

The second inequality follows the fact that ||a + b||* < 4 ( llal|® + ||b||2> The third inequal-
ity comes from Assumption 2 and the analysis in Lemma 1. Finally, one can obtain the de-

. ~ 2 . ~. 2 ~ 2
sired result by noticing [Hd;’k - d;k” ] <" E {debk - d;ka } _E U dest — et ]

Lemma 12 (Lemma 6, Zhang et al. (2019)) Under Assumption 5, Lemma 1, Lemma 2
: _ 2 _ 1.5 K K ,
and setting pr = ra)7 " and py = Hki2)® fork € [7] and k € [5 + 1,K] respectively,

we have
VM [K}
1/3 2
e[ -aiaf] < { "
(K—kﬂfl)l/g ' [2 H’K]
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where M = max{M;, My} where My = max{5%/3 (Vg + Lo)*, Mo}, My = 4 (Vi +0?) +

V2V, i
32v2Vy and My = 2.55 (V7 + 02) + 3 4 2,1H

and Lo =

42/3

)
- a;’kH ] , following

|

N , 2
f;,k—l - H ] (1—px) 2E [quk 1 dfz,k—zH ] (43)

Proof In order to prove the lemma, we only need to bound E U I

the decomposition in Zhang et al. (2019), we have

N T N y -
E [H‘ﬂmq - a;,k” } =k [Hd;k—l — (1= p)ag 1 — prdyy,

= piE [
+ (1= pi)’E [H«ié,m - aé,kfIH ]
+ 2p0k(1 — pi)E [<dAé,kf1 - gz,ka Ciz,kfl - dé,k72>]
+ 2pk(1 — pi)E [<df1,k—1 - Jf],ka d o — af;,k—1>]
+2(1 = i) E (o =y dips — G )| (44)

The first part of the above equation is written as

. ~ 2
E[ k1 —df;,k)H } = [ |:quk 1 H | Fo— 1”
=E [Eff [H‘ifl,kl - qu +qu H ‘ s 1”
. 2 , A -
ot sl e 50— 817

(45)

Using the definition of dfl s—1> Lemma 1 and Lemma 2 and law of total expectation, we have

[ [quk - H | Foe 1H = E[Vary (dy | For)] <E [B, [[dill” | Fora]] < v
(46)

. 2
E [Ea [Hdzk - d;,k)” ] | F ,kl] <o} (47)
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Recall that H,; is the filtration related to the randomness of gfz,k and d;,k—l and dek is
Jy r-measurable, then one can write

£ :EU :<d§1’,€_1 —dy . dy ) — 5§,k> | F. J«z—l“

_F < Iy — i d — J;kﬂ

: o < ko1 — o di ) — gf;,k> | ]:q,kH

_ Afz dq ko E :df],k - Jf],k ‘ ]:q,k:| >] (by Fy r-measurability)

E
(
—F _Eg _<d§']7k_1 —d. ;. Eo [dfl’k — Jzk | F, k} >} | Hq,k—1]
{
{

w1~ By Bg :Ea [dik —dy | fq,k} | Hq,k—l] >]
ak—1 — z,k,Eo _EJ [dé’k — JZk ‘ Hq,kfl} ‘ F k] >] (by Fubini’s theorem)
=0 (48)

where the last equation holds since E; [Jzk ‘ Hq,k—1:| = dé’k. Combining equations (46)
o (48), equation (45) is upper bounded by

- ~ 2
E [Hdé,k_l - df;,k)H } <Vi+toi2V (49)

. A 2 A
We are now bounding E [Hdzz,kl — dfz,kﬁH }, using the definition of d;}k and Lemma 1.
We have

KT . 2
o [Eamer ey
: 7% 7 2
:E Ea- |:‘ dq,kfl - dq’k72H ‘ .FngQ]]
i i K 5 K i 112
& lE > ek d,, B Zé:kqdq,e ‘]_-
K -—k+1 K-—k+2 ¢h=2
ToT K i K i 2
_ElE d—rd L > =k dq,e B dq,k—l ‘]_.
"WK—-k+1 K-k+2 K-Fk+2 k=2
— - K ; ; 9 -
- |E ZZ:k dq,é . dq,kfl ‘F Lo
(K —kE+1)(K—-k+2) K-—k+2 LE
- - 9 -
K 7 7
RN Y
NN E =k DK -k+2)  K—k+2 k=2
AV? N L

T(K-k+2)? (K-k+2)?
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More over, we have

E [<dfl7k,1 —d g dy g — d@,mﬂ

=K |:]EO',J |:<d\37k_1 — df],k:? df],k:—l — Cif]’k_2> ‘ f ,k—lqu,k—I:H

=E [<]Egﬁg[ Afbk_l — déﬁk | F. ,k;—1,7'lq,k—1] ,Cié,k—1 - dﬁ,,k—zﬂ

-0 (51)

since E 7 [c?ék ‘ ’Hng_l} = df],k and E, [d;k ‘ fq,k—1] = de Using the same argument, we

can deduce
B [(dhyy — dyodiys — @)
£ [E, 7 [(d1 — didiys — ) | Foior Hopor, ||
—E [<EU,J [ci;k_l —di | F ,k—laqu,k—lil cdi g — 5Z,k—1>}
—0 (52)

where we have use law of total expectation and conditional unbiasness of JZ - Using Young’s
inequality and equation (50), one can write

E [<d2,k71 - dZ,H, df;,k—Z - az,k71>]
m

. N 2 o
=+
Qak q,kfl q,k72 2

~r . 2
7 =1

L + 2R U

. . 2
= 201 (K —k+2)2 " 2 ak-2 = @yt H ] (53)

L . iy 2
5+ (1—p)°E [dez,k—Q - az,k—lH ]

With the above analysis, we can deduce that
(K—k+2)
L

E U
+ (1 = pp)? (ak(K Sy + aiE [Hdiﬂk_? _ a;k_l‘ﬂ) (54)

Setting oy, = £, we have

5 ~i |2 2 2
gk—1 angH ] <V + (1= pr)

n o2 2 L
E\Ml_—alu]g2v+1_ 2<y+>
|: q,k—1 q,k P ( pk) Ok (K —k+ 2)2

- ()]
L
(K — k+2)

7 ~q 2
q,k—2 a’q,kfl H
2

<V + (1+>

. . 2
2 = [dips e

(55)
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—2_ and recall that K — k +2 > k, equation (55) is written

K _
For k < 5 +1, we set pp = 73)

as:

A . 2
7 =1

4 2/3\ L 2 5 iy 2
< L 2 B
N () o+ (1 (k:+3)2/3> § [qu”ﬂ Gy }

4 2/3 16L 2 |: 5 i 2:|
<—7mV+H(1+(k+3 + 11— E|||ld; o —ay
T (k+3)3 ( +(k+3) >(k+3 2 ( (k+3)2/3> H wh=2 " Tk 1H

4 16L " . 2
< D
B (k+3)4/3V+ (k:+3)4/3 (k+3) 4/3 + (1 (k+3 2/3) {qu,k—Q aq,k—l” ]

4V + 32L 2 . 2
< () Bl
M, 2
(k+3) (k +3)

We consider the base step where k =1,

5 |- @] =

A

(1>

Zd 42/3 q7

S( s H)

2
< (Vd 25 Go>

£ (Va+ Lo)’ (57)

A . 2
Set My = max {53 (Va + Lo)* , My . For k € [§ + 1], we claim that E [Hd;k_l iy } <

_M
(k+4)2/3°

?|

Suppose the claim holds for k£ — 1, we have

. 2 M, N . 2 2
< o (2 _ 1 - -
ak=1 T k” } = (k+3)4/3 +E [Hd%k—? aqﬁ’HH ] (1 (k+3)2/3>

oM M (k+3)*% -2
T (B3R (B3)Y3 (k4 3)Y3
M ((k+3)%3 —1)
- (k+3)4/3
My
~ (k4 4)3
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. (k+3)23 -1 1 X 1.5
since kT 3 _(k+4)2/3.ForkE[3+1,K},Wesetpk:m,thus
2 2.55V 4 L
dl s — H <=2 (14 (K—k+2)P) —
U k1 = B ]_(K—k‘+2)4/3+< Ty Gy
1.5
e [qu’k_Q Gk 1” } ( K—k+2)2/3>
2.55V 4 L

< + +3
(K —k+2)%3 (K - k+2)4/3 3(K —k+2)Y3

] [N | (-
q,k—2 q,k—1 (K k4 2)2/3

2.55V + 7L/3 1.5
T | (e
SK—k+2) " [ o2 ~ B ]< (K—k:+2)2/3>

Ms 1.5
S S, o) i — -
(K k23" U"“ G- M( (K—k+2)2/3>
(59)

~a]] <

The base step is verified by equation (58). We now suppose the claim

lI>

Let M = max{M;, M} and k € [5§ +1,K], we claim that E[

M

(K —k+1)*
holds for k£ — 1, let’s prove for k.

2 [l 2] N ks
okt~ gk (K — k:+2)4/3 (K—k+2*° (K—k+2)*°
M((K—k+2)2/3—0.5)

(K —k+2)"3

M
T (K—k+1)Y3 (60)

Thus, from equation (58) and equation (60), we have

M ke[l K]
. 2 2/3 )
o[ R L)
- ke|=+41,K
(K —k+1)*3 2
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Thus, using Jensen inequality, we have

E [ dyss —aia]| <

I

v M K
73 ke |l,—
(k4 4) 2
= VM K (62)
73 ke [ + 1, K}
(K —k+1)Y 2
|
Claim 1
E[|[VF ok @ap) — VEypa || < 8D (63)
Proof of claim. Recall the definition of Fq,k—l and F(Lk,l,
_ 1 A
Fq,k—l(mq,k) = K—k+1 ez; n Z; faq(é)($q7k)
K1
Fyr—1 K k+1;n;f0q5) al
we have,
E [HVFq e (@) - Vﬁq,k,l( }
B K n
=B it 7 2o 2 (Voo @) = oo (2) H]
L =k i=1
B 1 1 K n
<& it s R S [P0 E - Voo 0
L =k 1=1
B 1 1 K n )
<E il e Z Zﬁ B w’qu] (by S-smoothness)
L =k i=1
< BD (64)
Claim 2

K
S E[|VFgp1@yn) — aill] < 8D + (N + V) 3K (65)
k=1
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Proof of claim.

K
D E[||VFgr1(Tgr) — @]
k=1

N

M=

S

D3 e [hes i +

where we have used Claim 1 and triangle inequality in the last inequality. Using Lemma 11,
we have

S|

bl
i

1

Bl gl 09

M=

T

1

> |9 = dye

K/2
Faar-anlle § sl o
k=1 T
/2 K N
S1’c:1k+k:KZ:/2H —k+1 (67)

By Lemma 12, we also have

K . .
3 E{dyics
k=1

= k=K/2+1
K2 i

<Y —— s Z e (68)
i1 (k+4 peijeer (K —k+1)
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Combining equation (67) and equation (68), equation (66) is written as
K .
S |[VF @) -
k=1

K/2 K
vM N vM
<ﬂD+Z( M)* 2 (K—k+1+ )

1/3
k=K/2+1 (K —k+1) /
ke K 1
<BD+ (N+vVM - 4 (N+VM - -
( ); (k+4)Y/3 ( )k_KZ/QH (K —k+1)Y3
K/2 K/2

gﬂD+<N+\/M)ka1/3 (N+W)Zl1/3
gﬂD+2(N+\/M)/OK/2sll/3ds

§5D+2<N+\/M)2<[2(>2/3

< 8D+ (N + V) 3K/ (69)

A.1. Proof of Theorem 3

Theorem 3 Given a convex set K with diameters D. Assume that function F; are conver,

B-smooth and |[VFi|| < G fort € [T]. Setting Q = T?/°, K = T35 T = QK and step-size
1 2 15 K K

respectively. Then, the expected regret of Algorithm 1 is at most
3
E[Rr] < (GD +28D?) T%/° + (O +6D (N + \/M)) TV 4 2D T log(T)  (70)

where N = ko-nG max{ g (1 + ﬁ) ,2} and M = max{Mi, My} where My = 4 (Vd2 + O'%)—f—

9 2
8;/'1 . All the

2
128V2, M, = max {52/3 (Va+ 2Go) ,MO} and My = 2.55 (V2 + o?) +

constant are defined in Lemma 1, Lemma 2, Lemma 11 and Lemma 12.

Proof

< (1 =m)E [Fyr-1(Zgp) — Fyp1(z*)] + e Z (@G vgn — 2]
=1

+%DZE[HVF%;€,1(E%;€) —a || + *B niD? (71)
i=1
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AsE [ ak—1(Tgr) — Fq,k,l(x*)} =F [Fq7k,2(iq7k) — Fq,k,g(x*)] , we can apply equation (71)
recursively for k € {1,..., K}, thus

K K K n
< H(1 — ) [Fyo(Tq1) — Foo(x®)] + Z H (1- Uk’)% ZE (@}, v}, — )]
k=1 k=1k/'=k+1 =1
K K - n ~
> I =) DY E[IVE k1 @ar) = agull] + DQZ 11 - non
k=1k'=k+1 i=1 k=1 k' =k+1
(72)
Choosing 7, = % we have
S K r
H(l_nk) < exp <_Zk> < K
k=r k=r
We have then
E [Fq,O(fq) Fq 0(‘17*)}
K n
1 _ _ . E+1 1 1 i “
S?E[qu(qu)—qu(w )}JF;K %'51213‘3[( a.k> Vg k )]
K n K
k+1 1 1
+;K.k.nD;E[HVFk (@) —alg)l] + ’; K = (1)
Which maybe simplified by using % % < %

?.
k=1 1=1
K n =
2 1 > 5D2 2 |
- ﬁDZ. E[||VEk1(@qr) — ag] T?Z%
k=1 1=1 b=t
GD 2 1y i
<% t® n;EERaqqu z")]
2 2/3 /BDQ
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where we have used Claim 2, G-Lipschitz property of Fq,O and boundedness of K. Since
T = QK and assume that the oracle at round k has a regret of order O (v/@Q), i.e

Q
E | (@ ,v:—2)| <CVQ
q=1

then, the expected regret of the algorithm upper bounded by

ZK Fyo(®y) — Fyo(x*))
< QGD + CKQY? 1+ 2QD (,BD + (N \/M) 3K2/3> + Q8D log K
< QGD +CKQY? + 2QBD? + 6D (N n m) QK23 + Q8D*log K
< (GD +28D%) Q + CKQY? + 6D <N + \/M) OK?? 4+ QBD*log K (75)
Setting Q = T%/® and K = T3/%, we have
E[Rs] < (GD +28D?) T2/ + (c +6D (N + \/1\7)) 5 + %,BDQTM’ log(T)  (76)

A.2. Proof of Theorem 4

Lemma 13 If F} is monotone continous DR-submodular and 3-smoothness, Ty 41 = Ty j+
%’Ut,k forkel[l,--- K], then

Fy(z") — Fy(zip+1) < (1 - 1/K) [Fi(z") — Fi(zex]) (77)
i VF, d D d pD?
K [~ IVE (k) — diill D+ (di g, v — )] + K2

Proof The proof is essentially based on the analysis of Chen et al. (2018). By S-smoothness
of Ft,

B
Fi(Tipr1) > F(zeg) + (Fi(xe k), To g1 — Tok) — 5 @t o1 — 2okl

1 : D? :
> @) + 4 (Pl vi) — 5 o (since [[oy ] < D)
> Fy(xe k) + e (VF(xer) — dip,vpp — ") + (VE(21 ), %) + (di g, vp ) — )] — el
(78)

By Cauchy-Schwarz’s inequality, note that,

(VF(xr ) — de g, vpp — ™) > — [|[VE (1) — teil| D
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Using concavity along non-negative direction and monotonicity of Fy, we have,

Fi(z") — Fy(ze ) < Fy(z" Vg g) — Fir(Toe)
<A(VFy (1), (2% V T k) — 24 1)
= (VE(z k), (" — k) VO)
<(VEF(zk),x) (79)

then, equation (78) becomes

B
F(ipr1) > Fe(xer) + (Fr(@e ), Tepr1 — Tok) — 3 |2t o1 — 22 k]|

1 . . D?

> Fy(zey) + e [ IVE () = tepll D+ Fir(@®) — Fy(@ek) + (dig, v — )] — gﬁ
(80)
Adding and substracting F;(*) and multiply both side by —1 yields lemma 13. [ |

Theorem 4 Given a conver set K with diameters D. Assume that functions F; are mono-
tone continuous DR-Submodular, B-smooth and G-Lipschitz. Setting Q = T2 K
3/5 _ ; _ 1 _ 2

T3/5. 7 = QK and step-size m = 7. Let pp = a7 an

1 <k < % + 1 and % + 1 < k < K respectively. Then, the expected (1 — 7) -regret s
at most

3
E[Rr] < 58DT%/5 + (C+3D(N + VL) TV (81)
where the constant are defined in Theorem 3

Proof

We apply Lemma 13 with F; = Fq,k—l» Ty = Ty and dpj = %Zl 1 a' ., we have

q,k>

Fyp1(a") = Fyp1(®gpr1) < (1 - [1(> [Fyr1(x*) = Fp1(Tgr)]

* 7 ‘D2
K Z HV k-1 a’qk qk“D+< qk"m _vq,k>]+§ﬁ (82)

AsE [ ak—1(x*) — Fq,k—l(fq,k)} =E [F%k_g(:l,'*) - quk_g(iq’k)] , we can apply equation (82)
recursively for k € {1,..., K}, thus

\E _
E [Fq,O(m*) - Fq,O(fq)] < <1 - K> E [Fq,U(m*) - Fq,O(Eq,l)]

11nK

D2
o = D E[[VE-1(@en) — g D] +* ZZE (@G @™ — vy >]+§f

1=1 k=1 i=1 k=1
(83)
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1\* 1 _
Note that <1 - K) < - and F, o(%,,1) > 0, we have

n K
2[(1-1) e - Fuala, ] K 2o B 1V Fuses@) 3 )
K 2
e L IS S B (@ e - vl )]+ D2 (84)

=1 k=1

Let T = QK, using Claim 2 and note that the oracle has a regret Rg < C'v/Q. We have

BRe) =5[> K (1-1) Funte”) = ol

q=1
D QR K 1 Q n K . 5
§EZZE HV h—1(Tg 1) —angH +EZZZE qk, 'Ué,k>]+§QD2
g=1 k=1 q=1 i=1 k=1
< QD (30 + (N + V) 3K%7) + KO V@ + P27 (85)
Setting Q = T%/% and K = T3/5, the expected regret of the algorithm is upper bounded by
BD2T2/5
E[Rr] < T%° (BD2 + (N + \/M> 3T2/5) +OTY5 ¢ —
< gﬁDQTZ/E’ + <C +3D(N + \/M) T4/5 (86)

Appendix B. Theoretical analysis for Section 4

Let f)(x) = Eycpa [fi (x + dv)] and recall its gradient V f(x) = E, cgi-1 [%ft (z + du)u].
We define the average function

L
_ 1
o _ é
Fon(®) = L —k Z Foq(f) x) L L —k Z Zfaq(ﬂ (87)
l=k+1 = k+1 =1
and the average of the remaining (L — k) functions of f;’j( (zy, ') over n agents as

Foe=1 Zf,k—L kZ fof T (88)

l=k+1  i=1

6 20,0 L 0 ; .
where qu(g)_(m) = %Z;L:l f;q(g)(m) and f ' = 2 >kt f;q(@ (z; 4). Then, the one-point
gradient VF g p and VF, j  come naturally with the above definitions. Let Hy1 C -+ C Hgx
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be the o-fields generated by the randomness of the stochastic gradient estimate up to time
k.

X} ~ ) i ) j i
0y = E[GhulHasnr] . d =E |dyslHosns] . VI (@h) =E Riy]  (89)
and
1 L
R 5 gid
gk = L—k 9q,0: qk L IL—k Z qﬁ’ (90)
l=k+1 l=k+1

Lemma 14 Fori € [n],k € [K]. Let V{ = Qn%B <132>\ ), the local gradient is upper-

. 06
bounded, i.e ‘ dq,kH < Vd5

Lemma 15 Under Assumption 3, the variance of the local gradient estimate is uniformly
bounded, i.e
E U

Proof By Assumption 3, we have
2 ) R
Z | 91500 @) =B

Following the same analysis in equation (41), we have

® ot~z

s sl d \? 1
dif, — ds } <dn (B) ( 42 (91)

oq(T)

t 7 cat
E[HV cot | Rt

dcat dcat

k—1 ?
1
g]E ( E W k=t _ 517115 Hv §Z€T+1) hca7+1 + h;?‘: B vfggfﬂ >
T=1

+4 < [HWIC _ 71 1T vacat hcat +E H 1, 1T vacat hcat )
<dn Z/\ +an (4B 2(A2k+1>
5 2
d \°( X \? d_\° d_\° 1
<4n | =B dn | =B A ) <4n|-=-B —— 42 93
”<6 > (1—A2>+”<5 )““”(5) (1_)2+ %)
L >\2
) ~ 2 i 2
The lemma follows by remarking that E D dfl’i — de,kH ] <E ‘ deat — dee } m

T T , , :
Let &* = arg max,cx thl fi(@), ©5 = argmaxger 3 q fi(x) Let 2z ) = x| + duy 4,
we define Z, j, = %Z?:l zyy for 1 <k < K.
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Lemma 16 Under Assumption 1 and Assumption 3. Let N = ko-nB% max {)\2 (1 + ﬁ) ,2}.
Then, for k € [K],we have

max E H
1€[1,n]

di, — VE] m

N
o (94)

Proof The proof is essentially based on the one of Lemma 11. Note that we keep the same
notation with a superscipt ¢ to indicate the smooth version of f and related variables. By
definition of the one-point gradient estimator and Assumption 3, equation (25) becomes

U 5cat5H ] [ ‘ :iE [va;:i—vf;‘:i_l“z}
=1
~Se[e v - viia] | A

sl

i=1

n [ L ,0 i i,0 i 2
B ZE E ZZ:k—i—l Vfaq(g) (mq,e) Ze k Vf ( e) } F
= L—k Tk + 1 k=1

n L 1,0 i ' 2
_ ZE o Zz:kﬂ vfaq(é) (mql) Vf q(k ( % k)
2 (L-k)(L—-k+1) L-k+1

QB‘; ?
5
n(L—k+1> (95)

By Jensen’s inequality, we deduce that

dl

When k = 1, following the same derivation in equation (27), we have

2 n
E U ] < \E [
=1

Let k € [2, ko], from equation (23) and equation (96)

dl

| Far-1

cat,d cat,d 2 QﬁB%l
sl = e o) = 25

(96)

2d

Jcat,d Aeat,0
e — VES <nX35B

2
nJ
- VFQle

jcat,d Freat,o cat,d

= vig ] < 0 (e

)

k
d d
< Ag‘l\/ﬁgB +2 § jAg\/ﬁgB

d
gAz\/ﬁgB+21_)\2f B

:ngBQ+lfM) (97)
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Let No = ko - vamax {0B¢ (1+ ;) ,2B¢}. We claim that E [||d%* — VE5||] <

% when k € [ko, K]. Let L > 2K, we have then L—1k+1 < 2K—1k+1 < K1+1 < %“rl Thus,
using the induction hypothesis, we have

dl )

dcat5 VFcatéH] < )\2 E H dcat6 VFCCILCt(Sl’H +E H 52?]:,5

2de
k I k1

QfB

kE+1
<N R

?

| /\

(98)

Using the inequality in equation (31) and the above result, the lemma is then proven.
|

Lemma 17 (Lemma 10, Lemma 11 Zhang et al. (2019)) Under Lemma 14 and lemma 15

and setting pp = W, we have

dify — | < : VMo ke [K] (99)

k+3)1/3

2
24n? (111 + 1) + 8n (112 + 2)
* (5-1)

Proof The proof follows the same idea in Lemma 10 and Lemma 11 of Zhang et al. (2019)
with some changes in the constant values. We will evoques in details in the following section.
Following the same decomposition in the proof of Lemma 12, we have

o[l -l ] =2

_sz“dj;i - d) H] (1— p 215“

where My = 42/3%232

A (1= )i, — ppd® 2
ak—1 Pk)@q 1 — Pk a.k

2
34,0 74,0
qu 1 dq,k ZH :|

s ||y - ]
S 5 5
+ 2pk(1 — pi)E [< ak—1 d;k’dzk 1 d;,k—2>]
5 5 gio ;
+2p(1 = pi)E [<dzk L=y, - Z,k—1>]

2 5 5 ;
+2(1 — pk) EK Gh—1 df;k 2ad2,k 2~ ;,k—1>]
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05 = 5 g 5.5 ||
o[lé- -] -2 { a2l 17
7,0 z 1 2 71,0 ,0 i,0 2,5
<E {E [ S )|+ 2udy - diddi - d) | I,HH
(100)
By the definition in equation (90), we have E [dz’(S q,k_l} = d;’i_l, using Lemma 14, we
have
2,0
E[E[ e 1—qu‘ | Fose 1”3({/5)2 (101)
Invoking Lemma 15, we have
0,0 71,0
E U &b — d H } < o2 (102)

and
EE[(dy  — e dy — dii) | Fara|| =0
(103)

by following the same analysis in equation (48). We now claim that equation (100) is
bounded above by

More over, taking the idea from equations (50) to (53), we have

7i,0 15
dis - E[ | s v g2 v (104

0 0 ) a L
dif =i ] 2 105
|:‘ q,k—1 q,k—2 L kf + 2) (L —k + 2)2 ( )
74,0 7,0 70,0 70,0
E[(dihy —dyfdyh ) —dis)| =0 (106)
7,0 76,0 71,0 z
E[(dif  —dydy s —ahy)| =0 (107)

and

5
7,0 2,0 ) ~i L g
[<dq,k 1=y 28y o — q,k—1>} < 2or(L k127 +?JE “

74,0 ~i 2
(108)

by using Young’s inequality. Setting oy, = £ similarly to Lemma 12, we have

z|]

. 2 2 Lo
@t g H]< 2v5+<1+>+1— EU
q.k—1 q,k = Pk o (L—k;+2)2 ( Pk)

71,0
d;,k72 q k— 1H :|
(109)
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Setting L > 2K and pg = W, we have then L7}4+2 < 2K3k+2 < Kng < k+2 Following
the derivation from Lemma 11 of Zhang et al. (2019).Equation (109) can be bounded above

by

28,0 ~4 2 2770 2 L(; ~’L 2
et -anll <+ (10 2) o vk |
42/3 ) & L(5 " ) 2
< ( Ve + ) i 1_# E ‘dz,ti_ —at kle
(k+2)4/3 (k+2)2/3 oh=2 T

lI>

My 2 78,0 ~q 2
(k + 2)4/3 T (1 o (k + 2)2/3) E U dq,k—2 - aq,kle ] (110)

Assume that E [

a H ] (k+3 ——07 for k € [K]. When k = 1, by definition of @/

el -] < (vi+ et .

Thus, since o9 > 32%%3, one can observe that

and d’ 9 we have

q,0°

My

T =V L 22 =2 (V) +a3) > (Vi) +"2)2 =1 D

. 2
s

dyo — azq,lu ]
(112)

Suppose that the induction hypothesis holds for &k — 1, one can easily verify for k since

2 74,0 ~3
g [ ah1 H ] k+ 2 (k+2)4/3 (1 C(k+ 2)2/3> £ “ A~ aq:’HH ]
< M (, 2 Mo
~ (k+2)43 (k+2)2/3 ) (k+2)2/3
(k+2)%3 —1
= (k4 3)48
My
R e
|

Claim 3 Under Claim 1, Lemma 16 and Lemma 17.

ZE[HV klmqkfaqkm<ﬁD+ (N+F)K2/3 (114)
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Proof of claim.

> ([ Ak - ] < 3 [0 9+ 3o [ -
k=1

N
<BD+ 3 (N +/Mo) K2 (115)

where Claim 1 is still verified in the second inequality since f;’f( 0 is f-smooth and the third
inequality is the result of Lemma 16 and Lemma 17

Claim 4
Q L 2 2
1 . B LAD?  3LD (N + /M BQLD
E > <1 - e> F) n(@h) — Fo (@) | < %t (2K1/3 0) +LCVQ +
q=1 (=1

(116)

Proof of claim. Using Lemma 13 with F} = Fq i1 Ttk = Tqr and dyp = %Z?:l aé,k’ we
have

n * 1 n * n —
F;k—1(ﬂ35) F(fk 1(@gpr1) < <1 - K> [Ef,kq(%) - Fg,k;—l(mq,k)]

1
K n 4

S [ s - | D+ G wi =) + 5 00

+ 2 K2

Similarly to the proof of Theorem 4 and using Claim 3, we note

B[(1-2) Fiotai) - Fioten)]

1 1 K _ 1 1 K A D2
S?ﬁ ZEH‘VF;k_l(mqk)—a%kHD}+?.E ZE[<6’%,€,$5 vqk>]+2?
i=1 k=1 =1 k=1
D 3 1T 1S D2
< g (3045 (Ve VIR) K1)+ USSR (@ w - v+ 5
=1 k=1

(118)
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Thus, we can write

Q L 1 Q _
E(> > (1 - e) F) (@h) = F2 (@ Z < ) 0(@3) = Fpo(Ty)
q=1 /=1 g=1
2
gl}?<ﬁ 2(N+\ﬁ)K2/3>+LCf+5QLD
LBD* 3LD (N + LD2
A DD .8

Theorem 7 Let K be a down-closed convex and compact set. We suppose the d-interior K’

following Lemma 6. Let Q =T?° L =T K =T?/3,§ = ﬁT‘l/g and pr = W,
N = % Then the expected (1 — 7) -regret is upper bounded
4(Vi+2)
D?
E[Rr] < ZT%/° + B ity UL 3D7PM2T2/9 + D73/ (120)

r

where we note Z = (1 — %) (\/&( +1) + ) f+2+(2 1) f+2+25+0 and P x, =

k‘o.anaX{)\Q (1 n ﬁ) ,2} 4 41/3 (24n2 <;21 ) 48 ((AQ ¥y +2))

Proof Recall the values of N and My from Lemma 16 and Lemma 17, we have

d 2
N:]{0~’I’LB6maX{)\2 <1+1_)\2) ,2}

2
o d? 1 1
M,y = 4%/3-_pB? 24n2<1 1+1> +8n | ———— +2

2 2
| )
5 1/2
Let Py, = konBmax { X (1+ 127 2} 44173 (24n2 <;21—1 + 1) +8n <<111)2 + 2)) .
A2

Then, one can easily see that N + /My = %IBPn x» Where P, , is a constant depend-

1/9 d _ A(Vd+2) )9
Tir 2T , then = —T,
Q=T L=T"%and K = T?/3. From the analysis in Theorem 4 of Zhang et al. (2019),

A2

ing on n and Xo. For the next step, we set § =
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Lemma 6 and Claim 4, we have

Q L
1 . -
+> > (1= e> EY o(@h) = F2. ()

(
(
<\/<§ (R + 1> + R) GT" + (2 - > GTs +2BQK
(

3LD (N + /M, ﬁQLD?
(K1/3 ) +LCVQ +

! + f) GTS" + (2 - e) GTS + 2BQK

LBD?* 3LDYP,,, BQLD?
’ L
K 2K1/3 OVaQ+ 2K

1—2) <\/&<R+1> R) er _1/9+<2—2>GT\/{+2T_1/9
4(vd+2)

r

IA
/-\Jr /D+/_\

|
o |
~
N
—
T
_l’_
—_
~

3

4 28T2/9T?/3 £ T7/93p27-2/3 4 5T7/9D T1/9Pn7>\2T’2/3

L TTOCTVO Br2/op1/o prp-2/3
2

S e

BD?, 69 3 5/9 214/9
+ T+ 2,8+§D P, | 1777 + BD7T

B L

/J’D PO pys 3Dd(f+2>
2 T

P2, T + D13/ (121)
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