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The following two lemmas are required for the proof of Theorem

Lemma 3 Let gz, gg be the dual functions of the problems @ and (@) (presented in (@ and @), respectively. For any
value of the dual variables u the equality gn(u) = gg(w) holds.

Proof:
@(u) = inf {Z(Oj + uj)T;ﬂ}
= inf {(@" +u") p'}+..+ inf {(@"+u™) p"}
| wmelr,

= inf {0 +u")Tp'Y+..+ inf {(O@"+u™) p"}
pmeXT,

wlexr
= inf Z(Oj +u!) b = gr(u)
pleX .. ,umeXT,, =
In the third equation we used the known fact that for a tree-structured MRF the local consistency polytope coincides with
the marginal polytope and that a corresponding objective for each subproblem is linear.
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Lemma 4 For any tree-structured MRF T with the corresponding set of valid assignments X+ C R? in the standard
overcomplete representation (as defined in (3)) and for any T C {1,...,d} the following equality holds

conv X N{p € RY: py = pi} = conv {pu € Xr: py = pi}, (.13)

where p* € RY is a point, for which there exists an assignment i € X7 with A7 = p1r.

Proof: 7 C”: Let v € conv X7 N {pm € R*: p; = p3}. We now show that v can be represented as a convex combination
of points p € X7 where p; = p; for each p in the combination. On the one hand, since v € conv X7 we can write it as a
convex combination v = Y pQpp for p € X7, oy € [0, 1] where we assume without loss of generality that the sum contains
only ay, > 0. On the other hand, since v € {u € R*: u; = p}}, it implies that >, @uprz = pz must hold. To prove the
subset relationship it suffices to show that p; = pj for all ¢ € Z for each of the points p in the convex combination. Now let
pui =1 for some ¢ € Z. Assuming that there is a {1 in our combination with fi; = 0 results in the following contradiction:

Zauui:aﬂ'0+zau M < ZO‘IJ«<1:M:7
Iz BER <1 AR

that is, ZM apps 7 ;. Analogously, considering the case uj = 0 and assuming the existence of one [i; = 1 gives rise to
the following contradiction:

Zauui:aﬂ-l—‘,—Zauui>o¢ﬂ>0:,uf,
© nFEL
——
>0

that is, Zu Qi 7 -

” D7 : This direction follows directly from {p € X7: pu; = pt} C X7 and {p € X7: py = pi} C{p € R p; = p}}
where {p € R?: p; = p3} is a convex set.

]

A Proof of Theorem [1]

The following derivations imply the existence of a set of assignments p', ..., u™ for the individual subproblems according
to the statement in the theorem:

1 m  — . 1 m =
) inf Llp, o p™ uw) = inf Llpy...,p™, )
plEXT . pmeXT,, €Ly M ELT,
. 1 m o -
= inf v L(p ., p™ a)
WYELTy . wmELT,,  pr=pY
I@ 3 1 m -
= inf Ly .,pu™, a)

pleXT .. . uEXT, + pL=pk
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The first equality holds due to Lemma [3| The second equality is due to the following fact. Since strong duality holds
for OP in , every optimal primal solution is a minimiser of the Lagrangian L(-,...,,@). Therefore, the set of feasible
solutions restricted by the constraints . = p’ contains at least one optimal solution p' := p*|7, ..., u™ := p*|7,,, where
uwr \73 denotes a projection to a subspace corresponding to a tree 7;. The third equality can be shown using Lemma as
follows:

inf ,6([.1.1,.,.7[1,,"”'&)

prelp ,...pm™eLy, wh=p

= inf { (0; + ﬁj)Tﬂj}
j=1
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b ) ~ ' . N
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ple conv {peXr : pr=pi} nme conv {pEXT, : pr=pi}
pleXr : ph=p% PMEXT,  p=pk
= inf v (65 + ;)"
HLEXTy op ™ EXT, s pz=pt | j21

= inf v L(pys ey Py W)
pleX .. .pmeXT, : ph=p%
where the step in (a) holds because for every tree-structured MRF T; the marginal polytope M, coincides with the local
consistency polytope L;; in step (b) we use M7, = conv X7; and Lemma [4; finally, the step in (c) holds because a linear
objective over a polytope always achieves its optimum at least at one of the extreme points (that is, corners) of the latter.
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Note that the agreement on the integral part holds also for edge marginals, that is, for every dimensions in p* with an
integral value, even if the nodes of an edge are fractional. Namely, we ca extend the constraint @7 = p% in Theorem [1|to
every dimension having an integral value and the proof still works.

B Proof of Lemma [2]

We denote by p*|7; a projection of a solution p* over a graph G to a subspace corresponding to a subtree 7;. Since strong
duality holds for the problem any primal optimal is a minimiser of the Lagrangian. Therefore, each restriction p*|r; is
a minimiser of a corresponding subproblem over tree 7;. Furthermore, Theorem [1| guarantees an existence of a minimiser
[’ that agrees with the integral part of u*|7; and differs from u* only on the fractional entries. Note that this holds also
for edge marginals. Namely, in the proof of Theorem (1| we can extend the constraints 7. = ps to every dimension in
p” having an integral value (including edge marginals) and the proof still works. Any point on the line through these
two solutions (p*|7; and [’) is also optimal since the corresponding objective is linear. We now show an existence of a

corresponding solution f/ by construction. We define

g wi (1), ifie”l
o) ) B.1
] (z4) {1 — il (x;), otherwise. .

for each ¢ € V; and

0 () = Mi,k(fhd:k% Tf wi g (zs, x) € {0,1} o
i ke j 5
’ L — i (isan),  if g5 ez, zi) = 0.5

for each (i,k) € £;. Tt is easy to see that the above definition of 17 satisfies the equation (12). Furthermore, i’ lies on the
line through @/ and the restriction p*|7; and is therefore optimal. We now show that it is feasible, that is, e X7;. Note
that the variables fi’ are either equal to the variables in w5 or have an opposite value to the variables in 7. Therefore,
they inherit the integrality constraints as well as the normalisation constraints from p* and f’. Similar argument can be
used for the marginalisation constraints. More precisely, for the integral edges, where both end nodes are integral, the
marginalisation constraints hold true. We only need to check the cases with non integral edges. This can be done by
considering all the cases listed in Lemma [5| We show exemplary one case — the remaining cases are straightforward. In the
following we drop the superscript j denoting the subproblem and write only fi and 1. Consider the case (a) from Lemma
First, we have p ;(0,0) = p; ;(1,1) = 0.5 and p; ;(0,1) = p ;(1,0) = 0. That is, fi; ;(0,1) = fi:,;(1,0) = 0. Without loss of
generality assume [i;,;(0,0) = 1 and f1;,;(1,1) = 0, that is, ;(0) = f;(0) = 1 and f;(1) = fi;(1) = 0. Due to the construction
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in (B.1) we get 2:(0) = 1;(0) = 0 and f;(1) = 1;(1) = 1. This corresponds to fi;,;(0,0) = fi;,;(0,1) = fi;,;(1,0) = 0 and
fi,;(1,1) = 1 which is exactly what we get from construction in (B.2)). Therefore, we get a valid labelling of an edge and
the marginalisation constraints are satisfied. Finally, note that the equality p*|7; = L(@? + /) also holds (including the

2
edge marginals).

d

C Proof of Theorem [2|

Let p* be a unique optimal solution of the LP relaxation . We use the notation p*|7; to denote a reduction of u* to

a corresponding subtree. Theorem [1| guarantees an existence of minimisers pl e X, ...,p™ € X1, of a corresponding
Lagrangian L(-,...,+,) where each p’ agrees with the integral part of p*|7;. We now assume that there is another

minimiser {1’ for the j-th subproblem with @/ (x;) # fi! (x;) for some i € Z, x; € S and show that this assumption leads to
a contradiction. We do this by constructing another optimal solution of the LP relaxation different from p*.

Assume for simplicity a decomposition over individual edges. We consider the following relabelling procedure starting with
an edge (i, k) corresponding to the j-th subproblem above. Since i’ and &’ both are minimisers for the corresponding
subproblem, the average it/ := 3(ft/ + [17) is also a minimiser (because the objective is linear) and fi (z;) = 0.5 for z; € S.
That is, the i-th node is now assigned with a fractional label 0.5. The remaining nodes z, (r # k) adjacent to z; can be
relabelled in a consistent way to z; = 0.5 such that a corresponding assignment (0.5, z,) is optimal for the edge (i,r) by
using the weak tree agreement propertyE. Namely, since there are two optimal assignments for the edge (i, k) with both
values for ¢, for every adjacent edge (7, k) there must also be optimal assignments with both values for i. Therefore, we can
define a new labelling for each edge adjacent to i by computing the average of the corresponding assignments. During
this procedure some nodes x can change their label. Note that this is possible only for nodes with integral value in p*.
To validate this claim consider a fractional node zj. Since x; is integral in p*, there must be (due to lemma [2) optimal
assignments (z7,0) and (zj, 1) for edge (7, k), where x; is the optimal label of x; according to p*. Furthermore, because of
x; = 0.5 (due to relabelling fi?) there also must be an optimal assignment for that edge of the form (1 —z*,0) or (1 —z*,1).
In any case we can find an optimal average such that x; = xr = 0.5. That is, the value of fractional x; does not change!

If a node zx changes his label to 0.5 during this procedure, we then need to consider all its neighbours (except z;) and
proceed with the relabelling process. More precisely, we have the following cases:

We now consider an edge (4, k) where z; has been relabelled to 0.5 in previous steps.

Case 1: I — 1

That is, z; and x) both have an integral value in p*.

(a) x does not change by computing a corresponding average, then there is nothing more to do.

(b) xr changes. We label it with 0.5 and consider all adjacent cases (except ;).

Case 2: I - F

That is, x; is integral in p* and xj is fractional. There must be (due to lemma optimal assignments (zj,0) and
(z7,1). Because z; = 0.5 now there must be (due to WTA) an optimal assignment (1 — z;,0) or (1 — z], 1) such that a
corresponding optimal average results in ; = z, = 0.5. So the label of x;, does not change.

Case 3: I - I/F

That is, zx has an integral value in p* but has been relabelled to 0.5 previously. Due to the WTA there are always
assignments such that a corresponding average results in x; = xx = 0.5.

Since only integral nodes can change their label during the above relabelling procedure, there are no other cases to consider.
The relabelling procedure terminates with a new consistent jont labelling fi different from p*. We can prove the statement
for arbitrary tree decompositions (not only over edges) by using similar arguments.

]

D On the fractional solutions of LP relaxation

For binary pairwise MRFs the LP relaxation has the property that in every (extreme) optimal solution each fractional
node is half integral [3| [I7]. Furthermore, each edge marginal is either integral or has fractional values. More precisely,
an edge marginal is integral only if both end nodes are integral. In fact, there are six further cases for fractional edge
marginals as specified in the following lemma.

Lemma 5 Let pu € Lg be an extreme point. Then each edge marginal p; j(z:, x;) is either integral (if both end nodes x;
and x; are integral) or
(a) is equal to

“Optimal assignments obtained via DD are known to satisfy the weak tree agreement (WTA) condition [12]. In
particular, for our purposes we use the following fact. Consider any two trees 7; and 7; which share a node zx. Then for
any optimal configuration p’ there exists an optimal configuration p? with uj,(zx) = ul,(zk)-
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pij(@i,@;) |2 =0z =1 Wij(zi, @) |2 =0 | zj =
x; =0 0.5 0 or r; =0 0 0.5
x; =1 0 0.5 r; =1 0.5 0

if both x; and xz; are fractional;
(b) is equal to

pij(@i,@;) |2 =0 | ;=1 pii(i,z;) [z, =0 ] x; =1
x; =0 0.5 0 or r; =0 0 0.5
xr; =1 0.5 0 r; =1 0 0.5

if x; is fractional and x; is integral (x; = 0 on the left and x; = 1 on the right);
(c) is equal to

pij (@i, w) |2 =023 =1 pii(i,z;) [2;=0] x; =1
Xr; = 0 0.5 0.5 or T, = 0 0 0
x, =1 0 0 x; =1 0.5 0.5

if x; is fractional and x; is integral (x; = 0 on the left and xz; =1 on the right);

Proof: The integral case is clear. We now assume that a given edge is non integral, that is, at least one of the nodes is
fractional. First we show that in every case a matrix corresponding to an edge assignment contains only two different
values a and b.

Case (a):

Since every feasible solution pu € Lg is subject to the marginalisation constraints > = wi;(7i,z;) = pj(z;) and
Emj wi,j(zi, ;) = pi(z;) the following equations must hold

#i,5(0,0) + 14,5(0, 1) = 11;(0)
i, (1,0) + 4,5 (1, 1) = pi (1)
1123 (0,0) + i3 (1,0) = 5(0) (1)
i (0, 1) + g4 5(1, 1) = pz (1)

Due to p;(0) = pi(1) = p;(0) = p;(1) = 0.5 it follows from that a := p;,;(0,0) = p4,;(1,1) and b := p;,;(0,1) =
i ;(1,0). Now we argue that a,b € {0,0.5}. For this purpose assume that the edge marginal u; ;(z;,z;) contains other
than half-integral values. So w.l.o.g. let a € (0,0.5), then also b € (0,0.5) (otherwise a + b # 0.5). We now define two
different feasible solutions u' and p? which have the same entries as p except the entries for the marginal u; ;(2:,;),
which we define for ul by a1 :=a+ €, by := b — € and for /1,2 by a2 := a — € and bs := b+ €, where ¢ is small enough such
that a1, as2,b1, b2 € (0,0.5). Furthermore, due to a1 + b1 = as + b2 = 0.5 a corresponding edge assignment is feasible, and
therefore the solutions p’, p?. Since p = %(ul + p?), the solution p is a convex combination of two different feasible
solutions, and is therefore not extreme contradicting our assumption that p is a corner of the local polytope. So it must
hold a,b € {0,0.5}. Finally, a = 0 implies b = 0.5 and vice versa due to a + b = 0.5. The remaining cases in (b) and (c)

can be dealt with by using similar arguments as above.
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