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Abstract

Markov random fields (MRFs) are a powerful
tool for modelling statistical dependencies for
a set of random variables using a graphical
representation. An important computational
problem related to MRFs, called maximum a
posteriori (MAP) inference, is finding a joint
variable assignment with the maximal proba-
bility. It is well known that the two popular
optimisation techniques for this task, linear
programming (LP) relaxation and dual decom-
position (DD), have a strong connection both
providing an optimal solution to the MAP
problem when a corresponding LP relaxation
is tight. However, less is known about their
relationship in the opposite and more realis-
tic case. In this paper, we explain how the
fully integral assignments obtained via DD
partially agree with the optimal fractional as-
signments via LP relaxation when the latter
is not tight. In particular, for binary pairwise
MRFs the corresponding result suggests that
both methods share the partial optimality
property of their solutions.

1 Introduction

The framework of graphical models such as Markov
random fields (MRFs) [8, 15, 21] provides a powerful
tool for modelling statistical dependencies for a set of
random variables using a graphical representation. It
is of a fundamental importance for many practical ap-
plication areas including natural language processing,
information retrieval, computational biology, and com-
puter vision. A related computational problem, called
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maximum a posteriori (MAP) inference, is finding a
joint variable assignment with the maximal probability.
The vast amount of existing methods for solving the
discrete MAP problem (see [7] for an overview) can
be divided roughly into three different groups: meth-
ods based on graph-cuts, methods based on message
passing, and polyhedral methods. The latter group is
tightly connected to a popular approach of linear pro-
gramming (LP) relaxation [17, 21, 2, 5], which is based
on reformulating the original combinatorial problem as
an integer linear problem (ILP) and then relaxing the
integrality constraints on the variables. Besides provid-
ing a lower bound on the optimal value its popularity
is partially! due to the fact that for binary pairwise
MRFs with submodular energies it is guaranteed to
find an optimal solution [8, 22]. Unfortunately, for
bigger problems with a high number of variables and
constraints it becomes impractical due to the expensive
consumption in memory and computation.

As an alternative to the LP relaxation, dual decom-
position (DD) [12, 18, 16, 4, 13] provides an effective
parallelisation framework for solving the MAP prob-
lem. Furthermore, it has an appealing property that
any found solution comes with a certificate of opti-
mality which allows for efficient evaluation whether a
corresponding variable assignment is primal optimal.
Finally, it is well known that the two optimisation
techniques have a strong connection both providing an
optimal solution if the LP relaxation is tight. However,
less is know about their relationship in the opposite
and more realistic case. Instead the main focus of the
existing literature is on tightening the standard LP
relaxation [12, 19, 17]. In contrast, the aim of this
paper is to investigate the connections between the
two techniques (in the original formulation) if the LP
relaxation is not tight. More precisely, we focus on the
following issue. The main idea of DD is to decompose a
given MRF into different trees (or other subgraphs) on

Tt also provides an optimal solution for any tree-
structured MRF.
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which inference can be performed efficiently and trying
to enforce an agreement on the overlapping variables
between different trees to obtain global consistency.
If the LP relaxation is not tight, some trees will pro-
vide inconsistent assignments which disagree on the
overlapping parts. Here we analyse the nature of this
disagreement and get the following main results:

e given an optimal (fractional) solution of the LP
relaxation, there always exists an optimal variable
assignment via DD which agrees with the integral
part of the LP solution

e for binary pairwise MRFs in a non degenerate
case?, the unambiguous part among all optimal
assignments from different trees in a decomposition
coincides with the integral part of the (fractional)
optimal assignment via LP relaxation.

We note that the first result holds also for non binary
MRFs with arbitrary higher order potentials. On the
other hand, for binary pairwise MRFs it implies that
a corresponding assignment contains the strongly per-
sistent part® of the LP solution [21, 6]. The second
result suggests a strategy how to extract the strongly
persistent part by looking at the intersection of all
optimal assignments to the overlapping trees. In this
sense, both methods LP relaxation and DD share a
partial optimality property of their solutions.

Note that a corresponding fractional solution obtained
via LP relaxation (for binary pairwise MRFs) is half
integral. That is, every fractional node is equal to 0.5.
This provides no information about the preferences of
the fractional variables in that case preventing use of
rounding techniques. In contrast, DD always provides
a fully integral assignment which inherits the strongly
persistent part of the LP relaxation making DD an
appealing optimisation method.

Finally, we argue that depending on the final goal
there is a decision to make with respect to the degree
of a corresponding decomposition. Usually, the main
goal is to find an accurate (integral) assignment to
the variables in a MRF. In that case a decomposition
over spanning trees is more beneficial. It significantly
speeds up the convergence but most importantly it is
straightforward how to extract an optimal assignment.
On the other hand if we want to extract the strongly

2By a non degenerate case we mean the case where the
LP relaxation has a unique (fractional) solution. That is,
the optimum is attained at a corner and not at an edge or
a facet of a corresponding polytope.

3For binary pairwise MRFs, the integral part of an opti-
mal solution of the LP relaxation is known to be strongly
persistent. That is, any optimal solution of a correspond-
ing MAP problem must agree with this partial integral
assignment.

persistent part, then a decomposition over edges is
more appropriate. In that case it is straightforward to
extract the unambiguous part, but at the same time
it is NP-hard to construct an optimal (and globally
consistent) assignment from the individual edges in a
decomposition.

2 Notation and Background

2.1 MAP Inference as an Optimisation
Problem

For a set of n discrete variables = {z1, ..., z, } taking
values from a finite set S we define the energy of a
pairwise MRF factorising over a graph G = (V,&)
according to:

E(@) = 0ix)+ Y Oijlziay), (1)

ieV (i,§)€€

where the functions 6;(-): S = R, 0, ;(-,-): S xS =R
denote the corresponding unary and pairwise potentials,
respectively. The mazimum a posteriori (MAP) prob-
lem, that is, computing an assignment with the highest
probability is equivalent to the problem of finding an
assignment which minimises the energy.

Probably the most popular method for solving this
problem is based on the linear programming (LP) re-
laxation technique. For this purpose, the MAP prob-
lem is first represented as an (equivalent) integer linear
problem (ILP):

.. T
mhnelglclse 0 u (2)
where p corresponds to a joint variable assignment x
in the standard overcomplete representation [21]. That
is, @ is a vector with entries 6;(z;) for all i € V,x; € S
and 0, ;(x;,x;) for all (4,5) € €, x;,x; € S, and p is a
binary vector of indicator functions for nodes and edges
pi(i), pa g (@i, x5) € {0,1}, where pi(s) =1 & z; = s
and p; (s1,82) =1 & x; = sy Axj = s2. The set
X corresponds to all valid assignments of a pairwise
MRF over a graph G and has the following compact
representation:

D, Hilzi) =1
VieV
D, i (T i) = ()
V(i,j) € ENxj € 8
Do, Mig (@i x5) = pi(:) 3)
V(i,j) € &Nz €S
pi(z;) € {0,1}
Vie VY, Ve, € S
wij(xi,z5) € {0,1}
V(Z,j) S 5,V.Z'i,l‘j es

p € RY
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A convex hull of this set, which we denote by Mg :=
conv Xg plays a special role in the optimisation and
is known as the marginal polytope of a corresponding
MRF. Namely, the problem (2) is equivalent to the one
where we replace the set X by its convex hull Mg,
that is - -

R A W
Since finding an optimal solution of the above ILP or
equivalently minimising its linear objective over the
marginal polytope is in general intractable, we usually
consider the following relaxation:

.. T
InLIlelglngG 0 1 (5)

where we optimise over a bigger set Lo O Mg 2 Xg
called the local consistency polytope of a MRF over a
graph G, which results from relaxing the integrality
constraints p;(x;), pi (s, ;) € {0,1} in the definition
of Xg by allowing the corresponding variables to take
all real values in the interval [0, 1]. That is,

Doe, i(wi) =1
VieV
Do M (@i, 25) = pi(zy)
V(Z,]) c g,VCZ’j
D, Mg (@i, m5) = pi(;)
V(Z,]) € & Va,
pij(Tis ) 20
V(Z,]) S E,VIi,l‘j €S

p e R?

Note that the non-negativity of the unary variables
w(x;) = 0 implicitly follows from the combination of the
agreement constraints between node and edge variables
and the non-negativity of the latter.

2.2 Optimisation via Dual Decomposition

We now briefly review the DD framework for MAP
inference in (pairwise) MRFs [12]. The main idea is to
decompose the original intractable optimisation prob-
lem (OP) in (2) over a graph G into a set of tractable in-
ference problems over subtrees {7;}7,, T; C G, which
are coupled by a set of agreement constraints to en-
sure the consistency. That is, each of the individual
subproblems j € {1,...,m} corresponds to the MAP
inference on a subtree 7; = (V;,&;) of the original
MRF. More precisely, we define the following OP

Yo (7)
j=1

1l (i) = vi(z;)
Vj e {17 ,m},Vz S Vj,Vl‘i es

minimise
HLEXT o u T EXT,,

subject to

where each vector u/ denotes the variables of a local
subproblem with respect to 7;, and v is a set of global

variables v;(x;) on which the variables i (;) of the
(overlapping) subproblems must agree. We can choose
any decomposition with the only condition that the
corresponding trees together must cover all the nodes
and edges of G, that is, V = U;n:1 V; and £ = U;’L:l &,
as well as 0 p = Z;nzl O;F;ﬂ. Note that OP in (7)
is equivalent to the ILP in (2). A corresponding LP
relaxation given by

m

oW (8)

i (i) = vi(:)
Vied{l,...,m},VieV; Vo, € §
is equivalent to the OP in (5) in the sense that both

have the same optimal value and the same optimal
solution set.

minimise
prelr,...umeLr,, v

subject to

In the corresponding dual problems the goal is to max-
imise the dual function of the OPs in (7) and (8) ac-
cording to

. . 9
maximise g7(u), 9)
where
m
u) = inf 0 +u) !
gr(u) plEXy, Xy, ;( )
and
. . 10
maximise gs(u), (10)
where
m
gs(u) WLy pmeLr, ;( )

respectively, over a restricted set of dual values

U:=qu: Z wl () =0,ie{l,..,n},z; €8
j:i€V;

(1)
We here overload the notation in the following sense.
The dual variables have the following form u =
(ul,...,u™), v = (...,ul(z;),...). Therefore, since we
ignore the edges, the number of dual variables u’ is
smaller than the dimensionality of p? (or 67). How-
ever, for the algebraic operations (e.g. inner product)
to make sense we implicitly assume that the vector u’
(if required) is appropriately filled with zeros to get
the same dimensionality as p/. A derivation of the
above dual problems can be found in [12]. There are
different ways to solve a corresponding dual problem.
The most popular is a subgradient method for convex
non differentiable objectives. Alternatively, we could
use a variant of block coordinate descent or cutting
plane algorithm.
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3 Connections between LP Relaxation
and DD

The facts summarised in Subsection 3.1 are mainly
known. We provide them for the sake of complete-
ness. In Subsection 3.2 we present new insights in the
connections between the two optimisation techniques.

3.1 Case 1: LP Relaxation yields an Integral
Solution

It is well known that if the LP relaxation is tight,
both the LP relaxation and DD provide an integral
optimal solution to the MAP problem. From a different
perspective, this means that strong duality holds for the
OP in (7). That is, there is zero duality gap between
optimal values of OPs in (7) and (9). Equivalently, it
implies the existence of consistent optimal assignments
to subtrees according to a chosen decomposition. We
summarise these insights in the following lemma.

Lemma 1 The following claims are equivalent:

(i) LP relazation in (5) has an integral solution
(ii) strong duality holds for problem (7)

(ZZZ) ﬂfl(%) = /_/’gz(xl) Vi1, J2 € {la "'7m}7i €
le ﬂVh,Ii es

where o = (@t ..., a™) is a (not necessarily unique)
minimiser of the Lagrangian L(-,...,-,u*) for OP in
(7) and u* is a dual optimal.

3.2 Case 2: LP Relaxation yields a
Fractional Solution

If the LP relaxation is not tight, a corresponding opti-
mal solution p* will have fractional components. Given
such a fractional solution, we denote by Z C {1, ...,n}
the indices of the variables z1, ..., z,, which have been
assigned an integral value in p*, and by F C {1,...,n}
the remaining set of indices corresponding to the frac-
tional part. Formally, i € T & Vx; € S: pf(x;) €
{0,1} and F = {1, ...,n} \ Z. In contrast to LP relax-
ation, assignments produced via DD are fully integral.
Given a tree decomposition of a corresponding MRF,
the optimal assignments to different subtrees, however,
will partially disagree on the overlapping parts. Here
we denote by A C {1,...,n} the indices of the variables
T1,..., Ty With unique assignment. Formally, i € A, if
for every tree which contains z; and every optimal as-
signment to that tree, z; has the same value. Similarly
we denote by D C {1, ...,n} the set of indices for which
at least two different trees disagree on their optimal as-
signments, that is, D = {1,...,n} \ .A. We now provide
a formal analysis of the relationship between the sets
7T and A, or equivalently between F and D.

Theorem 1 Let pu* be an optimal fractional solution
of the LP relazation (5), w a dual optimal for OP in
(7), and L: X7, X ... x X1, XU — R a corresponding
Lagrangian. There always exists a set of minimisers
pl € Xr, ..., ™ € X1, of the Lagrangian L(-, ...,-, @)
which agree with the integral part T of w*, that is,

Vie{l,..m}i €cITNVj,z€8: fl(x) = p(z:),

for short ﬂ% = pur.

The result in the above theorem has the most intu-
itive interpretation in the case of a decomposition into
spanning trees, that is, when every tree 7; covers all
the nodes (V; = V) of the original graph. In that case
Theorem 1 implies that for any optimal solution of the
LP relaxation and a corresponding assignment x* with
an integral part Z, there exist optimal assignments
x!, ..., 2™ (from a dual solution @) for the different
spanning trees which agree on a set of nodes A with
] = xf for all i € T C A. An immediate question
arising is whether the two sets Z and A are equal. The
answer is no. In general, the two sets are not the same

and Z will usually be a proper subset of A.

Theorem 1 motivates the following simple heuristic for
getting an approximate integral solution, which is espe-
cially suitable for a decomposition over spanning trees
when using subgradient optimisation. Namely, we can
consider optimal assignments for every spanning tree
and choose the best according to the value of the primal
objective. Increasing the number of trees in a decom-
position also increases the chance of finding a good
assignment. Furthermore, during the optimisation we
can repeat this for the intermediate results after each
iteration of a corresponding optimisation algorithm
saving the currently best solution. Obviously, this only
can improve the quality of the resulting assignment.
Note that it is the usual praxis with subgradient meth-
ods to save the intermediate results since the objective
is not guaranteed to improve in every step but can even
get worse. In that sense, the above heuristic does not
impose additional computational cost.

Finally, it turns out that in a non degenerate case,
where LP relaxation has a unique solution, the rela-
tionship Z C A (and therefore D C F) holds for all
minimiser of a corresponding Lagrangian L(, ...,-, @)
supported by the following theorem.

Theorem 2 Let pu* be a unique optimal solution of the
LP relazation (5), u a dual optimal for OP in (7), and
L: Xy x...x Xy xU — R a corresponding Lagrangian.
Each set of minimisers pt € Xz, ,..., @™ € X7 of the
Lagrangian L(-,...,-,u) agrees with the integral part T
of u*, that is,

Vie{l,...m},ieINV;,z, €8: [Lf(azl) = pf(x;)
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for short ﬂ% = pr.

In particular, for binary pairwise MRFs this result im-
plies that each assignment obtained via DD is partially
optimal in a sense that it always contains the strongly
persistent part of the (fractional) solution of the LP
relaxation. Provided the fractional part is small, it
suggests that the obtained assignments will often have
a low energy close to the optimum even if the LP re-
laxation is not tight. This fact and the possibility of a
parallel computation renders the dual decomposition
a practical tool for the MAP inference upon the LP
relaxation. We also note that the property Z C A
in Theorem 1 still holds for non binary MRFs with
arbitrary higher order cliques, but Z is not guaranteed
to be strongly persistent anymore. In the following we
build on an additional lemma.

Lemma 2 Assume the setting of Theorem 1. For ev-
ery subproblem j € {1,...,m} over a tree T; there are
minimisers i’ , i’ € X, where

. 1 . »
pi (i) = 5 (R (i) + f(2:) (12)
holds for alli € Vj,xz; € S.

The above lemma ensures that for each optimal solu-
tion p* of the LP relaxation, for each tree in a given
decomposition there always exist two different assign-
ments which agree exactly on the nodes corresponding
to the integral (strongly persistent) part Z of p*. It is
also worth noting that when LP relaxation is not tight
the sets of minimising assignments to the different trees
are disjoint on the overlapping parts due to Lemma 1.

Lemma 2 and Theorem 2 together imply that the un-
ambiguous part among all optimal assignments from
all trees in a decomposition coincides with the inte-
gral part of the (fractional) optimal assignment via LP
relaxation giving rise to the following theorem.

Theorem 3 Let p* be a unique optimal solution for
the LP relazation (5) and @ a dual optimal for OP
in (7). Then the unambiguous part A of optimal as-
signments among all the overlapping subproblems in a
decomposition coincides with the integral part T of p*.
That is, A=T.

That is, we can extract the strongly persistent part
from DD by considering the intersection of optimal
assignments for individual trees. This is in particular
convenient for a decomposition over single edges, since
computing the set of optimal assignments for an edge
is straightforward.

4 Related Work

Several previous works [20, 9, 11, 16] including the orig-
inal paper [12] on DD for MAP inference comment on
the optimality of DD and LP relaxation when the latter
is tight. While in [12] the authors make an explicit
statement, in [20] the same question is approached by
introducing a notion of a tree agreement, which is gen-
eralised to a weak tree agreement in [9]. Both, however,
can be seen as a special case of [12] in the sense that
the corresponding lower bound on the optimal value of
the MAP problem is equal to the optimal value of a
corresponding dual problem in case of tree agreement
of all the involved subproblems.

Concerning the case where the LP relaxation is not
tight, to the best of our knowledge, there are no previ-
ous works which directly address the question how the
optimal solutions of the LP relaxation are related to
the assignments produced via DD. Instead the existing
works proceed with a discussion of tightening a corre-
sponding relaxation [12, 19, 17|. In [10] the authors
provide a related discussion for tree-reweighted (TRW)
message passing and show that the partial assignment
corresponding to the unambiguous part in the inter-
section of all optimal assignments for individual trees
is strongly persistent. The TRW algorithms are less
accurate than DD, however, in case of binary pairwise
MRFs both achieve dual optimal value. Our results are
based on a different proof than in [10], which supports
a similar statement that the unambiguous part in a
corresponding assignment is strongly persistent, but
additionally implies that it is exactly the integral part
of the LP relaxation when the corresponding solution is
unique. Furthermore, our result in Theorem 1 extends
also to the case of arbitrary graphs.

Another related question to the discussion in the
present paper is the problem of recovering optimal
primal solutions of an LP relaxation from dual optimal
solutions via DD [12, 18, 14, 1]. In particular, [1] shows
that the strongly persistent part of an LP solution (for
a binary pairwise MRF) can be recovered from the DD
based on subradient optimisation. However, it is not
the case with other optimisation methods. In contrast,
our corresponding result holds independently of the
chosen optimisation technique.

In the case of binary pairwise MRFs each optimal so-
lution of the LP relaxation is known to be strongly
persistent. In this paper we show that (in a non de-
grease case) this property is inherited by every solution
provided via DD in the sense that persistent part is a
subset of the corresponding assignment. Since the frac-
tional part of a solution of the LP relaxation conveys no
useful information about the preference of the variables
in the fractional area to be in specific state, the pre-
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sented result further supports the practical usefulness
of the DD in that case.

5 Numerical Validation

Here we present a numerical experiment summarised
in Figure 1 to validate the theoretical statements in
the paper. For this purpose we considered a 5 x 5
Ising grid model corresponding to 25 pixels and defined
its energy according to the following procedure. The
unary potentials have been all set to zero. The values
of the corresponding edge potentials have been selected
uniformly at random from an interval [—0.5,0.5]. This
process has been repeated until the corresponding LP
relaxation yielded a fractional solution p* (see the
fourth plot in the first row).

Given such an energy, we then considered a decompo-
sition of the above Ising model into two spanning trees
71 (all the vertical edges) and 72 (all the horizontal
edges). We used the subgradient method to solve a cor-
responding dual problem and got optimal assignments
! and @2 corresponding to subproblems 7; and T,
respectively (see the first two plots in the first row).

The last two plots in the upper row in Figure 1 can
serve as a validation of Theorem 1. Namely, the red
area in these two plots corresponds to the variables on
which each assignment disagrees with the LP solution
p*. As we can see it happens only for the fractional
area, where each variable in p* has the value 0.5. In
other words, 1 and 22 agree with the integral part of

73

To support Theorem 2 we computed further optimal
assignments 13, ..., i for the subproblem 7; addition-
ally to m'. These are visualised in the second row
in Figure 1. We overlay these assignments with the
assignment p* in a transparent way to emphasise the
difference to the LP solution. We see that all these
optimal assignments agree with the integral part of p*.

The last plot in the third row validates the statement
in Lemma 2. It visualises the average of the the two
plots above corresponding to the optimal assignments
it and @l for the subproblem 7y.

Finally, the first plot in the third row supports the claim
in Theorem 3. Namely, the blue area corresponds to the
unambiguous part A where each variable has a unique
value in all the optimal assignments among the two
subproblems. The red area marks the ambiguous part,
where each variable has different values in different
assignments. We see that the equality A = Z holds.

6 Conclusion

We presented the established frameworks of linear pro-
gramming (LP) relaxation and dual decomposition
(DD) for the task of MAP inference in discrete MRFs.
In the case when a corresponding LP relaxation is
tight, these two methods are known to be equivalent
both providing an optimal MAP assignment. However,
less is known about their relationship in the opposite
and more realistic case. While it is known that both
methods have the same optimal objective value also
in the non tight regime, it is an interesting question
if there are other properties they share. In particular,
the connection between the solutions of LP relaxation
and the assignments which can be extracted by DD has
not been clarified. For example, even if the solution
of LP relaxation is unique, there might be multiple
optimal (but disagreeing) assignments via DD. What is
the nature of this ambiguity? Are all these assignments
equivalent or can we even extract additional informa-
tion about the optimal solutions from analysing the
disagreement behaviour? These and other questions
were the main motivation for our paper. Here we suc-
cessfully provided a few novel findings explaining how
the fully integral assignments obtained via DD agree
with the optimal fractional assignments via LP relax-
ation when the latter is not tight. More specifically, we
have proved:

e given an optimal (fractional) solution of the LP
relaxation, there always exists an optimal vari-
able assignment via DD which agrees with the
integral part of the LP solution; this also holds
for non binary models with arbitrary higher order
potentials

e for binary pairwise MRFs (in a non degenerate
case) the first result holds for every optimal as-
signment which can be extracted via DD

e for binary pairwise MRFs (in a non degenerate
case) the unambiguous part among all optimal
assignments from different trees in a decomposition
coincides with the integral part of the (fractional)
optimal assignment via LP relaxation

In particular, for binary pairwise MRFs the integral
part of an optimal solution provided via LP relaxation
is known to be strongly persistent. Therefore, due to
the properties listed above, we can conclude that (for
this case) both methods LP relaxation and DD share
the partial optimality property of their solutions.

Practically, it has the following implications. 1) If the
goal is to find an accurate MAP assignment we can
use LP relaxation first to fix the integral part and then
apply an approximation algorithm (e.g. loopy belief
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Figure 1: Illustration of numerical validation of the theoretical results including Theorem 1, 2, 3 and Lemma 2.
We consider a decomposition of an 5 x 5 Ising grid model into two spanning trees (more precisely, disconnected
forests): 71 consisting of all vertical edges and T consisting of all horizontal edges. The corresponding optimal
assignments for both trees are denoted by ' and 2, respectively. p* is a corresponding optimal assignment
from the LP relaxation. Here, the red area corresponds to label 1, blue area to label 0, and green area to label
0.5. The individual plots in the first row visualise a corresponding assignment or a disagreement between two
assignments. The second row provides (additionally to ') further optimal assignments for the subproblem 7.
The first plot in the third row illustrates the unambiguous part among all optimal and overlapping assignments
in blue and the ambiguous part in red. The last plot illustrates an average of the two assignments above.

propagation) to set the remaining variables in the frac-
tional part — each fractional node has the value 0.5
showing no preference of a corresponding variable to
be in a specific state. On the other hand, DD provides
fully integral assignments, which agree with the integral
part of LP relaxation. 2) If we are only interested in the
persistent part, we can extract the corresponding par-
tial assignment from DD by considering an intersection
of all the optimal assignments to the individual trees in
a decomposition. The unambiguous part then coincides
with the strongly persistent part of LP relaxation, pro-
vided a corresponding solution is unique, or to a subset
of it in the opposite case. In particular, considering a
decomposition over individual edges, is more beneficial
in that case. Namely, finding all optimal assignments
to trees becomes a trivial task.

To summarise, the LP relaxation is a popular method
for discrete MAP inference in pairwise graphical models
because of its appealing (partial) optimality properties.
However, this method does not scale nicely due to the
extensive memory requirements restricting its practical
use for bigger problems. Here, DD provides an effective
alternative via distributed optimisation, which scales
to problems of arbitrary size — we can always consider

a decomposition over the individual edges. Finally,
the results presented in this paper suggest, that when
using DD instead of the LP relaxation we do not lose
any of the nice properties of the latter. Both methods
provide (for binary pairwise models) exactly the same
information about their solutions.

An interesting question is which findings in the paper
can be extended beyond the pairwise models involving
higher order potentials. We will continue this investi-
gation in the future works.
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