Supplementary Material to “Statistical Windows in Testing for the
Initial Distribution of a Reversible Markov Chain”

A DISTANCES AND DIVERGENCES BETWEEN DISTRIBUTIONS

We recall the following notions, for two distributions u, u’ on a finite set X'. The total variation distance, denoted
by dtv, is defined as
drv(p, 1) Z;YIMT ol = max [u(X) = 1/ (X)]
EAS

The Kullback—Leibler divergence, denoted by KL, is defined as

Zmlog< >

TEX

The chi-square divergence, denoted by D, is defined as

2
1
Dy (p, 1) = > i, (fc - 1> :

The Hellinger distance, denoted by H, is defined by

2 (') g(ux <\/Z )2-

We will also make frequent use of the following standard inequalities (see e.g. 7).

1
§H2(u,u’) <drv(p i) < H(p, i)

1
drv(p,p') < EKL(MM/) (Pinsker’s Inequality)

B PROOFS

B.1 Proofs from Section 3SAMPLE COMPLEXITYsection.3

of Theorem 6theorem.6. Recalling that p, = pP?, the following classical result holds, for p and p’ be distributions
over X.

d
= 7T+Z<uiwu>7rui and 1/ :7T+Z<Uivﬂl>7rui7
i=2 =2

Indeed, 1 and p' are treated as vectors in R? and can be expressed in terms of the basis vectors uy, ..., ug. The
coefficients are given by a; = (i, ui)r (resp. of = (i, u;)=). As p and p’ are distributions, Lemma 4theorem.4
give us that oy = o) = 1.

As the u;’s are eigenvectors, we have y; = P! = m + ZZ o My and pf = p/ Pt =7 + Zz o i Abu;. Then, by
using the orthonormality of w; with respect to (-, ), we have:



H/j/t - :u’;H’n' Z)\ U/“ 7T - <ui7/j‘/>7\')2

This norm between p; and p} can be compared to other notions of distances between distributions. In particular,
this can be done for the Hellinger distance between ji; and pj. Let gy o /pt; , =: 14 ;.. It then holds that

ut7/~Lt Z/“Lta: Y/ 1+’Yt,;c)2
=2Zum< ~ VT 70)

£3/2
> — Z y z'yt . (see below)
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The first inequality can be justified in the following way: Define the function f. on [—1,00) by
folt)=1+1/2 —ct? —V1+t.
Basic computations yield that for all positive ¢, f.(0) = 0 and f.(0) = 0. Furthermore, we have that

1

As a consequence, f,. is convex in t € [¢ — 1,1/e — 1] for ¢ = £3/2/8, so f.(t) > 0 on this interval. We therefore
have that 1+ %= — /T4, > %yﬁx for it w/p; » € [€,1/€]. As a consequence, it holds that

5/2 ( o )2
2 / € Htx — Mt o
H (e, py) 2 —g= Ez B

£5/2
= ?Hﬂt - M;”?

We use this property to control directly the probability of error of the likelihood-ratio test g

max PU"(Yig # v) < PEM(Yk # 1) + PR (iR # 1)

ve{p,p'}
=1- (P;?;"WLR # 1) —PL (YR # 1)
=1- dTV( "u2®n)

Indeed, one of the event X realizing the total variation distance between the two distributions is the one on
which ;/®"((Xi)i€[n]) is greater or equal than p?”((Xi)ie[n]), i.e. where the output of ¥ g is /. We have, by
properties of the Hellinger distance, that

1 n
L () <1 - SH ) = (1= S )
The last equality allows, by tensorization, to relate directly this probability of error to a quantity depending
separately on (i, py), and n. As a consequence, we have

5/2

max PE" (g # ) < (1= el - uhl2)" < e et
ve{p,p'}

tllz

As a consequence, for n > 16e=%/21og(1/6)/||te — 4]|2, the probability of error is indeed less than 4. O



of Theorem Ttheorem.7. We recall from the proof of Theorem 6theorem.6 that
d
||/1’t - M;”gr = Z)\?t(<u’b7u>ﬂ’ - <Ui7ﬂl>7r)2 .

We compare this distance to the Kullback-Leibler divergence KL(ps, p1t). Let i o /pty » =2 147125 a8 30 fte o =
> Mt it follows that - py v = 0. Then consider the following:
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To give a lower bound on the probability of error, we have

! 1 —drv (™, ™)
®n > - ®n ®/" V) > t
inf max P (Y #v) Hdljfz(Pm (Y #p)+ P W #u)) =2 5

The above holds by using the definition of total variation distance as the supremum of the difference in probability
for all events, and using the event v = u, with an infimum taken over all tests ). Furthermore, by Pinsker’s
inequality and by the tensorization properties of the Kullback—Leibler divergence, we have that

drv (™, 1) < JKLGE™ 1) /2 = /oKL o i) 2.

As a consequence, it holds that

1 1
f max PE" o2 2 .
inf max W#v)25-3 ||Nt |
For any n < 8262/||ut — p14]|2, the probability of error is at least 1/2 — 4. O

B.2 Proofs from Section 3.4Guarantees without likelihood-ratio boundssubsection.3.4

of Theorem 10theorem.10. As in the proof of Theorem 6theorem.6, it holds that

1 1 n
max PE" (Ui £ ) < 1 dry(uf, i) < 1= S, ) = (1= 2 )) "
ve{up'} 2 2

Furthermore, we have that
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Indeed the inequality is a consequence of \/a +c—+vb+ ¢ < /a— \/5, fora > b > 0and c > 0. As a consequence,
we have that

1 n
Rn < N & ] / < _
max PP (YR #v) < (1 2H (Ntvﬂt)> = (1 9

1 n
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By the proof of Theorem 6theorem.6, we therefore have that
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Indeed, since i and i’ have n/3-bounded likelihood ratios, so do fi; and f;. Further, by linearity, it holds that
7 = illz = (1 =) e — il -

As a consequence, we finally have

5/2(1 — n ,
max Pgn(¢LR 7& 1/) S (1 — Mnut _ M:ﬁ”fr) S e—an#t—ﬂtHi ,
ve{u,p'} 16

with ¢ > 0 for any choice of € (0,1). O

B.3 Proofs from Section 3.5Statistical time guaranteessubsection.3.5

of Theorem 11theorem.11. Let up; be the left eigenvector of P corresponding to eigenvalue A;). Let p = 7+ auy
and p' = 7 — auy;), where a > 0 is sufficiently small so that p and p' are valid probability distributions and
i, i, 7 pairwise satisfy the bounded likelihood ratio assumption with parameter €. Let ng(e, ) > 0 be the sample
complexity required to distinguish between u and p’ with probability greater than % + 9.

Let n > ng be the sample complexity required to distinguish between distributions u; and u;. Using Theo-
rems 6theorem.6 and 7theorem.7, we know that n =< ||u; — p}||-2 and ng =< ||u — i'||;2. By definition, we have
that p — p' = 2aup;) and as a result || — p'[|x = 2a and ||ps — pillr = 204)%. Thus, we have:

12 2
no_ ( e — |w> -
) it — p1ll = U
We can invert the above to express t in terms of n, ng and A;) to get the required result, which is tight up to
terms involving only € and §. O

B.4 Proofs from Section 4APPLICATIONSsection.4

Proof Sketch of Proposition 4. We write P = D~'U, where D is a diagonal matrix with D;; = Y oweex Uiz
Writing my to be the mean of U; ;, which we treat to be a constant, standard concentration inequalities imply
that || D[ < [[D7!|| < myd. It follows from (?, Theorem 1.2) that |\ (P)] =< ﬁ.

To establish bounds on [Ag|, we consider P~ = U~'D (it is known that P is non-singular with probability
1 —o(1)), then [Ag|™' < ||D|| - |[U7Y||. Using a result of ?, we know that |[U~!|| = O(V/d), which gives us

| = O(myd/?).

For a lower bound, we have ||P~t|| > ||[U~!||- (|| D~Y||)~!. By using universality results for random matrices, it is
known that |[U~'|| > v/d. (This can be achieved by subtracting a rank one matrix and using interlacing results
for eigenvalues, cf. ?.) This together with the bounds on ||[D~!|| establishes that |/\[_d]1| = Q(myd®/?) O

of Proposition 6. In the case of two blocks, we simplify the notation a bit and assume that Ay ; = Agss =a-d
and Aj 9 = Ag 1 =b-d The, degree of every vertex in the graph is (a + b)d. Let V3 U V4 be a partition of the set
of nodes into the two parts. Consider v : V — R, where v(i) = 1if i € V] and —1 if i € V5. Tt is easily checked

that v is an eigenvector with eigenvalue (a —b)/(a + b). This shows that A > Z_T_Z.




Now, consider a vector v : V — R, with v(i) = %, v(j) = ——= and v(l) = 0 for | # 4,5. Note that |[v]|s = 1.

V2’ V2
Let u = Puv, then, we have:
W if {l,i}e EA{l,j}¢E
0 otherwise

If we let N (i) and N(j) denote the neighborhoods of ¢ and j respectively, we have that,

N(i)AN(j
ul|2 = M |SAT| denotes the symmetric difference
We have that ||Pul|* > [Ag|. If we set Ay ; = ad = d/2 — O(1), there exist ,j such that [N(1)AN(j)| = O(1);
further, if we set b = o(1), then the result follows. O

of Proposition 15theorem.15. The matrix P is symmetric, one can check directly that the given vectors are indeed
eigenvectors with corresponding eigenvalues, i.e. that Pv; = A\;v;. Finally, we have for 2 < k < r,

Ve = Ve+1 = 2Br41-k — Bri2—k >0,
by order of the ;. For k = 1, we have y; — v9 = 26, and y,41 = 8o — 51 > 0. O

C FURTHER APPLICATIONS

C.1 Random Walk on the Line Graph

The random walk on the line graph with d nodes is very similar to that on the cycle. In fact, the walk can be
viewed as a projection of the random walk on a cycle with 2(d — 1) nodes.

Definition 1 (Random Walk on d-Line). Let X = {0,...,d — 1} be the d nodes on a line. Let P be the Markov
Chain on X, where,

i foriej—1,j+1,je{l,...,d—2}
P(X;=iXs1=4)=X1 ifj=0Ai=1, orj=d—1Ai=d—2
0

otherwise

As in the case of the cycle, the spectrum is explicitly known (cf. (?, Chap. 12.3)). The result is stated as the
following lemma; this implies a statistical window of at least d**.

Lemma 2. For any d > 3, the eigenvalues of P are given by cos(wi/(d — 1)) fori € {0,...,d—1}; the right eigen-
vector u; = (U; 0, ..., Uid—1) corresponding to eigenvalue cos(mi/(d — 1)), is given by u, , = cos(mik/(d — 1)).

C.2 Random Markov chains

The notion of random Markov chains, and in general of random walks in random media, has been thoroughly
studied. We consider here the case of random reversible Markov chains, as studied by ?7.
Definition 3. Consider a finite connected undirected graph G = (X, E); for every {i,j} € E, let U; ; be drawn
in an i.i.d. manner from a distribution on the positive part of the real line with bounded second moments; we set
Uij =U,i. (An edge {i} is allowed, which corresponds to a self-loop ati.) The coefficients of P are obtained by
normalization to a stochastic matriz

Piy=Us;/ Y Ui-

reX

Understanding the spectra of random (symmetric) matrices has been intensely studied in recent years (see
e.g. 7777). Below, we use results from this literature to understand the behavior of Ajg(P) and g (P); again,
this yields a statistical window of d?¢.

Proposition 4. Let P be the transition matriz of a random Markov chain as defined in Defn. 3 with G(X, E)
being the complete graph. As d — oo d, it holds with probability going to 1 that

g (P)| < 1/Vd, and |N\g(P)|=1/d*/?,



C.3 Random Walk on the Regular Block Model

We use a variant of the stochastic blockmodel (?) where the graph is regular (as opposed to approximately
regular). Note that the model is completely deterministic.

Definition 5 (Regular Blockmodel). A regular blockmodel with k blocks on d nodes with degrees (A; ;) for
1<id,5 <kand A;; = Aj,; is defined as follows: The vertex set V is partitioned as V =V, U Vo U--- UV,
with |V;| = d/k. The induced subgraph G; = (V;, E(V;)) is a A; reqular graph for each i, and the subgraph
Gij= ViUV, E(V;UV;)\ (E(V;) UE(V}))) is a A, ; reqular bipartite graph for all i,j, i # j.

Proposition 6. There exist reqular block models with k = 2 blocks on d nodes, satisfying

A (P)l=1=0(1), and |Ag(P)]=1/d

For blockmodels with & = 2, the eigenvector corresponding to Ajgy = Az, correlates strongly (in fact for the
regular blockmodel with equal sized blocks, exactly), with the block structure. Thus, if p and p’ start off with
significantly different probability mass on the two blocks, the statistical problem remains easy essentially until
mixing time. On the other hand, if they have the same probability mass on the individual blocks (even though
the distributions may differ on the blocks significantly), in typical cases, the statistical problem becomes hard
quickly, e.g. if each block is an expander.

Remark 7. A special case of regular graphs is the class of Ramanujan graphs (?); the eigenvalues of the transition
matriz of a random walk on a Ramanujan graph are 1 or satisfy |\| = O(1/V/d). In the non-bipartite case,
there is no guarantee that the statistical window is large.

C.4 Random Walk on the Hypercube

The hypercube on d = 2* nodes can be viewed as a graph with the node set denoted by {—1,1}*. We first consider
the standard random walk on the hypercube which is defined below; for z, 2’ € {—1,1}* let [z —2'| 5 = 3|lz—2/|s
denote the Hamming distance between z and z’.

Definition 8. Let X = {—1,1}"* be the d nodes of the hypercube. Let P be the Markov chain on X, where

1

Lo — e =1
P(Xs :JZ|XS_1 :.73/) — {d Zf‘x X |H

0 otherwise

The spectral properties of P are summarized by the following lemma (c.f. ?, Chap 12.4); this implies a statistical
window of at least d?t.

Lemma 9. For d = 2F (with k > 1), the eigenvalues of P are given by 1 —2j/k, j = 0,..., k. The eigenvalue
1 —2j/k appears with multiplicity (’;), the corresponding eigenvectors u are given by considering sets of size j.
A set S C{1,...,k}, |S| = j, yields the eigenvector u(x) = [[,cg i, for & € {—1,1}*. (These are the so-called
parity functions.)

Product Distributions on the Hypercube. One can consider other product distributions on the hypercube.
Consider a two state Markov chain, with states denoted by Xs = {—1,1} and transitions given as:

Definition 10. Let Xo = {—1,1}, 0 < p,q < 1, define P : X5 x X5 — [0,1] as P(—1,—-1) =1—p, P(-1,1) =p,
P(1,-1) =gq, P(1,1) =1 —q. The Markov chain on Xy defined by P is given by,

P(X,=x|X, 1 =12') = P(x,2)

The eigenvectors of P are easiest to express as functions from X; — R. The right eigenvector corresponding to
eigenvalue 1 is given by u(z) = 1 for z € X5. The stationary distribution is given by 7(—1) = ¢/(p + ¢q) and
7(1) =p/(p+q), let E =Eypr[z] = (p — q¢)/(p+ ¢). The second eigenvalue is 1 — (p + ¢) and the corresponding
eigenvector is given by u(z) = (z — £)//1 — 2.

Definition 11 (Product Chain on the Hypercube). Letd =28, X = {-1,1}* = X, ® - - @ Ay, let PV ... P®*)
be transition matrices of the chain on Xy defined in Defn. 10 with parameters (p™),¢M), ..., (p™®, ¢*)), and let
w1, ..., wy be positive weights such that ), w, = 1. Then, for x,a’ € X, we have the following Markov chain:

Z?Zl ij(j)(:vj,x;») if e —2' g =1

P(X,=z|X, 1=2)= )
0 otherwise



The eigenvectors and eigenvalues of the product Markov chain on the hypercube are easily defined through the
eigenvectors and eigenvalues of Markov chain defined on &5. The following lemma follows from results stated
in (?, Chap 12.4).

Lemma 12. Let P be the transition matriz of the product Markov chain obtained using the transition matrices
PO P®) of chains on Xo. Let u'Y) denote the eigenvector of P with eigenvalue 1 — (p(i) + ), then for
each subset S C {1,...,k}, define ug : X — R as follows:

) x; — €O
us(z) = [[v(@) = || —=
g g\/l—(g(l))Q
where £ = (p® — ¢ /(p® + ¢, Then ug is an eigenvector of P with eigenvalue 1 — Yics w; (p® + ¢¥).

Remark 13. It is easily observed that if we set pt = ¢ =1 in all the chains and w; = % for each i, then we
get exactly the standard random walk on the hypercube with d = 2% vertices.



