Risk-Averse Stochastic Convex Bandit

Appendix A More Preliminaries

A.1 Convexity and Lipschitz Continuity

Let X C R? be a convex set, that is, for any =,y € X and any A € [0,1], Az + (1 - Ny € X. Wesay f: X = R
is a convex function if for any A € [0,1] and for any z,y € X

Af(@) + (=N f(y) = fAz + (1= A)y).

An equivalent definition of convexity is the following [21]. f is convex if and only if

f@) = fly) +Vfy) (@ —y) VoyeX.

Here V f(y) denotes any element in the subdifferential of f at y.
We say f: X — R is strongly convex with parameter 8 > 0 if and only if

1) > 1)+ V)@= y)+ Slle gl Ve e X,

We say f is G-Lipschitz continuous with respect to a norm || - || if for every =,y € X, |f(z) — f(v)| < G|z —y||.

Lemma 5. [27] [Ch. 2]Let f : X — R be a convex function. Then, f is G-Lipschitz over X with respect to a
norm || - || if and only if for oll x € X and for all V f(z) € 0f(x) we have that ||V f(x)|l. < G, where || - ||«
denotes the dual norm.

Throughout this paper, whenever we say f is G-Lipschitz we mean f is G-Lipschitz with respect to || - ||2 unless
otherwise stated.

A.2 From OCO to to Bandit Feedback

We present a result from that allows us to transform regret bounds from OCO into expected regret bounds for
Online Bandit Optimization.

Lemma 6. [16][Ch. 6] Let u be a fived point in X. Let f1,...fr : X — R be a sequence of differentiable
functions. Let A be a first order algorithm that ensures Regretp(A) < Ba(Vfi(x1),...,Vfr(zr)) in the full
information setting. Define {x;} as: 1 + A(D) , x4y < A(g1,-..,g¢t—1) where each g; satisfies:

E[gt|fl]17 f17 ceey Tty ft] = vft(xt)

Then, for every u € X:

W

T
ED felw)] =Y fi(w) < E[Ba(gr,..g7)]

t=1

Moreover, Online Gradient Descent is a first order Algorithm [16][Ch. 6].

A.3 Some Useful Concentration Results

In this section we present results on how quickly random functions uniformly concentrate around their mean.

Lemma 7. [26][Theorem 5] Let F(x) = %25:1 f(x,&,) where f(-,€) is L-Lipschitz with function values
bounded by R and the set where it is defined has diameter B. Let F(x) := E¢[f(z,£)]. Then

- Ne?
P F(z) — F(z)] > €) < O(d*(— )% exp(———=)). 7
(sup |F () — F(a)] 2 ©) < O(*(==)" exp(~1357)) 7
This result implies the following two lemmas.

Lemma 8. With probability at least 1 — §, for any x € X, over a sample size N

LRdIn(})

[F(a) — ()] < O] == 2).
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Proof. Setting the right hand side of (7) equal to é and solving for € gives

Sl

€ =

\/128LR[2 In(-%) + dIn(LB) + dIn(L)]
N

Since we must bound e by above, we now bound ln(%). Using the previous equality we have

1 1 N

ln(é):iln(msm[mn( ) +dln(LE )])

Sl

since In(=> LB) is Jarge and in the denominator, we have

In (1) <y~
2 256LRln(%)

)

this implies!

128 LR[2 In( ) +dIn(LB) +d 1n(m)}
< \/g
- N

dLBN
. \/HLRdln V6256 LR In( 4 ))
- |LRdIn(})
=0 ———2=

=)

O
Lemma 9.
LRd

Elsup |F(x) ~ Fla)]] < OC %

Proof. Recall that for a nonnegative random variable X it holds that E[X] = [ P(X > t)dt. We have from (7)

)

, LB Ne?
P(sup [F(@) = F(a)| > ) < O(d*(==)" expl~ 13575
— exp|— (- € din(e) - 2n(d) dln(LB))]

128LR

Let A(e) = a€® + dIn(e) with a := 52 and notice that when ¢ > \/% the second derivative of A(-) is
nonnegative and therefore the function is convex in that domain thus we can lower bound it with its first order

d

Taylor approximation at 4/ 5-.

d d d
> 2V - 242 In(=
A(€) > 2V2ade — 2d + 5 + 5 ln(2 )

d

Therefore, for € > /3
a

P(sup |F(z) — F(x)| > €) < exp[—(2V2ade — 2d + 4, gln(%) —21In(d) — dIn(LB))]

r€Z 2
< exp|[—(2V2ade — 2d + g m%) —2In(d) — dIn(LB))]

< exp[—(2V2ade — 2d — g In(2a) — 21n(d) — dIn(LB))]
= exp[—(2V/2ade) + 6]

!Throughout the paper we let k£ be some universal constant that may change from line to line.
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where 0 := 2d + % In(2a) + 21In(d) + dIn(LB). We have

E[igg |F(z) — F(z)]] < /0 h min[1, exp[—(2V/2ade) + 0]]de

e o 0
= de—i—/ exp[—2Vv2ade + 0lde € =
/0 ¢ l ] 2v/2ad

- explf — 2v/2ade’]
=

2v2ad
1

— 0+1

2\/@[ |
_ @[Qd + d In(2a) + 2In(d) + dIn(LB) + 1]

2v/2dN 2

- VLRd
-0

( Vi )

A.4 Conditional Value at Risk

Proof of Theorem 1. For any fixed z € X, we define ¢(z) := z + L E¢p[f(,£) — 2]+ and P(z) = ~ ny:l z+
L[f(x,&,) — 2]+ By Lemma 8 we know that with probability at least 1 — § for all z € [0, 1]

[

LRIn(N/6)
—~ )

and it is easy to see that L, R are both O(2).

It remains to show that A := {X4 = sup,|¢(z) — Es(z)\ < ¢} implies B := {Xp = |CVaR,[F](z) —

—

CVaR,[F](z)| < €}. Indeed, we have that for any z € Z

#(2) — € < (2)
Therefore, if Z = argmin,cz gg(z) we have:

CVaR.[F)(z) — € < ¢(2) — € < $(2) = CVaRa|F](z)

~

The other side of the inequality follows by applying the same type of argument to ¢(z) < ¢(2) + e. O

Remark 1. We make one last remark about the proof above. We showed that A —> B therefore P(B’) <
P(A"). Since for a nonnegative random variable X we can write E[X]| = [ P(X > €)de we can conclude that

—

E[Xg] < E[X4], or which is the same, E[|CVaR[F](z) — CVaR,[F)(z)|] < Elsup, |¢(z) — ¢(2)|]-

Lemma 10. Let & be a random variable supported in = with probability distribution P. Let f: X x = — R and
assume 0 < f(x,&) <1 forallxz € X and € € E. If f(-,£) is G-Lipschitz then so is CVaR,[F](z).

Proof. By Theorem 6.4 in [28] for any x € X. We have

CVaR,[F)(x) = ?25 Ee[f(x,€)]

where O is some family of probability distributions.

Since convex combinations of G-Lipschitz functions is G-Lipschitz we have that for any x; € X

Eecor[f(21,8)] — Eccor[f(w2,8)] < Gl|wy — 22|
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where ©7 is the probability distribution that maximizes E¢co[f(21,&)] (assuming it exists). Since

Eccor[f(21,8)] — Eceos[f(22,§)] < Eceor[f(21,6)] — Eccor[f (22, )]

by combining the two inequalities we have

CVaR,[F)(z1) — CVaR4[F](z2) < G||x1 — x2]|

a symmetry argument yields the other side of the inequality, this concludes the proof.

O

Lemma 11. Let X be a conver set with diameter D). that contains the origin, that is for all x1,72 € X,
l[z1 — x2|| < D). Let X5 :={x:x € (1-6)X}. For any x € X let x5 := lx;(x) where the projection is taken

with respect to any norm || - ||. Then
|z — @s|| < 0Dy,
Proof. Notice (1 —0)z € X5

||z — xs]| < |lx — (1 —0)z|| By definition of II

< 0z
< 0Dy since X contains the origin
Lemma 12. Let v = [x1,22]". Define ||z|| = ||z1]|2 + ||72||oc. Then

2] = max{][a1[[2, [[z2[[1 }

Proof. By definition of dual norm we have

Hﬂh=nm$§ﬂ@1+m§m

= max T
llall2+y2]loe <1

= max_c1||z1]]2 + e2llz2|lh
c1+ca<1

max{||z1]2, ||z2]|1}

A.5 Analysis of Algorithm 1

(8)

Lemma 13. The function L4(x,z) := z + L[fi(x) — 24 is jointly convez, G-Lipschitz continuous with Gy =

a Y G+ 1) + 1, and the diameter of the set where it is defined Dy < Dx + 1.

Proof. We first prove convexity. The function fi(x) — z is jointly convex since both fi(z) and —z are, and
addition preserves convexity. Point-wise supremum over convex functions preserves convexity and since any
constant function is convex we have that [f;(z) — z];+ is convex. Again, using the fact that addition preserves

convexity we get the desired claim.

To prove the second part of the claim we notice:

IVfi(z) if filz)—2>0

Vali(x,2) =
oL@, 2) 0 otherwise

otherwise

1-1
V.Li(x,2) = ) @
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Let VL; := [V;L4; VL] and recall that a function f is G-Lipschitz continuous if and only if ||V f]| < G. We
have that We have that

[£el| < max{][[0; ][], [[[a~ 'V ;1 + a1}
<a Y G+ +1=G,

Where the last inequality follows by simple algebra.
The fact that D, < Dx + 1 follows from the definition of the diameter of a set. O

The key to prove Theorem 2 is to realize that Algogithm 1 is performing Online Gradient Descent using an
estimate of the gradient of the smoothened function £, as in [9].

Next we prove a lemma assuming that for every t = 1,....,T VL; := VLi(24,2:) is revealed and we update
according to

[@ir1, 2e01] | Oxxz([2e, 2] T — 0V L) 9)

That is, we perform Zinkevich’s Online gradient Descent (OGD) on functions £; [32]. Due to Lemma 6 we will
be able to use this guarantee when we have bandit feedback.

Lemma 14. Applying OGD on sequence of functions {L}_, guarantees: for every w = (v,2) € W= X x Z.

T T D 77 T
Z,Ct(wt Z S 7 EZ V£t||2

Proof. We follow Zinkevich’s proof. By properties of projections we have:

l[wit1 — wl]? < [lwy — nV L — w]]?
= |Jwy — w|]* + ?[|VL? = 20V L] (wy — w)

Therefore:

[|wi = wl|[* — [[wigr —wl]®
Ui

VL (w —w) < + ||V L|[?

Using convexity and summing up the inequalities above for every ¢ we have:

M’ﬂ
I
§
Mﬂ

T
203 Le(wr) — 2V L (wr = w) (10)
t=1 = t=1
o~ llwe —wl? — Jwp —wl? | )
<> +n ) |IVL| (11)
t=1 K t=1
T
D,
< Sy Ived?
N =1
Which yields the desired result. O

Lemma 15. Let §j; = (%4, %) and y* = (2,2) 1= argmin, ,cx«z ZZ;I E¢[Li(z, z)], Algorithm 1 guarantees:

T

Z znt £t

t=1

dD xGT3/4
«Q

)

HM’%



Adrian Rivera Cardoso, Huan Xu

Proof. Define y5 = IIx,[y*]. By Lemma 11 in the Appendix, it holds that ||yf — y*|| < 6D,. Using a similar
argument as in [9] we have:

T T
< Emt[z Li(yt) — Zﬁt(y*)] +0G,T by Lemma 1 and ||ys — g¢|| < ¢
t=1 t=1
T T
< Eznt[z Et(yt) - Zﬁ (y5)] +0G T +0G,.D,T
t=1 t=1
T ) T )
< ]Emt[ Et(yt) - Zﬁ (y(;)] +30G,T +6G.D,T by Lemma 1
t=1 t=1

D2
Eine[llgel|?] + 2—; +30G.T +0D,G:T by Lemma 6

IA
N3
M=

d+ 1 2 T B 1 _ _ D2
TS ot L@ - 28+ i H3CCT + DG T

12 D?
AV DE a6 4 6D0GeT

2 622 2n
dDxGT3/*
=0( )
a
Where we chose 7 = O(25%) and § = O(717). O

We are now ready to give a proof of Theorem 2.

Proof of Theorem 2. Notice that for all ¢, every x € X and every z € Z, we have:
1
Eewp[Li(z, 2)] = 2 + aqu:[f(:E,f) —z]1 > CVaR,[F](z).

The result then follows by taking E¢. p[-] in both sides of the result in Lemma 15 and interchanging the expec-
tations. The interchange can be done using Fubini’s Theorem since for every x € X and for every z € Z we have
that £;(x, z) < O(=) almost surely. O

1
(0%
We are now ready to prove Theorem 3. We assume f; is 1-Lipschitz continuous.

Proof of Theorem 8. Define concentration error CE = Cu[{fi(z*)},] — Cu[{f:(z)}L,], where z =
argminge x Co[{fi(z)}L_,], let 2* = arg min,e x Co[F](z), we have
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]E[Ca[{ft(xt)}thl] + Cal{fe(=")}ioa]] = mingex Cal{fi(2) }iz1]

T

— Bfming + — Z max{ () + foa) = fa”) = 9,0} = Cal {fa")}L1]) + EICE]
< Eminy + — ;max{ft(x*) 1) = Foa)] = 5,0} = Cal (fie)} 1)) + EICE]
< Elminy + ;Témax{fm 1) = Fo@)| = 1 fulwe) = fila™)} = Cal{fula™) )] + EICE]
— Efminy + ;Témax{ft(x*) 90} + i Hfila) = fula")] = Cal{ (e}l + EICE]

=Bl 3 flr) = 1)) + EICF]

T
1 . : . .
< 5 Z |||zt — 2*||] + E[CE] since f; is 1-Lipschitz
T
<L T ZEt[th —z*|]2 + E[CE] by Cauchy Schwartz
ol p
T
1 2 . "
< ﬁﬁ ZEt[f[Ca [F](z:) — Co[F)(z*)]] + E[CE] by strong convexity of C,[F](-) and KKT condition
1 .
= VT GBS CulP )~ CalF(e)] + BECE
d1/2

We still need to bound the concentration error CE in expectation. Notice we can write
CE = [Cal{fi(2")}{Z1] = CalF)(a")] + [Ca[F](z*) — CalF)(2)] + [CalF)(Z) = Cal{f:(2)}i=1]

and the second term is nonpositive. To bound CE in expectation we apply Lemma 9 on functions ¢(z,y) =
y+ 2[f(z) — y]+ (notice L < O(2) and R = O(2)), by Remark 1 and the same reasoning as in the proof of

Lemma 9 we have E[|C[F](Z) — Cu[{f:(Z)} 4] < (L\F) Thus E[CE] < O( Vd ) This finishes the proof. [

A.6 Analysis of Algorithm 2 (1-D)

We proceed to formally analyze the algorithm following [2]. In this section, for ease of reading we refer to
quantity TRz as the regret. We work conditioned on € which is defined as the event that for every epoch and
for every round i, h(z) € [LB,,(z),UB,,(x)] for € {z;, 2., x,}. We will first bound the regret in an epoch
and then bound the total number of epochs. We do the previous in the next sequence of lemmas. Notice that
by Theorem 1 we can obtain a «-CI for h(x) that holds with probability at least 1 — % with only %{ffm)
samples. We first show that we never discard points that are near optimal.

Lemma 16. If epoch T ends in round i, then the interval [l41,7+41] contains every x € [l.,r;] such that
h(z) < h(x*) + ;. In particular, * € [I,,r;] for all epochs T.

Proof. Assume epoch 7 terminates in round ¢ through Case 1. Then, either LB, (z;) > UB,,(z,) + 7; or
LB, (x,) > UB,,(x;) 4+ 7. We assume the former occurs. It then holds that

h(z) > h(z.) + .
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We must show that the points in the working feasible region to the left of x; are not near optimal. That is,
for every x € [l;,l;11] = [l-,2;] we have h(z) > h(z*) + ;. Pick x € [I.,2;] then, for some ¢ € [0,1] we have
2y =tz + (1 — t)xz,. Since h is convex we have

h(z) < th(z) + (1 — t)h(w,)

which implies

t
> h(x,) + %
> h(z") + v

as required. If LB, (z,) > UB,,(z;) +7; had occurred the argument is analogous.
If epoch 7 had terminated through case 2 then
max{LB,,(z;), LB, (x,)} > UB.,(xc) + 7.
We assume LB, (x;) > UB,,(z.) + i, then
h(z1) > h(ze) + 7.
The same argument as above with x. instead of z, guarantees h(x;) > h(z*) + ;. If LB,,(z,) > UB,,(z.) + Vi

had occurred the argument is analogous. The fact that «* € [I,,r,] for every epoch 7 follows by induction. [

We now show that if an epoch does not terminate in a given round i then the regret (T'R7) incurred in that
epoch was not too high.

Lemma 17. If epoch T continues from round i to i + 1 then the regret in round i is at most

rIn(T/(0i))
a2y,

Proof. The regret incurred in round ¢ of epoch 7 is

£ In(T/(oi))

aznz (@) = h(a")) + (Alze) = h(a")) + (Alr) = h(2"))]

It suffices to show that for every x € {x;, z., x,} it holds that
h(z) < h(z*) + 12+;.
The algorithm continues from round ¢ to round ¢ + 1 if and only if

max{LB,,(z;), LB, (x,)} < min{UB,,(x;), UB,(z,)} + i

k3

and

max{LB,,(v), LB, (x;)} < UB,,(2c) + 7i-

This implies that h(z;), h(z.), and h(z,) are all contained in an interval of at most 3;. There are two cases for
which the argument is essentially the same, either * < z. or z* > x., we consider the former. Since by the
previous lemma we know that «* € [I-,r;], then there exists ¢ € [0, 1] such that z* = z. + t(z. — x,). Therefore

1 t

Te= 1t 1"

re

Since |z, — I;| = w;/2 and |z, — x| = w, /4 we have

et =] |l x|  we /2

t 2

I R A TV



Risk-Averse Stochastic Convex Bandit

Since h is convex

(o) S Tghle) + ghlan)
therefore
h(z*) > (1 +t)(h(ze) — Lh(ﬂfr))
= h(ze) + (1 +t)(h(zc) — h(z,))
> h(ze) — (L+t)|h(z) — h(z,)]
> h(z,) — (1 +1)37i
> h(zy) — 9y

So, for all z € {z;, z.,x,} it holds that

h(z) < h(zy) + 37 < h(z") + 127;.

We proceed to bound the regret in each epoch.
Lemma 18. If epoch T ends in round i the regret incurred in the epoch is mo more than

K 1H(T [(ei))
a?y;

Proof. If i = 1, since h(z) is 1-Lipschitz and X = [0, 1] we have that for every = € {x;, z., z,} h(z) — h(z*) < 1.
Therefore the regret in epoch 7 is

kIn(T/(a?~?
W(((hm) = h(@") + (h(ze) = h(z*)) + (h(zr) = h(z")))
< OxIn(T/(0*+7))
a?y

If ¢ > 2, by the previous lemma we have that the regret incurred in round j with 1 < j <4 — 1 is no more than
kIn(T/(0?47))
a?y; ’
For round ¢ the regret incurred is at most

RIn(T/ (%) KT2In(T/(0*2))
a?y? B a?y; .

3- 12")/2‘_1

It follows that the regret in epoch 7 is

S sIn(T/(@*55))  kIn(T/(a*1?))

j=1 a?y; a?y;
i—1 2.2
_ Zl W 9i 4 W
o AI(T/@2) 0, eI (0%2)
e} a”7yq
_ rinT/(er)

a?y;
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We have bounded the regret that we incur in each epoch. We proceed to bound the number of epochs.

Lemma 19. The total number of epochs T satisfies

o?T
In(T)

).

7 < klogy 5(

Proof. The key is to observe that since the number of times we sample a point is bounded above by 1" then
v > (a?T/(kIn(T)))~/? for every round and every epoch. Let Ymin = (a2T/(kIn(T)))""/? and let I :=
[2* = Ymin, ©* + Ymin]. Since h is 1-Lipschitz, for any « € T
h(z) — h(z*) < Ymin-
By Lemma 16 we have that for any round 7/ which ends in round 7’
IC{ze[0,1]: f(x) < f(@") + i} C [lrg1,77441]
since Ymin < ¥i- The previous implies
2Ymin < Tr1 — lry1 = Wrgr.
By the definitions of I;/41, ;41 and w1 we have that for any 7" € {1,...,7}
Wrryy < it

Therefore,

3
2Ymin < Wryp1 < (Z)Twl < (=)

which yields the result. O
We are now ready to prove Theorems 4 and 5 .

Proof of Theorem 4. The per epoch regret when epoch 7 ends in round 7 is

RI(T/(07) _ wI(T/(070) _ wvVTIn(T/ (0min)) _ v/ In(T)

a2’7i a O52’)’min - «@ @

Using the previous lemma we know that the regret will not be more than

xV/T In(T) a?T

o Loyl In(T) )

Recall we have been working conditioned on £. We need an upper bound on P(£’). We know that after

xIn(T/(a))

P queries we have
i

which yields the desired result. O
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Proof of Theorem 5. The proof is very similar to that of Theorem 3 with the difference that we have to bound
the concentration error CE := C,[{fi(z*)}]_1] — mingex Co[{fi(x)}1_;] with high probability. As explained in
the proof of Theorem 3 we know

CE < |Cal{fe(z")}i21] = CalF](a")] + |CalFI(2) = Cal{fe(@)}{1]]

where Z = arg min,e x Co [{f:(7)}1_;]. To bound CE with high probability we apply Lemma 8 with § = 1/7" on
functions ¢(z,y) = y + =[f(x) — y]+ (notice L < O(%) and R = O(i)), by the same reasoning as in the proof

of Theorem 1 we have that with probability at least 1 — %, |CoF)(zZ) — Col{fe(2) Y]] < O(#) and thus by
a union bound we have that with probability at least 1 — =, CE < O( ) As in the proof of Theorem 3 we
have

R 51 /2 VTR + CE.

Using Theorem 4 to bound R, the argument in the previous paragraph to bound C'E, and a union bound yields
the result. O

A.7 Analysis of Algorithm 2 (d-D)

We first describe the algorithm informally. As in the special case from the previous section, Algorithm 2 proceeds
in epochs. Let the initial working feasible region be Xy = X. The goal is that at the end of every epoch 7 we
will discard some portion of the working region X, and end up with a smaller region X, ; which contains at
least one approximate optimum.

We now give a brief description of the algorithm. At the beginning of every epoch 7 we apply an affine trans-
formation to the current working region X such that the smallest ellipsoid that contains it is an Euclidean ball
of radius R, which we denote B(R7). We assume that Ry < 1. Let r. := R, /(c1d) for some ¢; > 1 so that
B(r;) € X; (such a construction is always possible see Lecture 1 p. 2 of [3] ). We refer to the enclosing ball
B(R;) as B,. Every epoch will consist of several rounds where ~; is halved in every round.

Let xg be the center of B,. At the start of epoch 7, we build a simplex with center z contained in B(r;). We
will play the vertices of the simplex 1, ...., x4+1 enough times so that the CI's at each vertex are of width ~; and
hold with high probability. The algorlthm will then choose point y; for which h( ); is the largest, here h denotes
the empirical estimate of h. By construction we are guaranteed that h(y;) > h(z;) —7; for j=1,...,d+ 1.

The algorithm will now try to identify a region where the function value is high so that at the end of the epoch
we can discard it. It will do this by constructing pyramids with parameter 4 (always greater that ) until a bad
region is found, if this does not happen for the current value of v it means that the algorithm did not incur to
much regret (relative to how large v was). The pyramid construction follows from Section 9.2.2 of [20]. The
pyramids have angle 2¢ at the apex where cos(¢) = ¢2/d. The base of the pyramid has d vertices, z1, ..., z4 such
that z; — xg and y; — z; are orthogonal. The previous construction is always possible. Indeed, take a sphere with
diameter y; — z¢ and arrange 21, ...z4 on its boundary such that the angle between y; — g and y; — z; is ¢. We
now set 4 = 1 and play all the points 1, 21, ...z4, and the center of the pyramid enough times until all the CI’s
are of width 4. Let TOP and BOTTOM be the vertices of the pyramid (including y;) with the largest and smallest
values for h(z). Let A(-),A(-), be functions which are specified later. We then check for one of the following
cases:

1. If LBs(ToP) > UB»(BOTTOM) + A, (¥) then we proceed depending on what the separation between the
CI’s of TOP and APEX is.

(a) If LBs(TOP) > UB5(APEX) + 4, then with high probability
h(ToP) > h(APEX) + 4 > h(APEX) + ;.

We then build a new pyramid with apex equal to TOP, reset 4 = 1 and continue sampling on the new
pyramid.

(b) If LBs(ToP) < UB3(APEX) + 4, then LB5(APEX) > UB5;(BOTTOM) + A(7) — 2. We then conclude
the epoch and pass the current apex to the cone-cutting subroutine.
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2. If LB5(TtoP) < UB5;(BOTTOM) + A, (%), then one of the following things happen:

(a) If UB5(CENTER) > LB (BOTTOM) — A, (%), then all the vertices of the pyramid and the center of the
pyramid have function values in an interval of size 2A. (%) 4+ 35. We can then set ¥ = 4/2. If 4 < ~;,
we start the next round with ;11 = 7;/2. Otherwise we continue sampling with the new 4.

(b) If UB5(CENTER) < LB (BOoTTOM) — A, (§). We conclude the epoch and pass the center and current
apex to the hat-raising subroutine.

Hat-Raising: This occurs whenever the pyramid satisfies LBs(TOP) < UBs;(BOTTOM) + A/(§) and
UB5(CENT) < LBs(BOTTOM) — A, (). We will later show that if we move the apex a little from y; to y,
then the CI of y; is above the CI of TOP and the new angle ¢’ in not too much smaller than 2¢. In particular,
we will let y; = y; + (y; — CENTER;).

Cone-cutting: This is the last step in a given epoch (notice this is the last step in the hat-raising subroutine).
This subroutine receives a pyramid with apex y and base z1, ..., zq with angle 2¢ at the apex such that cos(¢) <
1/2d. Define the cone

d d
K.={z:3A>0,01,...,aq > O,Zai =1l:z :y—)\Zai(zi -y} (12)
i=1 i=1

which is centered at y and is the reflection of the pyramid around the apex. By construction K, has angle 2¢ at
the apex. Let B, ; be the minimum volume ellipsoid that contains B; \ K and let Xr 1 = X N B ;. Finally,
by applying an affine transformation to B, we obtain B, ;.

Before proving that the algorithm achieves low regret we discuss the computational aspects of the algorithm. The
most computationally intensive steps are cone-cutting, and the isotropic transformation that transforms B,
into a sphere B, 1. These steps are analogous to the implementation of the ellipsoid algorithm. In particular,
there is an equation for B, | see [12]. The affine transformations can be computed via rank one matrix updates
and therefore the computation of inverses can be done efficiently.

We follow [2] for the analysis of the algorithm. The main difference in the analysis is that we must build estimates
of the C'VaR of the random loss at every point instead of building them for the expected loss. Because of this,
we have to use different concentration results which directly affect how many times we must choose an action.

In this section we will first prove the correctness of the algorithm and then bound the regret. As in the 1-
dimensional case we work conditioned on £ which is defined as the event that for every epoch and every round
i, h(z) € [LB,,(x),UB,,(z)] for all z played in that round. We will assume that

6cid* - 6crdt
Ar(y) = ( 012 +3)y and A;(y) = ( 012 +5)y (13)
2 2

and ¢; > 64, co < 1/32.

A.7.1 Correctness of the Algorithm

In the next sequence of lemmas we show that whenever the cone-cutting procedure is carried out we do not
discard all the approximate optima of h. We also show that the hat-raising step does what we claim.

For the next two lemmas we assume that the distance from apex y of any II built in epoch 7 to the center of
B(r;) is at least r,/d. That the previous is true will be shown later.

Lemma 20. Let K, be the cone that will be discarded in epoch T through case 1b) in round i. Let BOTTOM be
the lowest CI of pyramid II. Assume the distance from the apex y to the center of B(r;) is at least r/d. Then
h(z) > h(BOTTOM) + v; Va € K.

Proof. Let x be a point in .. By construction, there exists a point z in the base of the pyramid such that
x=az+ (1 —a)y for some a € (0,1]. Using the convexity of h, the fact that z is in the base, and the fact that
we are in case 1b), we have the two following inequalities

h(z) < h(ToP) < h(y) + 37

h(y) > h(BOTTOM) + A (%) — 2%
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Algorithm 2 (X C RY)

Input: X, constants ¢; and ¢y, functions A, (v) and A(7), and total number of time-steps 7'
Let Xl =X
for epoch 7 =1,2,... do
Round A; so B(r;) C Xr C R(R,), R, is minimized and r, :=
Build a simplex with vertices z1, ..., £441 on the surface of B(r
for round i = 1,2, ... do
Let ~; := 271
Play z; for each j =1,...,d + 1, H% times and build CT’s: [Co[F](z;) — vi, CalF](z;) + il
Let y; := argmax,, LB, (z;) '
for pyramid k = 1,2, ... do
Construct pyramid IT; with apex y; let z1, ..., zq be the vertices of the base of II; and zy be the center

R,/(c1d). Let B, = B(R,).
-

of Hk
loop
Play each of {yx, 20, 21, -+, 2d}, H% times and build CI’s

Let CENTER := zp, APEX = ¥y, TOPIbe the vertex v of II; maximizing LB@(’U), BOTTOM be the

vertex v of II; minimizing LBs(v)

if LBs(TOP) > UB4(BOT) + A, (¥) and LB (TOP) > UB5(APEX) +4: (Case 1la) ) then
Let yg41 := TOP, immediately continue to pyramid k + 1

else if LBs(TOP) > UB4(BOT) + A, (%) and LB (TOP) < UB4(APEX) +4: (Case 1b) ) then
Set (X1, Bry1) = CONE-CUTTING (I, X-, B ), proceed to epoch 7 + 1

else if LB;(TOP) < UB3(BOT) + A, (%) and UB4(CENT) > LB4(BOT) — A, (4): (Case 2a) ) then
Let 4 :=4/2
if ¥ <~; then

Start next round i + 1

end if

else if LB;(TOP) < UB5(BOT) + A, () and UB3(CENT) < LB4(BOT) — A,(%): (Case 2b) ) then
Set (X1, Bry1) = HAT-RAISING (I, X, B;) and proceed to epoch 7+ 1

end if

end loop
end for
end for
end for

Algorithm CONE-CUTTING

Input: pyramid IT with apex y, (rounded) feasible region X, for each epoch 7, enclosing ball B,
1. Let zy, ..., zq be the vertices of the base of II, and ¢ the angle at its apex.

2. Define the cone K; = {z|3X > 0, a1, ..., g > 0,2?21 a=lLr=y— )\Z?:l ai(zi —y)}

3. Set B | to be the minimum volume ellipsoid containing B, \ K-

4. Set Xry1 =X, NBL,

Output: Output: new feasible region A’ ,; and enclosing ellipsoid B’

Algorithm HAT-RAISING

Input: pyramid II with apex y, (rounded) feasible region X, for each epoch 7, enclosing ball B,
1. Let CENT be the center of II

2. Set y' =y + (y — CENT)

3. Set I’ to be the pyramid with apex ' and same base as IT

4. Set (Xr41,B, 1) = CONE-CUTTING(II', X, B;)

Output: new feasible region X7 ; and enclosing ellipsoid B}
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where 4 is the CI level used for the pyramid. Since h is convex we have
h(y) < ah(z) + (1 — a)h(z) < a(h(y) +39) + (1 — a)h().

Which implies

(67

h(z) > h(y) — 3 &>h®omDMy+A4%—3T%E§_27

11—«

We know a/(1—«) = ||y — z||/]|y — z||. Since z € B(R,), ||y —z|| < 2R, = 2c¢1dr,. Moreover, ||y — z|| is at least
the height of II, which by Lemma ?? in the Appendix, is at least 7,c3/d®. Thus

a  ly—zl| _ 2cidr,
l—a  ly—z|] = rr3/d>
This implies
. . 6eyd*
h(z) > h(BOTTOM) + AL (§) — 29 — —5—75 > h(BOTTOM) + 7;
=)
as required. |

Lemma 21. Let II' be the pyramid built using the hat-raising procedure with apex y' and the same base as I in
round i of epoch 7. let KC!. be the cone to be removed. Assume the distance from y, the apex of II to the center of
B(r,) is at least v+ /d. Then II' has angle ¢ at the apex with cos ¢ < 2cy/d, height at most 2r.c3/d?, and every
point x in K, satisfies h(x) > h(z*) + ;.

Proof. Let y' = y+ (y — CENTER) be the apex of II'. Let g be the height of II (the shortest distance from the
apex to the base), let ¢’ be the height of II' and let b be the distance from any vertex in the base to the center
of the base. By Lemma ?? in the Appendix we have ¢’ < 2g < 2r,c?/d?. Since cos ¢ = g/vh? + b2 = cp/d we

have cos ¢ = g'/+/g"2 + b2 < 2g/+/g% + b2 = 2cos ¢ = 2¢,/d.

We now show that for all € K. we have h(z) > h(x*)+4%. Since h is convex we have h(y) < (h(y)+h(CENTER))/2

therefore h(y') > 2h(y) — h(CENTER). Since we are in case 2b) we know h(CENTER) < h(y) — A, (%), so

h(y') = h(y) + A7 (). (14)

Since we are under case 2b) we have h(y) > h(TOP) — A (§) —2% > h(x) — A (¥) — 24 for all z € II. We therefore
have that for any z in the base of II,

h(y/) > h(Z) + A‘1'(’3/) - AT(:Y) - 2’3/ > h(2)7 (15)
where we used the settings of A (%) and A, (%). Finally, for any z € K. there exists a € [0,1) and z in the base
of IT" such that y" = az + (1 — a)x, by convexity we have h(y') < ah(z) + (1 — a)h(z) < ah(y') + (1 — a)h(z).
The previous implies h(z) > h(y') > h(y) + A (%) > h(z*) + V. O
A.7.2 Regret Analysis

As in the 1-dimensional case, to bound the total pseudo-regret (TRz) we must bound the regret incurred n a
round and then bound the total number of epochs. In this section, for ease of reading we refer to quantity TRy
as the regret.

A.7.3 Bounding the regret incurred in a round.

We first bound the regret in round ¢ if case 2a) takes place. As before, we let II be a pyramid built by the algorithm
with angle ¢, apex y, base z1, ..., zy and center CENTER. recall that the pyramids built by the algorithm are such
that the distance from the center to the base is at least r.c3/d>.
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Lemma 22. Suppose the algorithm reaches case 2a) in round i of epoch T, assume x* € B(R.), where x*
minimizes h. Let I1 be the current pyramid and 5 be the current width of the CI. Assume the distance from the
apex of I to the center of B(r;) is at least r./d. Then the regret incurred while playing on II in round i is no
more than

dIn(T/(a)) ,4d" d(d+2), ,12c;d*
KO/ (Ao, dAEDy Bal ),
a“y cs C2 c5

Proof. The proof follows by convexity. We will first bound the variation of & in the pyramid and then bound
the regret on the round depending on wether z* is in II or not.

Since II is a convex set we know that the function value on any point in II is bounded above by the maximum
function value at the vertices. Case 2a) implies that for any vertex its function value is bounded above by
h(CENTER) + A, (9) + A, (4) + 39. The previous implies that for all z € IT we have

h(z) < h(CENTER) + A-(3) + AL (7) + 34.

We let 6 := A (3)+A,(§)+34. Let 2 € II, let b be the a point in the base of IT such that CENTER = oz + (1 —a)b
for some « € [0,1]. We know that (1 — «)/a = ||CENTER — z||/||CENTER — b||. Since the furthest x can be from
CENTER is when z is a vertex, and the distance from CENTER to b is at least the radius of the largest ball
inscribed in IT with center CENTER, by Lemma 7?7 in the Appendix we have

1 —a ||CENTER — z|| < d(d+1)
a  ||CENTER —b|| = ¢

Since h is convex and we have a bound on all the function values over IT we have
h(CENTER) < ah(z) + (1 — a)h(b) < ah(z) + (1 — a)(h(CENTER) + ¢).

This implies

h(z) > h(CENTER) — M (16)
C2

Combining the previous two equations we have that for any z,z’ € TI
d(d+2)é

|h(z) = h(z')] £ —.
2

Consider the case when z* € II . Since in a given round we sample d + 2 points in the pyramid, each of them
only xIn(T/(a%))/(a?4?)) we have that the total regret incurred when sampling the pyramid is no more than

d(d + 2)5)(/£1n(T/(od))

Co 0242

(d+2)( ).

We now consider the case where z* ¢ TI. Recall that we always have 2* € B, by Lemma 20. Thus we can write
b = ax* + (1 — a)CENTER, for some « € [0, 1] where b is a point in some face of the current pyramid. We know
« = ||CENTER — b||/||CENTER — z*||. Using the triangle inequality we have ||CENTER — z*|| < 2R, = 2¢ydr,. We
also know that ||CENTER — b|| is at least the radius of the largest ball inscribed in II which by ?? in the Appendix
is at least r.c3/(2d*). Using the convexity of h and Equation (16) we have

h(CENTER) — dd+2)3 < h(b) < ah(z*) + (1 — @) h(CENTER).
c2
Thus, Va € IT we have
1 4d" 4d"
h(z*) > h(CENTER) — dd+1)0 > h(CENTER) — d ;15 > h(z) — d 3616 _dd+ 2)5.
Cox cs cs5 Co

Using the same argument as before we know that the regret incurred in the round while evaluating points in II
is no more than

4d7¢,6 N d(d+2)s, kIn(T/(aF))

(@ +2)(— P S P

).

Plugging in A, (%) and A, (4) yields the result. O



Adrian Rivera Cardoso, Huan Xu

Lemma 22 is important because it implies that whenever we sample from a pyramid using 4 we were in Case
2a) with 24 and the regret incurred is only poly(d)/4. The exception is when we are in the first round, however
since h is 1-Lipschitz the previous claim holds trivially.

We now show that we only visit Case 1a) only a bounded number of times in every round. The intuition is that
every time Case la) occurs and we build a new pyramid its center will be closer to the center of B(R;) and at
some point the pyramid will be inside the simplex we built at the beginning of the epoch for which we know h
at its vertices.

Lemma 23. At any round, the number of visits to Case 1a) is at most 2d*In(d)/c%, and every pyramid build by
the algorithm with apex y satisfies ||y — xo|| > 7+ /d.

Proof. By definition of Case la) TOP # y, without loss of generality we assume TOP = z;. By construction we
have

21 — 2ol = sin(6)|ly — ol

Since this holds every time we enter Case 1a), we know that the total number of visits k satisfies
[l21 = wol| = (sin(¢))"r-

where 7, is the radius of the ball where the simplex is inscribed at the beginning of round 7. We also notice
that for a simplex of radius r, the largest ball inscribed in it has radius r,/d. Additionally, by construction
we have cos(¢) = ca/d and therefore sin(¢) = /1 —c5/d < 1 — ¢3/(2d?). Therefore, k = 2d?In(d)/c3 ensures
[|z1 — zo]| < r,/d which implies that z; lies inside the simplex we build at the beginning of round 7.

Let y1, ..., yx be the apexes of the pyramids built in round 7. By construction we have
h(z1) = h(TOP) = h(yk)y = h(yk-2)2v = ... = h(y1) + k.

On the other hand, by definition of y; we have h(y1) > h(x;) — ~y for all vertices of the simplex z;. Since 21 is in
the simplex and h is convex we have

h(y1) > h(z1) —v > h(y1) + (k= 1)y
which is a contradiction unless k& < 1. Therefore, if z; is not in the simplex it must be the case that k£ <

2d% In(d) /c3. O

Using the Lemma 23 we will bound the regret incurred in a round whenever it terminates in Case 2a).

Lemma 24. For any round with CI width of vy that terminates in Case 2a) the total regret incurred in the round
ts no more than

kdIn(T/(ary)) ,2d* In(d) 4d7cy  d(d+2), 12¢1d*
1 11).
() 2R |3y (4o, A2 0 gy

Proof. By Lemma 23 we have that for the given round, the total number of pyramids we have built is k£ <
2d%In(d)/cz. Then, by Lemma 22 we know that for any point in the k-th pyramid the instantaneous regret is no
more than

4d” d(d+2), 12¢;d*
1= mya(MTL MR 2T )
2 2 2

We now show that the regret for any point we played during the round is at most §. Indeed, by construction yy, is
TOP of the (k—1)-th pyramid. By definition of Case 1a) we know that for any « € II;_; we have f(z) < f(yr)+7.
Using this reasoning, we get that the function value at any vertex of any pyramid we have built during the round
is also bounded by the function value at y;. Additionally, as in the proof of the previous lemma, the function
value at all the vertices of the simplex we built at the beginning of the epoch is also bounded by the function
value at yx. Since in every pyramid (and the initial simplex) we sample d + 2 points we know that the total
number of points we will play at is no more than (d+2)(2d?/(c2In(d)) + 1). To bound the total number of times
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we play a point we notice that for a CI with width 4 we play it £In(T/(a))/(a?4?). Suppose v = 27, since 4
is geometrically decreased to v we know that the total number of plays at any point is bounded by

~ In(T/(ay)) _ AsIn(T/(@1))2 _ 4xIn(T/ (o))
j; a22-2j = o a2y2

Putting everything together we get that the total regret incurred during the round is no more than

kdIn(T/(ary)) ,2d* In(d) 4d7cy  d(d+2), 12¢1d*
1 11).
() 2R ) (s, A2, el gy

Using Lemma 24 we will now bound the total regret incurred at any round.

Lemma 25. For any round that terminates in a CI with width -y, the total regret over the round is no more than

kdIn(T/(ay)) ,2d* In(d) 4d7cy  d(d+2), 12¢1d*
1 - 11).
() (D) gy (Mer | o e2)) 2ty

Proof. We just need to bound the regret when the round ends in Case 1b) or 2b). By the definition of the
algorithm, whenever a round has level 7 it must be the case that in the previous round the level was 2+ and thus
using the previous lemma we can bound the regret. The exception is in the first round when v = 1, in this case
using the Lipschitz assumption we know that the instantaneous regret is no more than 1.

Because of the previous we have that the instantaneous regret at any point of the simplex we build is no more
than

4d761 + d(d + 2) 1261d4

2 o )( 2 +11).

27(

Now, if the algorithm was in Cases 1a), 1b) , or 2b) with level 4, then it must have been in Case 2a) with
level 29. And thus, using the bound on the regret whenever a round ends through Case 2a), we have that the
instantaneous regret on the vertices any pyramid is no more than

R 4d761 d(d+2) 1201d4
25 = R )( 2 +11),

and by using the same argument as in the proof of Lemma 24, the number of plays at a given point is bounded
above by xIn(T/(av))/(a?4?). Therefore, the total regret incurred at any pyramid built by the algorithm is no
more than

kdIn(T/(ad)) (4d7301 N d(d + 2))(12c;d4 L),

a2y e ) e

Recalling the bound on the total number of pyramids built in any round yields the result. O

Lemma 26. The regret in any epoch which ends in level v is at most

kdIn(T/(ay)) ,2d* In(d) 4d7cy  d(d+2), ,12c;d*
1 11).
o) 2ERD ) (M A2y ety

Proof. From Lemma 25 we know that on any round with level v, the regret is bounded by C/v where C is some
constant. Since + is reduced geometrically, the net regret on an epoch where the largest level we encounter is ~y
is bounded by

L ¢ . 2C
S <aen 22
i=1 7

which yields the result. O
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A.7.4 Bounding the Number of Epochs

To bound the number of epochs we must show that every time CONE-CUTTING is performed we discard a
sufficiently large portion of the current ball. More specifically, we need to analyze the ratios of volumes of B,
and B.

Lemma 27. Let B; be the smallest ball containing X,, let B, be the minimum volume ellipsoid containing
Bt \ K;. Then, for small enough constants c1,cz, vol(B},) < p - vol(B;) where p = exp(—4(d71+1)).

Proof. This result is analogous to the volume reduction results for the ellipsoid method with a gradient oracle.
It is easy to see that it suffices to consider the intersection of B, with a half-space in order to understand the
set B, \ K. This is because if we were to discard only the spherical cap instead of the whole cone then the
minimum enclosing ellipsoid would increase its volume.

The previous choices of ¢1, co guarantee that the distance from the center of B, to the origin is at most R, /(4(d+
1)). The previous is true because by construction the apex of cone K, is always contained in B(r;), and the
height of the cone is at most R, cos(¢) < R,/(8(d + 1)) again by construction. Thus, if r, < R,/(32(d + 1)),
then the distance of the hyperplane to the origin is at most R, /(4(d + 1)).

Therefore, B, is the minimum volume ellipsoid that contains the intersection of B, with a hyperplane that

is at most R,/(4(d 4+ 1)) from its center. Using Theorem 2.1 from [12] (with o = —1/(4(d + 1))) we get the
result. O

Lemma 28. At any epoch with CI level v, the instantaneous regret of any point in K. is at least ~y.

Proof. Since every epoch terminates only through Cases 1b) or 2b) we only check the claim is true for these two
cases. If the epoch ends through Case 1b) the proof of Lemma 20 gives the result. If the epoch ends through
Case 2b), after HAT-RAISING we now that the apex y’ of pyramid I’ satisfies h(y’) > h(z;) + ~ for all vertices
21, ..., 2q of the pyramid. Writing ¢y’ = az + (1 — a)z with z in K., 2z in the base of II' and « € [0, 1], we can
conclude that h(z) > h(z*) 4+« just as we did in the proof of Lemma 21. O

We are now ready to bound the total number of epochs.

Lemma 29. The total number of epochs in the algorithm is no more than % where 0 = exp(—m).

Proof. Recall z* is the minimizer of h. Since h is 1-Lipschitz, any point inside a ball or radius 1/ VT centered
around z* has instantaneous regret of at most 1/ V/T. The volume of this ball is T~% 2Vy, with V equal to the
volume of the unit ball in d-dimensions. Suppose the algorithm goes through k epochs. By Lemma 27 we know
that the volume of X, is bounded above by p¥V,. By the previous lemma we know that the instantaneous regret
of any point that was discarded had instantaneous regret at least 1/ VT. This is because at any given epoch and

xIn(T/(ay))
a2~2

round we sample at and this quantity can not be more than T. Because of the previous, any point

in the ball centered at x* with radius 1/ /T is never discarded. Therefore the algorithms stops whenever
0k v, < T-Y%V,

implying k < ﬁl 18%;. O

We are now ready to prove Theorems 6 and 7.

Proof of Theorem 6. Using the bound on the regret incurred in an epoch and the fact that v > 1/\/T we know
the total regret on an epoch is no more than

dVT In(T 242 In(d 4d7 d(d+ 2 12¢:d4
KdYTIn(T/o) 220(d) ) Ader | dd+2)) 12e0d” )
! & e 2 5

By the previous lemma we know the total number of epochs is no more than dIn(7")/In(1/6). Thus the total
regret TRy is bounded above by

kd?>v/T In(T/a) In(T) ,2d? In(d) 4d" ¢, N d(d+2), 12c,d*

a?1n(1/0) ( c3 +1)( c3 Co )( 3 +11)'
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Recall that we were working conditioned on €. As in the proof of the 1-dimensional algorithm, we have P(£’) <
1/T. Plugging in the value of 8 above yields the result. O

Proof of Theorem 7. The proof is almost the same as the one of Theorem 5 with two slight differences. First,
we use Theorem 6, instead of 4 to bound Ry. Second, using the same argument as in the proof of Theorem 5

we get that with probability at least 1 — 2, CE = O(%) O

A.8 Analysis of Algorithm 3

The following algorithm, a generalization of Algorithm 1, will guarantee vanishing 7?% and RY. by exploiting the
Kusuoka representation of risk measure p.

Algorithm 3
Input: X C RY, 2, € X, 2, € Z step size 1, §
fort=1,...,T do
Sample u ~ SV
Let uf = [u1;...;uq) and u? = [ugy1; ... UgsN]
Play &y := x4 + du', observe f;(i¢)
Let Zt =z + du?
Let gt = BN (G (3, Z))ul
Let g7 := M(Qt(xt,ét))u?
Update z¢y1 < Ilx, (2 — ngi)
Update z;41 < Iz, (2t — ng?)
end for

Notice that due to Lemma 1, g; := [g}; ¢?] is a one point gradient estimator of the smoothened version of G, G.

The proofs of Theorems 8 and 9 will be similar to that of Theorems 2 and 3, however we must be careful to
make sure we do not introduce unnecessary factors of N, d and é

Lemma 30. ||VG|| < N(G+1)+1

Proof.

d N N
IVl = ZZ Vi £n)? 4D (1Y, La)?
i=1 n=1 n=1

d N
<Dl Ve, Lallse)? + D (1n V2, £0)?  |]-lloo is over n=1,...N
i=1 n=1
d N N
< Z IV, Lnll3e + Zﬂnvznﬁi since Zﬂn =1, and p; <1
i= n=1 n=1
d N
< Z|‘vxiﬁn|‘go+2ﬂn(l+]v)2
i=1 n=1
N
<

d
> Ve Lall2 + Z (14 N)2
i=1

2

> pn(1 4 N)?2

n=1

d
3
i=1

N
< NG+ (14 N) sinceZunzl
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O
Lemma 31. Running online gradient descent on {G,}1_, ensures that for allz € X and all z € Z
T T %112 d * 12
T — T + —1 MnllZtn — Zp,
Q[th(xtyzt)_zgt(xaz)]g H T H Zr;?_l:u’ || t || +
t=1 =
T
WS VaGelor )+ 3 bl Vo £, 0]
t=1 n=1
Proof.
T T
20> Giw,2) = > Gl 2
t=1 =
T
< Qngt($t7Zt)T([$t;Zt] — [z;2])
t=1
T T d
=2 Z VG, zt)T(xt —xz)+2 Z Z n Vo L(Te, 2) (2t n-2n)
t=1 t=1n=1
o ez —alP Hm wll N - :
< ? + Z —_ Z [|V.Gel| + Z,un(vzﬁtm) )] by Equations 10 and 11
t=1 n=1
O

Lemma 32. Let y* = (z*,2*) € arg minEg[Zthl Gi(x, z)]. With appropriate choice of parameters n,0 we have

T
Einel> Gelii) th O(AN*/>T3/1)
t=1

Proof. First we need a bound on Zthl Ge(yy) — ZZ;I Gi(y*), where y; = Ix,xz;(y*). If G is Lipschitz L with

respect to some norm || - ||, by Lemma 5 we have ||VG||. < L. For any y = [x; 2] with 2 € X and z € Z, let us
use ||y|| = ||zl|2 + ||z]|co With dual norm [|y||« = max{||z||2, ||z||1} (see Lemma 12 in the Appendix).
T T
S Gulws) Z ") < TLIly" - 3|l
t=1 t=1
< 6TLD8'” by Lemma 11 in the Appendix
< O(6TGN).

The last inequality holds because of the following two facts, 1) [|[VG|l. = max{||V.G||2,|IV.G|:1} <

max{G, S0 pll + NI} < G+ 1+ N and 2) [ly1 — gl = [l21 = @slla + |21 — 2lle < Dx +2 = Dyl
Let E;,+ be the expectation taken with respect to the internal randomization of the algorithm. Following the
proof of Lemma 15 we have
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H

Gi(y*) + 0GgT G is Gg-Lipschitz and |ly — g|| < ¢

)ﬂ

Gi(y;) + 0GgT + O(STGN)

= znt Z yt

HM’% I\M’ﬂ HM%

T
< Eint[z Ge(ye)] — G (y3) + 36GgT + 6DgGgT  |G(y) — Gly)| < 6Gg
e :x 113 1265 — 25113 fzu -
T 2+Z L2 4 20 ( HgtHerZun )] + 36GgT + O(STGN)
t=1
reduction to bandlt feedback and Lemma 31
D% +2
< =gy T 2Bint Z gt + Z fin(g2,)2)] + 36GgT + O(STGN)
n=1
D% +2 d N 22
< );; +opldt > ) T+ 36GgT + O(6TGN)

< O(dN3/2T3/4)

where we chose n = O( ) and 6 = O( Tll 7r) and plugged in the bound on Gg from Lemma 30. O

1
dN3/2T3/4

Proof of Theorem 8. Take E¢[-] on both sides of the result in Lemma 32 and interchange the expectations (this
can be done using Fubini’s Theorem and the uniform bound on G,;). Noting that for all x € X and all z € [0, 1]
(in particular for every (&, Z;)) we have

Eeop[Ch(2,2)] = 2 + —=Eepf(2,8) — 24 > CVaR, n[F](x),

/N
it follows that since Gi(z,z) = Zﬁ[ L Hn L (z,2) we have Eeop(Gi(x,z)] > p[F](z). Noting that
E¢ [Ethl Gi(y*)] = mingex p[F](x) we get the desired result. O

Proof of Theorem 9. We notice that strong convexity of f(-,&) implies strong convexity of p[F](§) since each of
the Cy,[F](-) in the Kusuoka representation of p[F] is strongly convex. Let x* = argmingcx p[F|(z). We follow
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the proof of Theorem 3. Let the concentration error CE = p[{f;(z*)}1_,] — mingex p[{fi(2)}].

Elpl{fe(z¢)}] — min p[{f¢(2)}]
= Elp[{fe(we)}] £ p[{fe(@")}] — min p[{ fy(2)}]

N
=E[Y pnCoywl{fi(e)}] = pl{ fu(2")}]] + E[CE]

T
N
<E[= Z | fe(xe) — fi(2¥)|] + E[CE] as in the last line of the proof of Theorem 3

T
t=1
N T
ST ;Et[l\xt —z'||] + E[CE]
N T
< VT Y Edlllay — 2*|[?] + E[CE]

t=1

IN

N )
VT ZEE[/)[F](%)*ﬂ[F](x*)HE[CE]

d1/2N7/4

The expectation of the concentration error can be bounded as in the proof of Theorem 3 by O(N 3\//2?\/&) This
yields the result. O

A.9 Analysis of Algorithm 4

Recall Algorithm 4 is the modification of Algorithm 2 where we sample O(w)

O(M)) to build a y-CI. In this section we present the proofs of Theorems 10 and 11. We only need to

show that O(%NT)) samples are sufficient to build a v-CI that holds with high probability. Afterwards it is
easy to verify that the proofs of Theorems 6 and 7 go through.

times a point (instead of

Lemma 33. To build a v-CI for p[F](z) that holds with probability at least 1 — 7z we need mo more than

0(%@) samples.

Proof. Notice that

p[X] = AIXT| = 1Y 1 (Coyn [X] = Coyw XD < 1| Crayn [X] = Coyv|

n=1

Therefore, if we obtain y-CI’s for each term |C,, ,n[X] — C, /N| that hold with probability at least 1 — a

N2 1n(fT))

T2
union bound yields the result. From Theorem 1 we know that O( samples suffice to build a v-CI for

C,/n|[X] that holds probability at least 1 — ﬁ Summing up the number of samples, approximating the sum
with an integral and using a union bound yields the result. O

We are now ready to prove the theorems.

Proof of Theorem 10. Tt is easy to see that the proof of Theorem 6 goes through if we set h(-) = p[F](-) and we
~ 2
replace everywhere the number of times we sample a point O(M) with O(%IQ(T)) O
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Proof of Theorem 11. The proof follows from almost the same reasoning as in the proof of Theorem 7. We have

pl{fe(ze)}iza] - mnin pl{fe()}]

T
N 2
< — — _ *
< VT ﬂ;:lCa[F](xt) ColF)(z*) + CE
<0 N CE  (with probability at least 1 — —
< O(Gizsgiza) + O (with probability at least 1 — )

where CE = p[F|(z*) — mingex p[{f:(x)}] and z* = argmingecxp[F](z). Just as in the proof of Theorem 3 we

can bound C'E with probability at least 1 — % by O(NS%‘/&). A union bound yields the result. O
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