Region-Based Active Learning

A Proof of EIWAL

The key step in proving Theorem 1 for EIWAL is using a
martingale concentration bound for

Q
Zy = p—tt(f(f(xt),yt) - g(g(fﬁt),yt)) - (R(f> - R(g)),
where 71, Zs, - - - is a martingale difference sequence for

any pair f,g € Hp. Instead of using Azuma’s inequality
as in [Beygelzimer et al., 2009], we rely on a Berstein-like
inequality for martingales Freedman [1975]).

The following result is adapted from Lemma 3 of Kakade
and Tewari [2009], which is derived from Freedman [1975]).
We denote by F; = {(z1,y1,Q1), - , (@4, yt, Q¢ } the ob-
servations up to time ¢.

Lemmad. Forany0 < § < 1, and T > 3, with probability
at least 1 — 6,
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Proof. We use Lemma 3 in Kakade and Tewari [2009]. First,
observe that variables Z, are bounded, in particular, |Z;| <
2. Furthermore,

var[Zs| Fi—1]
= var [%(ﬂ(f(xt),yt) —£(g(zy), yt))"}-t—l]
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A union bound over Z; and —Z; concludes the proof. [J

Given Lemma 4 above, we can adapt Lemma 3 of [Beygelz-
imer et al., 2009] to using the Berstein-like inequality.
Specifically, let us define

Zpt + 6\/1og <(3 +§F)T2)

y \/log (w) _

Then we have the following high-probability statement for
the risk of the hypothesis hp returned by EIWAL after T’
rounds.
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1g(8lo§(T)>}

Lemma 5. Given any hypothesis class H, for all 6 > 0,
forall T > 3 and all f,g € Hry, with probability at least
1—26,

|§T(f) - ﬁT(g) -
In particular, if we let f = h* and g = hr, it follows that
R(hr) < R(h*) + Ar.

R(f) + R(g)| < Ar.

Proof. Apply Lemma 4 to time 7" > 3 and any pair f, g €
Hr, with error probability §/(7|F|?) for round T'. A union
bound over T' > 3 and (f, g) gives, with probability at least
14,

|Rr(f) — Rr(g) — R(f) + R(g)|
1 8T2|H|? log(T)
<T ax{? 2 _],6\/10g(5>}
y \/Iog (8T2|5{|; log(T)) . ®

Next, according to Proposition 2 of Cesa-Bianchi and Gen-
tile [2008], with probability at least 1 — ¢, for all T' > 3,

ET:E el Fia] < (ipt> +361log ((3+Zt}1pt)T2>

t=1 t=1

(ip) log ((3 + zfglpa:m)

T
4Zpt+6\/1og B+ )> ©)
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Combining (8) and (9), we get with probability at least
1—24,forallT > 3,

B (f) = Rr(g) = R(f) + R(9)]

2 ipt%wog(wfﬁ?))
\/ . IHIQIOg( )>’

as claimed. O

H\N

The next lemma gives a label complexity bound for ETWAL.

Lemma 6. Given any hypothesis class J, and distribution
D, with 0(D,H) = 0, forall 6 > 0, for all T > 3, with
probably at least 1 — 6, we have

Z EQ Qt|ft 1

t=1

< 40K ((h*)T+O(\/R(h*)Tlog(T\f]ﬂ/fS)))
+ O(log(T'|3(/9)) ,
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where K is a constant that depends on /.

Proof. From Theorem 11 of Beygelzimer et al. [2009], for
t>3,

E [pi|Fio1] S 40Ki(R" + Ay_y), (10)

where R* = R(h*) is the risk of best-in-class. Plugging
in the expression for A;_;, and applying again a simi-
lar concentration inequality as before to relate Zthl Dt
to Zle E., [pt|]-"t_1}, we end up with a recursion on

E, [pt|]:t—1}3

49K101
t—1

QIUE [pt!ftfl] <A4OK R* +

t—1
Z JIE’ [ps ‘]:571]
ol (¢ — 1)19¢1/0] )

T an

where ¢; = 2\/log (w) = O( log (TI?CI))’
and cs is a constant.

For simplicity, denote by 40 K; = ¢y. We show by induction
that for all ¢ > 3,

R* 5
[pt\]:t 1] SR 44 + =

— 12
t—1 t—1 12)

for some constants c4, c5. Assume by induction that (12)
holds for all s <t — 1. Thus, from (11), we have

gI,;E [p¢| Fi1] < coR*

0061 \/ oR*(t — 1) + 2c4\/R*(t — 1) + ¢5log(t — 1)
(log [(t —1)|H]/d] )
ca

t—1

* CoC1 * *
<cR +t71|:\/COR (t—1)+204 R (t—l)
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c5log(t1)}+02< g[( ) |/])
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« CcoC1 Cyq
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<coR +t—1[ coR (t 1)+\/CT)]
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Vi—1
N Veocics + cocry/es log(t — 1) + co log|( t—1)|ﬂ{|/(5]
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where we use the fact that vVa + b < \/a+ 5= fora b> 0.

To complete the induction, we need to show that

coc1y/Co
\Fclc4+coc“/0510gt—1 + co log[(t — 1)|H|/4]
t—1
R* ch
< —_—
S\t

Thus, c4 = cpcr14/co = O(
cslog(t — 1) + e log[(t — 1)|3| /6]
= V&5 = O(coer/1ogT)
= c5 = O(c2ctlog T) = O(log*(T|H|/9)).
Thus,

log(T|H|/6)), and

cs > cgc% + cpcq

E [l Fia] < coR" + O(/log(T[3]/0)) =T

O(log*(T'|%:|/5))
t—1 '

Finally,
T

> EQ [Q¢|Fi—1]

=1 T,

= Zg[pt\ft—l]
< 40K, [R(h*)T + O(v/R(
+ O(log®(T|%/3)).

R(h*)T log(T|3|/0))]
(13)
O

Proof of Theorem 1. The bound of generalization error
R(hr) follows from Lemma 5. To get the bound on the

number of labels 77, we relate Zle E.,.0,[Q¢|Fi—1] in

Lemma 6 to 7 = Zthl Q: through a Bernstein-like in-
equality for martingales. Again, from Lemma 3 of Kakade
and Tewari [2009], we see that with probability at least 1 —
we have

T
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Combining with (13) completes the proof. O

B Proofs of ORIWAL

Proof of Theorem 2. We first expand the bound in Theo-

rem 1 and get rid of Zthl p¢. Lemma 6 states that with
probability at least 1 — 4,

Z Qt|]:t 1]

< 40K, (R(h*)T + O(VR(h*)Tlog(T\%l/é)))
+ O(log®(T|3(/9)) ,

which implies that

T
Z Qt|]:t 1]
<

40K, (R(h*)T+ O(\/R(h*)TIOg(TUﬂ/(S)))

+O(log? (T|3¢|/6))

< VAOKR(h*)T + O(log? (T|%|/5))
+O(log? (T3¢|/6))

<

VAOK,R(h*)T + O(log? (T|H|/5)).

Thus, by Theorem 1, with probability at least 1 — 26,

R(hr)
I~ .| 3+T
Zt 1pt+6 IOg
2 2

X\/log[ST |5{|5log( ]

< R(h [\/491([ ()T + O(log? (T|H|/5))

+6\/10g [WH X \/log [8T2|9{|6210g(T)]

R+ 2\/49K1R(h*) log [8T2|J-C|2 log(T)]

R(h™) +—

T 1

O(log*(T|H]|/9))
+ T

Thus, for each region Xy, with probability at least 1 — %,
for any T}, > 0 the following holds:

R(hi,T)

40, K T2 2]og(T})2
SRZ+2 ek lR 1 8 k|j‘fk| Og( k) n
Ty, é
O(log®(Ty|Hk|n/5))
+ .
Ty

Recall that

R(hr) =Y prRi(hx1),
k=1

=> prR; .
k=1
A union bound over the n regions gives the result for R(hr):
R(hr) < R(h")

" 40, K R}

k=1

[8T,?|ﬂ'fk|2 log(Tk)Qn}
)

(220 108? (puas Tl6uln/) )

k

Furthermore, from Theorem l we have for each region Xy,
with probability at least 1 — -, for any Ty, > 0:

Thr < 80K (R;;Tk + 0(\/R;;Tk log(TklfHkn/&))
+ O(log3 (Tk|5{k|n/5)) ;

where 73, 7 denotes the number of labels requested in region

k up to time 7T'. Again, a union bound over the n regions
. T

gives the result for 70 = Y, | 7% 7. O

In order to prove Corollary 3 we need the following standard
multiplicative Chernoff bounds.

Theorem 7 (Chernoff). Let Xy, -- ,X,, be independent
random variables drawn according to some distribution D
with mean p and support included in [0, 1]. Then, for any
v €10, % — 1], the following holds for p = = 3" | X;:
mp~y?
Pp>1+y)pl <e 57,

mp~y?

Pp<(l—v)pl<e 2

Proof of Corollary 3. Given a total of T' queries over all

regions, we have E[T}] = Tqy, where
PrO
k= 0
q Zk’ Pk/ Qfr

is the probability of querying IWALy,, conditioned on a query
being made. By Theorem 7, with probability at least 1 — g,
forall k € [n],

T
—k >qk(]-

210g(2n/5))
T —— ).

Tqy

It follows that with probability at least 1 —

- VB

g, forall k € [n],

2 log(2n/§)
T%
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4log(2n/6)

When T > , we have M < % Since
mingen) 9k’ dk
17\/5 <1+2y/xforany r < 1 5, We can write
. 2log(2
B /%(1+2 og( n/5))
\/Tk T qu

ax N 24/21og(2n/6)
T

T

Plugging into Theorem 2, a union bound implies that with
probability at least 1 — 6,

R(h*
46kKlR 8T2\9{k|2log(T)4n
P Tk )
- Pk 2
+ (klk)()(log (kmE%T\f}{km/é))
. " 40, K R} [8T2|ﬂ{k|2log(T)4n}
<RMh")+2 lo
< R(h") kz_:lpk\/ Tar 3
~ Pe
+ (2 qu)O(log (maXT|9{k|n/6)>

Furthermore, by Chernoff bound, with probability at least
1 -4, forall k € [n],

Ti < Tay + +/3Tq log(n/d)

3T'qx log(n/d)
T, < /T ~ - > 7
A R W

(using the inequality vVa + b < v/a + b/(2y/a))
< /Tai + +/log(n/d).

Plugging into Theorem 2, with probability at least 1 — 24,
forany T' > 0,

w3 y >~ (965 7T+ 0 (BT s Tsn ) ) |
+0(log* (T4/3txIn/3) ) )
{ZekRkqu}

+ Z 0 <\/R7;qu log [TW&’“MD

k=1

+ O(n log® (T max |J{k|n/5))) :

This concludes the proof. O

C Two Natural Baselines for Region-Based
Active Learning

In Section C.1 and Section C.2 below, we analyze two natu-
ral extensions of the IWAL algorithm to the region-based set-
ting, called NAIVE-TWAL and RIWAL, that use the composite
hypothesis set H,; in two different ways. In Section C.3,
we then discuss the advantage of RIWAL over NAIVE-TWAL.

The two region-based baselines NAIVE-IWAL and RIWAL
can use either IWAL or EIWAL as their underlying subrou-
tines. To avoid clutter in the notation and to simplify the
presentation, we proceed with the original version of TWAL,
but a similar (though more involved) analysis can be carried
out for the enhanced version EIWAL.

C.1 NAIVE-IWAL

NAIVE-TWAL consists of simply running the IWAL algorithm
with the composite hypothesis set 3{[,,j. This algorithm will
find a model in this set without explicitly taking into account
the structure of the set. Despite its simplicity, NAIVE-IWAL
admits theoretical guarantees, since the guarantees from
the classical IWAL (see Equation (2) and Equation (3)) di-
rectly apply. In particular, when J;s have the same num-
ber of hypotheses across k, the complexity terms in these
bounds are multiplied by a factor of \/n. This is because
|H iyl =TTy [Hk| = |H1|™. Thus, as the number of re-
gions increases, the complexity term in the bound increases,
while the generalization error of the best in class R(h*)
decreases.

C.2 RIWAL

RIWAL consists of running n separate IWAL algorithms in-
dependently for each region. It works exactly in the same
way as ORIWAL, except that it simply passes on all points
to the subroutines, that is a, = 1 for all k£ € [n]. Given
T}, which is the number of samples falling into region X,
RIWAL admits the same generalization error guarantees as
that of ORIWAL (Theorem 2). Both results are derived from
IWAL for a single region, along with a union bound over n
regions. We can also apply a multiplicative Chernoff bound
to the empirical quantities T}, to obtain a learning guarantee
that only depends on T'. The result is in fact a special case
of Corollary 3, and is obtained by simply replacing therein
qk with Pk-

C.3 Comparing NAIVE-IWAL and RIWAL

Even though NAIVE-TWAL and RIWAL learn from the same
hypothesis set 3{[,,j, and essentially use the same policy
(the disagreement-based policy of IWAL) for requesting la-
bels, the two algorithms are not equivalent. In fact, the
two algorithms deliver final hypotheses with comparable
generalization error after 7' rounds but, as we will show
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momentarily, NAIVE-IWAL request more labels than RTIWAL
in expectation.
The following definitions will be useful. Let }A%k.,t(h) and

ﬁt(h) denote the importance weighted empirical error of
any hypothesis h after ¢ rounds on region X, and over all
regions, respectively:

Zi:l 1$s€xk % €<h<xs>7 ys)

Ry.t(h) = :
Zi:l 1Is€xk
R L L o(h(xy), ys
Rt(h):Zs_l o= U(h(s) ).

t

Let ﬁk,t and ﬁt be the respective weighted empirical risk
minimizers:

ﬁk,t = argmin ﬁk’t(h), ﬁt = argmin ﬁt(h) .
heXHy, he€Hp)

n ~
Ek:l 1w63Ck hk,t'

Recall that for NAIVE-IWAL and RIWAL, the probability of
requesting label y; depends on the “disagreement” among
their version spaces on x;. A larger version space implies a
larger disagreement value, and therefore a larger probability
of requesting the label. Thus, at a high level, NAIVE-TWAL
requests more labels than RIWAL because the version space
of NAIVE-IWAL is larger than that of RIWAL. More precisely,
assume for now that NAIVE-IWAL and RIWAL have been
requesting the same labels up to time ¢ — 1, thus for any h
and k, Ry (h) has the same value under either algorithm,
and the region-specific empirical risk minimizer is Ek,t- At
time ¢, assume without loss of generality, that the unlabeled
x; lies in region X;. Given a slack term A, the version
space is defined as the set of hypotheses whose importance
weighted empirical error is A-close to the minimal empirical
error. Assume there exists a hypothesis h; € H; such that

Similar to Equation (1), we have Et =

~ ~ o~ t
A< Ry(h1) = Riy(hiy) < | =—|A
s=1 ]-a: €X,

Since A < ﬁl’t(hl) — El,t(ﬁl,t), h1 will not be included in
the current version space of IWAL1, which is the subroutine
associated with X; under the RIWAL algorithm. However,
the version space of NAIVE-IWAL will include the hypoth-
esis that takes the value of h; on region X;. To see why,

let
W= >

ke[n],k#1

1xexk/ﬁkt + 1m€3€1h1 P

that is, the hypothesis that takes the value of the region-
specific weighted empirical risk minimizers (hy ;) on region
X, and takes the value of iy on region X;. Since

R(W') = R(hy)

t
1 Logex, Ry (h
_ [ZsAtEDC (R1 t(h1) = Rys(h1t)) <A,

h' will be included in the version space of NAIVE-IWAL
under the slack term A, even though h; is not included in
the version space of RIWAL on region X; under the same
slack term. This suggests that NATVE-TWAL is less efficient
at shrinking the version space, and as a result it requests
more labels.

We formalize this idea with Lemma 8 and Theorem 9.
Lemma 8 relates the region-specific disagreement coeffi-
cients 6(Dy, Hy) to the overall disagreement coefficient
0(D, Hy,). Theorem 9 compares the learning guarantees
of NAIVE-IWAL and RIWAL under certain assumptions.

Lemma 8. The generalized disagreement coefficient
6(D, }C[n]) satisfies (D, g‘f[n]) < 2221 0(Dy, Hy).

Proof. Denote h* = argmin, g, R(h), and hj =
argmingcq¢, Ry (h). For simplicity, we denote by Dy, =
D|X}, the conditional distribution of x on Xj. Recall that

= ZZ:l lzex, hi. Extending the definitions in Sec-
tion 3, we define

pk(fag): E maxw(f(x)?

z~Dy Y

y) — Lg(x), y)l.
Given the hypothesis set H;, and any real » > 0, define

Bi(f,r) = {9 € Hi: pr(f,9) <7}

For a set of non-negative values A = {A1,..., A, }, let

G)\(h*’ 7‘) = { Z 11’6ng1€: gk € Bk(h;;? Akr)}'
k=1

We first show that, for any X satisfying > ,_, pxAx < 1,

Gxa(h*,r) € B(h*,r). Let g = >_}_; luex, gk, Where
gr € Bi(h}, Agr). Then,

p(h*,g)

= E max|l(h"(z),y) — £g(), )l

= Zpk LB max|0(hi(z),y) — Lgk(),y)]

< ZPMM <r

k=1

Thus, § Ux: o poae<t Ga(R™, 1) ¢ € B(h*, 7). On the

other hand, if there exits a hypothesis h such that

he B(h*,r)\{ Un: S50 perest G,\(h*,r)},

leth =37, 1oex,hx. Then,

ZPkPk hi,hy) <r = ZP

h]ga hk
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Obviously, hy € By(hl,pr(hi,hi)). Thus, let A =

{pl(h17h1) . pp(h;*‘l7hn) }’ then Z'Z:l Pk>\k S 1’ and
h € Gx(h*,r) by definition. We have a contradiction.
Therefore,

{ Uax: SR 1 PEARS1 G/\(h*aT)} = B(h*aT) .

Given the equivalence above, for any k € [n],

=3 N{Ux: 51 o<1 GA(R, 1)}
:j'(kﬂ{UAkgl/pkBk(hz7>\k7">} (14)
= Bi(hg,7/pk) - 15)

Equation (14) holds by the definition of G (h
everything together, we have for any r» > 0,

Hi, N B(h*,’l")

*,r). Putting

Esup sup|l(h(z),y) — L(h"(2),y)|
T~D peB(h*,r) y
—Z pe B sup sup|l(h(z),y) - ((h"(z),y)]
z~Dr heB(h*r) ¥
= Z E sup If(hk(w)yy) — U (2), )]
T~Ek y,hi € B (hy,
(16)
< prb(Di, H)r/pi (17)

k=1
(ane (DI, ) ) -
k=1

Equation (16) holds due to the equivalence in (15), and
inequality (17) holds by the definition of 8(Dy,, Hy).

Finally, recall the definition of 6(D, H[,,)):
6(D, H) = inf{@: Vr > 0,

E  sup sup|l(h(z),
e~D peB(h*r) v

y) = L (@),y)| < or .

Therefore 6(D, Hy) < >-p_; 6(Dy, Hy), which conclues
the proof. O

In fact, one can show that there exist 7, D and J}, such that
equality is achieved in Lemma 8, thus the upper bound is
tight.

Combining Lemma 8 with the learning guarantee of IWAL,
we obtain the following result for the case when |H}| is the
same across all regions X.

Theorem 9. Assume |Hy| is the same across all regions
Xk, k € [n], and assume the same holds for 0(Dy., Hy).
Then, the hypothesis returned by NAIVE-IWAL and RIWAL
admit comparable generalization error guarantees, but on
average NAIVE-IWAL would request up to n times more
labels than RIWAL.

Proof. Let N = |H;], and §; = 6(D1,H;), so that
|Hppy| = N™ and, from Lemma 8, 6(D, H,;) < nb;. Ac-
cording to the learning guarantee of IWAL, with probability
at least 1 — §, NAIVE-IWAL satisfies

(18)

2n
R(h;l—‘AIVE—IWAL) S R(h*) + O( hl(TN /6) )7

T
TRAVEIWAL < 40, K, {R(h*)T + O(\/WJVQ”/(S))} .
(19)

Meanwhile according to Theorem 2, with probability at least
1 — §, RIWAL satisfies

RO™)
- In(T|N|2n/§
< R(W) + > w0 In(T|N /) ‘Tk' n/ )), (20)
k=1
T%IWAL

<Y 40,K, [Rk(h*)Tpk +0(y/2Tpr 1n(2TN2n/5)}
k=1

— 40, K, [R(h*)T + Xn: O0(\/2Tps 1n(2TN2n/5)} :

21

Replacing T}, with Tps, + O(v/T) in the RHS of (20) we
obtain

nln(T|N|?n/d)

R(WP¥Y) < R(R*) + O( T

). (22)

Comparing the upper bound on the generalization error of
RIWAL (22) to that of NAIVE-IWAL (18), we conclude that
the two algorithms admit comparable learning guarantees.

On the other hand, comparing the proportion of labels re-
quested per round, we have

TRAVEIAL T < 4ngy K R(RY) + O (\/IT>

. 1
TRWAL )T < 401 Ky R(R*) + O(ﬁ)
Thus, NAIVE-IWAL may request up to n times more labels

than RIWAL.

O

D More Experimental Results

In this section, we provide results for all the datasets de-
scribed in Table 1 in the main body of the paper.

Figures 3 show for 10 disjoint regions the misclassification
error rate by three region-based algorithms, ORIWAL, RI-
WAL, and RPASSIVE, against number of labels requested (on
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log, scale), for all datasets. ORIWAL displays a consistent
advantage over RIWAL and RPASSIVE.

Figures 4 and Figure 5 compares, for 10 and 20 disjoint
regions respectively, the misclassification error rate of our
algorithm, ORIWAL, to that of non region-based IWAL, and
to non region-based passive learning PASSIVE. IWAL per-
forms comparably to PASSIVE and stops improving early
on, while ORIWAL significantly outperforms PASSIVE and
continues to reduce the error rate while requesting more
labels.

Figures 6 show the misclassification error rate by ORIWAL
using 10 regions and 20 regions, respectively, against num-
ber of labels requested (on log, scale), for all datasets.
With randomly generated regions, it is unclear whether more
regions would be helpful, as sometimes 20 regions admit
higher misclassification error compared to 10 regions, given
the same amount of requested labels. This observation
leads to the following questions: How should the regions
be chosen? How would the partitioning method affect the
performance of ORIWAL? These are interesting directions
for future work.
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(log, scale). The input space has 10 regions.
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on hold out test data vs. number of labels requested (log, scale). The input space has 10 regions.
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Figure 5: Misclassification loss of non region-based IWAL, non region-based passive learning PASSIVE, and ORIWAL (ours)
on hold out test data vs. number of labels requested (log, scale). The input space has 20 regions.
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Figure 6: Misclassification loss of ORIWAL, using 10 regions, vs. 20 regions, on hold out test data vs. number of labels
requested (log, scale).
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