Bridging the gap between regret minimization and best arm identification, with application to A/B tests

A Concentration Inequalities
We provide here required results of anytime bounds that hold in the i.i.d. setting for the interested reader.

Hoeffding on intervals

Lemma 8. Let Z; be a 0®-subGaussian martingale difference sequence then for every § > 0 and every integers Ty < Ty € N
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Proof. For any A > 0, it holds that
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since Z; is o2-subGaussian. Thus X; = e is a supermartingale and we derive from Markov’s inequality that:

2. 2

P <3t € [Ty, To), \Z, > t4 g> <e® )

As t — 4/t is concave on [T1,T»], we can find 8 such that BVt > ’\22"2t + ¢ with equality in 77 and T5. From these two
equalities, we choose A and §3 as function of €:
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Combining this with (2), we finally obtain:
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this yields the result. O

Anytime Hoeffding

Lemma 9. Let Z, be a o-sub-Gaussian martingale difference sequence. Then, for any o > 0 and § > 0 satisfying
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log( S )

1+

it holds that
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so that co ~ 1.62 and log, () is the natural logarithm in basis 2, with the extra assumption that log,(1) = 1.
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If a,6 > 0 are such that

1 1 1
1 <a< -log(=
* log () =%=73 Og(é)
then
— 202 log5 (t) , a 1 8a
Pq 3t Zy > — log(—=~2%) s < dlog? (= o(1 _
{ €N7 t_\/ ¢ Og( 6 )}—Ca og ((S)+ ( + IOg(l/é)),

where ¢, = ()" ¢la - 50y < () e,

so that ¢ ~ 7.11.

Proof. We are going to use the fact that with probability at least 1 — §, for all s € [T, T3],

(7.~ 512)) < \ 205012 on()

Define &; = 1/ 22 log(%) sothat withy =1 +1n > 1,

]P’{Elt eEN,Z, > gt} < i ]P’{Elt e [y, ™), Z, > et}

The case m = 0 (corresponding to t = 1) will be handled separatly at the cost of an extra § term. Note that
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We can now apply Lemma|[8] And this gives, assuming v < 2 (i.e., n < 1) for the moment,
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The choice of n? = 8a/ log(log(2)/4), which ensure that 7 < 1 as long as o < élog(h’%(2 ) gives
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We now consider the case where v might be bigger than 2, but let us assume for now that v < 5 (i.e., n < 4) and the exact
same argument with the choice of 72 = 8a/log(1/§) gives

2
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Corollary 10. Let Z, be a 0>-sub-Gaussian martingale difference sequence. Then for § > 0 small enough

)
a1, 726/ il
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~ b) log®(2) ) e
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or, depending on the range of 6, by,
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In the first case, § is of the order of § log(%) and, in the second case, of the order of §1og(3).

The following concentration inequality will be useful for the non-iid case. In that framework, at some stage ¢, the total
number of users in the population is random, denoted by n;. We recall that r,, denotes the mean of the n-th user of the
population and €,, , is the random white noise for that user after he is in the population for s stages. In the remaining, we
assume that the expectation of r,, is equal to r and that this random variable is af—subGaussian, On the other hand, the
expectation of ¢ is naturally 0 and this random variable is o2-subGaussian. An algorithm is therefore a sampling policy A
that indicates after seeing the first n values of r,, plus some empirical average noise €, ; at time ¢ € N whether to add a new
user or not. We denote by .4, € {0, 1} the decision to include a new user or not at stage t. We denote by 7,, € N the time
where the n-th user is added, by 7,, = 7,,+1 — 7T, the number of stages with exactly n users and by 7,,., = ZZ:_S@ T the
number of stages between the arrival of the m-th user and the n-th one. We also denote by n + ¢ the number of user at stage
teN,

Proposition 11. For any algorithm and § > 0, it holds

. e 2(0-2 + m) (4n )4 2
r ny n 0'7, <
]P{Ht €N, — ;ru + Eut—Tot1 ST — o log ( 6§ max{1, ;3 })} <5

Proof. We rewrite the statement of the proposition and notice that we just need to prove that, for any n € N,

o2 log(en)
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The exponent 3/2 will come from the fact that & is of the order of & log % (and not §). We will even prove the following

£ +...4E e 2 13

_ 1,8471:n cee n,s r n n no;
]P{31§5<oo,rn+ 1 - <r- - 1og< 5 max{1, P })}S§n3/2
We will decompose the considered event defined on {1 < s < 0o} in two, depending whether s < 6n% max{1, n;; }or

n

9
2
€
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In the first case, we aim at proving that for all s < 612 max{1, %},
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5 1
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As usual, take 7 > 0 and let us try to upper bound

IP{Tl +.o T =T+ € sy, T T Ens 2 77}
Introduce A > 0 and Markov inequality yields
]P{r1 +.oooFry—nr+81s4r, ... ERs = 77} < ]E[ex\(er...+rnfm+a,s+flm+...+€n,5)}67,\n

Note that the realizations of €7 and ™ are independent of the other average once we have taken the decision to include that
user, i.e., conditionally to 7,
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Let us rewrite, for clarity, the last expectation of the r.h.s. as
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If we condition similarly to 7,,_1, we can focus on upper-bounding
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Choosing A = m gives that
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So, for all n € N and all stage s < 6n? max{1, 7%;2“} and with probability at least 1 — g, it holds
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@implies that:

log 12 10§2 (n)

IP{EinEN, Tn <71 —1\[202
n

<
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and also, similarly,

3632 log?(s)

log 367 1oe7(s)
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This implies that, with probability at least 1 — g, foreveryn € Nand s > s := ) 5
— — 12 log
s oot Ens 2 2 36 4
P et T B one 202 = -’ 10g2(§)>
n
It only remains to notice that
o2 log(en)
log 181og”(n) 202 36n4 2 (072' == ) 36n* no?
P e —— og (“5- log(s) ) < log ( L)
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This inequality is a consequence of the fact that \/a + Vb < v/a + b as soon as A < m, and this gives the
result. 7 O

B UCB, and ETC: proofs.

Our exact theorems are the two following.
Theorem 12. With probability greater than 1 — 8, UCB,, with & > 1 returns the best arm at a stage tq with

2
Tq < (Cl + CQ) logf

2 2
3 + 2C loglog(2C; max{log 5 21log(2C1)}) + 2C3 log log(2C5 max{log 5 21og(2C%)}),

with C1 = A2 mm{(a +1)2, (;603)2 Y+ 1land Cy = 1)2 Cl + 1
With the same probability, the regret R(74) of UCB,, at the time of decision verifies

2

R(1y) < (20 min{(a + 1)?

160" 3 LAY (log 2 + 2log log(2C, mas{log 2, 2log(2C1)})
A 7771)2 Ogg 0g 10g{+L1 max Ogga 0glsL

(a

Theorem 13. With probability greater than 1 — 8, ETC returns the best arm at a stage T4 with

3202 1 o2 1 3202
Ta < AT <10g6 + 210g10g( A2 max{logf 21og( A2 )})) .

With the same probability, the regret Rprc of ETC at the time of decision verifies

1602 1 3202 1 3202
< 1 I I .
R(rq) < A <0g 3 + 2loglog(——— A2 max{log — 5 2log(— A? )}))

We first prove a generic lemma, which will also be useful in the non-IID case.

Lemma 14. Consider the two arms problem where A is the best arm.

Let § € (0,1] and (e,,)nen be a sequence such that with probability 1 — 6, for all n 4, np € N* we have the concentration
inequalities 7 (n_4) + Ena > pia and P8 (ng) — en, < up. Suppose that for allm > ng € N, g% — E% <C.
n41 n
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Let an algorithm be such that it pulls each arm ng times, then pulls arg max;c (4 5) 71 (n;) + aen, for a > 1, and takes
a decision if for some i,j € (A,B), #(n;) — en, > 7'(n;) + €n,. Then with probability 1 — 6, the algorithm correctly
returns A and at all times after 2ng and prior to the decision

1 1 1602

< i 12,
E%B_A2m1n{(oz+ )’(a—1)2}+0’
1 (a+1)2 /71 . 5 1602
na

Proof. We prove that the number of pulls of the best arm .A is bounded by a function of the number of pulls of 3, which is
itself bounded since it is the worse arm.

Relation between .4 and 5 when A is pulled.

e No decision was taken yet: #4(n4) — e, , < #5(ng) + en, (1),

e Aispulled: #4(n4) + ae,, > 7?8 (ng) + ag,, ().

Subtract (1) from (2) to obtain (a + 1)&,,, > (a — 1)&,,,,. Equivalently, —— < (a+1)% 1 Since the left-hand-side grows

E%A = (a—1)% &2

only when A is chosen and grows at most by C, we have that for all stage’s,

Upper bound on ns.  When Bis pulled, 74 (n4) + ae,, < #8(ng) + ae,,. With probability 1 — 4, for all n_4 and 1.4
we also have the concentration inequalities #(n.4) + &, > paand PP (ng) — &5, < pp. Hence

pa+ (a—1en, <ug+ (a+1)eny, .

From this inequality we can get that E% < (O‘Zzl k . Since the left-hand-side grows only when B is pulled and grows at

B

most by 1, we have for all stages

<

In order to get another bound, relevant when « is big, we write that when no decision is taken and concentration holds, we

have
pa —26n, <7A(ng) —en, <FB(nB) +eny < s + 260, -

This leads to €,,, + 5., > 5. When B is pulled, we also have the inequality (a + 1)e,,,, > (a — 1)e,, ,, such that

a+1 2c
< enal(l+ S =y
This gives a second inequality for n . For all stages,
1 1602
— C.
2. SAa-12

Bound on the decision time. We have the following inequalities for all stages prior to the decision,

1 1 .

g S E mll’l{(o{ + 1)2,
(a+ 1)2 1 . 2

g S L

2 Soie\az min{(a + 1), @

na

16a2
Ao e

(a

—_

1602
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Proof of Theorem We apply Lemma with e, = % log(%), for which concentration holds with probability

1 — & and for which we can take ng = 3 and C' = Wg(?/ﬁ) < 5+3. We obtain the following inequalities for all stages
prior to the decision,

ng 2 2 16a?
_ 1%, —= 1
10g(210g ) < A2 min{(a + 1), "z 1)2} +1,
na (a+1)% (202 16>
< 1), ——— .
log(Qlog nA) - (071)2 AQ mln{(a+ ) (0471)2}—’_1 +1

We introduce the notations C; = A2 mm{(a +1)2, 2} +1land Cy = O‘+1 01 + 1. At the time of decision,

2 2
ng < Cy (log 5 + 2loglog(2C max{log 5 2 log(ZC’l)}))

2
ng < C (log <

2
5 + 2loglog(2C3 max{log 5 2 1og(202)})>

1
t=nqa+ng< (01+C12)10gg+L7
where L regroups the doubly logarithmic terms.

The regret is Anp. Thus with probability greater than 1 — 5,

202 1602 2 2
< [ — mi1 2 7 — —
Ry, ( min{(a + 1)7, ( e }—|—A> <10g (5+2 loglog(2C; max{log 5 210g(2C1)})>

O

Proof of Theorem[I3] Letn = t/2. We consider only even stages ¢. Let ¢], = 4" log( log? <E-). As long as no decision is
taken we have #4(n) — #5(n) < ¢/,

With probability 1 — 4, for all n > 1, we have the concentration inequality #*(n) — #8(n) > A — &/,

Combining the two inequalities we obtain that as long as no decision is taken, €/, < %. That is,

n 1602 160 1 3202 3202
1og(1°g;”) < AT n < A2 (1og5+2loglog( A2 max{log5 21og(F)})).

This bound on n gives both a bound on the regret (An) and on the decision time (2n). O]
Lemma 15. Let a,b > e and a > b. Ift > a + bloglog(max{2a, 2blog(2b)}), then t > a + bloglog(t).

Proof. Fort > b, the function ¢ — ¢ — bloglog(t) is increasing. Let z be the solution of = — bloglog x = a. We will show
that the proposed ¢ is bigger than x.

Case 1: a > bloglog(z). Then = a + bloglog(z) < 2a and 2a > a + bloglog(2a), such that

a + bloglog(2a) > a + bloglog(a + bloglog(2a)) ,

from which we conclude that < a + bloglog(2a). Since t is bigger than the latter, it is bigger than z.

Case 2: a < bloglog(z). Then z < 2bloglogx. If z > 2blog 2b then oloss > Tog 152(135120221)) > 2b. We obtain that
x < 2blog 2b. This implies that

a + bloglog(2blog(2b)) > a + bloglog(a + bloglog(2blog(2b))) ,

hence z < a + bloglog(2blog(2b)).

In both cases, the proposed ¢ is bigger than x, hence it verifies the wanted inequality. O
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C UCB-MM,, and ETC-MM: proofs.

Lemma 16. Assume that o, > % and v > 4, and let n be defined by the following equation

2
9 (03 + oz los(ﬁﬂ) | (367’14 {1 nag }) A2 3)
(¢] max 5 = —
n &\7% " o2 v
then ) )
2vo; 1 o 1
n < “xq" low(5)(1+ o5(1) + 75 loglog(5)(1 + o5(1))
Proof. Consider first the following equation
o
n 8T

and denote by ny its solution. It follows from straightforward computations that,

252 1 2y:2 — 1 22 22 1
< —— | log(= log(—— 101 log(= log — = —log(=) (1 1
o < 22 (1og(3) + 5105 + 10108 1os(3) + 510w 5 ) ) = - 1os(3) (14 o.(1).

where log(X) = max{5,log(X)}. We now go back to Equation (3), and assume for the moment that the solution n* is

M)

such that n*Zz > 1. Moreover, it is clear that

n*>2’yg’%lo ﬁa—’% 20y 5 =n
=A% T o2 Az o

Q)

As a consequence, if we denote by ZQ = 03 + %, then n* is such that
932 *\5 A2 2
— 10g<(n ) ) < —, where§:3~607".
n ) Y do2
So at the end, we have proved that
. 2y 1 2v02 1 o2 1
n' = log(g)(l—l—oé(l)) = A2 log(g)(l—l—oé(l))—i—U—;loglog(g)(l—&—oé(l))

”

which gives the result. O

Corollary 17. The decision time of UCB and ETC corresponds respectively to the solution of Equation (3)) with v = 4 for
UCB and v = 8 for ETC (and ~y = 16 for ETC’).

Theorem 18. Given § > 0 and o > 1, the decision time of UCB-MM.,, is such that, with probability at least 1 — 0,

2
1(3_“1)2 b+ A2) + A2) log(

2
207

A2

D0+ 0,(1)) + 275 loglog(£)(1 -+ o5(1)

tqg <
2 )

(

Moreover, on the same event, the regret of UCB-MM,, at decision time satisfies

(2%(min{(a+ 1)2,

8o, . {(a—|—1)2 402 1 1

R, < (A2 min {*°— ,(a_1)2}+A> log(é)(l—&-o&(l))+%A10g10g(5)(1+05(1))

Proof. The proof is almost identical to the iid case. The main difference is the change in error terms. Indeed, for n € N¥,
we define

RE (og Lo 1o§<en>)l (36n4 a no? })
Ep = " og 5 maxql, 72 .
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We apply Lemma [[4] with this &,,, no = 0 and C' = 1. It yields that for all stages prior to the decision,

1 1 5 1602
%gﬁmm{(a—kl) S +1,

(1)
1 (a+1)2 [ 1 5 1602
S (oo (el ) 4

We now introduce the notations v; = min{(a + 1) 160‘ }+ A?% and 5 = (at+1)? 71 + A2, At the time of decision,

)

) -2 G
2vi02 o? 1
s = 207 log(5)(1 -+ 0,(1) + 2 loglog(5)(1 + o,(1))
27502 o? 1
na = 2270 tog(£)(1 4 04(1)) + 25 Togloa(5)(1 + o4(1)
2(y2 +71)02 1 o2 1
tg=na+ng = % log(g)(l +o0s(1)) + 20—3 log log(g)(l + o05(1))
2(72 a?+1 . 16a2 1
_ F( m(mln{(aJr 1)2, m} +A?) +A2) log(5)(1 + 05(1))
o2 1
+ 20—g loglog(g)(l + 0s(1))
As a consequence, on the same event,
8o, . (a+1)? 4a? 1 o2 1
Ry, < (F mln{ i (a- 1)2}+A) IOg(g)(1+os(1))+;3A10g10g(3)(1+05(1))

D Static population

In the static setting, all users are allocated to populations A and 5 from the beginning of the test, and we only consider
the case where the size of both populations are equal, even though the generalization to different population size is almost
straightforwaed.

Finite fixed horizon: The first baseline is to wait until some horizon 7" and perform a statistical test based on a confidence
bound on the uplift A.

Proposition 19. In the static setting, the following holds with probability at least 1 — 0,

A_(fA_fg)g 8(02 n>10g5

Therefore, the procedure waiting until the horizon T to select the B if Ar is greater than the r.h.s. term has a linear regret
of R(T) = nA/2 and is guaranteed to be (§,T)-PAC

2
2002 +%), 1
n > — Az log 5

The proof is a direct consequence of standard concentration inequalities.

Adaptive decision time Instead of waiting for a fixed arbitrary horizon T, the decision can often be taken before, at the
cost of using maximal concentration inequalities, that are valid at all stages.
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Theorem 20. In the static setting, it holds that, for all t € N and with probability at least 1 — 9,

. . 802 log 2 802 log 3log*(t)
A= (i —if) <y ==t

As a consequence, ETC can take a correct decision with probability at least 1 — § if the number of users n is greater than

BZ‘? log % and then, if we denote by n := A — 3207 1og(%), the decision will be taken before the time step

n

0.2
372726 log(%)(l + o05(1)).
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