Linear Convergence of the Primal-Dual Gradient Method for
Convex-Concave Saddle Point Problems without Strong Convexity

Simon S. Du
Carnegie Mellon University
ssdu@cs.cmu.edu

Abstract

We consider the convex-concave saddle point
problem min, max, f(z)+y ' Az —g(y) where
f is smooth and convex and g is smooth and
strongly convex. We prove that if the coupling
matrix A has full column rank, the vanilla
primal-dual gradient method can achieve lin-
ear convergence even if f is not strongly con-
vex. Our result generalizes previous work
which either requires f and g to be quadratic
functions or requires proximal mappings for
both f and g. We adopt a novel analysis
technique that in each iteration uses a “ghost”
update as a reference, and show that the it-
erates in the primal-dual gradient method
converge to this “ghost” sequence. Using the
same technique we further give an analysis for
the primal-dual stochastic variance reduced
gradient method for convex-concave saddle
point problems with a finite-sum structure.

1 Introduction

We revisit the convex-concave saddle point problems
of the form

min max L(z,y) = f(z) +y' Az —g(y), (1)

z€R%M yeR92
where both f and g are convex functions and A €
R?%*d1 i5 a coupling matrix. This formulation has a
wide range of applications, including supervised learn-
ing |[Zhang and Lin| [2015], unsupervised learning [Xu
et all 2005, Bach et al. [200§|, reinforcement learn-
ing [Du et all 2017, robust optimization [Ben-Tal
et al., 2009], PID control [Hast et all [2013], etc. See
Section for some concrete examples.
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Algorithm 1 Primal-Dual Gradient Method

Inputs: initial points g € R%,y, € R, step sizes
n1,m2 >0
1: fort=0,1,... do
2t w1 = x — M Ve L(xy,yp)
=ar—m (Vf(ze) + Ay)
33 Y1 =Y + 2 VyL(x, ye)
=yt +n2 (Aze — Vg(yr))
4: end for

When the problem dimension is large, the most widely
used and sometimes the only scalable methods to solve
Problem are first-order methods. Arguably the
simplest first-order algorithm is the primal-dual gradi-
ent method (Algorithm [I)), a natural generalization of
the gradient descent algorithm, which simultaneously
performs gradient descent on the primal variable x and
gradient ascent on the dual variable y.

There has been extensive research on analyzing the
convergence rate of Algorithm [I| and its variants. It is
known that if both f and g are strongly convex and
admit efficient proximal mappings, then the prozimal
primal-dual gradient method converges to the optimal
solution at a linear rate [Bauschke and Combettes| [2011}
Palaniappan and Bachl [2016l |(Chen and Rockafellar|
1997), i.e., it only requires O (log %) iterations to obtain
a solution that is e-close to the optimum.

In many applications, however, we only have strong
convexity in g but mo strong convexity in f. This
motivates the following question:

Does the primal-dual gradient method con-
verge linearly to the optimal solution if f is not
strongly convex?

Intuitively, a linear convergence rate is plausible. Con-
sider the corresponding primal problem of :

min P(z) = g*(Az) + f(z), (2)

zeR%M

where g* is the conjugate function of g. Because g is
smooth and strongly convex, as long as A has full col-
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umn rank, Problem has a smooth and strongly con-
vex objective and thus vanilla gradient descent achieves
linear convergence. Therefore, one might expect a lin-
early convergent first-order algorithm for Problem
as well. However, whether the vanilla primal-dual gra-
dient method (Algorithm has linear convergence
turns out to be a nontrivial question.

Two recent results verified this conceptual experiment
with additional assumptions: |Du et al.| [2017] required
both f and g to be quadratic functions, and [Wang
and Xiao| [2017] required both f and g to have efficient
proximal mappings and uses a prorimal primal-dual
gradient method. In this paper, we give an affirmative
answer to this question with minimal assumptions. Our
main contributions are summarized below.

1.1 Ouwur Contributions

Linear Convergence of the Primal-Dual Gradi-
ent Method. We show that as long as f and g are
smooth, f is convex, g is strongly convex and the
coupling matrix A has full column rank, Algorithm [I]
converges to the optimal solution at a linear rate. See
Section [3] for a precise statement of our result. This
result significantly generalizes previous ones which rely
on stronger assumptions. Note that all the assump-
tions are necessary for linear convergence: without
any of them, the primal problem requires at least
poly(1) iterations to obtain an e-close solution |Nes
terov, [2013], so there is no hope of linear convergence

for Problem .

New Analysis Technique. To analyze the conver-
gence of an optimization algorithm, a common way
is to construct a potential function (also called Lya-
punov function in the literature) which decreases af-
ter each iteration. For example, for the primal prob-
lem (2)), a natural potential function is ||z, — 2*|, the
distance between the current iterate and the optimal so-
lution. However, for the primal-dual gradient method,
it is difficult to show similar potential functions like
|lxe — 2*|| + |lys — v*|| decrease because the two se-
quences, {z;},-, and {y: },—, are related to each other.

In this paper, we develop a novel method for analyz-
ing the convergence rate of the primal-dual gradient
method. The key idea is to consider a “ghost” sequence.
For example, in our setting, the “ghost” sequence comes
from a gradient descent step for Problem . Then
we relate the sequence generated by Algorithm [I] to
this “ghost” sequence and show they are close in a
certain way. See Section [3| for details. We believe this
technique is applicable to other problems where we
need to analyze multiple sequences.

Extension to Primal-Dual Stochastic Variance
Reduced Gradient Method. Many optimization
problems in machine learning have a finite-sum struc-
ture, and randomized algorithms have been proposed to
exploit this structure and to speed up the convergence.
There has been extensive research in recent years on de-
veloping more efficient stochastic algorithms in such set-
ting [Le Roux et al.| [2012] .Johnson and Zhang}, [2013}, De-
fazio et al.| |2014) Xiao and Zhang} 2014, |Shalev-Shwartz
and Zhang] [2013, Richtarik and Takac, |2014} |[Lin et al.|
2015, |Zhang and Lin| 2015} |Allen-Zhul |2017]. Among
them, the stochastic variance reduced gradient (SVRG)
algorithm [Johnson and Zhang} [2013] is a popular one
with computational complexity O ((n + x)dlog 1) for
smooth and strongly convex objectives, where n is
the number of component functions, d is the dimen-
sion of the variable, and « is a condition number that
only depends on problem-dependent parameters like
smoothness and strong convexity but not n. Variants
of SVRG for saddle point problems have been recently
studied by [Palaniappan and Bach| [2016], |[Wang and
Xiao| [2017], Du et al.| [2017] and can achieve similar
0] ((n + k)dlog %) running timeﬂ However, these re-
sults all require additional assumptions. In this paper,
we use our analysis technique developed for Algorithm T]
to show that the primal-dual SVRG method also admits
0] ((n + k)dlog %) type computational complexity.

1.2 Motivating Examples

In this subsection we list some machine learning appli-
cations that naturally lead to convex-concave saddle
point problems.

Reinforcement Learning. For policy evaluation
task in reinforcement learning, we have data
{(sts74,8041)},—, generated by a policy m where s;
is the state at the ¢t-th time step, r; is the reward and
sty1 is the state at the (¢ + 1)-th step. We also have a
discount factor 0 < v < 1 and a feature function ¢(-)
which maps a state to a feature vector. Our goal is to
learn a linear value function V™ (s) ~ 2 "¢ (s) which
represents the long term expected reward starting from
state s using the policy 7. A common way to estimate
x is to minimize the empirical mean squared projected
Bellman error (MSPBE):

min (Az —b)' C~' (Az —b), (3)

x

where A = 370, §(s) (6(s) —10(se+1)) ', b =
Sr md(se) and C = Y7 B(st)¢p(se) . Note that
directly using gradient descent to solve problem
is expensive because we need to invert a matrix C.

1k may be different in the primal and the primal-dual

settings.
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Du et al.|[2017] considered the equivalent saddle point
formulation:

1
minmax L(z,y) = —y ' Az — inCy +bTy.
xr

Yy
The gradient of L can be computed more efficiently
than the original formulation , and L has a finite-
sum structure.

Empirical Risk Minimization. Consider the clas-
sical supervised learning problem of learning a linear
predictor z € R? given n data points (a;, b;) € R? x R.
Denote by A € R"*? the data matrix whose i-th row
is a; . Then the empirical risk minimization (ERM)
problem amounts to solving

min ¢(Azx) + f(x),

z€ER4
where ¢ is induced by some loss function and f
is a regularizer; both f and ¢ are convex func-
tions. Equivalently, we can solve the dual problem
maxyepn { —0*(y) — f*(—ATy)} or the saddle point
problem  min,cgs maxyepn {y' Az — €*(y) + f(z)}.
The saddle point formulation is favorable in many
scenarios, e.g., when such formulation admits a
finite-sum structure |[Zhang and Linl {2015 [Wang and
Xiao, [2017], reduces communication complexity in
the distributed setting [Xiao et al., [2017] or exploits
sparsity structure [Lei et al. [2017].

Robust Optimization. The robust optimization
framework [Ben-Tal et al., 2009] aims at minimizing
an objective function with uncertain data, which natu-
rally leads to a saddle point problem, often with the
following form:

min max B¢ p) [f(2,6)], (4)

z Yy

where f is some loss function we want to minimize and
the distribution of the data is parametrized by P(y).
For certain special cases [Liu et al., [2017], Problem
has the bilinear form as in .

1.3 Comparison with Previous Results

There have been many attempts to analyze the primal-
dual gradient method or its variants. In particu-
lar, Chen and Rockafellar| [1997], (Chambolle and Pock
[2011], [Palaniappan and Bach| |[2016] showed that if
both f and g are strongly convex and have efficient
proximal mappings, then the proximal primal-dual gra-
dient method achieves a linear convergence rateE| In

ZChen and Rockafellar| [1997], [Palaniappan and Bach
[2016] considered a more general formulation than Prob-
lem . Here we specialize in the bi-linear saddle point
problem.

fact, even without proximal mappings, as long as both
f and g are smooth and strongly convex, Algorithm
achieves a linear convergence rate. In Appendix [B] we
give a simple proof of this fact.

Two recent papers show that it is possible to achieve
linear convergence even without strong convexity in
f. The key is the additional assumption that A has
full column rank, which helps “transfer” ¢’s strong
convexity to f. Du et al.|[2017] considered the case
when both f and g are quadratic functions, i.e., when
Problem has the following special form:

L(z,y) =2 Brx+b a4y Az —y Cy+cy.

Note that B does not have to be positive definite (but C
has to be), and thus strong convexity is not necessary in
the primal variable. Their analysis is based on writing
the gradient updates as a linear dynamic system (c.f.
Equation (41) in [Du et al., [2017]):

Tip1 —TF T, —x*
m —a* m ¥
Vo e —y7) Vo We—y7)

where G is some fixed matrix that depends on A, B, C'
and step sizes. Next, it suffices to bound the spectral
norm of G (which can be made strictly less than 1) to

show that (.Z‘t —x*, \/%(yt - y*)) converges to (0,0)
at a linear rate. However, it is difficult to generalize
this approach to general saddle point problem since
only when f and g are quadratic do we have the linear
form .

Wang and Xiaol [2017] considered the proximal primal-
dual gradient method. They construct a potential func-
tion (c.f. Page 15 in [Wang and Xiaol| [2017]) and show
it decreases at a linear rate. However, this potential
function heavily relies on the proximal mappings so it
is difficult to use this technique to analyze Algorithm

= (1-G) . )

In Table [I} we summarize different assumptions suffi-
cient for linear convergence used in different papers.

1.4 Paper Organization

The rest of the paper is organized as follows. We give
necessary definitions in Section In Section [3] we
present our main result for the primal-dual gradient
method and its proof. In Section [ we extend our
analysis to the primal-dual stochastic variance reduced
gradient method. In Section [5] we use some prelimi-
nary experiments to verify our theory. We conclude in
Section [6] and put omitted proofs in the appendix.

2 Preliminaries

Let ||-|| denote the Euclidean (L) norm of a vector, and
let (-,-) denote the standard Euclidean inner product
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Paper f smooth | fs.c. | g smooth | gs.c. | A full column rank Other Assumptions
WChen and Rockafellar‘71997: \ Yes \ Yes No Prox maps for f and g
B [Du et al.| 2017:7 Yes No Yes Yes Yes f and g are quadratic
jﬁng and Xiiao‘ 2017 \ No \ Yes Yes Prox maps for f and g
I Folklore ) Yes Yes Yes Yes No No
This Paper Yes No Yes Yes Yes No

Table 1: Comparisons of assumptions that lead to the linear convergence of primal-dual gradient method for
solving Problem . When we have proximal mappings for f and g, we do not need their smoothness.

between two vectors. For a matrix A € R™*" let 0;(A)
be its i-th largest singular value, and let opax (4) :=
01(A) and omin(A) = Omin{m,n}(A) be the largest and
the smallest singular values of A, respectively. For a
function f, we use Vf to denote its gradient. Denote

[n] :={1,2,...,n}. Let Iy be the identity matrix in
RdXd.

The smoothness and the strong convexity of a function
are defined as follows:

Definition 2.1. For a differentiable function ¢ : R¢ —
R, we say

* ¢ is B-smooth if [Vé(u) = Vo(v)| < Bllu—ul
for all u,v € R%;

o ¢ is a-strongly convez if p(v) > Pp(u)+(Ve(u),v—
u) + $|lu—vl|? for all u,v € R,

We also need the definition of conjugate function:

Definition 2.2. The conjugate of a function ¢ : R¢ —
R is defined as

¢"(y) == sup {(z,y) — o(x)},

zeRd

Yy € RY.

It is well-known that if ¢ is closed and convex, then
o** = ¢. If ¢ is smooth and strongly convex, its
conjugate ¢* has the following properties:

Fact 2.1. If ¢ : R? — R is B-smooth and a-strongly
convex (> a > 0), then

(i) ([Kakade et al.,|2009]) ¢* : RY — R is L-smooth

and é—strongly convezr.

(ii) ([Rockafellar|,|1970]) The gradient mappings V¢
and V¢* are inverse of each other.

3 Linear Convergence of the
Primal-Dual Gradient Method

In this section we show the linear convergence of Al-
gorithm [1) on Problem under the following assump-
tions:

Assumption 3.1. f is convex and p-smooth (p > 0).

Assumption 3.2. g is 3-smooth and a-strongly con-
vex (B> a>0).

Assumption 3.3. The matriz A € R%*% sqtisfies
rank(A4) = d;.

While the first two assumptions on f and g are stan-
dard in convex optimization literature, the third one
is important for ensuring linear convergence of Prob-
lem . Note, for example, that if A is the all-zero
matrix, then there is no interaction between x and vy,
and to solve the convex optimization problem on x we

need at least (ﬁ) iterations |[Nesterov, 2013| instead
of O (1og %)
Denote by (z*,y*) € R% x R% the optimal solution

to Problem . For simplicity, we let omax := Omax(A4)
and Oin 1= Omin(A).

Recall the first-order optimality condition:

6
VLt yt) = ~Vely) + Azt =0. O

{VmL(:r*,y*) =Vfa*)+ ATy =0,
Theorem 3.1. In the setting of Algorithm[1], define
a; = ||zs — ™| and by := ||y — Vg*(Axs)||. Let X :=

2
2B0max* p+d‘{%
S s ) I

T min

= )\at + bt.

and ng = ﬁ, then we have

If we choose

(o3

= -2
(a+B) <7"(‘j“‘ +>\Unlax>

2 4
(60 e
min
P,

1-C. !
ﬁso—rznax ! (p + Ux;ax)

P <

for some absolute constant C' > 0.

In this theorem, we use P, = Aa; + b; as the poten-
tial function and show that this function shrinks at
a geometric rate. Note that from @ and Fact
(ii) we have y* = (Vg)~!(Az*) = Vg*(Az*). Then
we have upper bounds |z; —2*|| = a; < %Pt and
lye =yl < llye — Vg™ (Aze)|| + Vg™ (Aze) —y*| =
by + Vg™ (Azy) — Vg*(Az¥)|| < by + Zmexaqy <
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max {1, %} P;, which imply that if P; is small then
(x¢,y) will be close to the optimal solution (x*,y*).
Therefore a direct corollary of Theorem [3.1] is:

Corollary 3.1. For any e > 0, after O* (log %) itera-
tions, we have ||z — 2*|| < € and ||y: — y*|| < €, where
O*(-) hides polynomial factors in 8,1/, Omax, 1/0min
and p.

We remark that our theorem suggests that step sizes
depend on problem parameters which may be unknown.
In practice, we may try to use a small amount of data to
estimate them first or use the adaptive tuning heuristic
introduced in [Wang and Xiaol [2017].

3.1 Proof of Theorem [3.1]

Now we present the proof of Theorem (3.1

First recall the standard linear convergence guarantee
of gradient descent on a smooth and strongly convex
objective. See Theorem 3.12 in [Bubeck, [2015] for a
proof.

Lemma 3.1. Suppose ¢ : R* — R is v-smooth and
d-strongly convez, and let T := argmin, cpa¢(z). For
any 0 < n < %, x € RY, letting & = . — nVo(x), we
have

|2 -zl < (1 —dn)llz— 2.

Step 1: Bounding the Decrease of ||z; — z*|| via
a One-Step “Ghost” Algorithm.ﬂ Our technique
is to consider the following one-step “ghost” algorithm
for the primal variable, which corresponds to a gradient
descent step for the primal problem . We define an
auxiliary variable Z;41: given xy, let

i’t—i—l =Ty — M (Vf(:ct) + Vh(’l’t)) . (7)

where h(z) := g*(Az). Note that ;11 is defined only
for the purpose of the proof. Our main idea is to use
this “ghost” algorithm as a reference and bound the
distance between the primal-dual gradient iterate w41
and this “ghost” variable Z;y1. We first prove with
this “ghost” algorithm, the distance between the primal
variable and the optimum x* decreases at a geometric
rate.

Proposition 3.1. Ifn; < then

2
ptodac/ator /B’
~ _ ¥l < 1_012nin o
||.’,Et+1 T H = 5 T ||:17t € ||

Proof. Since ([7)) is a gradient descent step for the pri-
mal problem ([2)) whose objective is P(z) = h(z) + f(x)
where h(z) = g¢g*(Ax), it suffices to show that P

3||z: — z*|| may not decrease as t increases. Here what
we mean is to upper bound ||z¢41 — x| using ||z — z¥||
and an error term.

is smooth and strongly convex in order to apply
Lemma Note that g* is é—smooth and %—strongly
convex according to Fact 2.1}

We have Vh(z) = ATVg*(Az). Then for any z,2" €
R we have

IVP(z) = VP
< |Vf(x) = V@) +]|ATVg* (Az) — ATV (Ax)||
<plle— 2| + omax Vg (Az) — Vg*(Az')|

<plle — 'l + 72 | Az - A/

02
Spllz— o'+ =22 o — 2
«

=(p+ opax/@) |z = 2|,

where we have used the p-smoothness of f, the é—

smoothness of g*, and the bound on opax(A). There-
fore P is (p + 02, /a)-smooth.

On the other hand, for any z, 2’ € R? we have
P(z') - P(x)

=f(@) = f(z) + g7 (A2) — g"(Ax)
>(Vf(x),z' —x) + (Vg*(Az), Az’ — Az)

1/6
2

1
=(Vf(z)+ A"Vg*(Az), 2’ —z) + 2 ||Az" — Aar;||2

+ | Az’ — Az

1 2 ’ 2
—X)+ =0 1T — x|,
)+ 5578 ' ~al
where we have used the convexity of f, the L-strong
convexity of g*, and that A has full column rank. There-
fore P is 02, /B-strongly convex.

> (VP(x),2

With the smoothness and the strong convexity of P,
the proof is completed by applying Lemma 3.1 O

Proposition [3.1] suggests that if we use the “ghost” al-
gorithm @, we have the desired linear convergence
property. The following proposition gives an upper
bound on ||x:11 — z*|| by bounding the distance be-
tween 1 and Tyqq.

Proposition 3.2. Ifn; <

2
S oTolijatol, /s then

g "
+ Omax ||yt - Vg*(AlUt)H .

o2
e — 2 < (1 ~ Toin ) o — 2|
®)

Proof. We have #;,1 — x40 = mAT (y; — Vg*(Axy)),
which implies

1Zt41 — o]l < Momax lye — Vg™ (Azy)|| -

Then the proposition follows by applying the triangle
inequality and Proposition [3:1} O
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Step 2: Bounding the Decrease of
lye — Vg*(Axt)|]. One may want to show the
decrease of ||y: — y*|| similarly using a “ghost” update
for the dual variable. However, the objective function
in the dual problem max, {—g(y) — f*(—ATy)} might
be non-smooth, which means we cannot obtain a
result similar to Proposition Instead, we show
that ||y: — Vg*(Ax:)|| decreases geometrically up to
an error term.

Proposition 3.3. We have
o2
o = < (p+ 725 ) o~ 7]
+ omaxt ||y — Vg* (Azy)]| .

Proof. Using the gradient update formula of the primal
variable, we have

1
EHJSHI — x| = ||VF(@) + ATy

< IV F (@) + ATV (Az,) || + | AT (ye — V" (Az))|
< ||Vf($t) + ATVQ*(Axt)H + Omax [|ye — Vg™ (Azy) ]|

(9)
Recall that the primal objective function P(x) =
f(x) + g*(Az) is (p + 02, /a)-smooth (see the proof
of Proposition [3.1). So we have

V5 () + ATV (Aay)|| = [V P ()]
— [VP(2:) = VPa)]| < (p+ 02 /) [l — 2.

Plugging this back to @D we obtain the desired result.
O

Proposition 3.4. If g < then

_2
a+pB’

lyer1 — Vg™ (Axgq)]|
2

Um X *
< (1= am + 725 ) s - O (A

2
Omax Ofax
7o (g T ) gy ).

(67

Proof. For fixed x;, the update rule y;y1 = y¢ —
12(Vg(y:) — Ax;) is a gradient descent step for the
objective function §(y) := g(y) — y " Az which is also
B-smooth and a-strongly convex. By the optimality
condition, the minimizer §* = argmin,cgag(y) satis-
fies Vg(3*) = Axy, ie., §* = Vg*(Azy). Then from
Lemma B.1] we know that

[ye11 = Vg™ (Az)|| < (1 — ama) [lyr — Vg™ (Az)]| -
(10)

Since we want to upper bound ||ys+1 — Vg* (Azet1)]],
we need to take into account the difference between
x¢41 and x;. We prove an upper bound on ||zs41 — z4|

in Proposition Using Proposition and 7 we
have
|ye+1 = Vg* (Aze) ||
< Nyt — Vg (Az) | + [V (Aze1) — Vg™ (Aze)|
* Umax
< [lye+1 = Vg™ (Azy)[| + 5 [e+1 — 4]
<(1—an2)llye — Vg" (Az) ||

2
(o3 g
+ == (p + m“”‘) m |lze — 2*||
« «

2
o
+ =0y — Vgt (Az) 0
Note that the upper bound on ||z:41 — x| given in
Proposition |[3.3] is proportional to 7, not to n.. This
allows us to choose a relatively small n; to ensure that
2
the factor 1 — amy + Z22=g); in Proposition is in-
deed less than 1, i.e., ||y: — Vg*(Ax;)|| is approximately
decreasing.

Step 3: Putting Things Together. Now we are
ready to finish the proof of Theorem From Propo-
sitions 3.2 and B.4] we have

0.2

a1 < (1 - Ignm) at + OmaxM1bs, (11)

2
o o
bip1 < —= (P + max) N1a¢
o o

; (12)

ag
«

To prove the convergence of sequences {a;} and {b;} to
0, we consider a linear combination P, = Aa;+b; with a
free parameter A > 0 to be determined. Combining
and , with some routine calculations, we can show
that our choices of A\, n; and 7y given in Theorem
can ensure P11 < ¢P; for some 0 < ¢ < 1, as desired.
We give the remaining details in Appendix

4 Extension to Primal-Dual SVRG

In this section we consider the case where the saddle
point problem admits a finite-sum Structureﬂ

n

min max L(z,y) = %ZLi(may)v (13)

dy da
zeR1 yeR =1

where L;(z,y) := fi(z) +y" Aiz — gi(y). Optimization
problems with finite-sum structure are ubiquitous in

4For ease of presentation we assume f, g and K can be
split into n terms. It is not hard to generalize our analysis
to the case where f, g and A can be split into different
numbers of terms.
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machine learning, because loss functions can often be
written as a sum of individual loss terms corresponding
to individual observations.

In this section, we make the following assumptions:

Assumption 4.1. Fach f; is p-smooth (p > 0), and
1\ .

[ =221 fi is convex.

Assumption 4.2. FEach g; is S-smooth, and g =

% Yoi gi is a-strongly convex (B> a > 0).

Assumption 4.3. Fach A; satisfies omax(A;) < M,
and A= 13" | A; has rank d;.

Note that we only require component functions f;
and g; to be smooth; they are not necessarily con-
vex. However, the overall objective function L(z,y) =
f(z)+y " Az — g(y) still has to satisfy Assumptions h

B3

Given the finite-sum structure , we denote the
individual gradient of each L; as

oy = [0 < [S02 A0,

and the full gradient of L as

Bzy) = %ZBi(ﬂ%y) = Fﬁzy:l (Vi) +Az‘Ty)} .

i1 (Aix = Vi (y))

A naive computation of A;z or A;'—y takes O(d1ds)
time. However, in many applications like policy evalu-
ation [Du et al.| [2017] and empirical risk minimization,
each A; is given as the outer product of two vectors
(i.e., a rank-1 matrix), which makes A;x and A,y com-
putable in only O(d) time, where d = max {d;,da}. In
this case, computing an individual gradient B;(x,y)
takes O(d) time while computing the full gradient
B(x,y) takes O(nd) time.

We adapt the stochastic variance reduced gradient
(SVRG) method [Johnson and Zhang, [2013] to solve
Problem . The algorithm uses two layers of loops.
In an outer loop, the algorithm first computes a full
gradient using a “snapshot” point (Z,7), and then the
algorithm executes N inner loops, where N is a param-
eter to be chosen. In each inner loop, the algorithm
randomly samples an index ¢ from [n] and updates the
current iterate (z,y) using a variance-reduced stochas-
tic gradient:

Here, B;(x,y) is the stochastic gradient at (x,y) com-
puted using the random index i, and B(Z,§) — B;i(Z, 7)
is a term used to reduce the variance in B;(x,y) while
keeping B;(z,y,Z,y) an unbiased estimate of B(x,y).
The full details of the algorithm are provided in Algo-
rithm [2] For clarity, we denote by (Z;, ;) the snapshot

Algorithm 2 Primal-Dual SVRG

Inputs: initial points &y € R%,§, € R?%, step sizes
11, M2 > 0, number of inner iterations N € N
1: fort=20,1,... do
Compute B(Zy, §t)
(xt,Oa yt,o) = (jtagt)
for j=0to N —1do
Sample an index 4, uniformly from [n]
Compute B;, (x4 5,yt,5) and By, (%4, §)

Ty s
7 i+l
Yt,j+1

| Tty 7]1[(11 0 B ~ o~
- - i; \Lt,j5 js Lty ’
{yt,j] { 0 —772[d2:| zJ( t,j>Yt,j, Tt yt)

where B, (45, yt,j, Tt, U¢) is defined in
8: end for

9: (ZTe41,Ut41) = (%o, Yt,5,), where j; is an index
sampled uniformly from {0,1,..., N —1}
10: end for

point in the ¢-th epoch (outer loop), and denote by
(x4,0,Y1,0)s (Te,1,Y¢.1), - - - all the intermediate iterates
within this epoch.

The following theorem establishes the linear conver-
gence guarantee of Algorithm

Theorem 4.1. There exists a choice of pa-
rameters n1,m2 = poly (B, p, M, 1/, 1/(1min(A))_l
and N = vpoly(B,p,M,1/a,1/omn(4)) in Al
gorithm [4, as well as another number p =
poly (8,p, M,1/a,1/omin(A)), such that if we define

Qi = E |3 —a|* + e — V" (Az)I|, then AL
gorithm (4 guarantees Q441 < %Qt for all t.

Since computing a full gradient takes O(nd) time and
each inner loop takes O(d) time, each epoch takes
O(nd+ Nd) time in total. Therefore, the total running
time of Algorithm [2[is O ((n+ N)dlog 1) in order to
reach an e-close solution, which is the desired running
time of SVRG (note that N does not depend on n).

The proof of Theorem [£.1] is given in Appendix [A22] Tt
relies on the same proof idea in Section |3|as well as the
standard analysis technique for SVRG by |[Johnson and
Zhang| [2013].

5 Preliminary Empirical Evaluation

We perform preliminary empirical evaluation for the fol-
lowing purposes: (i) to verify that both the primal-dual
gradient method (Algorithm (1) and the primal-dual
SVRG method (Algorithm [2)) can indeed achieve linear
convergence, (ii) to investigate the convergence rates of
Algorithms [I] and [2] in comparison with their primal-
only counterparts (i.e., the usual gradient descent and
SVRG algorithms for the primal problem), and (iii) to
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Figure 1: Comparison of batch gradient methods for smoothed-L;-regularized regression with d = 200, n = 500.
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Figure 2: Comparison of SVRG methods for smoothed-L;-regularized regression with d = 200 and n = 500.

compare the convergence rates of Algorithms [1| and

We consider the linear regression problem with
smoothed-L; regularization, formulated as

1 2
in — || Az — b||® + AR (2), 1
min oo || Az — bl|” + ARa(2) (15)
where A € R™4 p € R® | and R,(z) :=
Z?:l L (log(1 + ™) +log(1 + e~ %1)) is the

smoothed -Ly reqularization |Schmidt et al., |2007HE|
Note that R,(x) is smooth but not strongly convex,
and does not have a closed-form proximal mapping.

As discussed in Section Problem admits a

saddle point formulation:

1
(=3 1ol =07y+07 ) AR (o)}

. 1
min max —
zeRd yeR™ | N

In this experiment we choose a = 10 and A = 0.01/n.

We generate data (i.e. rows of A) from a Gaussian
distribution N(0,3), where we consider three cases:
(a) =1y, (b) Z” = 2_|i_j|/2, and (C) Eij = 9~ 1i=il/10,
These three choices result in small, medium, and large
condition numbers of A, respectivelyﬁ In Figures

"When a > 0 is large we have R,(z) ~ ||z|; for all
z € R%.
5The condition number of a matrix A is defined as

Omax(A)/Omin(A).

and we plot the performances of batch gradient
and SVRG algorithms, where we choose d = 200 and
n = 500. We tune the step sizes in every case in order
to observe the optimal convergence rates.

These plots show that: (i) both Algorithm [If and Algo-
rithm [2| can indeed achieve linear convergence, verify-
ing our theorems; (ii) in all our examples, primal-dual
methods always converge slower than the correspond-
ing primal methods, but they are only slower by no
more than 3 times; (iii) Algorithm [2| has a much faster
convergence rate than Algorithm [I| especially when
the condition number is large, which verifies the theo-
retical result that SVRG can significantly reduce the
computational complexity.

6 Conclusion

We prove that the vanilla primal-dual gradient method
can achieve linear convergence for convex-concave sad-
dle point problem without strong convexity in the
primal variable. We develop a novel proof strategy and
further use this proof strategy to show the linear con-
vergence of the primal-dual SVRG method for saddle
point problems with finite-sum structures. It would be
interesting to study whether our technique can be used
to analyze non-convex problems.
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Appendix
A  Omitted Proofs

A.1 Finishing the Proof of Theorem

Proof of Theorem[3.1, Combining and (12)), we obtain
Py = Aagy1 + b

2 2 2
O min X O max O max
< (1 - 5771) (P + o ) mag + (1 —an + —— ) by

[0
0'2 Um X 02 2
_ (1 _ mm 1+ = a (p_|_ max) 771> )\at + (1 — Q)2 + ( max + )\O'ma.x> 771) bt-
5 A« « «

If we can choose A, 11 and 72 such that both coefficients

1 0-12nin 1 Omax U?nax
cpi=1— 2y = 4 —max
! I} n A« p a n

and
2
co=1—an+ ( ’Zj”‘ + Aamax> m

are strictly less than 1, we have linear convergence.

It remains to show that our choices of parameters

2Ba-max : (p + max)

A= ,
O[O-rznin
«
= ;
(a_'_B) ( Zmax | Ao-max>
2
e = @ +ﬁ’

give the desired upper bound on max{cy, c2}.

First we verify that our choices of 7; and 7, satisfy the requirements in Propositions [3.2] and [3-4] It is clear that
Ne < Tiﬁ is satisfied. For 7n;, we have

a0, 1 1

T]l S o min < < .
B)\Jmax 252 02 ax ( ax ) (p + max ) p + max + mm

Therefore the requirements in Propositions [3.2] and [3.4] are satisfied.

2 2
Next we calculate ¢; and cp. Since | Zmax 4+ Aoy ) m1 = (% + )\Jmax> < =2 =S, we
“ (a+5)( “nax +Aamx) +h
have
1 «
C2:1_§an2:1_a+ﬂ (16)
2 2
FOI- c1, Since 1 Umax (p + max) — A0 min 3 . O'max (p + max) — 0515117 we have
2B0max- (era"j%)
2 2
. . o
a=1- Uénﬂmm =1 Jmin, ~ (17)

28 (a+pB) ( Tmax 4 )\amax)
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2
260 e P
Note that A\omax = <2_ > > ZB me > 2%max  Then implies
a0r2nin ao—rznin

o <1- - =1 “min

25(05 + B) (7)\0'max + )\Umax) 36(04 + B))‘Umax
. ool S oty (18)

6520+ B)ohae - (p+ ) T 128902, (p+ )

Combining and , we obtain

2 4 -
max{ci,co} <max{1-— @ 11— Q" Omin i ool .
OF BT 125907, (p+ ) 12503, (p+ 2o )
Therefore the proof is completed. 0

A.2 Proof of Theorem [4.1]
Proof of Theorem[4.1 Denote opmin := Omin(4). Let

= V. Li(z,y) = Vfi(x) + Ay,
= V. L(z,y) = Vf(z)+ Ay,

=VyLi(z,y) = Aix — Vgi(y),

= VyL(z,y) = Az — Vg(y),

and define 6 : R" — R% as 6(x) := Vg*(Az). Note that we have f(z*) = y* from (6).

Step 1: Bound for the Primal Variable. Consider one iteration of the inner loop zy 41 = xy; —

T (<pij (Te5,Yt,5) + (Te, Je) — 4, (it,gt)). We now only consider the randomness in ¢, conditioned on ev-

erything in previous iterations. Because we have E[z; ;1] = x1; — me(2,y,,), using the equation
2 2 2

E 1" = E|" + E [[§ — E€[|” we have:

%12 *7112 * *7112
Ellzg41 — oI =B [or 1 = @' + B [@eg41 — 2°) — Efwg 01 — 21|

= ||z — me(@egpe) — 2 |* + niE [Hw,- (@55 Yt5) + 0(Te, Ge) — iy (T, Ge) — (e, yt,j)Hg} :

(19)

For the first term in , we note that it has the same form as the update rule in Algorithm [1| for the primal

variable. Therefore, we can apply Proposition and get (noticing omax(A) < M, and assuming 7, is sufficiently
small)

¢, — nl(P(xt,j,yt,j) —a*|?

2
((1 0lin ) e — || + My ||ye, — e(xt,j)”)

mm Ur2nin Ur2nin * 6M2 (20)
<[ (1= ) o T || (1 T ) o = o+ T s — O )

BM? 2
= (1 IEm > ||xt,] - ZE*” + 02. m ”yt,j - a(xt,j)H )

where the second inequality is due to Cauchy-Schwarz inequality.

Next, we bound the second term in (19). First, using |la + b||* < 2[|al|? + 2||b||> we get

~ ~ ~ ~ 2
nE {H% (e, ye.5) + @(Fe, Ge) — i, (@0, Ge) — (@5, ye,5) | }

<2niE [H%g (e, ye5) — e(Tg yeg) — i, (@5 y") + o(@*,y") || ]
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+ 228 [[|p(e ) — i, (7 30) + 03, (27, y7) = (2”5 | ]

Note that E [p;, (24,5, yt,5) — @i, (2%, 4")] = @(@e5,51,5) — e(a*,y*) and E [y, (E¢, 1) — i, (%,y%)]| = ©(Z4, Gt) —
* * . 2 2
o(z*,y*). Using E[|€ — E||” < E||€]]° we get

L . 2
ﬁ%E [H%J (xt,ja yt,j) +o(Zt,7t) — Pi; (T, Tt) — Sp(xt,jayt,j>H }

<2piE [Hsoij (@egoues) — o1, (@ y)|[° + i, (@ ) — 3, (x*,y*)Hz} :

Then from . .
li(z,y) — i(z*,y*)|l = |V filz) + Al y = Vfi(z*) — Al y*|
<|IVfilz) = Vi) + || Ay — Al y*
<plz -2+ M|y -y
<pllz =2+ M(ly — 02)] + |8(z) —y*[) (21)
=pllz — 2|+ M ([|ly — 0(x)|| + |0(x) — 0(z")]])
* M *

< pllo ="l +31 (= 0@l + 2 o -]
= (p+ M?*/a) ||z —2*| + M |y — 6(z)||

we obtain

niE [Hsoij (e, Y1) + 0@, Ge) — @i, (T, ) — (@, yt,j)HQ}
<2n; [(p+ M?/a) ||we; — a*|| + M |ye,; — 0(ze5)]] ’ (22)
+ 203 [(p+ M?/a) | — || + M || — 0(&0)||)”

Plugging and into (19)), we have

Ellze 1 — 2|

0'2- %112 BMQ 2
< (1= T8 ) hoes = 1+ 23 o — 60

min

X 2 23
208 [(o+ M2/a) fzig — "+ M g — 0 )] 25)
~ * -~ - 2
+207 [(p+ M? /) |3 — 2*|| + M [|§: — 6(Z¢)]|]
< (U =mi/er) ey — 2 |* + cam llyeg — Oz + et 13— 2*|* + cant |5 — 0(30)II°
where ¢1, ..., ¢4 all have the form poly (8, p, M,1/a,1/omin). Here we assume 7, is sufficiently small.
Step 2: Bound for the Dual Variable. The dual update takes the form ;41 = we; +

n2 (i, (e g, yeg) + (&, Ge) — Yi; (T4, §:)). Same as before, We first only consider the randomness in 4;, condi-
tioned on everything in previous iterations.

We have
E Iyt 1 = 0oz
<E |(lyer = 0ol + 16(@e;) = 6(@egi0)l))?]

—=E [lyr.5+1 = 0@e) P + 10(0s) = 0o gs)I® + 2lwng41 = Ozl - 10(a5) — O] (24)

<E |lye g1 — O@ig)lI* + E10(ze) — 0ze i) |” + 2\/E lyeg+1 = O@e )| - EN0(xe) — 0w e
=A+B+2VAB,

where A := E||y;;11 — 0(z,;)|I> and B := E|[|0(x;;) — 0(x;41)|I>. The second inequality above is due to
Cauchy-Schwarz inequality. Thus it remains to bound A and B.
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We can bound A similar to :
A=Ellye 41— 0(xe)|”
= B w141 = 0@ ) I + B [(@eg41 — 019)) = w341 — 0ze)]|?] (25)

L L 2
= Hyt,j + 772w(xt,jvyt,j) - e(xtd)”z + 773153 [Hd’ij (fct,jayt,j) + (T, T¢) — Q/Jij (@4, 7¢) — 1/J(37t,j, yt,j)” } .
For the first term in , we can directly apply and get (assuming 75 to be sufficiently small)

Y5 + eV (@e5,yei) — O(we )| < (1 —anz) lye; — 0(xe5)l- (26)

The second term in can be bounded in the same way as we did for the second term in :

nE {Hz/%j (Tt 4, Ye.5) + V( @t Ge) — Vi, (T, Te) — w(xt,jvyt,j)HQ]
<2n3E [Hl/)z, (Tt,55Yt,5) — V(@e g, Yeg) — Vi, (2% y7°) + (", y7) 2}

+ 203 [0, 1) = s, (@ 50) + W, (2", y") = v, y)|]
<2n5E [H%‘j (@t55Ye,5) — Ui, (93*’9*)”2} +2n3E “Wz‘,- (Ze, §e) — i, (I*vy*)HQ}
<25 (M (1+ B/a) |z —* || + B llys; — 0xe5)))

+205 (M (1+ B/a) & — a*|| + B 1§ — 0(@)|)*,

(27)

where we have used

(e 9) — a3 = Asz — Vs(y) — Asa® + Vg (y)]
< sz — A |+ [90:) ~ Tasly")]
<M +Blly -]
< M o= + A (ly = 0a) |+ 16() — 571
= Mz~ 2+ B (ly — O(a) | + 16(x) - B(")])
<M=+ (I = 0] + 2L o - o) )

=M1+ p/a)llz ="+ Blly — o).
Plugging and into we get
A< (1= am)? [lyr; — 0@ey)II” + 205 (M (1+ B/a) [[wr; — 2*|| + Bllye; — 0(we,)])
+ 203 (M (14 B/a) & — =™ || + B |1 — 0(&0)])? (28)
< (L =ma/es) e — 0@ )1 + o e — 21 + czmd 18 — 2*[|* + csnd 15 — 0@,

where ¢s, ..., cg all have the form poly (8, M, 1/«). Here we assume 7; is sufficiently small.

For B, we have

B=E|0(z1,) — 0(xe ;1)
< (M/a)*E |z j11 — x5
= (M/a)’ n{E les, (@e,5,ye.5) + (@, Ge) — i, (T, ﬂt)HQ
< 2(M/a)*n (]E 03, (@5, ye.g) + 0(Ee, 52) — 93, (Fe i) — @(@t, yed)||” +E o (ae, yt,j)||2)

~ ~ ~ o~ 2 * *
=2 (M/a)2 77% (E H%‘j (xt,jayt,j) + QD(I't?yt) — Vi (xtayt) - So(xt,jvyt,j)H +E ||<,0($t,j, yt,j) - go(x Y )H2> .
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Then using and the smoothness of ¢ ( holds for ¢ as well) we obtain
* 2
B <4(M/a)* 0 [(p+ M? /) ll2ej — || + M |lys,j — 62|
- X - -2
+4(M/a)* 0t [(p+ M?/a) |7 — 7| + M ||Ge — 6(&0)]]
X 2
+2(M/a)* 0 [(p+ M2 /o) ||ze; — 2%l + M |y — 0(ze)]]

(29)
2 « 2
=6(M/a)"ni [(p+ M?/a) |lwe; —a*|| + M [|lye,; — O(xe5)]]
2 - . N L2
+4(M/a) n? [(p+ M?/a) [[& — *[| + M ||§: — 0(Z4)][]
2 *12 ~ * 12 ~ ~ 2
<eoifi yeg — 0z )" + croni lze,; — 2|7 + coni [|& — 2*(° + caont |9 — 0(%)[°,
where cg, ..., 12 all have the form poly (8, M, 1/a).
Therefore, plugging and into , we get
2
E [y — 040
<A+ B+2VAB
B
<A+B+mA+—
m (30)
2 * (12 ~ * (12 ~ ~ 2
< (1t m) (L= me/es) lyeg — O II” + con llows — 2P + ern 13 — 211 + esnd 5 — 001
+(1+1/m) (anf lye.; — Oe I + cromi lwe; — 2*I° + coand & — & + cranf 1§ — 9(@)“2)
2 * (12 ~ 112 ~ ~ 2

< (L =m/ers) [y — 0@ )II” + crams l[we; — «*|° + casn & — ¥ + ciemd |5 — 00|

where ¢13, ..., 16 all have the form poly (8, M,1/«). Here we assume 7 is chosen sufficiently small given ns.

Step3: Putting Things Together. Let p, := E||# — 2*||° and ¢, := E||§; — 0(Z,)||>. Taking expectation
with respect to everything we were conditioned on, we can write as

Ellze 1 — 2 )* < (1= m/e) Bllze,; — 2% | + comBE lyej — 0(ze ;)1 + canipe + caniae.
Taking sum over j = 0,1,...,N — 1, and noticing that ¥, = x40 and that ;41 = z;;, for a random j; €

{0,1,..., N — 1}, we obtain

]‘ * ~ * ~ * ~
~ (Blleoy — I —Ell& - 2*|) < 2B 211 — 2" + camE o1 — 0@ + canips + caniae,
1

which implies
1 1

——pt < 1

N —DPt+1 + C2MGey1 + C?ﬂﬁpt + 0477%%
C1

ie.

¢
Pe+1 < ( + 0103771> Dt + c1C2Qt+1 + C1C4M1 G-
mN
Similarly, from (30)) we can get
C13
Gr+1 < (nN + 013016772> Gt + C13C14M2Pt+1 + C13C15M2Dt-
2

Then it is easy to see that one can choose 1 and N to be sufficiently large poly (5, p, M, 1/, 1/0min) and choose
m and 7 to be sufficiently small poly (8, p, M, 1/, 1/0mim)” " such that

1
R (Pt + pay) -

This completes the proof of Theorem [4.1] O
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B Linear Convergence of the Primal-Dual Gradient Method When Both f and g
are Smooth and Strongly Convex

In this section we show that if both f and g are smooth and strongly convex, Algorithm [I] can achieve linear
convergence for Problem . Note that this proof is much simpler than that of Theorem 3.1
We denote opmax := Omax(4).

Theorem B.1. Suppose f is f1-smooth and ay-strongly convex, and g is Bo-smooth and as-strongly convex. If

we choose 11 = min {é L} and 13 = min {é — } n Algom'thm and let Ry = n ||z — 2* || +

ar1+p1 402, ag+fB27 402,

m |lye — y*||2, then we have

1 . Qay a2 Q10
Rii1 < (1— —min , , R;.
t+1_< 2 {041+51 a2 + B2 4Jr2[1ax}> '
Proof. From the update rule x441 = x; — 11V L(2¢, y:) we have
* (12 * (12 * 2
|werr — 21" = o — 2* |7 = 2 (@0 — &, Vo Lz, y0)) + 03 (Ve L(ze g7 (31)
The inner product term in can be bounded as

(xy — " Vo L(xe,yp)) = (e — 2", Vo L(zy, yt) — Vo L(z*,y™))
= (@ — ", Vf(x) = V(@) + (w — 2" AT (g — "))

1
- Ojflﬂl oo ="+ 25 g IV (@) = V@) + (@ — 2 AT (e = y)),

where we have used Lemma 3.11 in [Bubeck} 2015].
The third term in can be bounded as

IV Lo o) = VoL ) = VaL(@®,y")I)
= |[Vf(@) — Vi) + AT (e — o)
<2(IVf(w) = VI + AT @ - )]

<2 (IV (@) = VI + 02 lye = 5°17)

By symmetry, for the dual variable, we have an inequality similar to . Combining everything together, and

. 1 1 . . .
using m < I and ne < rPwmol with some routine calculations we can get

2 2
n2 | zer1 — 27 + m1 lye+1 — 47|

< (1= 200 + 20307 + 202 omme) n2 |z — 2% ||* + (1 — 202m2 + 20302 + 202 omme) m llye — v |1

Then, from our choices of 1; and 72, the above inequality implies

1 1
Rit1 < (1 —2aqm; + a1m + 2a1n1> e |y — 2*||° + (1 — 2a9m2 + aomo + 2@2?72) m llys — v )7

1
< (1 -3 min{ayn1, a2n2}> Ry

1 . fo%1 Qg Qa0 })
=|1— - min , , R;. O
( 2 {oq +B1 ag+Be 402, )




