A Supplementary material

This is the supplementary material for the paper Model
Consistency for Learning with Mirror-Stratifiable Reg-
ularizers, submitted to AiStats 2019. It contains the
detailed proofs of the propositions 2 and 3 of which
are, as explained in Section 4, the building blocks of
our two main results (Theorems 1 and 2). The sup-
plementary is structured in three sections: Section A.1
gathers key technical lemmas; Section A.2 presents the
proof of Proposition 2; Section A.3 presents the one
of Proposition 3.

We use the same notations here as introduced at the
beginning of Section 4. We also introduce what can
viewed as the limit of (P, ,) as n — 4o0:

wy € Argmin AR(w)

weRP

+ %(Cw, w) — (u, w). (1)

For any positive semi-definite matrix A, we also note
the seminorm |- |4 = v/(4-, -).

A.1 Useful technical lemmas

Here we present a few technical lemmas. The first gives
us some control on how C,, converges to C' (resp. Uy,
converges to u) when the amount of data n tends to
400, and the second provides us with some essential
compactness on these sequences. The third provides
us an important variational characterization of the set
to which belongs 7. Finally, the last Lemma gives a
useful estimate between W) , and wy.

Lemma 1. If A,\/n/loglogn — +oo and E [|y[*] +

E [|x|*] < oo, then the following holds almost surely:
(i) max{[[@n — ull, [Cn — C[I} = o(\n),

(ii) for n large enough, Im C, =Im C,

(iii) C} — CT as n — +o0.

Proof. Tt can be seen (use the Young inequality) that

E [ly?Jf?
1 1
< SB[yl + 3E [IxY] < +oo

E[lxyl’] =
and E [[xx"|?] = E[|x|*] < +cc.

We are then in a position to invoke the law of iterated
logarithm (Van der Vaart, 1998, Proposition 2.26) to
obtain that, with probability 1

ro 1= max{|[i,—ull, |Ca=C|l} = O (n~"

Our assumption that \,+/n/loglogn — 400 then en-
tails item (i).

2 fogTogn).

We now turn to item (ii). Consider w € KerC} it
verifies by definition E,[x(x,w)] = 0. By taking the
scalar product of this equality with w, we see that
(Vz ~ p), P({z,w) = 0) = 1. Let (wy,...,wq) be a
basis of Ker C, where d = dim(ker C'). Then we deduce
that (Va ~ p), P((Vi € {1,...,d}) (z,w;) =0) =
In other words, x € (Ker C)* a.s., or, equivalently:
(Vz -~ p) PlxelmC)=1. (2)
Now, observe that Im C,, = Im ({x:}7-4), so the follow-
ing implication holds:
[(Vie{l,....,n}) 2; € ImC] = ImC, C ImC. (3)
Since the z; are drawn i.i.d. from p, and are in finite
number, we can combine (10) and (11) to obtain that
P(ImC,, C ImC) >

P((Vi € {1,...,n}) z; € Im ()

ﬁ]P’ (z; eImC) = 1.
=1

We deduce then that Im CA'n C ImC a.s., from which
we get that rank Cj, < rank C' a.s. This, together with
lower semi-continuity of the rank, yields that with
probability 1

rank(C) < liminf rank(ék) < limsup rank(ék)
k=400 k—+4oc0
< rankC

meaning that rank(Cj) — rank(C) a.s. Because
the rank takes only discrete values, this means that
rank C = rank C' a.s. for all k large enough. We can
then trivially deduce from the inclusion Im Cy C Im C'
a.s., that the equality Im C;, = Im C holds a.s. for k
large enough.

Assertion (iii) follows from (ii) and (Stewart, 1977,
Theorem 3.3). O

Lemma 2. Assume that (Hy;) holds, and

e Im 6,, =ImC for n large enough,

e sup,cy Cl < +o0.

Then, the sequences (W, n)nen and (w
bounded.

An)neN are

Proof. Introduce fy(w) :=

and fyn(w) = R(w)+
definition, verify

R(w) + (1/2)|Cw — ulZ

(1/20)|Crw — iy |2, which, by

wy, € Argmin fy, and @y, , € Argmin fy, ..



Define X := sup, A\, > 0, and use the optimality of
Wy, n to derive

fX,n(,&}Anyn) < f/\'run(w)\n;n) < f’ﬂ(wo)

By making use of Lemma 1.(iii) and Lemma 1.(i), we
have the bound

I

2\, ICnwo — an||2’

fa(wo) < R(wo) +

~ 2
IC.. — C] + |u—un|>

< R(wg)+ 0O < N,

< R(wo) +o(1).

We can make a similar reasoning on the sequence
(wx,, )nen, and deduce that

To prove the boundedness of (Wx,, n)nen and (wx, )nen,
we will use arguments relying on the notion of asymp-
totic or recession function; see (Bauschke and Com-
bettes, 2011, Definition 10.32) for a definition. Define
fo(w) := R(w) + t{4}(Cw), where ¢,y is the indica-
tor function! of the singleton {u}. The hypothesis
(Hy) indicates that argmin fo = {wp}, so in particular
argmin fy is compact. We can then invoke (Auslender
and Teboulle, 2003, Proposition 3.1.2 and 3.1.3) to
deduce that f5°(w) > 0 for all w € RP \ {0}, where
f§° is the recession function of fy;. From the sum
rule (Auslender and Teboulle, 2003, Proposition 2.6.1),
we deduce that f§° = R> + (14,) o C)*>°. Moreover,
we know from (Hy) that v € ImC, so we can use
(Auslender and Teboulle, 2003, Proposition 2.6.1) to
get (tu) © C)™ = 110y © C = tkerc- We deduce from
all this that R*°(w) > 0 for all w € Ker C' \ {0}, which
can be equivalently reformulated as

Ker R NnKer C = {0}. (6)

Let us start with the boundedness of (wy, )nen-
Combining (Auslender and Teboulle, 2003, Proposi-
tion 2.6.1), (Auslender and Teboulle, 2003, Exam-
ple 2.5.1) and the fact that u € ImC, the recession
function of f5 reads f2°(w) = R*(w) if w € ker C' and
400 otherwise. Thus, (14) is equivalent to fX*(w) > 0
for all w # 0. This is equivalent to saying that fx
is level-bounded (see (Auslender and Teboulle, 2003,
Proposition 3.1.3)), from which we deduce boundedness
of (wx, )nen via (12) and (13).

'The indicator function tq of a set Q C R? is by defini-
tion equal to 0 when evaluated on €2, and +oco elsewhere.

We now turn on (W, n)nen. We write u,, = Cp,, since
Up € ImC), C ImC. We first observe that (12) and
(13) can be rewritten as:

1~ ~ .
o |Cn(@xn =Pl + R(@,.n) < R(wo) + o(1).

Let V, diag(s,.:)V,] be a (reduced) eigendecompo-
sition of én By our assumptions, we have s :=
inf, 1<i<r Sni = (sup, Hénﬂ)_l > 0. In addition, the
columns of V,, form an orthonormal basis of Im C for
n large enough. Thus, for all such n, we have

51 Pr0jin ¢ (@, 0 = Pn) I

= |V, (@r,0 = Pn)l®

T
< Z 5n,i|<vn,i’ ﬁ)\)\n,n - f)\n>|2
i=1

= <Cn(ﬂ}\)\n,n - ﬁn)a @)\n,n - ﬁn>

= Cu(@rn — )l
Altogether, we get the bound
S
2X
for n sufficiently large. Arguing as above, the reces-
sion function of g := |- —pn|? 0 projp, ¢ +1 is again
g (w) = R>®(w) if w € kerC and +oco otherwise,
independently of p,,2. Our assumption plugged into
(Auslender and Teboulle, 2003, Proposition 3.1.3) en-
tails that g is level-bounded and thus boundedness for
(ﬂ)\)\n,n)nGN' D

Lemma 3. Assume that (Hy) holds. Then

| Projim ¢ (@x, . = Pn)I* + R(,,n) < R(wo) +o0(1)

Argmin R*(n) — (CTu, n) = OR(wo) N Im C.
n€lm C

Proof. Using (Bauschke and Combettes, 2011, Propo-
sition 13.23 & Theorem 15.27), one can check that

problem

. * - t
in R () = {Clu, m)

is the Fenchel dual of (Py). Moreover, (w*,n*) is a
primal-dual (Kuhn-Tucker) optimal pair if and only if

w* c CTu+kerC
n* OR(w*)NImC )"
As we assumed in (Hy;) that wg is the unique minimizer

of (Py), the claimed identity follows. O

Lemma 4. Let n € N and assume that Im én CcImC.
Denote ry, := max{|u, — ul,|C, — C|}. Then,
|C (@0 —wr)| < (ICHCTNY2(1 + [@x,n])rn-

2This reflects the geometric fact that the recession func-
tion is unaffected by translation of the argument.



Proof. The first-order optimality conditions for both
Wy, n, and wy yield

0 € AIR(Wrn) 4 Cridnn — Tin
0 € XIR(wy) + Cwy — u.

In view of monotonicity of OR, we deduce that
0 < (U — u~+ Cwy — Cpllinn, Brn — wy).
Rearranging the terms, we get
(C(@xn —wx), Wyn — W) (7)
< (U —u+ (C = Cp)iiam, Brp — wy)-

By virtue of standard properties of the Moore-Penrose
pseudo-inverse and the fact that U, —u and C — C,
both live in Im C' D Im C),, we obtain

(CT(CWy., — Cwy), Cly,, — Cw))
< (CM (@ —u+ (C = Cp)an), Cldrn — Cwy).

Applying the Cauchy-Schwarz and triangle inequalities,
we arrive at

|Cwrn — Cwalcr

[an = uler + 1(C = C)@anles

< ACT2 (lit = ul + 1€ = Callanl)
< ICTIY2( 4 @l

N

On the left side of this inequality, we exploit the fact
that |C[ ! is the smallest nonzero eigenvalue of C'T on
Im(C) to conclude

[CI"?|Ciorn — Cwslor
UCHCTDY2 (L + [@rnl)ra-
O

|Cwrp = Cwsler <
<

A.2 Proof of Proposition 2

Convergence of the primal variable. To lighten
notations, we will write w,, := Wy, ». From Lemma 2
we know that (@, )nen is bounded a.s., so it admits a
cluster point, say w*. Let @,, be a subsequence (we do
not relabel for simplicity) converging a.s. to w*. Now,
let €, 1= Uy, — anwo, for which we know that both &,
and €, /Ay, are o(1), thanks to Lemma 1(i) and the fact
that u = Cwy. From the optimality of @,,, we obtain

1 ~

~

1 -
g AnR(wO) + §<an07w0> - <un7w0>7

which can be equivalently rewritten as
1

(Co(@n — w0), By — wo) = (@0 — wo,€n)  (8)

n(R(wo) — R(wy)).

> N

<

Passing to the limit in (16) and using the fact that R
is bounded from below, we obtain

(C(w* —wp), w* —wp) =0 as. ,

or equivalently, that Cw* = Cwo = u a.s. since C
is positive semi-definite. In addition, as C,, is also
positive semi-definite, so we can rewrite (16) as

En

R(w,) € R(wp) + (W, — wy, o

) (9)
Passing to the limit in (17), using lower-semicontinuity
of R and that €,/\, = o(1) a.s., we arrive at

R(w*) < liminf R(@w,,) < limsup R(w,,) < R(wp) a.s.

n n

Clearly R(w*) < R(wp) and w* obeys the constraint
Cw* = u, which implies that w* is a solution of (Py)
a.s. But since this problem has a unique solution, wg,
by assumption (Hy;), we conclude that w* = wy a.s.
This being true for any a.s. cluster point means that
Wy, — Wo &S I — +00 a.s.

Convergence of the dual variable. Here we omit
systematically mentioning that the bounds and conver-
gence we obtain hold almost surely.

It can be verified, using for instance (Bauschke and
Combettes, 2011, Proposition 13.23 & Theorem 15.27),
that the Fenchel dual problem of (P ) is

{nn) += Argmin R*(n) + 2 (Gl ) — (€, n).
n€lm C,,
(10)
For any fixed A > 0, we also introduce its limit prob-
lem?, as n — +o0o (which is the dual of (9)):

o A
{n} == Argmin R*(n) + =(C'n,n) — (CTu,n). (11)
n€lm C 2

Both problems are strongly convex thanks to positive
semi-definiteness of C,, and C', hence uniqueness of the
corresponding dual solutions 7, and 1. Moreover,
from the primal-dual extremality relationships, see
(Bauschke and Combettes, 2011, Proposition 26.1.iv.b),
Mn and 7y can be recovered from the corresponding
primal solutions as

7/vL\n - n’&}\)\,n

A

u — Cwy

=2 (12)

Mn 1= and ny =

In what follows, we prove that 7, converges to 79
when n — +o0o. To lighten notation, we will denote

3By Lemma 1, we indeed have C} — C' a.s. under our
hypotheses.



Ty = max{||u, — ul, ||6'n — C||}, and note 7, = M, n-
We have
170 =m0l < 7 — x|+ Inx, — ol (13)

By using (20) and the definition of r,,, we write

[ — | = H Up —u  Cuwy, — Cpy
Tn X, >\n )\n
T Cwy — én@n
¢ o) 4 |G Cute)
< o(3)+ 17

The second term on the right hand side can also be
bounded as

Cw,, — C,y,

” Cwy, — An@n B H C(wy, — Wp) n
An N An An
C(U))\ — ’&)\n) ‘ ~ 1 n
< —_~ m "7 nll—
s K A b

Tn
0(»)’

where we used Lemma 4, and Lemma 2 with Lemma 1
in the last inequality. Combining the above inequalities
with the fact that 7, = o(\,,) by Lemma 1.(i), we obtain

~ Tn
172 =l =0 (3 ) "5

n

(14)

It remains now to prove that 1, converges to ng when
A — 0. To do so, we start by using optimality of 7, and
7o for problems (19) and (Dy), together with Lemma
3, to write

A
R*(n\) + §<CT77A,77A> —(CTu,mx)

A
< RY(mo) + §<CT7707770> — (Cu, mo)

A
< R + §<CT770,770> —(CTu,my),

(15)

from which we deduce that

(CTnx,ma) < (CTng, o). (16)

Since 1) € ImC = (ker CT)* (see (19)), we can infer
from (24) that (nx)aso is bounded. Let n* be any
cluster point of this net, and let us verify that n* must
be equal to 7g. First, passing to the limit in (24) shows
that

(M%) < (Co, o). (17)
Second, taking the limit in (23) and using lower semi-
continuity of R*, we get

R*(n*) = {CTu, 1) (18)

A
< Hminf B*(y) + = (CTox, ) — (CTu,my)
A—0 2
) . A
< lim R*(no) + 2 (CTro, mo) — (CTu, o)
A—0 2

= R'(no) — <CTU7770>-

From ny € Im C we know that n* € ImC' as well, so
we can then deduce from (26) and Lemma 3 that

n* € OR(wp) NIm C. (19)

Putting together (25) and (27) shows that n* is a solu-
tion of (Dy), hence n* = 1 by uniqueness of 7. This
being true for any cluster point shows convergence of
N to 1.

A.3 Proof of Proposition 3

We use here the notations h,, and ?" introduced in Sec-
tion 4, and we read directly from hypothesis (Ha) that
& = Vho(@*) + &, E [§17] = 0, E[I&PI17] <
&

o? and &* converges a.s. to 0.

Let us start by showing that @W* converges to wy, ».
For this, let w be any solution of (P,,). We can
write, using standard identities (e.g. (Bauschke and
Combettes, 2011, Corollary 2.14)), that

Ja*+! (20)

—w|?
11— aw)(@" = w) + ar(Z* — w)|
= (1-ap)|@* —w]? + ax|z" —w|

—ap(l - ag)[2F — @[

Since w is a solution of (P ,), it is a fixed point
for the operator prox, ., po(Id —~;Vh,) for any k €
N. Use then the definition of Z*¥ together with the
nonexpansiveness of the proximal mapping to obtain
|28 = w]? < &% — w + 3 (Vhy (w) = Vho (@°) = &)|
<[@* —wl® + A7 Vi (w) = Vhn (@*) — &
+ 293 (@ — w, Vhy (w) — Vhy (@F) — &).
Taking the conditional expectation w.r.t. Fj in
the above inequality, and using the assumptions
E(&|Fr) = 0 and E(||&x]|?|Fx) < 02, leads to
E(JZ* — w|?|Fx)
< @ = wl? + 43IV (w) = Vha (@°)|? + vio}
+29, (@ — w, Vhy, (w) — Vh, (@")).

Since Vh,, is 1/L-cocoercive, we obtain

E(|2* — w]?|Fk)
< @* —wl? +5of
W (2/L = W) Vhn (w) = Vhy (@°)]2

After taking the conditional expectation in (28) and
combining with the last inequality, we obtain
E(Jo™*! — wl?|Fy)

|@* —w|? + axviog

~(2/L = ) [Vhn (w) = Vi, (@")]
—ap(1 = ap)E(|2* — @ || Fy).

N



The inequality above means that (@")ey is a stochas-
tic quasi-Féjer sequence, and hypothesis (Hy) allows
us to use invoke (Combettes and Pesquet, 2015, Propo-
sition 2.3), from which we deduce that (0")ren is
bounded a.s. Thus @* has a cluster point. Let w
be a sequential cluster point of (@W*)xen, and @* be a
subsequence (that we do not relabel for simplicity) that
converges a.s. to w. Recalling (8) and (7), and in view
of assumption (Ha) and continuity of the gradient, we
deduce that

" — —Vhy(w) and 2" > @ a.s.

Since (2*,9%) € gph()\,0R) and \,0R is maximally
monotone, we conclude that 0 € Vh, (@) + A\, 0R(w),
i.e., w is minimizer of (P, ,). Since this is true for any
cluster point, we invoke (Combettes and Pesquet, 2015,
Proposition 2.3(iv)) which yields that @* converges a.s.
to a minimizer of (P, ,). Using again (7), we see that

Z* converges a.s. to this same minimizer.
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