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Abstract

This document contains supplementary details for the paper “Optimal Minimization of the Sum of Three
Convex Functions with a Linear Operator.” All section, equation, table, and figure numbers in this supplementary
document are preceded by a capital roman alphabet A, B, C, .... All section, equation, table, and figure numbers
without an alphabet prefix refer to the main paper.

A Proof of Proposition

Proof of Proposition[1. By the convexity of f and L -Lipschitz smoothness of V f,
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where the last inequality again uses the convexity of f.
Now using the convexity of g and iteration in Algorithm |1} we have g(z**1) < (1 — pr)g(2*) + prg(*+1).
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B Optimal deterministic acceleration

In this section, we provide proofs that Algorithm [I| achieves the theoretically optimal rate of convergence in the
deterministic settings. We first consider the case in which X and ) are both bounded. We then proceed to the
unbounded case. Proofs of all the technical lemmas required in the main proofs are deferred in Section

B.1 Proof of Theorem [1

To prove Theorem [1| we need the following lemma.

Lemma B.1. If zF = (2%, y*) is obtained by @, we have the following under the condition :
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where we used for the inequality.
Consider the following upper bounds of the three inner product terms in (B.1)):
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B.3 Proof of Theorem [2

We need the following lemma to prove Theorem

Lemma B.2. Consider a saddle point 2 = (&,§) of the problem , and the parameters py, Oy, T, and oy satisfying
the conditions for Theorem[3. Then
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and
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Proof of Theorem [ 1t is sufficient to find upper bounds of ||v**!||; and dx41. From the definition of R and (B.6),
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ie., . In the second and third inequalities, we used
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B.4 Proof of Corollary

Proof of Corollary[2 First check if 7 7 and satisfy and . Conditions and (|15a]) are trivial to
see. To prove (|15b)) and (15c]):
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C Optimal stochastic acceleration

In this section, we provide proofs that Algorithm [I] achieves the theoretically optimal rate of convergence in the
stochastic settings. Proofs of all the technical lemmas are deferred in Section



C.1 Proof of Theorem [3]
We obtain a bound similar to Lemmaﬁrst. The following lemma provides the desired upper bound on pgl%g (2%, 2).

Lemma C.1. Assume that z* = (2% y*) is the iterates generated by the iteration @ with 6} satisfying . Also
assume that the parameters satisfy (15al), , and . Then for any z € Z, we have
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where v and D(z,é[k]) are defined in (B.2) and (B.3|), respectively, and
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We also need the following lemma to prove Theorem [3| For subsequent uses, we define A* := ﬂ(zﬁz 2 — Vfk ).

Lemma C.2 (Lemma 4.5, Chen et al., 2014). Let 7;, 0;, and v; > 0. For any z' € Z, define z} = &' and
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C.3 Proof of Theorem {4

We need the following lemma to prove Theorem [4

Lemma C.3. For a saddle point 2 = (&,9) of (PD|), and the parameters py, 0, Ti, and o satisfy (L5al), , and
, then
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where p' =1/y/1—¢qand v/ =1/4/1/2 —r. Now we find an upper bound of E[0; _,].
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C.4 Proof of Corollary
Proof of Corollary[4 First we check :
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since o > Tk, and that
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D Proofs of techinical lemmas

Proof of Lemma[B-1]. [Loris and Verhoeven| (2011, Lemma 1) state that if ¢ : R — R U {+o00} is a convex, closed,
and proper, and if 2T = prox,,(r~ + cA), then for any » € R",
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Thus (B.1) in Lemma is equivalent to
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1— L L? 1— B2
_ q _ fPk _ KOk ||1~:k+1 o jk”% . r _ H ||2Tk ”gk+1 _ gkng
2Tk 2 2r 20’]€ 2(]

1, 1
< IR z12 k1 _ ply2
< gl Tz + 5l 72

In the penultimate inequality, the upper bound for inner product terms similar to (D.2]) was used. O
Proof of Lemma[C.d. Analogous to the proof of Lemma except for that we start with

1 1 1
- Skl BT — () < —— 1l — G112 — R — gR2 — g — R )2
(—k+41,9 y)+h () = h(y) < o7 ly — 5"z Doy g 7"z Yoy lly =51l
. . . . 1 s 1. - N
<]:($I:nd),$k+1 — )+ <35k+1 — &, Up41) < an - fka% - Ellx’““ - ka% - ﬁllx - ffk“H%
[
Proof of Lemma[C-3 By applying the bounds (D.2) and (C.3) to (C.1), we obtain:
_ = - qVk . r+1/2)v _ _ _
PG 2) < i W)+ Do - gz CHEL2Iy, gy 2 2y 4,
27y 20
where
Doz 3y = & e — 5012 — e — s 12) 4 22 (Ul — 12 = Ny — e |12
(2, 2%) = —(lz = 21|z = |z = Txrll2) + 5y — Gullz = Iy = Grsa12)-
27k 20'k
Letting z = 2 and using G(2*,2) > 0 leads to (C.6). If we only use (C.3) on (C.1)), we get:
plzlvkg(zk-‘rl? Z) S @k(za é[k]) — Yk <‘%k+1 -, BT(gk+1 - gk»
— WK (@ = 3), 7" —y)
Applying (D.3)) and following the steps of Lemma results in (C.7])). O
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