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In this supplementary �le, we provide the proofs of all the results provided in the main �le. To keep the numbering
of the theorems, lemmas, etc. consistent with the main paper, here, we also repeat the results in the paper that do
not need a proof.

Theorem 1 Consider two spherical Gaussian distributions N (m1, σ
2
1Ip) and N (m2, σ

2
2Ip) in Rp. Consider project-

ing these two Gaussian distributions on R, using A = (A1, . . . , Ap), where A1, . . . , Ap are i.i.d. N (0, 1). Given γ > 0,
let

c , ∥m1 −m2∥
(σ1 + σ2)

√
p
.

Then, the probability that the separation of the projected Gaussians is larger than γ is larger than

2
(
1− e−

p−1
2 (τ−log(1+τ))

)
Q

γ

c

√√√√ (1− 1
p )

(1− γ2

pc2 )
(1 + τ)

 , (1)

where τ > 0 is a free parameter.

Proof 1 Since the unitary vector A/∥A∥ is uniformly distributed over the unit sphere, we have

P
(∣∣∣⟨ m1 −m2

∥m1 −m2∥
,

A

∥A∥
⟩
∣∣∣ > γ(σ1 + σ2)

∥m1 −m2∥

)
= P

(∣∣∣⟨(1, 0, . . . , 0)T , A

∥A∥
⟩
∣∣∣ > γ(σ1 + σ2)

∥m1 −m2∥

)
= P

( |A1|
∥A∥

>
γ(σ1 + σ2)

∥m1 −m2∥

)
. (2)

Therefore, we are interested in deriving a lower bound on

P
( |A1|
∥A∥

>
γ(σ1 + σ2)

∥m1 −m2∥

)
. (3)

Note that, due to symmetry, we have

E[
A2

1

∥A∥2
] = E[

A2
2

∥A∥2
] = . . . = E[

A2
p

∥A∥2
], (4)

Moreover,

p∑
i=1

E[
A2

i

∥A∥2
] = E

[∑p
i=1 A

2
i

∥A∥2
]
= 1. (5)

Therefore, combining (4) and (5), we have

E[
A2

1

∥A∥2
] =

1

p
.

On the other hand, replacing γ2(σ1 + σ2)
2/∥m1 −m2∥2 by α/p in (3), where

α , γ2(σ1 + σ2)
2p

∥m1 −m2∥2
,
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we have

P
( A2

1

∥A∥2
>

γ2(σ1 + σ2)
2

∥m1 −m2∥2
)
= P

(
A2

1 >
α

p

p∑
i=1

A2
i

)
= P

(
(1− α

p
)A2

1 >
α

p

p∑
i=2

A2
i

)
. (6)

But since A1, . . . , Ap
i.i.d.∼ N (0, 1),

∑p
i=2 A

2
i has a chi-square distribution of order p. Then, for any τ > 0, by Lemma

2 in [2],

P
( 1

p− 1

p∑
i=2

A2
i ≥ 1 + τ

)
≤ e−

p−1
2 (τ−log(1+τ)). (7)

Given τ > 0, de�ne event E as

E , { 1

p− 1

p∑
i=2

A2
i < 1 + τ}.

By the law of total probability,

P
(
(1− α

p
)A2

1 >
α

p

p∑
i=2

A2
i

)
= P

(
(1− α

p
)A2

1 >
α

p

p∑
i=2

A2
i , E
)
+ P

(
(1− α

p
)A2

1 >
α

p

p∑
i=2

A2
i , Ec

)
≥ P

(
(1− α

p
)A2

1 >
α

p

p∑
i=2

A2
i , E
)

(2)

≥ P
(
(1− α

p
)A2

1 >
α(p− 1)

p
(1 + τ) >

α

p

p∑
i=2

A2
i

)
= P

(
(1− α

p
)A2

1 >
α(p− 1)

p
(1 + τ), 1 + τ >

1

p− 1

p∑
i=2

A2
i

)
= P

(
(1− α

p
)A2

1 > α(1− 1

p
)(1 + τ)

)
P
( 1

p− 1

p∑
i=2

A2
i < 1 + τ

)
,

where inequality (2) results from the fact that if a random variable Y is smaller than c, w.p. 1, then P (X > Y ) ≥
P (X > c). The last equality follows from the independence of A1 and (A2, . . . , Ap).

Lemma 1 Consider points in R drawn from a mixture of two Gaussian distributions wN (m1, σ1)+(1−w)N (m2, σ2)
. Assume that the two components of the mixture are c-separated. Then, the error probability of the optimal Bayesian
classi�er is smaller than Q

(
c
2

)
. In the special case where σ1 = σ2 = σ, the error probability of the optimal Bayesian

classi�er is smaller than Q(c).

Proof 2 Without loss of generality assume that m1 ≤ m2. Consider the a sub-optimal classi�er that assigns all
points to the left of m1+m2

2 to Class 1 and everything else to class 2. Then the error probability of the optimal
Bayesian classi�er is upper bounded by the error achieved by the described classi�er, which is equal to

wQ(
m2 −m1

2σ1
) + (1− w)Q(

m2 −m1

2σ2
). (8)

But, by assumption, m2−m1

σ1+σ2
≥ c. Therefore,

min(
m2 −m1

2σ1
,
m2 −m1

2σ2
) ≥ c

2
.

Therefore, since Q is a decreasing function of its argument,

wQ(
m2 −m1

2σ1
) + (1− w)Q(

m2 −m1

2σ2
) ≤ wQ(

c

2
) + (1− w)Q(

c

2
) = Q(

c

2
).

In the case of σ1 = σ2 = σ, (8) simpli�es to Q(m2−m1

2σ ) which is smaller than Q(c), because (m2 −m1)/2σ ≥ c.



Lemma 2 Consider the same setup as Theorem 1. Then,

E

[
|⟨A,m1 −m2⟩|2

(σ1 + σ2)2∥A∥2

]
= c2. (9)

Proof 3 Let A = (A1, . . . , Ap) be generated i.i.d. according to N (0, 1). Then the separation of the two projected
Gaussians under A is equal to

γ =
|⟨A,m1⟩ − ⟨A,m2⟩|

(σ1 + σ2)∥A∥
.

Therefore,

γ2 =
|⟨A,m1 −m2⟩|2

(σ1 + σ2)2∥A∥2

=
∥m1 −m2∥2

(σ1 + σ2)2

∣∣∣∣〈 A

∥A∥
,

m1 −m2

∥m1 −m2∥

〉∣∣∣∣2 .
Since A

∥A∥ is uniformly distributed under the unit sphere in Rp, in evaluating E γ2, without loss of generality we can

assume that m1−m2

∥m1−m2∥ = (1, 0, . . . , 0)T . Therefore,

E[γ2] =
∥m1 −m2∥2

(σ1 + σ2)2
E

[∣∣∣∣〈 A

∥A∥
,

m1 −m2

∥m1 −m2∥

〉∣∣∣∣2
]

=
∥m1 −m2∥2

(σ1 + σ2)2
E

[
A2

1

∥A∥2

]
.

But, as we showed in the proof of Theorem 1,

E

[
A2

1

∥A∥2

]
=

1

p
.

Therefore, in summary,

E[γ2] =
∥m1 −m2∥2

(σ1 + σ2)2p
= c2.

Corollary 1 Consider the same setup as in Theorem 1. Then,

lim
p→∞

d(γ) ≤ 1

2Q(γc )
.

Proof 4 Note that d(γ) is equal to one over the probability that the separation of two projected Gaussians is larger
than γ. Therefore, by Theorem 1, we have

d(γ) ≤

2
(
1− e−

p−1
2 (τ−log(1+τ))

)
Q

γ

c

√√√√ (1− 1
p )

(1− γ2

pc2 )
(1 + τ)

−1

, (10)

where τ > 0 is a free parameter. On the other hand, for any τ > 0,

lim
p→∞

(1− 1
p )

(1− γ2

pc2 )
= lim

p→∞
(1− e−

p−1
2 (τ−log(1+τ))) = 1.

Therefore,

lim
p→∞

d(γ) ≤ 1

2Q(γc
√
1 + τ)

.

Since τ is a free parameter, letting τ → 0 yields the desired result.

Corollary 2 Consider the same setup as in Theorem 1. If γ is such that γ ≤ c(ln ln p)
1−η
2 , where η > 0 is a free

parameter, then d(γ) = o(ln p).



Proof 5 As argued in the proof of Corollary 1, d(γ) satis�es (10). Hence, choosing p large enough such that

e−
p−1
2 (τ−log(1+τ)) ≤ 1

2 , it follows that

d(γ) ≤ 1

Q

(√
(1− 1

p )γ
2

(c2− γ2

p )
(1 + τ)

) .

On the other hand, for all x > 0, we have
x

1 + x2
ϕ(x) < Q(x), (11)

where ϕ(x) denotes the pdf of a standard normal distribution. Therefore,

d(γ) ≤
√
2π(1 + x2)

x
e

x2

2 ,

where x =

√
(1− 1

p )γ
2

(c2− γ2

p )
(1 + τ). The desired result follows by noting that γ2

p = o(1), and by assumption, γ ≤ c(ln ln p)
1−η
2 ,

where η > 0.

Corollary 3 Consider the same setup as in Theorem 1. If γ is such that γ ≤ c(ln p)
1−η
2 , where η > 0 is a free

parameter, then d(γ) = o(p).

Theorem 2 Consider m1, ...,mk ∈ Rp and σ1, ..., σk ∈ R+. Assume that A = (A1, . . . , Ap) are generated i.i.d. ac-
cording to N (0, 1). Given γmin > 0, and i, j ∈ {1, . . . , k} let

c(i,j) =
∥mi −mj∥√
p(σi + σj)

.

Let cmin , mini,j c(i,j). De�ne event B as having separation larger than γmin by all pairs of projected Gaussians.
Thats is,

B ,
{∣∣∣∣〈mi −mj ,

A

∥A∥

〉∣∣∣∣ ≥ γmin(σi + σj) : ∀(i, j) ∈ {1, . . . , k}2, i ̸= j

}
. (12)

Then,

P(Bc) ≤ k2

2

1− 2Q

γmin

cmin

√√√√ 1.1

1− γ2
min

c2minp

 (1− e−0.002p)

 . (13)

Proof 6 (Proof of Lemma 2) De�ne

ϕ(i,j) , 2Q

 γmin

c(i,j)

√√√√√ 1− 1
p

1− γ2
min

c2
(i,j)

p

(1 + τ)

 (1− e−
p−1
2 (τ−log(1+τ))).

By the union bound,

P(Bc) ≤
k∑

i=1

k∑
j=i+1

P

({∣∣∣∣〈mi −mj ,
A

∥A∥

〉∣∣∣∣ ≤ γmin(σi + σj)

})
(a)

≤
k∑

i=1

k∑
j=i+1

(1− ϕ(i,j))

≤ k2

2

(
1−max

(i,j)
{ϕ(i,j)}

)
, (14)

where (a) follows from Theorem 1 and the fact that for i, j ∈ {1, . . . , k}

γ2
min(σi + σj)

2p

∥mi −mj∥2
=

γ2
min

c2(i,j)
.



For τ = 0.1, (τ−log(1+τ))/2 ≥ 0.002. Therefore, setting τ = 0.1 in (2) and noting that Q function is a monotonically
decreasing function of its argument, it follows that

ϕ(i,j) ≥ 2Q

 γmin

c(i,j)

√√√√√ 1.1(1− 1
p )

(1− γ2
min

c2
(i,j)

p
)

 (1− e−0.002p)

≥ 2Q

γmin

cmin

√√√√ 1.1

1− γ2
min

c2minp

 (1− e−0.002p), (15)

where the last inequality holds because
(1− 1

p )

(1− γ2
min

c2
(i,j)

p
)
≤ 1

1− γ2
min

c2minp

.

Therefore, taking the maximum of the both sides of (15), it follows that

max
i,j

ϕ(i,j) ≥ 2Q

γmin

cmin

√√√√ 1.1

1− γ2
min

c2minp

 (1− e−0.002p).

Corollary 4 Consider the same setup as Theorem 2. Let d(γmin) denote the expected number of projections required
to obtain separation γmin between each pair of projected Gaussians. Then, if

γmin ≤ (1− α)

√
2π

1.1

cmin

k2
,

for some α ∈ (0, 1), then lim supp→∞ d(γmin) ≤ 1
α .

Proof 7 Consider event B de�ned in (12), which denotes the desired event where each pair of projected Gaussians
satisfy the desired separation. But,

d(γmin, p) =
1

P(B)
, (16)

where P(Bc) is upper-bounded by Lemma 2. Taking the limit as p grows to in�nity, it follows that

lim sup
p

d(γmin, p) ≤
1

1− k2

2

(
1− 2Q

(
γmin

√
1.1

cmin

)) (17)

On the other hand, for x > 0,

1− 2Q(x) =
1√
2π

∫ x

−x

e−
u2

2 du ≤
√

2

π
x. (18)

Combining (18) and (17), it follows that

lim sup
p

d(γmin, p) ≤
1

1− k2
(√

1.1
2π

γmin

cmin

) ≤ 1

1− k2
√

1.1
2π (1− α)

√
2π
1.1

1
k2

=
1

α
,

where the last inequality follows from our assumption about γmin.

Theorem 3 Consider m1,m2 ∈ Rp and semi-positive de�nite matrices Σ1 and Σ2. Assume that the entries of
A = (A1, . . . , Ap) are generated i.i.d. according to N (0, 1). Let λmax denote the maximum eigenvalue of Σ1 + Σ2.
Also, given γ > 0, let

β , 2γ2λmaxp

∥m1 −m2∥2
.



Then, for any τ > 0, the probability that the 1-dimensional projected Gaussians using a uniformly random direction

are γ-separated, i.e., P
(
|⟨m1 −m2,A⟩| ≥ γ(

√
ATΣ1A+

√
ATΣ2A )

)
, can be lower-bounded by

P
(
A2

1 > β
(1− 1

p )

(1− β
p )

(1 + τ)
)
(1− e−

p−1
2 (τ−log(1+τ))). (19)

Proof 8 Note that since ATΣ1A ≥ 0 and ATΣ2A ≥ 0, we always have√
ATΣ1A+

√
ATΣ2A ≤

√
2AT (Σ1 +Σ2)A.

Therefore,

P
(
|⟨m1 −m2,A⟩| > γ(

√
ATΣ1A+

√
ATΣ2A )

)
≥ P

(
|⟨m1 −m2,A⟩| > γ

√
2AT (Σ1 +Σ2)A

)
≥ P

(
|⟨m1 −m2,A⟩| > γ

√
2λmax∥A∥

)
, (20)

where the last line follows because, for every A, AT (Σ1 + Σ2)A ≤ λmax∥A∥2. Therefore, comparing (20) with (2)
reveals that the desired result follows similar to Theorem 1, by replacing σ1 + σ2 with

√
2λmax .

Theorem 4 Consider m1,m2 ∈ Rp and semi-positive de�nite matrices Σ1 and Σ2. Assume that the entries of
A = (A1, . . . , Ap) are generated i.i.d. according to N (0, 1). Let r and λmax denote the rank and the maximum
eigenvalue of Σ1 +Σ2, respectively. Also, given γ > 0, τ1 ∈ (0, 1) and τ2 > 0, let

β , 2(1 + τ2)γ
2λmaxr

(1− τ1)∥m1 −m2∥2
.

Then, for any τ > 0, the probability that the 1-dimensional projected Gaussians using a uniformly random direction

are γ-separated, i.e., P
(
|⟨m1 −m2,A⟩| ≥ γ(

√
ATΣ1A+

√
ATΣ2A )

)
, can be lower-bounded by

2Q

√√√√β
(1− 1

p )

(1− β
p )

(1 + τ)

 (1− e−
p−1
2 (τ−log(1+τ)))

− e
p
2 (τ1+log(1−τ1)) − e−

r
2 (τ2−log(1+τ2)).

Proof 9 Note that since ATΣ1A ≥ 0 and ATΣ2A ≥ 0, we always have√
ATΣ1A+

√
ATΣ2A ≤

√
2AT (Σ1 +Σ2)A.

Therefore,

P
(
|⟨m1 −m2,A⟩| > γ(

√
ATΣ1A+

√
ATΣ2A )

)
≥ P

(
|⟨m1 −m2,A⟩| > γ

√
2AT (Σ1 +Σ2)A

)
(21)

Since Σ1 +Σ2 is always a semi-positive de�nite matrix, it can be decomposed as

Σ1 +Σ2 = PTDP,

where P ∈ Rp×p is an orthogonal matrix (PTP = Ip), and D ∈ Rp×p is a diagonal matrix whose diagonal entries
are non-negative. Let

D = diag(1, . . . , p),

where i ≥ 0, for all i. Using this decomposition, AT (Σ1 +Σ2)A can be written as

AT (Σ1 +Σ2)A = (PA)TDPA.



Let B , PA. Since P is an orthogonal matrix, B is still distributed as A, i.e., B1, . . . , Bp are i.i.d. N (0, 1). By this
change of variable, the probability mentioned in (21) can be written as

P
(
|⟨m1 −m2,A⟩| ≥ γ(

√
ATΣ1A+

√
ATΣ2A )

)
≥ P

(
|⟨m1 −m2, P

−1B⟩| > γ
√
2BTDB

)
= P

(
|⟨P (m1 −m2),B⟩| >

√
2γ2∥D 1

2B∥
)
. (22)

Note that sine by assumption rank(Σ1+Σ2) = r, Σ1+Σ2 has only r non-zero eigenvalues. De�ne C ∈ Rp such that,
for i = 1, . . . , p,

Ci = Bi1λi ̸=0.

That is, for every λi ̸= 0, Ci is equal to Bi. For every λi = 0, Ci = 0. Using this de�nition, D
1
2B = D

1
2C. Note

that

∥D 1
2C∥ ≤

√
λmax∥C∥. (23)

Combining (22) and (23), it follows that

P
(
|⟨m1 −m2,A⟩| ≥ γ(

√
ATΣ1A+

√
ATΣ2A )

)
≥ P

(
|⟨P (m1 −m2),B⟩| >

√
2γ2λmax∥C∥

)
= P

(
|⟨P (m1 −m2),

B

∥B∥
⟩| >

√
2γ2λmax

∥C∥
∥B∥

)
. (24)

Given τ1 > 0 and τ2 > 0, de�ne events E1 and E2 as

E1 , {∥B∥2 ≥ p(1− τ1)},

and
E2 , {∥C∥2 ≤ r(1 + τ2)},

respectively. Note that, conditioned on E1 ∩ E2,

∥C∥
∥B∥

≤

√
r(1 + τ2)

p(1− τ1)
.

Therefore,

P
(
|⟨P (m1 −m2),

B

∥B∥
⟩| ≤

√
2γ2λmax

∥C∥
∥B∥

)
=P

(
|⟨P (m1 −m2),

B

∥B∥
⟩| ≤

√
2γ2λmax

∥C∥
∥B∥

, E1 ∩ E2
)

+ P
(
|⟨P (m1 −m2),

B

∥B∥
⟩| ≤

√
2γ2λmax

∥C∥
∥B∥

, (E1 ∩ E2)c
)

≤P

(
|⟨P (m1 −m2),

B

∥B∥
⟩| ≤

√
2γ2λmax(1 + τ2)r

(1− τ1)p

)
+ P(Ec

1) + P(Ec
2). (25)

But, from Lemma 2 in [2],

P(Ec
1) ≤ e

p
2 (τ1+log(1−τ1)), (26)

and
P(Ec

2) ≤ e−
r
2 (τ2−log(1+τ2)).

Also, note that since P is an orthogonal matrix, ∥P (m1 −m2)∥ = ∥m1 −m2∥. Therefore, the desired result follows

by comparing P(|⟨P (m1 −m2),
B

∥B∥ ⟩| ≤
√

2γ2λmax(1+τ2)r
(1−τ1)p

) with (2) and using the result of Theorem 1.

Corollary 5 Consider two c-separated Gaussian distributions in Rp with means m1,m2 ∈ Rp and covariance ma-

trices Σ1 and Σ2. Let β , 2γ2λmaxp
∥m1−m2∥2 , where λmax denotes the maximal eigenvalue of the matrix Σ1 + Σ2. Then as

limp→∞ d(γ) ≤ 1

2Q(
√

β)
.



Corollary 6 Consider the same setup as in Corollary 5. If γ is such that
√
β = (ln ln p)

1−η
2 , where η > 0 is a free

parameter, then d(γ) = o(ln p).

Theorem 5 (Theorem 3.10 in [1]) Consider a mixture of two Gaussian distribution wN (µ1, σ1) + (1 −
w)N (µ2, σ2). Let σ2 = w(1 − w)(µ1 − µ2)

2 + wσ2
1 + (1 − w)σ2

2 denote the variance of this distribution. Then,
given n = O( 1

ϵ2 log
1
δ ) samples, Algorithm 3.3, with probability 1 − δ, returns estimates of the parameters as

(µ̂1, µ̂2, σ̂1, σ̂1, ŵ), which under the right permutation of the indices, satisfy the following guarantees, for i = 1, 2,

• If n ≥
(

σ2

|µ1−µ2|2

)6
, then |µi − µ̂i| ≤ ϵ|µ1 − µ2|, |σ2

i − σ̂2
i | ≤ ϵ|µ1 − µ2|2, and |w − ŵ| ≤ ϵ.

• If n ≥
(

σ2

|σ2
1−σ2

2 |

)6
, then |σ2

i − σ̂2
i | ≤ ϵ|σ2

1 − σ2
2 |+ |µ1 − µ2|2, and |w − ŵ| ≤ ϵ+ |µ1−µ2|2

|σ2
1−σ2

2 |
.

• For any n ≥ 1, the algorithm performs as well as assuming the mixture is a single Gaussian, and |µi − µ̂i| ≤
|µ1 − µ2|+ ϵσ, and |σ2

i − σ̂2
i | ≤ |µ1 − µ2|2 + |σ2

1 − σ2
2 |+ ϵσ2.

Corollary 7 Let (X1, . . . , Xn) denote n i.i.d. samples of a mixture of two c-separated Gaussians wN (µ1, σ1) + (1−
w)N (µ2, σ2), where µ1 < µ2 and σ1 = σ2. Further assume that the separation c = |µ1−µ2|/(σ1+σ2) in 1-dimension
is larger than γmin. Let (µ̂1, µ̂2, σ̂1, σ̂2, ŵ) denote the estimates of (µ1, µ2, σ1, σ2, w) returned by Algorithm 3.3 of [1].
Then, if n = O( 1

ϵ2 log
1
δ ) and n ≥ 1

(2γmin)12
, then |µi − µ̂i| ≤ ϵ|µ1 − µ2|, |σ2

i − σ̂2
i | ≤ ϵ|µ1 − µ2|2, and |w − ŵ| ≤ ϵ.

Theorem 6 Consider (X1, . . . , Xn) that are generated i.i.d. according to a mixture of two γ-separation Gaussians
wN (µ1, σ1) + (1− w)N (µ2, σ2), where σ1 = σ2, w ∈ [wmin, 0.5], µ1 < µ2 and γ ∈ [γmin, γmax]. Let (µ̂1, µ̂2, σ̂1, σ̂2, ŵ)
denote the estimate of the unknown parameters (µ1, µ2, σ1, σ2, w). Let eopt and ê denote the minimum achievable
classi�cation error and the achieved clustering error based on the estimated parameters, respectively. Then, if |µi −
µ̂i| ≤ ϵ|µ1 − µ2|, |σ2

i − σ̂2
i | ≤ ϵ|µ1 − µ2|2, |w − ŵ| ≤ ϵ, and

(16γ2
max + 8γmax ln

1− wmin

wmin
+ 2γmaxϵ)ϵ <

1

2
,

we have

|ê− eopt| ≤

(
2γ +

1

wminγ
+

(
1

γ
+ 2γ

)
ln

1− wmin

wmin
+

8γ2
max

γ
+ 2γ

(
4γ + 2 ln

1− wmin

wmin

)2
)
ϵ+Q

(
1

4γϵ
+ ϵ1

)
+ ϵ2,

where ϵ1 = o(1/ϵ) and ϵ2 = o(ϵ).

Proof 10 As shown in the proof of Lemma 3, the optimal Bayesian classi�er breaks the real line at topt =
µ1+µ2

2 −
σ2

(µ1−µ2)
ln w

1−w , and achieves a classi�cation error equal to

eopt = wQ

(
topt − µ1

σ1

)
+ (1− w)Q

(
µ2 − topt

σ2

)
= wQ

(
γ +

1

2γ
ln

w

1− w

)
+ (1− w)Q

(
γ − 1

2γ
ln

w

1− w

)
.

On the other hand, without having access to the exact parameters, a clustering algorithm that operates based on the

estimated values (µ̂1, µ̂2, σ̂1, σ̂1, ŵ) �nds t̂1 and t̂2, which are the solutions of ŵ√
2πσ̂2

1

e
−(t−µ̂1)2

2σ̂2
1 = 1−ŵ√

2πσ̂2
2

e
−(t−µ̂2)2

2σ̂2
2 , and

puts the decision boundary points at these two points. For i = 1, 2, let

t̃i , t̂i − µ̂1.

and

(si, ŝi) ,
(

1

σ2
i

,
1

σ̂2
i

)
.

Note that σ1 = σ2 by assumptions. Therefore s1 = s2. Let

s , s1 = s2,



and
δ̂µ , µ̂2 − µ̂1.

Using the mentioned change of variable, (t̃1, t̃2) are the solutions of the following second order equation

(ŝ1 − ŝ2)x
2 + 2δ̂µŝ2x− δ̂2µŝ2 + 2 ln

ŝ2
ŝ1

− 2 ln
ŵ

1− ŵ
= 0, (27)

Assume that t̃1 denotes the point that approximates topt − µ1. A clustering algorithm that decides based on these
estimated boundary points estimates its achieved error as êopt, where, if σ̂1 ≤ σ̂2,

êopt = ŵ

(
Q

(
t̃1
σ̂1

)
+Q

(
− t̃2
σ̂1

))
+ (1− ŵ)

(
Q

(
δ̂µ − t̃1
σ̂2

)
−Q

(
δ̂µ − t̃2
σ̂2

))
,

and if σ̂1 > σ̂2,

êopt = ŵ

(
Q

(
t̃1
σ̂1

)
−Q

(
t̃2
σ̂1

))
+ (1− ŵ)

(
Q

(
δ̂µ − t̃1
σ̂2

)
+Q

(
t̃2 − δ̂µ
σ̂2

))
.

Since for all x and x′, |Q(x)−Q(x′)| ≤ |x− x′|, if σ̂1 ≤ σ̂2,

|eopt − êopt| ≤ |w − ŵ|+
∣∣∣∣ t̃1σ̂1

− topt − µ1

σ1

∣∣∣∣+
∣∣∣∣∣ δ̂µ − t̃1

σ̂2
− µ2 − topt

σ2

∣∣∣∣∣+Q

(
− t̃2
σ̂1

)
,

and if σ̂1 > σ̂2,

|eopt − êopt| ≤ |w − ŵ|+
∣∣∣∣ t̃1σ̂1

− topt − µ1

σ1

∣∣∣∣+
∣∣∣∣∣ δ̂µ − t̃1

σ̂2
− µ2 − topt

σ2

∣∣∣∣∣+Q

(
t̃2 − δ̂µ
σ̂2

)
.

Note that, by the triangle inequality,∣∣∣∣ t̃1σ̂1
− topt − µ1

σ1

∣∣∣∣ ≤ |t̃1 − topt + µ1|
σ̂1

+ |topt − µ1|
∣∣∣∣ 1σ̂1

− 1

σ1

∣∣∣∣ . (28)

Similarly, ∣∣∣∣∣ δ̂µ − t̃1
σ̂2

− µ2 − topt
σ2

∣∣∣∣∣ ≤ |δ̂µ − t̃1 − µ2 + topt|
σ̂2

+ |topt − µ2|
∣∣∣∣ 1σ̂2

− 1

σ2

∣∣∣∣ . (29)

But, by assumption, |σ2
i − σ̂2

i | ≤ ϵδ2µ. Therefore, σ̂i ≤ σi

√
1 + ϵδ2µ/σ

2
i = σi

√
1 + 4γ2ϵ ≤ σi(1 + 2γ2ϵ). Similarly,

σ̂i ≥ σi

√
1− 4γ2ϵ ≥ σi(1− 4γ2ϵ). Hence, |σi − σ̂i| ≤ 4c2ϵ and∣∣∣∣ 1σ̂i

− 1

σi

∣∣∣∣ ≤ 4γ2ϵ

(1− 4γ2ϵ)σi
.

Also, note that since topt =
µ1+µ2

2 − σ2
1

(µ1−µ2)
ln w

1−w , for i = 1, 2,

|topt − µi|
σ1

≤ γ +
1

2γ
ln

1− wmin

wmin
.

In summary, if σ̂1 ≤ σ̂2,

|eopt − êopt| ≤
(
1 + 4γ3 + 2γ ln

1− wmin

wmin

)
ϵ+

1

σ1
|t̃1 − topt + µ1|+Q

(
− t̃2
σ̂1

)
+ o(ϵ), (30)

and if σ̂1 > σ̂2,

|eopt − êopt| ≤
(
1 + 4γ3 + 2γ ln

1− wmin

wmin

)
ϵ+

1

σ1
|t̃1 − topt + µ1|+Q

(
t̃2 − δ̂µ
σ̂2

)
+ o(ϵ). (31)



In the rest of the proof, we mainly focus on bounding |t̃1 − topt + µ1|. Since t̃1 and t̃2 are the solutions of (27), they
can be computed as

t̃1, t̃2 =
−δ̂µŝ2 ±

√
∆

(ŝ1 − ŝ2)
,

where

∆ = (δ̂µŝ2)
2 − (ŝ1 − ŝ2)

(
−δ̂2µŝ2 + 2 ln

ŝ2
ŝ1

− 2 ln
ŵ

1− ŵ

)
.

De�ne υ as

υ , µ̂2 − µ̂1 − (µ2 − µ1). (32)

Note that since by assumption |µ̂i − µi| ≤ ϵδµ, where

δµ , |µ2 − µ1|,

we have

|υ| ≤ 2δµϵ,

De�ne τ1 and τ2 as
τi , ŝi − s.

Note that

|τi| ≤
δ2µϵ

σ̂2
i σ

2
i

≤
δ2µϵ

σ2
i (σ

2
i − ϵδ2µ)

=
4γ2sϵ

1− 4ϵγ2
≤ 4γ2sϵ

1− 4ϵγ2
max

≤ 8γ2sϵ, (33)

where the last inequality holds as long as 4γ2
maxϵ ≤ 1

2 .

De�ne ε as

ε , ŝ2 − ŝ1

(δ̂µŝ2)2

(
−δ̂2µŝ2 + 2 ln

ŝ2
ŝ1

− 2 ln
ŵ

1− ŵ

)
. (34)

Then, using this de�nition, it follows from (27) that

t̃1 =
δ̂µŝ2

ŝ2 − ŝ1

(
1−

√
1 + ε

)
, (35)

and

t̃2 =
δ̂µŝ2

ŝ2 − ŝ1

(
1 +

√
1 + ε

)
. (36)

De�ne function f as f(x) =
√
1 + x. Then, using the Taylor expansion of function f around zero,

f(ε) = 1 +
1

2
ε+

f ′′(r)

2
ε2, (37)

where |r| ≤ |ε|. Note that

δ̂µŝ2
ŝ2 − ŝ1

ε =
1

δ̂µŝ2

(
−δ̂2µŝ2 + 2 ln

ŝ2
ŝ1

− 2 ln
ŵ

1− ŵ

)
.

= −δ̂µ +
2

δ̂µŝ2

(
ln

ŝ2
ŝ1

− ln
ŵ

1− ŵ

)
. (38)

Therefore, we have

t̃1 =
δ̂µ
2

+
1

δ̂µŝ2

(
ln

ŵ

1− ŵ
− ln

ŝ2
ŝ1

)
− f ′′(r)

2

(
δ̂µŝ2

ŝ2 − ŝ1

)
ε2. (39)



and

t̃2 =
2δ̂µŝ2
ŝ2 − ŝ1

− t̃1. (40)

As a reminder topt =
µ1+µ2

2 − 1
(µ1−µ2)s

ln w
1−w . Therefore, from (39), we have

∣∣t̃1 − topt + µ1

∣∣ = ∣∣∣∣∣ δ̂µ2 +
1

δ̂µŝ2

(
ln

ŵ

1− ŵ
− ln

ŝ2
ŝ1

)
− f ′′(r)

2

(
δ̂µŝ2

ŝ2 − ŝ1

)
ε2 − topt + µ1

∣∣∣∣∣
≤ δµϵ+

∣∣∣∣∣ 1

δ̂µŝ2
ln

ŵ

1− ŵ
− 1

s(µ2 − µ1)
ln

w

1− w

∣∣∣∣∣+
∣∣∣∣∣ 1

δ̂µŝ2
ln

ŝ2
ŝ1

∣∣∣∣∣+
∣∣∣∣∣f ′′(r)

2

(
δ̂µŝ2

ŝ2 − ŝ1

)
ε2

∣∣∣∣∣ . (41)

We next bound the error terms in (41). Note that, by the triangle inequality,∣∣∣∣∣ 1

δ̂µŝ2
ln

ŵ

1− ŵ
− 1

s(µ2 − µ1)
ln

w

1− w

∣∣∣∣∣ =
∣∣∣∣∣ 1

δ̂µŝ2

(
ln

ŵ

1− ŵ
− ln

w

1− w
+ ln

w

1− w

)
− 1

s(µ2 − µ1)
ln

w

1− w

∣∣∣∣∣
≤ 1

|δ̂µ|ŝ2

∣∣∣∣ln ŵ

1− ŵ
− ln

w

1− w

∣∣∣∣+ ∣∣∣∣ln w

1− w

∣∣∣∣
∣∣∣∣∣ 1

δ̂µŝ2
− 1

s(µ2 − µ1)

∣∣∣∣∣ (42)

Since |µi − µ̂i| ≤ ϵδµ, |δ̂µ| = |µ̂1 − µ̂2| ≥ δµ(1− 2ϵ). Therefore, we have

1

|δ̂µ|
≤ 1

δµ(1− 2ϵ)
. (43)

Let g(w) = ln w
1−w . Then, g

′(w) = 1
w + 1

1−w . Therefore, since by assumption, |w − ŵ| ≤ ϵ, we have∣∣∣∣ln ŵ

1− ŵ
− ln

w

1− w

∣∣∣∣ ≤ ( 1

wmin
+

1

1− wmin

)
ϵ ≤ 2ϵ

wmin
. (44)

Note that since w ∈ (wmin, 0.5), and since w
1−w is an increasing function of w in this interval, we have

| ln w

1− w
| ≤ ln

1− wmin

wmin
. (45)

Note that

ln
ŝ2
ŝ1

= ln
s+ τ1
s+ τ2

= ln
1 + τ1/s

1 + τ2/s
.

Hence, ∣∣∣∣ln ŝ2
ŝ1

∣∣∣∣ ≤ ln
1 + | τ1s |
1− | τ2s |

≤ ln
1 + 4ϵγ2

1−4ϵγ2
max

1− 4ϵγ2

1−4ϵγ2
max

= ln
1

1− 8ϵγ2
max

≤ 8γ2
maxϵ

1− 8ϵγ2
max

≤ 16γ2
maxϵ, (46)

where the last line holds if 8γ2
maxϵ <

1
2 . Combining (42), (43), (44), (45) and (46) with (41), it follows that

∣∣t̃1 − topt + µ1

∣∣ ≤δµϵ+
2ϵ

(1− 2ϵ)(1− 8γ2sϵ)wminδµs
+

1

ŝ2
ln

1− wmin

wmin

∣∣∣∣∣ 1δ̂µ − 1

(µ2 − µ1)

∣∣∣∣∣
+

1

δµ
ln

1− wmin

wmin

∣∣∣∣ 1ŝ2 − 1

s

∣∣∣∣+ 16γ2
maxϵ

(1− 2ϵ)(1− 8γ2sϵ)δµs
+

∣∣∣∣∣f ′′(r)

2

(
δ̂µŝ2

ŝ2 − ŝ1

)
ε2

∣∣∣∣∣
≤δµϵ+

2ϵ

(1− 2ϵ)(1− 8γ2sϵ)wminδµs
+

(
2ϵ

(1− 2ϵ)(1− 8γ2ϵ)δµs
+ ϵδµ

)
ln

1− wmin

wmin

+
16γ2

maxϵ

(1− 2ϵ)(1− 8γ2sϵ)δµs
+

∣∣∣∣∣f ′′(r)

2

(
δ̂µŝ2

ŝ2 − ŝ1

)
ε2

∣∣∣∣∣
=

(
δµ +

2

wminδµs
+

(
2

δµs
+ δµ

)
ln

1− wmin

wmin
+

16γ2
max

δµs

)
ϵ+

f ′′(r)

2

∣∣∣∣∣ δ̂µŝ2
ŝ2 − ŝ1

∣∣∣∣∣ ε2 + o(ϵ). (47)



Finally, we need to bound ε, de�ned in (34). By the triangle inequality and (43), it follows that.

|ε| ≤ |ŝ2 − ŝ1|
δ2µ(1− 2ϵ)2(ŝ2)2

(
δ2µ(1 + 2ϵ)2ŝ2 + 2

∣∣∣∣ln ŝ2
ŝ1

∣∣∣∣+ 2

∣∣∣∣ln ŵ

1− ŵ

∣∣∣∣)
=

|ŝ2 − ŝ1|
δ2µ(1− 2ϵ)2(ŝ2)2

(
δ2µ(1 + 2ϵ)2ŝ2 + 2

∣∣∣∣ln ŝ2
ŝ1

∣∣∣∣+ 2

∣∣∣∣ln ŵ

1− ŵ
− ln

w

1− w
+ ln

w

1− w

∣∣∣∣)
(a)

≤ |ŝ2 − ŝ1|
δ2µ(1− 2ϵ)2(1− 8γ2ϵ)2s2

(
δ2µ(1 + 2ϵ)2(1 + 8γ2ϵ)s+ 32γ2

maxϵ+
4ϵ

wmin
+ 2 ln

1− wmin

wmin

)
(b)
=
|ŝ2 − ŝ1|

s

(
1 +

1

2γ
ln

1− wmin

wmin
+O(ϵ)

)
, (48)

where (a) follows from (33), (44), (45) and (46), and (b) holds because δ2µs = 4γ. Also, note that, from (33),

|ε| ≤8γ

(
2γ + ln

1− wmin

wmin
+O(ϵ)

)
ϵ. (49)

Therefore, if (16γ2
max + 8γmax ln

1−wmin)
wmin

+ 2γmaxϵ)ϵ <
1
2 ,

|ε| ≤ 1

2
,

and |f ′′(r)| = 1
4 (1 + r)−

3
2 ≤ 1√

2
< 1. Combining (48) with (47), it follows that

∣∣t̃1 − topt + µ1

∣∣ ≤(δµ +
2

wminδµs
+

(
2

δµs
+ δµ

)
ln

1− wmin

wmin
+

16γ2
max

δµs

)
ϵ

+ |f ′′(r)||δ̂µŝ2||ŝ2 − ŝ1|
(
1 +

1

2γ
ln

1− wmin

wmin
+O(ϵ)

)2

+ o(ϵ)

≤
(
δµ +

2

wminδµs
+

(
2

δµs
+ δµ

)
ln

1− wmin

wmin
+

16γ2
max

δµs

)
ϵ

+ |f ′′(r)||δµs|(1 + ϵ)(16γ2ϵ)

(
1 +

1

2γ
ln

1− wmin

wmin
+O(ϵ)

)2

+ o(ϵ)

≤
(
δµ +

2

wminδµs
+

(
2

δµs
+ δµ

)
ln

1− wmin

wmin
+

16γ2
max

δµs

+|f ′′(r)||δµs|
(
4γ + 2 ln

1− wmin

wmin

)2
)
ϵ+ o(ϵ). (50)

Dividing both sides of (50) by σ1, and noting that δµ/(2σ1) = γ and |f ′′(r)| ≤ 1, we derive∣∣t̃1 − topt + µ1

∣∣
σ1

≤
(
2γ +

1

wminγ
+

(
1

γ
+ 2γ

)
ln

1− wmin

wmin
+

8γ2
max

γ

+2γ

(
4γ + 2 ln

1− wmin

wmin

)2
)
ϵ+ o(ϵ). (51)

Finally, as a reminder, from (40), t̃2 =
2δ̂µŝ2
ŝ2−ŝ1

− t̃1. From (33), |ŝ2 − ŝ1| ≤ 16γ2sϵ. Hence, if σ̂1 ≤ σ̂2,

− t̃2
σ̂1

=
1

σ̂1

(
2δ̂µŝ2
ŝ1 − ŝ2

+ t̃1

)
≥ 1

4γϵ
+ o

(
1

ϵ

)
.

Similarly, if σ̂2 ≤ σ̂1,

t̃2 − δ̂µ
σ̂2

=
1

σ̂2

(
2δ̂µŝ2
ŝ2 − ŝ1

− t̃1 − δ̂µ

)
≥ 1

4γϵ
+ o

(
1

ϵ

)
.

Combining (51) and the above equations with (30) and (31) yields the desired result.



Lemma 3 Consider i.i.d. points generated as wN (µ1, σ)+ (1−w)N (µ2, σ). Without loss of generality, assume that
µ1 ≤ µ2 and w < 0.5. Let γ = (µ2 − µ1)/(2σ). Also, let eopt denote the error probability of an optimal Bayesian
classi�er. Then, if w ≤ 0.1,

eopt ≥ wQ

(
− 1

γ
+ γ

)
. (52)

For w ∈ (0.1, 0.5],

eopt ≥ wQ (γ) . (53)

Proof 11 The optimal Bayesian classi�er, which has access to the parameters (µ1, µ2, σ, w), divides the real line at

topt =
µ1 + µ2

2
− σ2

(µ1 − µ2)
ln

w

1− w
, (54)

and achieves a classi�cation error equal to

eopt = wP(µ1 + σ1Z ≥ topt) + (1− w) P(µ2 + σ2Z ≤ topt)

= wQ

(
µ2 − µ1

2σ
− σ

(µ1 − µ2)
ln

w

1− w

)
+ (1− w)Q

(
µ2 − µ1

2σ
+

σ

(µ1 − µ2)
ln

w

1− w

)
= wQ

(
γ +

1

2γ
ln

w

1− w

)
+ (1− w)Q

(
γ − 1

2γ
ln

w

1− w

)
, (55)

where Z ∼ N (0, 1). Note that since by assumption w < 1− w, ln w
1−w ≤ 0. Therefore,

Q

(
γ − 1

2γ
ln

w

1− w

)
≤ Q

(
γ +

1

2γ
ln

w

1− w

)
.

Keeping the larger Q term, it follows from (55) that

eopt ≥ wQ

(
− 1

2γ
ln

1− w

w
+ γ

)
. (56)

For w ≤ 0.1, 0.5 ln 1−w
w ≥ 0.5 ln 1−0.1

0.1 > 1. Therefore, since Q(·) is a monotonically decreasing function of its
argument, (52) follows. The result for w ∈ (0.1, 0.5) stated in (52) follows by noting that − 1

2γ ln 1−w
w + γ ≤ γ.

Lemma 4 Let (X1, . . . , Xn) denote n i.i.d. samples of a mixture of two γ-separated Gaussians wN (µ1, σ1) + (1 −
w)N (µ2, σ2), where σ1 = σ2, γ = (µ2−µ1)/(σ1+σ2) < 1/2 and µ1 < µ2. Let (µ̂1, µ̂2, σ̂1, σ̂2, ŵ) denote the estimates
of (µ1, µ2, σ, σ, w) returned by Algorithm 3.3 of [1]. Then, if n = O( 1

ϵ2 log
1
δ ), with probability larger than 1− δ,

|µ̂1 − µ̂2|
σ̂1 + σ̂2

≤ 3γ + ϵ

1− 2
√
γ2 + ϵ

.

Proof 12 By Theorem 5, for n = O(ϵ2 log 1
δ ), with probability 1− δ, there exists a permutations of indices, such that

|µi − µ̂i| ≤ |µ1 − µ2|+ ϵσ and |σ2
i − σ̂2

i | ≤ |µ1 − µ2|2 + |σ2
1 − σ2

2 |+ ϵσ2 = |µ1 − µ2|2 + ϵσ2. Therefore, by the triangle
inequality,

|µ̂1 − µ̂2| ≤
2∑

i=1

|µi − µ̂i|+ |µ1 − µ2| ≤ 3|µ1 − µ2|+ ϵσ.



Hence, since σ2 = w(1− w)(µ1 − µ2)
2 + σ2

1,

|µ̂1 − µ̂2|
σ̂1 + σ̂2

≤ 3|µ1 − µ2|+ ϵσ

2σ1 − 2
√

|µ1 − µ2|2 + ϵσ2

=
3|µ1 − µ2|+ ϵ

√
w(1− w)(µ1 − µ2)2 + σ2

1

2σ1 − 2
√

|µ1 − µ2|2 + ϵw(1− w)(µ1 − µ2)2 + ϵσ2
1

(a)
=

3γ + ϵ
√
w(1− w)γ2 + 0.25

1−
√
4γ2 + 4ϵw(1− w)γ2 + ϵ

(b)

≤ 3γ + 0.5ϵ
√
γ2 + 1

1−
√
4γ2 + ϵ(1 + γ2)

(c)

≤ 3γ + ϵ

1− 2
√
γ2 + ϵ

, (57)

where (a) follows by dividing the nominator and denominator by 2σ1 and (b) holds because w(1−w) ≤ 0.25. Finally
(c) holds, since by assumption γ2 < 1.
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