Efficient Linear Bandits through Matrix Sketching

Supplementary Material for
“Efficient Linear Bandits through Matrix Sketching”

A Proofs

We start with the proof of a simple lemma that is used in the definition of OFUL (see Algorithm 2).

Lemma 5. For any positive definite d x d matriz A, for any wo,x € R? and ¢ > 0, the solution of

max w'x
weR?
st flw—woll4 <c

has value wg T + ¢ ||z|| 41

Proof. Let u = A%(w — wyp) so that w = Ay + wqg. Then the optimization problem can be equivalently
rewritten as

max uTA_%w—l—w(—]r:c
weRd
st Ju|l <c¢

Then the solution is clearly u = c A ?x / ||| s-1, which achieves the claimed value. O
Our regret analyses follow (Abbasi-Yadkori et al., 2011; Abeille and Lazaric, 2017) and related works. However,

due to the sketching of the correlation matrix, some key components of the proofs now depend on the spectral
error (8). In Section A.2, we present tools specific to the analysis of linear bandits with FD-sketching. These

. T o .
tools are used to bound the instantaneous regret (a:* — mt) w* in terms of the norm |w* — 'thf/t_l and the
ridge leverage scores Z;‘ll ||£Bt||%,1 . Armed with these results, we then prove our regret bounds in Sections A.3

and A.4. o

Next, we recall some standard tools from the analysis of linear bandits. All results in Section A.1 are from Abbasi-
Yadkori et al. (2011).

A.1 Tools from the analysis of linear contextual bandits

Recall that V, = > zsx] + A\ with A > 0.

Lemma 6 (Determinant-trace inequality).

L2
Indet (V) < dln ()\ + td> .

Lemma 7 (Ridge leverage scores).

T
. det(l/ T)
§ : 2
= mm{l’”wt”vz} = 21“( A > ' (16)

For A > max {1, LQ}, we also have that

T
TL?
§ : 2

Theorem 6 (Self-normalized bound for vector-valued martingales). Let

t
Se=) news  t>1
s=1
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where N1, Ms, . .. is a conditionally R-subgaussian real-valued stochastic process and 1, X, ... is any R*-valued
stochastic process such that x¢ is measurable with respect to the o-algebra generated by 1, ...,m1—1. Then, for
any 0 > 0, with probability at least 1 — 0, ||St||%,:1 < B¢(8) for allt > 0, where

-

B,(5) = 2R?In ((15 det (V)7 det (AI)?) . (18)

Theorem 6 is key to showing that w* lies within the confidence ellipsoid centered at the estimate w; at time step
t, this irrespective of the process that selected the x, used to build wy.

A.2 Linear algebra and sketching tools

We start by introducting a basic relationship between the correlation matrix of actions X STX s and its FD-sketched
estimate .S’,tT S with sketch size m < d. Recall that p; is the smallest eigenvalue of StTSt fort=1,...,7T and
pt = p1+ -+ pt. Recall also that V = StTSt + M.

Proposition 3. Let S, be the matriz computed by FD-sketching at time step s =1,...,t (where So =0). Then
XX, =8!S, +pI

Proof. By construction, 8. S, | + x.x] = U, S,U. where S, = (2. psIme)% U,. Thus,
8!8, =U,U] —p,I=S] |8, | +zx] —pI

Summing both sides of the above over s = 1,...,t we get

StTSt Zazs Zps

which implies the desired result. O

In the following lemma, we show a sketch-specific version of the determinant-trace inequality (Lemma 6). When
the spectral error is small, the right-hand side of the inequality depends on the sketch size m rather than the

ambient dimension d.
det(Vt) ﬁ tLZ
In| ———= ) <dln(1+ = In(1+—) .
n(det(AI) <din (14 0) +min (140

Proof. Let Xl, Xg, e ,Xd > 0 be the eigenvalues of S;r S:. We start by looking at the ratio of determinants. Using
Proposition 3 we can write

Lemma 8.

det(V;)  det(S] S, + poI + ) ﬁ( s )

det(\I) det(\I) Pl
—d—m ™ N _
p) Ai p
=(1+ = — +1+ = 19
(1+5 1:[1 ( PO )\) (19)
since Xmﬂ =...= Xd = 0 because S;r S; has rank at most m. We now use the AM-GM inequality, stating that

1
(HO{Z’> < — ; Vai,...,an >0.
: m
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Using the AM-GM inequality, the product in (19) can be bounded as
1 1 Xi
1:[( ++> <+,\+ A;Az>
147 tr(StTSt)
)\ mA

ptL2\"
<(1+L84+= 2
<+/\+m/\> (20)

where the last inequality holds because

tr(S7 S,) = tr (f@ - /\I)

<tr(V;— M) (by Proposition 3)
= Z tr(zoz, (by definition of V)
< tL2

Finally, substituting (20) into (19) and taking logs on both sides gives
det(Vt) ﬁ 0 th
<@-mm(1+2) +mmn (1 =
n(det()\I) s @=mln{l+T)+mln +)\+ mx

L2
+min [ 14+ 22
) mn<+1+§>
Sdln(1+£)+mln 4
A mA

concluding the proof. O

=d1n(1+

>

The next lemma is similar to (Abbasi-Yadkori et al., 2011, Lemma 11). However, now the statement depends on
the sketched matrix V;_; instead of V;_;. Although we pay in terms of the spectral error ¢,,, we also improve
the dependence on the dimension from d to m whenever ¢, is sufficiently small.

Lemma 9 (Sketched leverage scores).

TL?

imin{l, ol } <200+ 20 (atn (@42, 4min (14750 ) (21)

Proof Throughout the proof, unless stated explicitly, we drop the subscripts containing t. Therefore, V.=V ;_1,
V= Vt 1, £ =, and p = py_1. Now suppose t that (A\; + A, u;) is an i-th eigenpair of V. Then, Proposition 3
implies that a corresponding eigenpair of V is ()x + A+ p,u;). Using this fact we have that

~~—1
|z|}- =2 VV Vg

=z WU, = = T
P AMi+FA N+ A+p

d
Atp P Ai + A

A 2
= m”iﬂnffl
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Furthermore, this implies that

win {1, 15 5 s lel - | < min 1l )
— mm{l + 5ol } < (1 + g) min {1, =2, } (multiply both sides by 1 + 2)
. .
= mln{l, ||a:||37,1} < (1 + X) min {1, ||z|[3,-. } .

Finally, combining the above with Lemma 7, equation (17), and using the fact that p;—1 < pr, we obtain

me{l el <2 (145 ()

pr pr rL
_2<1+ A)(dln(l—l—)\)—kmln(l—km)\)) (by Lemma 8)
TL?
<2(1+em) (dln(l +éem) +min (1 + ))
mA
where the last inequality follows from Proposition 1. O

Now we prove Theorem 2, characterizing the confidence ellipsoid generated by the sketched estimate.

Theorem 2 (Sketched confidence ellipsoid — restated). For any 6 € (0,1), the optimal parameter w* belongs to
the set

Co={weR’ : |w-ily, <A

with probability at least 1 — §, where

~ 2 = _
Bt(5)=R\/mln (H%) +2In (;) +dln (1+ ’;t),/1+%+5ﬁ(1+%)

ERVm+din(1+¢em) (1+em)+SVA(L+¢m) -

1

Proof. Throughout the proof we frequently use Proposition 3, implying X ;r X, =85 ;r S+ peI. For brevity, in the
following we drop subscripts containing ¢ in matrices. Let 1, = (11,72 ...,1:), and by definition of the sketched
estimate we have that

U8, + )\I) [ (Xw* +n,)

(s
(s/s0+ )\I) X[n,+ (S0 + AI)_1 X7 X w*
(STS

t+)\I) XTn,

+(StTSt+AI) (X7 X0+ (0= p) w' = (A=) (Sjsth)\I)flw*
:(SISt—f—)\I) X:nt‘FW*—()\—ﬁt) (S:St—FAI)ilw*

~—1

~ 1
=V, X/n,+w —(A\—p)V, w*. (22)

Then, by (22), for any € R? we have that
~ * o 1 — o 1o
e (W —w)=2'V, X/ n-N-p)z'V, w (23)

~ -1
<|=z"v. HV,HX:TItHv;l — (A=) (@, W) (by Cauchy-Schwartz)

~ -1
< ="V, Hvt ||XtT77t||v;1 + (A + el (e, w*>‘~/t71| (by the triangle inequality.)
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We now choose ¢ = ‘N/}(iﬂt — w*) and proceed by bounding terms in the above. By the choice of @, we have that

_ _ ~ -1 _
2T (@~ w*) = |G — w2 2TV, = @ — wlv, and
@ w0y, = (@ - w) w
< lwe — w2 [Jw*|2 (by Cauchy-Schwartz)

< |lwg — w2 S .

Finally, by Theorem 6, for any ¢ > 0, with probability at least 1 — §,

||XT77t||V;1 < v/By(9) Vi>0.

The left-hand side of (23) can now upper bounded as
@, — w5, < VBi©O)llwe — w*{lv, + S+ po) [we — w2

— g, < VB Ve (W (24)

[w; —w*|, [w0; — w*||g,

Now we handle the ratios of norms in the right-hand side of (24). First,

@, — wlly, | 1@ — w3, + ol — w3
[ —wy, e — w2,
_ ¢1+ oy I — w3
e 2
lw: — w3,
Pt
<h /14 =
aS + h

since ||lw; — w*H%/ > \|w; — w*||3 and, using the same reasoning,
t

[w: — w* || 1

[6—wly, = VA
Substituting these into (24) gives
I — wllg, <1/ Bulo) (1+ %) +SVA(1+ %) .

Now we provide a deterministic bound on B;(d). Using Lemma 8 we have

VB (8) = R\/2 In ((15 det (V)2 det (AI)é)

Pt te 1
\/dln< )\)+mln<1+m)\> +21n(5> .

This proves the first statement (10). Finally, (11) follows by Proposition 1, that is 1 4+ g /A < 1 4 &4, O

1
We close this section by computing a closed form for V', *, the square root of the inverse of the sketched correlation

matrix. This is used by sketched linear TS for selecting actions. We make use of the following result —see. e.g.,
(Higham, 2008, Theorem 1.35).

Theorem 7 (Generalized Woodbury matrix identity). Let A € CX™ and B € C™*?, with d > m, and assume
that BA is nonsingular. Let f be defined on the spectrum of al xq + AB, and if d =m let f be defined at .
Then f(O‘Idxd + AB) = f(aIdXd) + A(BA)il (f(aImxm + BA) - f(O‘Imxm)) B.
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This is used to prove the following.

Corollary 1. For A >0, let
, A ;
Sy = | %+ 5 P Lysm | Uy .

Then

1

~ == ’ ’ -1 )\ ’
V,” =8 (S;sf) (21+ S;sj) s, .

[N

l

Proof. We apply Theorem 7 with f(V ~) ‘7 . However, since StSt is singular by de31gn we apply the theorem
with B set the non-singular proxy matrix S}, A set to St , and « set to A/2. Thus Vt =85, TS + Idxd and

1

/ )\ T2 2 ’ / ’ -1 A ’ 2 2 ,
(SJSQ n 2Idxd> _ \/:Imxm + 87 (stsj) ((2Imxm + S;SJ) . \EIW,,J s,

_1

T 1’ T LA 1’ T 2 1
=5 (Stst ) §Imxm + 85, S (25)
'T /T -1
where (25) follows since S, (S;St ) S = Ism. O

A.3 Proof of the regret bound for SOFUL (Theorem 3)

We start with a preliminary lemma.

Lemma 10. For any é > 0, the instantaneous regret of SOFUL satisfies

(@i ) 0 < 2B (@)millg =17
Proof. Let w,” | be the FD-sketched RLS estimate of OFUL (Algorithm 5). Recall that the optimal action at
time ¢ is @y = arg max,¢p, x w*, whereas

~S0 \ _ T
(@, wi2 ) = argmax T w.
(z,w)EDxCy_1

We use these facts to bound the instantaneous regret,

(x — :ct)T'w* <z w)?, -z w
= w;r (15?81 - W*)
= 932— (6:81 - @tfl) + CEZ— (Wi —w™)
< el (1552, — Beillg, , + @1 —wlg, ) (by Cauchy-Schwartz)
< 25#1( )Hth‘;:l (by Theorem 2)
concluding the proof. O

Now we are ready to prove the regret bound.
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Proof of Theorem 3. Bounding the regret using Lemma 10 gives

T
S e
t=1
T
<2 Z: min {LS Be—1(6 )||a:t||‘~/:1} (since max, max |z T w*| < LS by Cauchy-Schwartz)
T I N
<23 () min { T loilo, } (since _min | amin F(6) > V)

T
~ . L
<2 (t_ {I}?f%lﬁt((s)) ;mln {\5\’ |9Ct||‘7t_11}
T
5)) Zmin{l, ||:1:t||‘~/;_11}
t=1

T
L ~
< — i 2z :
<zmac {122 h (g 50) | 73 min {1l |

(by Cauchy-Schwartz)

Now we finish by further bounding the terms in the above. In particular, we bound 3:(d) by (11)

B ) 2 Ry/(m 4+ dn(1 + ) (14 ) + SVA L+ 2,0)

t—O7 LT

while the bound on the summation term uses Lemma 9

e}

VA en) (I (14 e) +m)

T
> win {1,112, }
t=1

Then, using C = max{l, %} and m =m+dIn(l +&,,)
Rr 2 OWT (R (T+ ) + SVA(1 + )
QC,\\/T(Rﬁ@(1+€m)+Sﬁ(1+sm)% \/%)
QC)\(].'f-&'m)%'ﬁ:L(R-FS\/X)\/T

m(1+¢em)

which completes the proof.
Proof of Theorem 4. Recall that

Similarly to the proof of Theorem 3, we use Lemma 10 to bound the instantaneous regret. However, we first use
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the gap assumption to bound the regret in terms of the sum of squared instantaneous regrets,

T
RT = Z (:1;;( — :L't)T w*
t=1
T
1 S
< = * *
= A ; (@i =20 w")
5 L
. 202 3 2 2
< A;mm{2L S=, Bi—1(9) |:Bt||‘~/t_11} (26)
T
2 ~ 2L2
<= 2 4 22 el
<2 (s B0 );m{ =l | (27)
2 212 ~ a
<= = 2 i 2 |
< Amax{l, 3 } <t_oryn.z'3€>%_16t(5) >;m1n{1,||wt||v:l} (28)

where (27) holds because min, ming 3;(5)2 > S2A. Inequality (26) holds because
(by Cauchy-Schwartz)

2
((a:t — :B,g)—r w ) < 2($:T’w*>2 + Q(CL';F’UJ*)Q

< 4L1°%8?

and because of Lemma 10.
We now finish bounding the regret by further bounding the individual terms in (28). In particular, we use (11) to

bound 5, (6) as follows
R? (\/(m +din(1+e,)) (1+em) +SVA(L+ em)>

8
S R*(m+din(l+en)) (1+em) +S2A (1 +em)°

(1+em) (mln(T) +dn(1 +gm))

lis}

Lemma 9 gives
T

: 2
> min {1, ||Xt||‘7t_11}
t=1

} and m =m+dn(l +¢,,),

Then, using again C\ = max {1, %
~ (12
Ry & % (RQﬁL (1+em) + S2A (1 + em)Q) (1+ em)
~ (12
g % (MR? + S2A) (1 + &)
~ (12
g % (R* + S%X) (1 + e)” i®

concluding the proof.
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A.4 Proof of the regret bound for Sketched Linear TS (Theorem 5)

Here w,°, is used to denote the FD-sketched RLS estimate of linear TS (Algorithm 6). As in (Abeille and
Lazaric, 2017), we split the regret as follows

(@ — @) Tw*

I
] =

Rr

o~
Il
-

(:c;rﬁzil — w;rw*)

M=

(zfTw — [ w,y) +

&~
Il

1

M= gt

T
= (w") = B ) + Y (] @y~ @) w) (29)
t=1 t=1
where
_ T
Je(w) = max s w
is an “optimistic” reward function. Most of the proof is concerned with bounding the first term in (29). The
second term is instead obtained in way similar to the analysis of OFUL. Fix any § € (0,1), let §' = iT and
introduce events
B, = {Hﬁs —wt| < B(8), s = 1,...,t}
Ers = {Hﬁgs W) <A, s=1,... ,t}
and E, = E, N Efg Observe that, by definition,
Erc---CE and  EFC..-CE® (30)

We also use the following lower bound on the probability of Ep.

Lemma 11. P(Er) > 1— g

Proof. The proof is identical to the proof of (Abeille and Lazaric, 2017, Lemma 1), the only difference being that
we use the confidence ellipsoid defined in Theorem 2. O

We study the regret when Ep occurs,

T
{Er} Ry =Y {Er} (Ji(w*) — Jy(w;*,)) + Z]I{ET} (z] w,* | — z] w*)

t=1

T
<> HEia} (Jw*) = Ju(@;2,)) +ZH{Et 1} (w2 — 2 w') (using (30))
T T

_ z Z RLS (31)

where we introduced the notation
T%‘S = H{Et—l} (Jt('w ) Jt(ﬁ? 1)) and RLS = H{Et 1} (a:t ﬁfil — a:tTw*) .
First we focus on 7%, and get that

= (Jt(w ) — Jt(ﬁfTsl)) H{E 1}

< (Jt(w*) — inf Jt(w)> {E; 1} (because E,_; implies w,*, € C3,)

weCs |

IN

(Jt(w*)— inf Jt(w)> H{EH}. (using (30))

welr |
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Consider the following set of “optimistic” coefficients w such that J;(w*) < Jy(w) and, moreover, w belongs to
the sketched TS confidence ellipsoid,
WP = Lw e R+ Jy(w*) < Jy(w)} N O .

Then, for w'> € WPFT™

v < [ J(@) — i J(w) H{EH} . (32)

welys |

We now use (Abeille and Lazaric, 2017, Proposition 3 and Lemma 2) (restated below here for convenience) to
argue about the convexity of J and relate its gradient to the chosen action.

Proposition 4. For any finite set D of actions x such that ||| < 1, maxgep ' w is conver on RY. Moreover,
it is continuous with continuous first derivatives (except for a zero-measure set w.r.t. the Lebesque measure).

Lemma 12. For any w € R¢, we have

v ( max :nTw) = argmax ' w
xeD xecD

(except for a zero-measure w.r.t. the Lebesque measure).
Relying on the two results above, we can proceed as follows. Introduce Jt/L(w) = Ji(w)/L = maxgep, (/L) Tw.

Then by Proposition 4, Jt/L('w) is convex for w € R? since ||x/L|| < 1. Then, by letting *(w™) = VJ,(w™),
for any w"™ € W™ we have

Jy(@w"™) — inf Jt(w):L<Jt/L(@TS)— inf JZL(w)>

welrs | welTs |

<L sup {VJt/L(ﬁTS)T (™ - w)}

wel)
[ ~TS T
=L sup {(:B (w )) (wTS_w)}
wedy, L
<lz* (@) |gr sup [|w" —wly (by Cauchy-Schwartz)
t—1 ~rs t—1
weC?,
< 25-1(8) 2" (@) ||
t—1

S

where the last inequality holds for all w" € étTil and by the triangle inequality. Substituting this into (32), and
taking expectation with respect to w' yields

< 251 (O)E [l (@)l g { Bva } [ &7 € W™, 7oy (33)

where we use F; to denote the o-algebra generated by the random variables n1, Z1,...,m—1,Z¢—1. Now we
further upper bound 7* while bounding the probability of event w'> € WIS occurring in (33). This is done in
the following lemma, whose proof (omitted here) is identical to the proof of (Abeille and Lazaric, 2017, Lemma 3),
where ellipsoids are replaced by their sketched counterparts.

Lemma 13. Assume that D™ is a TS-sampling distribution with anti-concentration parameter p. Then, for
Z ~ D™ we have that

]P)(QETSEWtO_P}LTS E‘t—laft—l) zg t:17""T'
We now proceed with the main argument of the proof. Using g(w"”) = Hw*(wTS)Hf/’l ’
t—1

E[g(@")

By, Fia] 2 B [g(@™){@" € W™} | Bit, Fia

'IBTS S W;T?TS, Et—l; Ft—l} P (’IETS S Wto_r)f-TS

Et—la]:t—1>

(by Lemma 13.)

@™ € WS B, fH} g
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The above combined with (33) implies that
riS < 29 4(0)E [g(ﬁTS)]I{Et_l} A Wt‘ff’“,ft_l]
= 25/}_1(5/) E |:g(’lﬂ ) ]:t—11| P<Et—1)

< 5a()E [o(@")

fH] . (34)

Finally, summing (34) over time we get

S ) s, 5]

Note that we can already bound 7; using (12). However, we cannot bound the expectation right away, so we
rewrite the above as follows

T T
Z — ( max {’)’t( ) (Z HXt||‘7:1 +MT> (35)

= t=1
where we introduce the martingale

T

My = Z( [Hw (w™)]| ‘7;11 ‘ th711| - HXtHV;ll) :

t=1
Next, we use the Azuma-Hoeffding inequality to upper-bound M.

Theorem 8 (Azuma-Hoeffding inequality). If a supermartingale Y; corresponding to a filtration F; satisfies
|Y: — Yi_1| < ¢; for some constant ¢; fort =1,2,..., then for any «,

o2
P(Yr —Yy > a) <exp () .
22?:1 C%

Now verify that for any t =1,...,T,

~ 15 2L
— = ~ 1 < —
My = Myt =E [ (@")lg | Foa] = 1Xillg -

Thus, by the Azuma-Hoeffding inequality, with probability at least 1 — §/2 we have

4LT 4

Now we focus our attention on the remaining term:

T T L
S szmin{,nxtnvl }
t=1 " VA o

< max {1 }me{l IXilg, )
< max {1, \%} Timin {1, |\Xt||f711 } (by Cauchy-Schwartz)
QmaX{L\1&}\/(1+5m)(dln(1+am)+m)T (37)

where the last step is due to Lemma 9.
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For brevity denote m = m + d1n(1 4 &,,). Now, we substitute into (35) the bound (36) on My, the bound (37),
and the bound (12) on 7;. This gives

\/E(R\/m+5ﬁ- (1+sm)) <max{1,\1[\} (1+ ep)mT + \/?>
max{17\/1x}ﬁl(1+6m)g (B+SVA) var (38)

T

TS
>

t=1

O

1o

which holds with high probability (due to Azuma-Hoeffding inequality).

Now we bound the remaining RLS term of the regret. In particular,

T
Zrm => KB} (X w7, — X w*)

t=1
T T
= KB} (X — X[ 1) + ) HE 1} (X, @y — X, w?)
t=1 t=1
T
< HE M Xllg, 6~y
t=1
T
+ Z HE 1} | Xellg,  Nwe—1 — 'w*||‘~/;11 (by Cauchy-Schwartz)
t=1
T ~
< Z HXtHf,Fl%_l(d’) (by definition of event Ef*,)
. ) )
+ Z 1 Xellg7,, Be-1(3") (by definition of event E;_1)
9 max {1 ! } m(l+em,)T (using (37))
\F)\ m g
( Vi (1 +em)+SVA-(1+ Em)) (using Theorem 2 to bound 3 and (12) to bound 7)
o 1
O max {1, \a} (Rm(1 Fen) + SV (1 +2)} ) Vdr
o

max{l,\lr/\}ﬁz(l—i-am)g (R+S\FA)M. (39)

Hence, combining (31), (38), and (39) gives, with high probability,

o) 1 - 3
H{ET}RT—ZTt +ZTRLs_max{ ﬁ}m(1+am)2(R+S\[\)vdT
The proof is concluded by observing that Lemma 11 proves that E7 also holds with high probability.

B Experiments
In this section we present experiments on six publicly available classification datasets.

Setup. The idea of our experimental setup is similar to the one described by Cesa-Bianchi et al. (2013). Namely,
we convert a K-class classification problem into a contextual bandit problem as follows: given a dataset of labeled
instances (z,y) € R? x {1,..., K}, we partition it into K subsets according to the class labels. Then we create
K sequences by drawing a random permutation of each subset. At each step ¢ the decision set D; is obtained by
picking the ¢-th instance from each one of these K sequences. Finally, rewards are determined by choosing a
class y € {1,..., K} and then consistently assigning reward 1 to all instances labeled with y and reward 0 to all
remaining instances.



Efficient Linear Bandits through Matrix Sketching

1000

400

Cumulative Reward

200

200

175

150

Bank (45k examples, 17 features, 2 classes)

—e— OFUL

Sketched (80% top dim.)
Sketched (60% top dim.)
Sketched (40% top dim.)
Sketched (20% top dim.)

Cumulative Reward

Satimage (6k examples, 37 features, 6 classes)

Spam (4k examples, 58 features, 2 classes)

—e— OFUL

Sketched (80% top dim.)
Sketched (60% top dim.)
Sketched (40% top dim.)
Sketched (20% top dim.)

Cumulative Reward

200

—
I
°©

100

50

OFUL

Sketched (80% top dim.)
Sketched (60% top dim.)
Sketched (40% top dim.)
Sketched (20% top dim.)

0 200 400 600

Rounds

800 1000

CMC (1.4k examples, 10 features, 3 classes)

0 100 200 300

Rounds

400 500 600

MFeat (2k examples, 48 features, 10 classes)

—e— OFUL

—+— Sketched (80% top dim.)
—»— Sketched (60% top dim.)
Sketched (40% top dim.)

175

150

OFUL

Sketched (80% top dim.)
Sketched (60% top dim.)
Sketched (40% top dim.)

1000

800

0 50 100 150

Rounds

200 250 300

Pendigits (11k examples, 17 features, 10 classes)

—e— OFUL

—+— Sketched (80% top dim.)
—— Sketched (60% top dim.)
Sketched (40% top dim.)

4— Sketched (20% top dim.)

125 125

600
100 100

75 754

Cumulative Reward
Cumulative Reward
Cumulative Reward

50 50
200

25 254

100
Rounds

0 50 100 150 300 0o 25

Rounds

200 250 50 75 125 150 175 200 6 800 1000

Figure 3: Comparison of SOFUL to OFUL on six real-world datasets and for different sketch sizes. Note that, in

some cases, a sketch size equal to 80% and even 60% of the context space dimension does not significantly affect
the perfomance.

Datasets. We perform experiments on six publicly available datasets for multiclass classification from the
openml repository (Vanschoren et al., 2013) —dataset IDs 1461, 23, 32, 182, 22, and 44, see the table below here
for details.

Dataset Examples Features Classes
Bank 45k 17 2
SatImage 6k 37 6
Spam 4k 58 2
Pendigits 11k 17 10
MFeat 2k 48 10
CMC 1.4k 10 3

Baselines. The hyperparameters 8 (confidence ellipsoid radius) and A (RLS regularization parameter) are
selected on a validation set of size 100 via grid search on (3, A) € {1, 102,103, 104} X {10’2, 1071, 1} for OFUL,
and {1,102,10°} x {1072,107*,1,10?} for linear TS.

Results We observe that on three datasets, Figure 3, sketched algorithms indeed do not suffer a substantial
drop in performance when compared to the non-sketched ones, even when the sketch size amounts to 60% of the
context space dimension. This demonstrates that sketching successfully captures relevant subspace information
relatively to the goal of maximizing reward.

Because the FD-sketching procedure considered in this paper is essentially performing online PCA, it is natural
to ask how our sketched algorithms would compare to their non-sketched version run on the best m-dimensional
subspace (computed by running PCA on the entire dataset). In Figure 4, we compare SOFUL and sketched linear
TS to their non-sketched versions. In particular, we keep 60%, 40%, and 20% of the top principal components,
and notice that, like in Figure 3, there are cases with little or no loss in performance.
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Figure 3: Comparison of sketched linear TS to linear TS on six real-world datasets and for different sketch sizes.
Note that, in some cases, a sketch size equal to 80% and even 60% of the context space dimension does not
significantly affect the perfomance.
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Figure 4: Comparison of OFUL run on the best m-dimensional subspace against SOFUL run with sketch size m.
Rows show m as a fraction of the context space dimension: 60%,40%,20% (for the first three datasets), while
columns correspond to different datasets. Note that, in some cases (with sketch size m of size at least 60%),
SOFUL performs as well as if the best m-dimensional subspace had been known in hindsight.
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Figure 5: Comparison of linear TS run on the best m-dimensional subspace against sketched linear TS run with
sketch size m. Rows show m as a fraction of the context space dimension: 60%,40%,20% (for the first three
datasets), while rows correspond to different datasets. Note that, in some cases (with sketch size m of size at least
60%), sketched linear TS performs as well as if the best m-dimensional subspace had been known in hindsight.



