
Supplementary Material to “Sparse Feature Selection in Kernel
Discriminant Analysis via Optimal Scoring”

Alexander F. Lapanowski Irina Gaynanova
Texas A&M University

{alapanow, irinag}@stat.tamu.edu

Abstract

This supplement contains the derivation of projection formula (6), proofs of Theorems 1 and 2, as well
as proofs of supplementary Theorems and Lemmas.

S1 Derivation of projection formula (6)

Proof. Since f̂ =
∑n
i=1 α̂i[Φ(xi)− Φ],

〈
Φ(x)− Φ, f̂

〉
H

=

〈
Φ(x)− Φ ,

n∑
i=1

α̂i[Φ(xi)− Φ]

〉
H

=

n∑
i=1

α̂i
〈
Φ(x)− Φ,Φ(xi)− Φ

〉
H

=

n∑
i=1

α̂i 〈Φ(x),Φ(xi)〉H −
n∑
i=1

α̂i
〈
Φ(x),Φ

〉
H −

n∑
i=1

α̂i
〈
Φ,Φ(xi)

〉
H +

n∑
i=1

α̂i
〈
Φ,Φ

〉
H

=

n∑
i=1

α̂ik(x, xi)− (1>α̂)
1

n

n∑
i=1

k(x, xi)−
1

n

n∑
i=1

n∑
j=1

α̂ik(xj , xi) + (1>α̂)
1

n2

n∑
i=1

n∑
j=1

k(xi, xj).

Let K(X,x) :=
(
k(x1, x) · · · k(xn, x)

)>
. Then from the above display〈

Φ(x)− Φ, f̂
〉
H

= K(X,x)>α̂− n−1K(X,x)>11>α̂− n−11>Kα̂+
1

n2
1>K1(1>α̂)

= K(X,x)>Cα̂− 1

n
1>KCα̂

= (K(X,x)> − 1

n
1>K)Cα̂,

where C = I − n−111> is the centering matrix.
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S2 Technical Proofs

In this section we prove the results stated within the main text. We use C, C1, C2, . . . to denote absolute
positive constants that do not depend on the sample size n but which may depend on ‖θ∗‖∞, κ, or τ . Their
values may change from line to line. The dependence between the main Theorems and supplementary results is
depicted below.

Theorem 1Theorem 2

Theorem
S.4

Theorem
S.1

Theorem
S.2

Theorem
S.3

Lemma 5Lemma 4 Lemma 7Lemma 6

Lemma 10Lemma 9Lemma 8

S.2.1 Proofs of Theorems 1 and 2

Proof of Theorem 1. Consider

R(f̂ , β̂)−R(f∗, β∗) = R(f̂ , β̂)− R̃emp(f̂ , β̂)︸ ︷︷ ︸
I1

+ R̃emp(f̂ , β̂)− R̃emp(f̃ , β̃)︸ ︷︷ ︸
I2

+ R̃emp(f̃ , β̃)−R(f∗, β∗)︸ ︷︷ ︸
I3

.

By the union bound and de Morgan’s law,

P
(
R(f̂ , β̂)−R(f∗, β∗) > ε

)
≤ P

(
I1 >

ε

3

)
+ P

(
I2 >

ε

3

)
+ P

(
I3 >

ε

3

)
.

Applying Theorems S.1, S.2 and S.3 to I1, I2 and I3 correspondingly, there exist constants C,Ci > 0 such that

P
(
R(f̂ , β̂)−R(f∗, β∗) > ε

)
≤ 2Nε exp

(
− nε2

128(‖θ∗‖∞ + κτ)4

)
+ C2 exp

(
− C3nε

2

1 + (κτ)2

)
+ 2 exp

(
− nε2

16(‖θ∗‖∞ + κτ)4

)
≤ C4Nε exp

(
− C5nε

2

(‖θ∗‖∞ + κτ)4

)
,

where Nε = {1 + 2(‖θ∗‖∞ + κτ)/ ε} exp(Cτ2ε−2). This concludes the proof of Theorem 1.
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Proof of Theorem 2. Consider

R(f̂ , β̂)−Remp(f̂) = R(f̂ , β̂)− R̃emp(f̂ , β̂)︸ ︷︷ ︸
I1

+ R̃emp(f̂ , β̂)−Remp(f̂)︸ ︷︷ ︸
I2

.

By the union bound and de Morgan’s law,

P
(
R(f̂ , β̂)−Remp(f̂) > ε

)
≤ P

(
I1 >

ε

2

)
+ P

(
I2 >

ε

2

)
.

Applying Theorem S.1 for I1 and Theorem S.4 for I2, the exist constants Ci > 0 such that

P
(
R(f̂ , β̂)−Remp(f̂) > ε

)
≤ 2Nε exp

(
− nε2

128(‖θ∗‖∞ + κτ)4

)
+ C3 exp

(
− C4nε

2

1 + (κτ)2

)
≤ C5Nε exp

(
− C6nε

2

(‖θ∗‖∞ + κτ)4

)
,

where Nε = {1 + 2(‖θ∗‖∞ + κτ)/ ε} exp(C1τ
2ε−2). This concludes the proof of Theorem 2.

S.2.2 Supplementary Theorems

Theorem S.1. Under Assumptions 1-3, there exists a constant C2 > 0 such that for all ε > 0,

P
(

sup
f∈Hτ , β∈Iτ

{R(f, β)− R̃emp(f, β)} > ε
)
≤ 2Nε exp

(
− nε2

128(‖θ∗‖∞ + κτ)4

)
,

where Nε = {1 + 2(‖θ∗‖∞ + κτ)/ ε} exp(C2τ
2ε−2).

Theorem S.2. Let β̂ = −
〈

Φ, f̂
〉
H

. Under Assumptions 1 and 2, there exist constants C1, C2 > 0 such that

for all ε > 0,

P
(∣∣∣R̃emp(f̂ , β̂)− R̃emp(f̃ , β̃)

∣∣∣ > ε
)
≤ C1 exp

(
− C2nε

2

1 + (κτ)2

)
.

Theorem S.3. Under Assumptions 1 and 2, for all ε > 0

P
(
R̃emp(f̃ , β̃)−R(f∗, β∗) > ε

)
≤ 2 exp

(
− nε2

16(‖θ∗‖∞ + κτ)4

)
.

Theorem S.4. Let Assumptions 1 and 2 be true, and let β(f) := n−1
∑n
i=1 y

>
i θ
∗ −

〈
Φ, f

〉
H = Y θ∗ −

〈
Φ, f

〉
H

be the minimizing β ∈ Iτ for fixed f ∈ Hτ in the modified empirical risk. There exists constants C1, C2 > 0 such
that for all ε > 0

P
(

sup
f∈Hτ

|Remp(f)− R̃emp(f, β(f))| > ε
)
≤ C1 exp

(
− C2nε

2

1 + (κτ)2

)
.

Definition 1. The empirical measure Tx with respect to {xi}ni=1 is defined as Tx := n−1
∑n
i=1 δ(xi), where δ(xi)

is the point mass at xi. The space L2(Tx) is the set Hτ equipped with the semi-norm

‖f‖L2(Tx) :=

√√√√ 1

n

n∑
i=1

|f(xi)|2 =

√√√√ 1

n

n∑
i=1

| 〈Φ(xi), f〉H |2.

Definition 2. Let (X, d) be a pseudometric space. An ε-net is any subset X̃ ⊂ X such that for any x ∈ X, there

exists a x̃ ∈ X̃ satisfying d(x, x̃) < ε. The ε-covering number of (X, d) is the minimum size of an ε-net for X.

Remark 1. Distances in Hτ are given by the semi-norm generated by L2(Tx). Distances in Iτ are given by the
Euclidean distance d(β1, β2) = |β1 − β2|.
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S.2.3 Proofs of Supplementary Theorems

Proof of Theorem S.1. Let {(xj , yj)}2nj=n+1 be independent from {(xi, yi)}ni=1 and identically distributed set of

n pairs, and let Tx be the empirical measure on {(xi, yi)}2ni=1. Let R̃emp(f, β) be the modified empirical risk on

{(xi, yi)}ni=1, and R̃′emp(f, β) on {(xj , yj)}2ni=n+1. By symmetrization lemma (see, for example, Lemma 2 in [1]),
for nε2 ≥ 2

P
(

sup
f∈Hτ , β∈Iτ

{R(f, β)− R̃emp(f, β)} > ε

)
≤ 2P

(
sup

f∈Hτ , β∈Iτ
{R̃′emp(f, β)− R̃emp(f, β)} > ε

2

)
.

Let c = 64(‖θ∗‖∞ + κτ), and let {f1, . . . , fM} be the smallest L2(Tx) ε/
√

2c-net of Hτ and {β1, . . . , βK} an
ε/c-net of Iτ . Applying Lemma 4 to the above display

P
(

sup
f∈Hτ , β∈Iτ

{R(f, β)− R̃emp(f, β)} > ε

)
≤ 2P

(
maximize
f∈{f1,...,fM}
β∈{β1,...,βK}

{R̃′emp(f, β)− R̃emp(f, β)} > ε

4

)
.

Applying Lemma 5 to the right-hand expression gives the final inequality

P
(

sup
f∈Hτ , β∈Iτ

{R(f, β)− R̃emp(f, β)} > ε

)
≤ 2{1 + 2(‖θ∗‖∞ + κτ)/ ε} exp

(C1τ
2

ε2

)
exp

(
− nε2

128(‖θ∗‖∞ + κτ)4

)
.

This completes the proof of Theorem S.1.

Proof of Theorem S.2. Let β(f) = Y θ∗ −
〈
Φ, f

〉
H. By definition of f̃ , β̃ = β(f̃), R̃emp(f̂ , β̂) ≥ R̃emp(f̃ , β̃). On

the other hand, since Remp(f̂) ≤ Remp(f̃),

R̃emp(f̂ , β̂)− R̃emp(f̃ , β̃) = R̃emp(f̂ , β̂)−Remp(f̂) +Remp(f̂)−Remp(f̃) +Remp(f̃)− R̃emp(f̃ , β̃)

≤ R̃emp(f̂ , β̂)−Remp(f̂) +Remp(f̃)− R̃emp(f̃ , β̃)

≤ R̃emp(f̂ , β̂)− R̃emp(f̂ , β(f̂)) + R̃emp(f̂ , β(f̂))−Remp(f̂) +Remp(f̃)− R̃emp(f̃ , β̃)

≤
∣∣∣R̃emp(f̂ , β̂)− R̃emp(f̂ , β(f̂))

∣∣∣︸ ︷︷ ︸
I1

+2 sup
f∈Hτ

∣∣∣Remp(f)− R̃emp(f, β(f))
∣∣∣︸ ︷︷ ︸

I2

.

The union bound and de Morgan’s law proves

P
(
R̃emp(f̂ , β̂)− R̃emp(f̃ , β̃) > ε

)
≤ P

(
I1 >

ε

2

)
+ P

(
I2 >

ε

2

)
.

Consider I1 ∣∣∣R̃emp(f̂ , β̂)− R̃emp(f̂ , β(f̂))
∣∣∣

=
∣∣∣ 1
n

n∑
i=1

(
y>i θ

∗ −
〈

Φ(xi)− Φ , f̂
〉
H

)2
− 1

n

n∑
i=1

(
y>i θ

∗ − Y θ∗ −
〈

Φ(xi)− Φ , f̂
〉
H

)2∣∣∣
=
∣∣∣2 1

n

n∑
i=1

Y θ∗
(
y>i θ

∗ −
〈

Φ(xi)− Φ, f̂
〉
H

)
− 1

n

n∑
i=1

(Y θ∗)2
∣∣∣

=
∣∣∣(Y θ∗)2 − 2(Y θ∗)

1

n

n∑
i=1

〈
Φ(xi)− Φ, f̂

〉
H

∣∣∣
= |Y θ∗|2.

By Lemma 7, there exists C1 > 0 such that P(I1 > ε/2) ≤ 2 exp(−C1nε) for all ε > 0. By Theorem S.4, there
exists constants C2, C3 > 0 such that P(I2 > ε/2) ≤ C2 exp[−C3(nε2)/{1 + (κτ)2}]. Combining the bounds for
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I1 and I2 gives

P
(
R̃emp(f̂ , β̂)− R̃emp(f̃ , β̃) > ε

)
≤ 2 exp(−C1nε) + C2 exp

(
− C3nε

2

1 + (κτ)2

)
≤ C4 exp

(
− C5nε

2

1 + (κτ)2

)
for some constants Ci > 0. This completes the proof of Theorem S.2.

Proof of Theorem S.3. Consider

R̃emp(f̃ , β̃)−R(f∗, β∗) = R̃emp(f̃ , β̃)− R̃emp(f∗, β∗) + R̃emp(f
∗, β∗)−R(f∗, β∗)

≤ R̃emp(f∗, β∗)−R(f∗, β∗),

where the last inequality follows since R̃emp(f̃ , β̃) ≤ R̃emp(f∗, β∗) by the definition of f̃ , β̃.

Let zi := |y>i θ∗− β∗− 〈Φ(xi), f
∗〉H |2, then R̃emp(f∗, β∗) = n−1

∑n
i=1 zi is the average of i.i.d. random variables

with Ezi = R(f∗, β∗) by definition of expected risk. Since |zi| ≤ 4(‖θ∗‖∞ + κτ)2, by Hoeffding’s inequality

P(|R̃emp(f∗, β∗)−R(f∗, β∗)| > ε) = P
(∣∣∣n−1 n∑

i=1

(zi − Ezi)
∣∣∣ > ε

)
≤ 2 exp

(
− nε2

16(‖θ∗‖∞ + κτ)4

)
.

Proof of Theorem S.4. By definition of Remp(f) and R̃emp(f, β(f)),

Remp(f)− R̃emp(f, β(f)) =
1

n

n∑
i=1

|y>i θ̂ −
〈
Φ(xi)− Φ, f

〉
H |

2 − 1

n

n∑
i=1

|y>i θ∗ − β(f)− 〈Φ(xi), f〉H |
2

=
1

n

n∑
i=1

|y>i θ̂ −
〈
Φ(xi)− Φ, f

〉
H |

2 − 1

n

n∑
i=1

|y>i θ∗ − Y θ∗ −
〈
Φ(xi)− Φ, f

〉
H |

2.

Expanding the squares and cancelling equal terms yields

Remp(f)− R̃emp(f, β(f))

=
1

n

n∑
i=1

{
(y>i θ̂)

2 − (y>i θ
∗)2 − 2y>i (θ̂ − θ∗)

〈
Φ(xi)− Φ, f

〉
H − 2Y θ∗

〈
Φ(xi)− Φ, f

〉
H + 2y>i θ

∗Y θ∗ − (Y θ∗)2
}

=
1

n

n∑
i=1

{
(y>i θ̂)

2 − (y>i θ
∗)2
}
− 1

n

n∑
i=1

{
2y>i (θ̂ − θ∗)

〈
Φ(xi)− Φ, f

〉
H

}
+ (Y θ∗)2

= I1 + I2(f) + I3,

where I1 and I3 are independent of f . By the union bound and de Morgan’s law,

P
(

sup
f∈Hτ

|Remp(f)− R̃emp(f, β(f))| > ε
)
≤ P

(
|I1| >

ε

3

)
+ P

(
sup
f∈Hτ

|I2(f)| > ε

3

)
+ P

(
|I3| >

ε

3

)
.

We bound each probability separately. Since yi ∈ R2 is an indicator vector of class membership for sample i,
using the definition of θ̂ and θ∗

|I1| =
∣∣∣∣ 1n∑{

(y>i θ̂)
2 − (y>i θ

∗)2
}∣∣ ≤ max

i
|(y>i θ̂)2 − (y>i θ

∗)2| = max
(
|n1/n2 − π1/π2|, |n2/n1 − π2/π1|

)
.

By Lemma 6, there exist C1, C2 > 0 such that P(|I1| > ε/3) ≤ C1 exp(−C2n ε
2).
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By Hólder’s and Cauchy-Schwarz inequalities

|I2(f)| =
∣∣∣∣ 1n

n∑
i=1

2y>i (θ̂ − θ∗)
〈
Φ(xi)− Φ, f

〉
H

∣∣∣∣
≤ 1

n

n∑
i=1

2|y>i (θ̂ − θ∗)| · |
〈
Φ(xi)− Φ, f

〉
H |

≤ 2‖θ̂ − θ∗‖∞max
i
|
〈
Φ(xi)− Φ, f

〉
H |

≤ 2 max
(
|
√
n1/n2 −

√
π1/π2|, |

√
n2/n1 −

√
π2/π1|

)
max
i
‖Φ(xi)− Φ‖H ‖f‖H

≤ 4 max
(
|
√
n1/n2 −

√
π1/π2|, |

√
n2/n1 −

√
π2/π1|

)
κτ,

where we used Assumption 2 in the last inequality. Since the upper bound does not depend on f , the same
bound holds for supf∈Hτ |I2(f)|. Combining the bound with Lemma 6 gives for some C3, C4 > 0

P
(

sup
f∈Hτ

|I2(f)| > ε
)
≤ P

(
max

(
|
√
n1/n2 −

√
π1/π2|, |

√
n2/n1 −

√
π2/π1| >

ε

4κτ

)
≤ C3 exp(−C4

nε2

(κτ)2
).

By Lemma 7, there exists C5 > 0 such that P(|I3| > ε/3) ≤ 2 exp(−C5n ε).

Combining the bounds for I1, I2 and I3 gives

P
(

sup
f∈Hτ

|Remp(f)− R̃emp(f, β(f))| > ε
)
≤ C1 exp(−C2nε

2) + C3 exp(−C4
nε2

(κτ)2
) + 2 exp(−C5n ε)

≤ C6 exp
(
− C7

nε2

1 + (κτ)2

)
for some C6, C7 > 0. This completes the proof of Theorem S.4.

S3 Supplementary Lemmas

Lemma 1. Consider minimizing f(w) = 2−1w>Qw−βTw+2−1λ‖w‖1 with respect to w ∈ Rp with wi ∈ [−1, 1],
where Q is positive semi-definite and λ ≥ 0. If λ ≥ 2‖β‖∞, then the minimizing w is the zero vector.

Proof. Consider 2−1λ‖w‖1− β>w =
∑p
i=1(λ/2|wi| − βiwi). If λ ≥ 2‖β‖∞, this expression is non-negative for all

w ∈ Rp and a minimum occurs at w = 0. Since Q is positive semi-definite, w> 1
2Qw is always non-negative with

a minimum at w = 0. It follows that for λ ≥ 2‖β‖∞ the sum of these terms attains minimum at w = 0.

Lemma 2. Let M = [(CKC)2 + nγ(CKC)]−CKC, then ‖M‖op ≤ (nγ)−1.

Proof of Lemma 2. The kernel matrix K is positive semi-definite since by the reproducing property for any
α ∈ Rn

α>Kα =

〈
n∑
i=1

αiΦ(xi) ,

n∑
i=1

αiΦ(xi)

〉
H

=
∥∥∥ n∑
i=1

αiΦ(xi)
∥∥∥2
H
≥ 0.

It follows that CKC is also positive semi-definite. Let {λi}ki=1 be the set of non-zero eigenvalues of CKC,
then {λi/(λ2i + nγλi)}ki=1 are the non-zero eigenvalues of M = [(CKC)2 + nγ(CKC)]−CKC. The function
t 7→ t/(t2 + nγt) is bounded above by (nγ)−1 for t > 0, hence ‖M‖op ≤ (nγ)−1.

Lemma 3. Let γ > 0. The minimizer f̂ in (4) satisfies ‖f̂‖H ≤ 1/
√
γ. Additionally, if Assumption 2 holds for

κ > 0, then ‖f̂‖H ≤ 2κ/γ.
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Proof of Lemma 3. Comparing the value of objective function in (4) at f = f̂ with the value at f = 0 gives

γ‖f̂‖2H ≤
1

n

n∑
i=1

∣∣∣y>i θ̂ − 〈Φ(xi)− Φ, f̂
〉
H

∣∣∣2 + γ‖f̂‖2H ≤
1

n

n∑
i=1

|y>i θ̂|2 = 1.,

where the last equality follows since n−1θ̂Y >Y θ̂ = 1. It follows that ‖f̂‖H ≤ 1/
√
γ.

On the other hand, since f̂ =
∑n
i=1 αi(Φ(xi)− Φ), by the triangle inequality and Assumption 2

‖f̂‖H =
∥∥∥ n∑
i=1

αi(Φ(xi)− Φ)
∥∥∥
H
≤

n∑
i=1

|αi|‖Φ(xi)− Φ‖H ≤ max
i
‖Φ(xi)− Φ‖H‖α‖1 ≤ 2κ‖α‖1 ≤ 2κ

√
n‖α‖2.

Since α = {(CKC)2 + γnCKC}−CKCY θ̂, applying Lemma 2 and using ‖Y θ̂‖2 =
√
θ̂Y >Y θ̂ =

√
n gives

‖α‖2 ≤ ‖{(CKC)2 + γnCKC}−CKC‖op‖Y θ̂‖2 ≤
‖Y θ̂‖2
nγ

≤ 1√
nγ
.

Combining the above two displays gives ‖f̂‖H ≤ 2κ/γ.

Lemma 4. Under Assumptions 1 and 2, let {(xi, yi)}ni=1 and {(xj , yj)}2nj=n+1 be two independent copies of i.i.d.

data, and let Tx be the empirical measure on their union. Let R̃emp(f, β) be the modified empirical risk on

{(xi, yi)}ni=1, and R̃′emp(f, β) on {(xj , yj)}2ni=n+1. Let c = 64(‖θ∗‖∞ + τκ), and let {f1, . . . , fM} be the smallest

L2(Tx) ε/
√

2c-net of Hτ , and let {β1, . . . , βK} be an ε/c-net of Iτ . Then

P
(

sup
f∈Hτ
β∈Iτ

{R̃emp(f, β)− R̃′emp(f, β)} > ε

2

)
≤ P

(
maximize
f∈{f1,...,fM}
β∈{β1,...,βK}

{R̃emp(f, β)− R̃′emp(f, β)} > ε

4

)
.

Proof of Lemma 4. Let f ∈ Hτ , β ∈ Iτ be such that R̃emp(f, β) − R̃′emp(f, β) > ε/2. There exists fj ∈
{f1, . . . , fM} and β` ∈ {β1, . . . , βK} such that ‖fj − f‖L2(Tx) < ε/

√
2c and |β − β`| < ε/c. Applying Lemma 9

gives √√√√ 1

n

n∑
i=1

|f(xi)− fj(xi)|2 <
ε

c
and

√√√√ 1

n

2n∑
i=n+1

|f(xi)− fj(xi)|2 <
ε

c
.

Applying Lemma 8 yields

|R̃emp(f, β)− R̃emp(fj , β`)| < 8
ε

c
(‖θ∗‖∞ + κτ) =

ε

8
,

and similarly |R̃′emp(f, β) − R̃′emp(fj , β`)| < ε/8. Therefore, R̃′emp(f, β) − R̃emp(f, β) > ε/2 for some f ∈ Hτ ,

β ∈ Iτ implies R̃′emp(fj , β`)− R̃emp(fj , β`) > ε/4 for some fj and β`. Therefore,

P
(

sup
f∈Hτ , β∈Iτ

{R̃′emp(f, β)− R̃emp(f, β)} > ε

2

)
≤ P

(
maximize
f∈{f1,...,fM}
β∈{β1,...,βK}

{R̃′emp(fj , β`)− R̃emp(fj , β`)} >
ε

4

)
.

Lemma 5. Under Assumptions 1-3, let {f1, . . . , fM} and {β1, . . . , βK} be as in Lemma 4. There exist a constant
C1 > 0 such that for all ε > 0,

P
(

maximize
f∈{f1,...,fM}
β∈{β1,...,βK}

{R̃emp(f, β)− R̃′emp(f, β)} > ε

4

)
≤ Nε exp

(
− nε2

128(‖θ∗‖∞ + κτ)4

)
,

where Nε = {1 + 2(‖θ∗‖∞ + κτ)/ ε} exp(C1τ
2ε−2).
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Proof of Lemma 5. Let σ = {σi}ni=1 be i.i.d. Radamacher random variables, P(σi = 1) = P(σi = −1) = 1/2. Let

R̃σemp =
1

n

n∑
i=1

σi|y>i θ∗ − β − 〈Φ(xi), f〉H |
2, R̃

′σ
emp =

1

n

2n∑
i=n+1

σi|y>i θ∗ − β − 〈Φ(xi), f〉H |
2.

Since (yi, xi) and (yn+i, xn+i) are independent, and have the same distribution, the distribution of ξi := (|y>i θ∗−
β − 〈Φ(xi), f〉H |2 − |y>n+iθ∗ − β − 〈Φ(xn+i), f〉H |2) is the same as distribution of σiξi. Let Z = {(xi, yi)}2ni=1,
then

PZ
(

max
f∈{f1,...,fM}
β∈{β1,...,βK}

{R̃emp(f, β)− R̃′emp(f, β)} > ε

4

)
= PZ,σ

(
max

f∈{f1,...,fM}
β∈{β1,...,βK}

{R̃σemp(f, β)− R̃
′σ
emp(f, β)} > ε

4

)
.

Let Am,k be the event Am,k = {R̃σemp(fm, βk)− R̃′σ
emp(fm, βk) > ε/4} for m = 1, . . . ,M(Z); k = 1, . . . ,K; where

M(Z) emphasizes the dependence of M on Z. Using properties of conditional expectation and union bound

PZ,σ
(

max
f∈{f1,...,fM}
β∈{β1,...,βK}

{R̃σemp(f, β)− R̃
′σ
emp(f, β)} > ε

4

)
= PZ,σ(∪M(Z)

m=1 ∪Kk=1 Am,k)

= EZ
{
Pσ(∪M(Z)

m=1 ∪Kk=1 Am,k|Z)
}

≤ EZ {M(Z)KPσ(Am,k|Z)} .

For fixed fm, βk and conditionally on Z, the terms ψi := σi(|y>i θ∗ − βk − 〈Φ(xi), fm〉H |2 − |y>n+iθ∗ − βk −
〈Φ(xn+i), fm〉H |2), i = 1, . . . , n, are independent, mean-zero random variables with |ψi| ≤ 4(‖θ∗‖∞ + κτ)2.
Applying Hoeffding’s inequality gives

Pσ(Am,k|Z) = Pσ
( 1

n

n∑
i=1

ψi > ε/4
∣∣∣Z) ≤ exp

(
− nε2

128(‖θ∗‖∞ + κτ)4

)
.

On the other hand, since Iτ is a one-dimensional sphere of radius ‖θ∗‖+ κτ , K is independent of the data and
K ≤ 1 + 2(‖θ∗‖∞ + κτ)/ε. Combining this with the above two displays gives

PZ,σ
(

max
f∈{f1,...,fM}
β∈{β1,...,βK}

{R̃σemp(f, β)− R̃
′σ
emp(f, β)} > ε

4

)

≤ {1 + 2(‖θ∗‖∞ + κτ)/ε}EZ{M(Z)} exp
(
− nε2

128(‖θ∗‖∞ + κτ)4

)
.

Recall that {f1, . . . , fM} is the smallest L2(Tx) ε/
√

2c-net of Hτ , with c = 64(‖θ∗‖∞ + τκ). By Lemma 10

EZ{M(Z)} ≤ sup
Z={(xi,yi)}2ni=1

M(Z) ≤ exp

(
C1τ

2

ε2

)
(S3.1)

for some constant C1 > 0. Setting Nε = {1 + 2(‖θ∗‖∞ + κτ)/ ε} exp(C1τ
2ε−2) completes the proof of Lemma 5.

Lemma 6. Under Assumption 1 there exist constants C1, C2 > 0 such that for all ε > 0,

P
(

max
(
|n1/n2 − π1/π2|, |n2/n1 − π2/π1|

)
> ε

)
≤ C1 exp

(
− C2nε

2
)
,

P
(

max
(
|
√
n1/n2 −

√
π1/π2|, |

√
n2/n1 −

√
π2/π1|

)
> ε

)
≤ C1 exp

(
− C2nε

2
)
.
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Proof of Lemma 6. We provide the proof for n1/n2, the proof for n2/n1 is analogous. The first inequality
is equivalent to Lemma 1 in [2]. For the second inequality, by Taylor expansion of the square root function
centered at π1/π2 √

n1/n2 −
√
π1/π2 = 2−1

√
π2/π1(n1/n2 − π1/π2) + o(n1/n2 − π1/π2).

Since |n1/n2−π1/π2| = Op(n
−1/2) by the first inequality, it follows that there exist a constant C3 > 0 such that

|
√
n1/n2 −

√
π1/π2| ≤ C2{log(η−1)/n}1/2 with probability at least 1 − η. Setting ε = C3{log(η−1)/n}1/2 and

solving for η completes the proof.

Lemma 7. Let Assumption 1 be true. For all ε > 0, we have P
(
(Y θ∗)2 > ε

)
≤ 2 exp(−nε/‖θ∗‖∞).

Proof of Lemma 7. Let zi = y>i θ
∗, then zi are independent,

E(zi) = E(yi)
>θ∗ = π1

√
π2
π1
− π2

√
π1
π2

=
√
π1π2 −

√
π1π2 = 0

and

(Y θ∗)2 = (n−1
n∑
i=1

y>i θ
∗)2 = (n−1

n∑
i=1

zi)
2.

Since |zi| ≤ ‖θ∗‖∞ =
√
πmax/πmin, by Hoeffding’s inequality for ε > 0

P
(∣∣∣n−1 n∑

i=1

zi

∣∣∣2 > ε
)

= P
(∣∣∣n−1 n∑

i=1

zi

∣∣∣ > √ε) ≤ 2 exp(−nε/‖θ∗‖∞).

Lemma 8. Let Assumptions 1 and 2 be true, and suppose that {f1, . . . , fM} is an L2(Tx) ε-net of Hτ and that
{β1, . . . , βK} be an ε-net of Iτ . Then for any admissible f and β, let fj and β` be members of the ε-nets so that
‖f − fj‖L2(Tx) < ε and |β − β`| < ε. Then∣∣∣R̃emp(f, β)− R̃emp(fj , βl)

∣∣∣ ≤ 8ε
(
‖θ∗‖∞ + κτ

)
. (S3.2)

Proof of Lemma 8. By the reproducing property of H, 〈Φ(xi), f〉H = f(xi), and∣∣∣R̃emp(f, β)− R̃emp(fj , βl)
∣∣∣ =

∣∣∣ 1
n

n∑
i=1

|y>i θ∗ − β − 〈Φ(xi), f〉H |
2 − 1

n

n∑
i=1

|y>i θ∗ − β` − 〈Φ(xi), fj〉H |
2
∣∣∣

=
∣∣∣ 1
n

n∑
i=1

|y>i θ∗ − β − f(xi)|2 −
1

n

n∑
i=1

|y>i θ∗ − β` − fj(xl)|2
∣∣∣

=
∣∣∣− 2

1

n

n∑
i=1

y>i θ
∗{β + f(xi)− β` − fj(xi)}+

1

n

n∑
i=1

[{β + f(xi)}2 − {β` + fj(xi)}2]
∣∣∣

≤ 2‖θ∗‖∞
∣∣∣β − βl +

1

n

n∑
i=1

{f(xi)− fj(xi)}
∣∣∣︸ ︷︷ ︸

I1

+
∣∣∣ 1
n

n∑
i=1

[{β + f(xi)}2 − {β` + fj(xi)}2]
∣∣∣︸ ︷︷ ︸

I2

.

Consider

I1 = 2‖θ∗‖∞
∣∣∣∣β − βl +

1

n

n∑
i=1

{f(xi)− fj(xi)}
∣∣∣∣ ≤ 2‖θ∗‖∞

{
|β − βl|+

1

n

n∑
i=1

|f(xi)− fj(xi)|

}

≤ 2‖θ∗‖∞

{
ε+

[ 1

n

n∑
i=1

|f(xi)− fj(xi)|2
]1/2}

≤ 4‖θ∗‖∞ε,
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where we used n−1
∑n
i=1[|f(xi) − fj(xi)|2]1/2 ≤ [n−1

∑n
i=1 |f(xi) − fj(xi)|2]1/2 due to Jensen’s inequality, and

that ‖f − fj‖L2(Tx) < ε and |β − β`| < ε.

Consider I2. Using a2 − b2 = (a+ b)(a− b), the Cauchy-Schwarz inequalty, and Jensen’s inequality,

I2 =
1

n

∣∣∣∣ n∑
i=1

{β + f(xi) + β` + fj(xi)}{β − β` + f(xi)− fj(xi)}
∣∣∣∣

≤ 2( sup
β∈Iτ
|β|+ sup

x,f∈Hτ
|f(x)|) 1

n

n∑
i=1

(|β − βj |+ |f(xi)− fj(xi)|)

≤ 2(‖θ∗‖∞ + κτ + sup
x,f∈Hτ

| 〈Φ(x), f〉H |)(ε+
1

n

n∑
i=1

|f(xi)− fj(xi)|)

≤ 2

(
‖θ∗‖∞ + κτ + κτ

)(
ε+

√√√√ 1

n

n∑
i=1

|f(xi)− fj(xi)|2
)

= 4ε
(
‖θ∗‖∞ + 2κτ

)
.

Combining the bounds for I1 and I2 completes the proof of Lemma 8.

Lemma 9. Let {(xi, yi)}2ni=1 be the data, and consider an L2(Tx) ε-net {f1, . . . , fM} of Hτ . Then {f1, . . . , fM}
is an

√
2ε-net with respect to the empirical measure on half of the data {(xi, yi)}ni=1.

Proof of Lemma 9. Since {f1, . . . , fM} is ε-net with respect to {(xi, yi)}2ni=1, for any f ∈ Hτ , there exists fj such
that √√√√ 1

2n

2n∑
i=1

|f(xi)− fj(xi)|2 < ε.

If 1
2n

∑2n
i=1 |f(xi)− fj(xi)|2 = 0, then 1

n

∑n
i=1 |f(xi)− fj(xi)|2 = 0. Otherwise√√√√ 1

n

n∑
i=1

|f(xi)− fj(xi)|2 =

√√√√2n

2n

1

n

n∑
i=1

|f(xi)− fj(xi)|2
∑2n
i=1 |f(xi)− fj(xi)|2∑2n
i=1 |f(xi)− fj(xi)|2

=

√
2n

n

∑n
i=1 |f(xi)− fj(xi)|2∑2n
i=1 |f(xi)− fj(xi)|2

√√√√ 1

2n

2n∑
i=1

|f(xi)− fj(xi)|2 <
√

2ε,

hence {f1, . . . , fM} is
√

2ε-net with respect to {(xi, yi)}ni=1.

Lemma 10 (Theorem 2.1 of [3]). Let Assumption 3 be true, and Let M(Z) be the size of an L2(Tx) ε-covering
number of Hτ with data Z = {(xi, yi)}ni=1. There exists a C > 0 independent of n, such that

sup
Z={(xi,yi)}ni=1

M(Z) ≤ exp

(
Cτ2

ε2

)
. (S3.3)

Remark 2. [4] notes that “Theorem 2.1 of [3] considered only the Gaussian RKHS, however the proof of the
entropy bound for p = 2 in their notation only requires that the RKHS is separable.” It is this case which is
presented in Lemma 10.
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