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Abstract

This supplement contains the derivation of projection formula (6), proofs of Theorems 1 and 2, as well

as proofs of supplementary Theorems and Lemmas.

S1 Derivation of projection formula (6)
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where C' = I —n~'117 is the centering matrix.
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S2 Technical Proofs

In this section we prove the results stated within the main text. We use C, C1, Co, ... to denote absolute
positive constants that do not depend on the sample size n but which may depend on ||6*||o, &, or 7. Their
values may change from line to line. The dependence between the main Theorems and supplementary results is
depicted below.

Theorem 2 Theorem 1
Theorem Theorem Theorem Theorem
S.1 S.4 S.2 S.3
__
Lemma 4 Lemma 5 Lemma 6 Lemma 7

Lemma 8 Lemma 9 Lemma 10

S.2.1 Proofs of Theorems 1 and 2

Proof of Theorem 1. Consider

-~ ~ ~ o~ ~ -~

R(f.B) — R(f*, %) = R(f, B) — Remp(f, B) + Rewp(f, B) — Rewmp(f, B) + Remp(f. B) — R(f*, 8*).

I Is I3

By the union bound and de Morgan’s law,
T a * 0% € € €
P<R(f75) - R(f*, %) > 5) < P(Il > g) JrIP’(IQ > g) +P<I3 > g)
Applying Theorems S.1, S.2 and S.3 to I, I5 and I3 correspondingly, there exist constants C, C; > 0 such that

P(R(F.0)~ R(™.57) > <)

ne? Csne? ne?

<N exp (- = ) gexp (-

< 2N.exp ( 128(||9*||Oc+m)4)+026"p( 1+(m)2)+ exp ( 16(||9*||Oo+m)4>
C5TL€2

< v

_C4N56Xp( (||9*HOO+K/7—)4),

where N. = {1+ 2(||0*||oc + x7)/ €} exp(CT2~2). This concludes the proof of Theorem 1.
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Proof of Theorem 2. Consider

~ ~ ~ o~ ~ ~ o~

R(f,B) = Remp(f) = R(f,B) = Remp(f+ B) + Remp(f> B) = Remp(Ff) -

Il 12

By the union bound and de Morgan’s law,

P(R(F,B) ~ Romp(f) > ¢ ) < P(1 > 5) +P(12 > 2).

Applying Theorem S.1 for I; and Theorem S.4 for I, the exist constants C; > 0 such that

o~ ~ ne? Cyne?
_ < _ o ane
P(R(F,B) = Romp(]) > ¢ ) < 2. exp ( (T m)él) +Crexp (- (m)2)
067162
< e
_O5N56Xp< (”0*”00_’_,{7_)4)a
where N = {1+ 2(||0*||oc + £7)/ €} exp(C172e72). This concludes the proof of Theorem 2. O

S.2.2 Supplementary Theorems

Theorem S.1. Under Assumptions 1-3, there exists a constant Co > 0 such that for all € > 0,

2

~ ne
P, () = Rem1, ) > ) < 2000 (= ey e

where Nz = {14 2(]|0*||oo + £7)/ e} exp(Car2e72).

Theorem S.2. Let B = — <5,]?> . Under Assumptions 1 and 2, there exist constants C1,Co > 0 such that
H

for all e > 0,
(| Rensl7.) ~ RennlF.)] > ) < Cremp (- 15202,

Theorem S.3. Under Assumptions 1 and 2, for alle >0

2

P(Eemp(ﬁg) - R(f*,p%) > 5) < 2exp ( - 16(||9*ﬁi> ¥ 1437')4)

Theorem S.4. Let Assumptions 1 and 2 be true, and let B(f) :=n"t> 1, y 0F — <5,f>ﬂ =Y0* — <6,f>7_[
be the minimizing 5 € I, for fixred f € H, in the modified empirical risk. There exists constants Cy,Cy > 0 such
that for alle > 0

Cone? )

B( b [Remol ) = Remp (8| > ) < Crewp (= 120

feH,

Definition 1. The empirical measure T}, with respect to {z;}I; is defined as Ty, :=n"1 Y7 | §(z;), where §(z;)
is the point mass at x;. The space L*(T}) is the set H, equipped with the semi-norm

£y 2= | SO F @R = | = S (@), F)
i=1

Definition 2. Let (X, d) be a pseudometric space. An e-net is any subset X C X such that forany x € X, there
exists a T € X satisfying d(x,T) < e. The e-covering number of (X, d) is the minimum size of an e-net for X.

Remark 1. Distances in H, are given by the semi-norm generated by L*(T,). Distances in I, are given by the
Euclidean distance d(B1, 82) = |81 — B2l
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S.2.3 Proofs of Supplementary Theorems

Proof of Theorem S.1. Let {(x;,y;)}32,,1 be independent from {(x;,y;)}", and identically distributed set of
n pairs, and let T, be the empirical measure on {(x;,y;)}?%,. Let Remp( f,B) be the modified empirical risk on

{(zi,yi)}1, and Rgmp(f, B) on {(z;,y;)}?"41- By symmetmzatlon lemma (see, for example, Lemma 2 in [1]),
for ne? > 2

B (RS~ Rl 90} > <) <28( s {Ril£:8)~ R0} > 5 )

feHH, , Belr feH,, Bel,

Let ¢ = 64(|0*||oo + #7), and let {fi,..., far} be the smallest L?(T,) /v2c-net of H, and {Bi,...,Bx} an
g/c-net of I.. Applying Lemma 4 to the above display

P(fei‘f%g{ (/25) — Romp(f: >}>e) s2@(%?@?}{1%1,@,5)—Eempmm}>j).

Applying Lemma 5 to the right-hand expression gives the final inequality

~ Cl’rz n52
P R — Remp(f, < 2{1+ 2(||¢* — — .
(e, LD = Ry £:0) > ) <200 2000 e+ <)oo () 0 (= )
This completes the proof of Theorem S.1. O

Proof of Theorem S.2. Let B(f) =Y6* — <5,f>7_[. By definition of ]?, 5 = B(f), Remp(f B) >R (f B) On

~

the other hand, since Remp(f) < Remp(f),

Reunp(f, B) = Rewp(f. B) = Remp(F. B) — Remp(f) + Remp(F) — Remp(f) + Rewmp(F) — Remp(f. 5)
< Remp(f, B) = Remp(f) + Remp(F) — Remp(f. B)
< Rewp(f. B) = Rewp(f, B(F)) + Remp(f. B(F)) = Rewmp(F) + Remp(f) — Remp ([, 5)

+2 SUE ’Remp(f) - Remp(faﬂ(f))‘ .

I

The union bound and de Morgan’s law proves
~ ~ A~ ~ ~ ~ 5 €
- < - =).
P(Renp(F. B) = Bemp(F.B) > ¢ ) <B(L> 5) +P(L > 5)

Consider I

~ o~ ~ ~ /\’

]z?zcmp< 7, B) = Remp(F, B(F))

n

— 2 (e - {o) -, 7)) - > (we - VE (e -3, F) )|
_ ziiye*(yje* - <‘I>(xi) _ 3, f>H) - ii(ye*)?]

n

= |77 - 207) - > (9 - )

i=1

"

= Yo%

By Lemma 7, there exists C; > 0 such that P(I; > € /2) < 2exp(—Cine) for all € > 0. By Theorem S.4, there
exists constants Cy, C3 > 0 such that P(Iy > ¢ /2) < Cyexp[—C3(ne?)/{1 + (k7)?}]. Combining the bounds for
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I; and Iy gives

~ ~s = ~ ~ Csne?
( emp(f 6) - Remp(faﬁ) > E) < 2€Xp(—01n€) + Chexp ( - ]__’_3(7&7_)2)
Csne?

< _ o
< Cyexp ( 1+ (KT)Q)

for some constants C; > 0. This completes the proof of Theorem S.2. O

Proof of Theorem S.3. Consider

Ronp(f,B) = R(J*, 8°) = Remp(f B) = Remp(f*, B°) + Remp(f*, B7) = R(f*, B")

Remp(f*aﬁ*) - R(f*76*)7

IN

where the last inequality follows since Eemp(f, B) < ﬁemp( f*,8%) by the definition of f, E

Let z; := |y, 0% — B* — (®(x;), f*)4, |, then Remp(f*, 8%) = n~! >, zi is the average of i.i.d. random variables
with Ez; = R(f*, 3*) by definition of expected risk. Since |z;| < 4(||60* ||« + #7)?, by Hoeffding’s inequality

2
>e) < 2o (- 16(||9*|T\L:> n m)4>'

P(|Remp (", 87) = R(f*, 57| > €) = (| *12 ~Ez)

O
Proof of Theorem S.4. By definition of Remp(f) and }Nfemp(f, B(1)),
Rermp(f) = Remp (£, 3 ZW - ~0, 1), P - Z [y 0" = B(f) = (®(i), [y I”
fZW— -3, f HF—*ZW* Y0" — (D(x;) — @, f),, I
Expanding the squares and cancelling equal terms yields
Remp (f) — Eemp(f’ﬁ(f))
_ % Y { WO = 2T (6= 0) (D(2) = B. £, — 2 (B(a) B £),, + 2 0°FF — (V)2

n

:fz{ 0? - e*)};Z{mé—e*)u ) =TSy f+ (OO
i=1
=1 + I(f) + I3,

where I; and I3 are independent of f. By the union bound and de Morgan’s law,

2 sup [Remp(7) = Remol £, B > ) <P(I0] > 5) +P( sup [B(1)| > 5) + (18] > 5).

We bound each probability separately. Since y; € R2 is an indicator vector of class membership for sample 1,
using the definition of # and 6*

1 m * " *
L] = \nZ{@J 0)2 — (702 }] < max| (57 0)? — (47 0")% = max (Ina /m2 = 71 /72, Ina /s = w2 /m).

By Lemma 6, there exist C1,Cy > 0 such that P(|I;] > ¢ /3) < Oy exp(—Cane?).
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By Hélder’s and Cauchy-Schwarz inequalities

[12(f)]

ST 0) (@) - 1), |
=1

IN

iiﬂy?(@—@ﬂl (@) ~ B, f), |

< 2||;7— 0" || 0o miax\ (B(xi) — D, f),, |

< 2max (| v/ /mz = v/mi/mal, [v/nafny = /ra/mi] ) max [ (a:) = Bl [
< 4max (‘\/”1/”2 — V/m/mol, |\/n2/n1 — \/772/7T1|)m-7

where we used Assumption 2 in the last inequality. Since the upper bound does not depend on f, the same
bound holds for sup ¢4, [I2(f)]. Combining the bound with Lemma 6 gives for some C3,Cy > 0

IP’( sup |L(f)| > 5) < P(max (|\/n1/n2 - \/wl/ﬁg\,\\/ng/nl - \/7T2/7T1| > i) < Csexp(—Cy

feH,

(/@7')2)'

By Lemma 7, there exists C5 > 0 such that P(|/3] > ¢ /3) < 2exp(—Csne).
Combining the bounds for I;, Is and I3 gives

2

~ ne
P( fSHE | Remp (f) — Remp (f, B(f))| > 5) < Cy exp(—Cyne?) + Cs GXP(—C4w) + 2exp(—Csne)
€M,
2
ne
< _ =
v ()
for some Cg, C7 > 0. This completes the proof of Theorem S.4. O

S3 Supplementary Lemmas

Lemma 1. Consider minimizing f(w) = 27w Qu — BTw+ 27 \||wl|; with respect to w € RP with w; € [—1,1],
where @ is positive semi-definite and X > 0. If X > 2||8|co, then the minimizing w is the zero vector.

Proof. Consider 27 \[|wl|; — B8Tw = >0 (A/2|w;| — Biw;). If A > 2||B]| o, this expression is non-negative for all
w € RP and a minimum occurs at w = 0. Since @ is positive semi-definite, wT%Qw is always non-negative with
a minimum at w = 0. It follows that for A > 2||8]|» the sum of these terms attains minimum at w = 0. O

Lemma 2. Let M = [(CKC)? + ny(CKC)|"CKC, then |M|op < (ny)~?t.

Proof of Lemma 2. The kernel matrix K is positive semi-definite since by the reproducing property for any
a e R™

2
> 0.
H

a Ko = <Zl a;®(z;), Eai¢(xi)> = H Zl a; ®(z;)
i= i= H 1=

It follows that CKC is also positive semi-definite. Let {\;}¥_, be the set of non-zero eigenvalues of CKC,
then {\;/(A\? + ny)\;)}r_, are the non-zero eigenvalues of M = [(CKC)? + ny(CKC)]~"CKC. The function
t + t/(t* + n~t) is bounded above by (ny)~! for ¢ > 0, hence || M||op < (ny) 7. O

Lemma 3. Let vy > 0. The minimizer ]? in (4) satisfies ||f||r;.t < 1/\/. Additionally, if Assumption 2 holds for
k>0, then || fllu < 2k/7.
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Proof of Lemma 8. Comparing the value of objective function in (4) at f = fvvith the value at f = 0 gives

= 53 0= (060 ~.7), [ 2171 < 5 31 -

where the last equality follows since n='0Y T Y8 = 1. It follows that || f]l» < 1/\/7-

On the other hand, since f = S ai(®(x;) — @), by the triangle inequality and Assumption 2
1l = || Yo ai@@) = )|, <D lallie(e) = Bl < max||@(a:) = Bllullals < 2lal < 2v/lall.
i=1 i=1

Since o = {(CKC)? + anKC’}_CKC’Yg7 applying Lemma 2 and using [|[Y 6], = V oY TYH = /n gives

|YOls _ 1
v SV

Combining the above two displays gives ||f|\7{ < 2k/7. O

a2 < [{(CKC)? + ynCKC} CKC|lop|[Y 82 <

Lemma 4. Under Assumptions 1 and 2, let {(x;,y;) ", and {(xj,yj) i n41 be two independent copies of i.i.d.
data, and let T, be the empirical measure on their union. Let Remp(f, B) be the modified empirical risk on
{(zi,y:) 1y, and R'emp(f B) on {(z;,y;)}2%, 1. Let ¢ = 64(||0* |0 + TK), and let {f1,..., fa} be the smallest
L*(T,) e/v/2c-net of H,, and let {B, ..., Bk} be an e/c-net of I,. Then

P( fseugl),.{éemp(f7 B) - emp( )} > > <fg{[%c)f}nl’lfzj§}{RemP(fa 6) emp(f 5)} > )
Bel: BE{B1,.- B }

Proof of Lemma 4. Let f € H,, B8 € I. be such that Eemp(f,ﬁ) emp(f,ﬁ) > ¢/2. There exists f; €
{fi,..., fu} and By € {B1,..., Br} such that || f; — fllr2(r,) < £/V/2c and |B — B¢| < €/c. Applying Lemma 9

gives

Zu )= fi(@)? <= and Z ) = fiw)? < <.

i=n+1

Applying Lemma 8 yields

[ Rennp(£,3) = R (F5: 8e)| < 8= (10" ow + 57) = =,

and similarly |Remp(f B) — emp(fj,ﬁm < ¢/8. Therefore, Remp(f B) — emp(f B) > ¢/2 for some f € H,,
B € I implies Remp(f Be) — ernp(f],,BZ) > ¢/4 for some f; and S;. Therefore,

P st Ronyl7:8) ~ o180} > 5 ) < P imize (R (15 1) ~ B (5,50} > 5 ).

H,, BEL, fel{fiysf
Je o€ Be{ﬂll, ,51;1}
O]
Lemma 5. Under Assumptions 1-3, let {f1,..., fa} and {p1,..., Bk} be as in Lemma 4. There exist a constant
C1 > 0 such that for all e > 0,
IP’( maximize {Remy(f,3) — R, (f;8)} > ) < N ex (— ne’ )
fe{fl 7f]M} emp I emp 4 = € p 128(”0*”00 + K,T)4 ]
BE{P1,--,BK}

where Nz = {1+ 2(]|0*||oo + £7)/ €} exp(C17%72).
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Proof of Lemma 5. Let 0 = {0;}?_, be i.i.d. Radamacher random variables, P(o0; = 1) = P(0; = —1) = 1/2. Let

2n

* o 1 *
emp Zgl‘y—ro < (xi)a f>7-[ ‘2a Remp = E Z UZ|yT9 ﬂ - <(I>(1‘z)7 f>’H |2'
i=n+1
Since (y;, x;) and (ynﬂ, Tp+i) are independent, and have the same distribution, the distribution of &; := (|y;' 6* —
B—=(®(x), fay > = lypi0" — B — (®(xn44), [)3 |?) is the same as distribution of ;. Let Z = {(z, ;) }?",
then

o |, (Rng(£5) = B (100} > 5 ) =P _ o (Reuy(1.5) = (.00} > 5.
BE{B1,-,BK } BE{B1,-- B }

Let A, be the event A,, ; = {Rgmp(fmﬁk) - E;ﬂlp(fm,ﬂk) >e/4tform=1,..., M(Z); k=1,...,K; where
M (Z) emphasizes the dependence of M on Z. Using properties of conditional expectation and union bound

Pz R > o UM(Z)U A,
8 <f6{;]1afi§f {Renp (1, 8) = Cmp( £} > Zo( k=1 Am.k)
ﬁe{ﬂlw,ﬁx}

—E, {IPU(UM(Z UK, A, k|Z)}
<Ey {M(Z)KPy(Ami|Z)}.

For fixed fn, Bx and conditionally on Z, the terms v; := o;(|y;' 0" — Bp — (®(@:), fin)y 12 — |Ynsil™ — Br —
(®(@n4i), fm)7 ), @ = 1,...,n, are independent, mean-zero random variables with [¢;| < 4(]|0%]|o + £7)%

Applying Hoeffding’s inequality gives

2

Po(Amkl2) = ( Zwl”/‘l‘z)<exp<_128(||e*T|L|;+m)4)'

On the other hand, since I, is a one-dimensional sphere of radius ||0*|| + k7, K is independent of the data and
K <1+ 2(]|0*||c + £7)/e. Combining this with the above two displays gives

]PZ,G‘ ( fE{JIC?,a)ff {Remp(f ﬂ) emp( )} > >

ﬁe{ﬁhnwﬁl{}
2

<{1+2(]|0% oo + £7)/e} Ez{M(Z)} exp ( - 128(||9*7ﬁio n m)4>'

Recall that {fi,..., far} is the smallest L%(T}) e/v/2c-net of H.,, with ¢ = 64(]|6*||o + 7). By Lemma 10

C 2
EZ{M(Z)} <  sup M(Z)gexp< o > (S3.1)
Z={(wi,y:)}22, <

for some constant C; > 0. Setting Nz = {1 + 2(||0*||oo + 7)/ €} exp(C17%e~2) completes the proof of Lemma 5.
O

Lemma 6. Under Assumption 1 there exist constants C1,Co > 0 such that for all € > 0,

]P’(max (\nl/ng 77T1/7T2|, |Tl2/’ﬁ,1 771'2/7T1|> > E) § Cl exp<f CQTlEz),

P(max (\\/nl/ng —/m/mal, Ve /n1 — \/772/771|) > 5) < Cyexp ( - anEQ).
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Proof of Lemma 6. We provide the proof for nj/ng, the proof for ny/n; is analogous. The first inequality
is equivalent to Lemma 1 in [2]. For the second inequality, by Taylor expansion of the square root function
centered at 71 /7y

\/nl/nQ — \/7T1/7T2 = 271\/7'('2/7('1(71,1/112 —7'('1/7'('2) —|—0(n1/n2 —7'('1/7'('2).

Since |ny/ng — w1 /72| = Op(n~1/2) by the first inequality, it follows that there exist a constant C3 > 0 such that
|/n1/ne — \/m1 /72| < Co{log(n~')/n}'/? with probability at least 1 — 7. Setting e = C3{log(n~!)/n}/? and
solving for 1 completes the proof. O

Lemma 7. Let Assumption 1 be true. For all e > 0, we have P((Y0*)? > ¢) < 2exp(—ne/||0*[|)-

Proof of Lemma 7. Let z; = y,' 0%, then z; are independent,

E(z) = E(y:) 6" = ﬂ'lﬂﬂ - qu/ﬂ = mmy —/mm2 =0
1 9
and
o n n
(Ye*)Z — (n—l Zyje*)Q — (n—l Z%‘)Q
i=1 =1

Since |z;| < [|6*|loc = v/ Tmax/Tmin, by Hoeffding’s inequality for £ > 0

P(’nilizi ’ > E) = P(‘nilizi
i=1 i=1

> VE) < 2exp(—ne/ (0" o).

O

Lemma 8. Let Assumptions 1 and 2 be true, and suppose that {f1,..., far} is an L*(T}) e-net of H. and that
{B1,..., Bk} be an e-net of I.. Then for any admissible f and B, let f; and By be members of the e-nets so that
\f = fille2(r,) <€ and |B — Be| <e. Then

|Bern(£.8) = Rem (£ 30)| < 8 (110"l + 7). (53.2)

Proof of Lemma 8. By the reproducing property of H, (®(z;), ), = f(z:), and

- . 1 n 1 n
Bomp(f,8) = Remp(f,8)| = | - Z [u 0" = B —(®(@:), )y * — — Z 97 07 = Be = (@), £}y, |

- fZ\yTe* - —fZW* 0= @)

— |22 ZyTe*{ﬁwm Bz—fj(xi)}Jr%Z[{ﬁJrf(xi)V—{ﬂe+fj(fﬂi)}2}‘

=1

<2010 |8 B+~ Z{fxz ~fila }M— {mf(m}?—{mfj(xi)}ﬂ\.

Il 12

Consider

h= 2065 - 61+ Z{f - Ge)| <21l {w - B+ %_Z F ) - fj<:ci>|}

s2|9*||oo{ [Dm fjxm}”z}

< 4107 [
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where we used n =1 >0 [|f (i) — fi(2:)[2)Y2 < [n V00 | F (@) — fi()|2]Y/? due to Jensen’s inequality, and
that ||f — fjHLQ(Tz) < € and |ﬁ — ﬁd < €.

Consider I5. Using a? — b? = (a + b)(a — b), the Cauchy-Schwarz inequalty, and Jensen’s inequality,

1 n
I=_ D AB+ fwi) + Be+ fi(w) HB — B+ fla:) — fj(xi)}‘
i=1
1 n
2sup |61+ sup |f 5; 18 = Bjl + | f (@) = fi(as)])
< 2"l + 7+ sup | (@), e+ Z|f (2:) = fi (@)
2167+ w77 ) (24| 2 Z ) = (o))
_ 45(”9*”00 n Qm).
Combining the bounds for I; and I; completes the proof of Lemma 8. O

Lemma 9. Let {(z;,y;)}?", be the data, and consider an L*(T,) e-net {f1,..., fa} of Hr. Then {f1,..., fu}
is an v/2e-net with respect to the empirical measure on half of the data {(x;,y;)}1,

Proof of Lemma 9. Since {f1,..., far} is e-net with respect to {(z;,y;)}?";, for any f € H,, there exists f; such
that

12n

o Z |f@i) = fi(@)]* < e

i=1

If 57 21221 | f(xi) — f](x1)|2 =0, then %21;1 | f(z:) — fJ(JEz)|2 = 0. Otherwise

v = F@ = | LS fa) — gy ) i @) = Sl
Zif )= fi) Do)~ L) PR

n S D) — fai(x)|?
_ \/22;;1|f(;) e znZ'f F el < Ve

3
i
—
=
—

|
o)
-

hence {f1,..., far} is v/2e-net with respect to { (@, y:)} ;. O

Lemma 10 (Theorem 2.1 of [3]). Let Assumption 3 be true, and Let M(Z) be the size of an L*(T}) e-covering
number of H, with data Z = {(x;,y:)}_,. There exists a C > 0 independent of n, such that

C 2
sup M(Z) < exp (72—) (S3.3)
Z={(%:,y:)}]—, €

Remark 2. [/] notes that “Theorem 2.1 of [3] considered only the Gaussian RKHS, however the proof of the
entropy bound for p = 2 in their notation only requires that the RKHS is separable.” It is this case which is
presented in Lemma 10.

References

[1] Olivier Bousquet, Stéphane Boucheron, and Gabor Lugosi. Introduction to statistical learning theory. In
Advanced lectures on machine learning, pages 169-207. Springer, 2004.

[2] Irina Gaynanova and Tianying Wang. Sparse quadratic classification rules via linear dimension reduction.
arXw preprint arXiw:1711.04817, 2017.



Alexander F. Lapanowski, Irina Gaynanova

[3] Ingo Steinwart and Clint Scovel. Fast rates for support vector machines using gaussian kernels. The Annals
of Statistics, pages 575-607, 2007.

[4] Chong Zhang, Yufeng Liu, and Yichao Wu. On quantile regression in reproducing kernel hilbert spaces with
data sparsity constraint. Journal of Machine Learning Research, 17(40):1-45, 2016.



