Bingcong Li, Tianyi Chen, Georgios B. Giannakis

Supplementary Document for ‘“Bandit Online Learning with Unknown Delays”

A Real to virtual slot mapping

For the analysis, let t(7) denote the real slot when the real loss l(+) corresponding to l~T was incurred, i.e., l i L)ty (1) - Also
define an auxiliary variable 5; = 7 — 1 — L;(+)_1. See an example in Fig. 6 and Table 1.

Lemma 6. The following relations hold: i) 5- > 0, VT; ii) 23:1 5, = Zle di; and, iii) if max; dy < d, we have 3. < 2d_, V1.

Proof. We first prove the property i) §; > 0, Vt. Consider at virtual slot 7, the observed loss is l;(+)(as(-y) with corresponding
5, =7 — 1 — Ly(r)—1. Suppose that L;(-y_; = m, where 0 < m < t(7) — 1 (by definition of L;(-y_1). The history Ly(-)_1 = m
suggests that at the beginning of ¢; = ¢(7), the number of received feedback is m. On the other hand, the loss l;(-)(as(-)) 18 observed
at the end of slot to = t(7) 4 dy(;) > t1, thus at the beginning of ¢2, there are at least m observations. Hence we must have 7 > m + 1.
Then by the definition, 5 > m+1—-1—-—m = 0.

Then for the property ii) Zf:l §r = Ethl dy, the proof follows from the definition of 5., i.e.,
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where (a) is due to the fact that {¢(7)}2_; is a permutation of {1, -- -, T'}; and (b) follows from the definition of L;_1.

Finally, for property iii), notice that L;(;)_1 > ¢(7) — 1 — d, which follows that at the beginning of ¢ = ¢(7), the losses of slots
t < (1) — 1 — d must have been received. Therefore, we have

_(e) _
§r=T7-1-Lyn1 <7—1—t(r)+1+d <2d @D

where (c) follows from that l;(-)(a(-)) is observed at the end of ¢ = ¢(7) + dy(-), and Lt(T)"’dt(r) _1 is at most t(7) + dy(r) — 2 (since
li(y(@y(ry) is not observed), leading to the fact that 7 is at most t(7) 4 dy(-y, and thus 7 — ¢(7) < dy(r) < d. O
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Table 1: The Value of t(7), Ly(,y—1, and 5, in Fig. 6.

(1) =2 t(2) =3 t(3)=1
Virtualslot | 7=1 | 7=2 | 7=3
i D2 I Iy P4 1 t(T) 2 3 1
_J_____L__L__-_J__J__m__J.--L-; Liyry—1 0 1 0
Sr 0 0 2

Figure 6: An example of mapping from real slots (solid line) to virtual
slots (dotted line). The value of ¢(7) is marked beside the corresponding
yellow arrow. In the example, we consider 7' = 3 with delay di = 2,
d2 = 0, and d5 =0.

B Proofs for DEXP3

Before diving into the proofs, we first show some useful yet simple bounds for different parameters of the DEXP3’s (in virtual slots). In
virtual slot 7, the update is carried out the same as (6), (7) and (8), given by

71 (k) = Br(k) exp | = nmin (81,1, (k)}], vk, (22)
a1 (k) = Ll(k) ‘12} vk 23
wra () = max { S IO @3)
(k) = LB gy (24)

Zj{:1 wr41(7)
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Since l;(k) > 0,Vk, T, we have

And 3K w, (k) is bounded by

Finally, p- (k) is bounded by

B.1 Proof of Lemma 1

K
pr-1(j) =1
j=1
5w, (k)
K o =L
=1 23:1 w"‘(])
wr (k) — + 62 =1+ 6a.
=1 0 ()

Lemma 7. In consecutive virtual slots T — 1 and T, the following inequality holds for any k.

Proof. First, we have

Pr—1(k) = pr(k) < pr-1(k)

- (k)

02 + nmin {61,1‘7—71(1{3)}

1+62

T @ ()14 82)

(;) W (k) pr—1(k) exp [— 7nmin {51,l~7—_1(/€)}]

1+ 0o

where (a) is the result of (28); (b) is due to (25). Hence, we have

pr(k) = Pr-a1(k) 2

Pr—1(k) exp [ — nmin {61, iT_l(k)}}

1+ 62

(;) ﬁ‘r—l (k)

— 1469

=Pr-1 (k)

1+ 62
[1 — nmin {41, zl_l(k)}] — proa(k)
—02 — nmin {61, l~7_1(k)}

- 137'71 (k)

1+ 062

where (c) follows from e~ > 1 — x and the proof is completed by multiplying —1 on both sides of (31).

From Lemma 7, we have

pr-1(k) = pr(k) < pr-1(k)

(52 + 771]’111’1 {(517 l~7—_1(k)}

1+ 92

Hence, as long as 1 — d2 — nd1 > 0, we can guarantee that (13) is satisfied.

B.2 Proof of Lemma 2

Lemma 8. The following inequality holds for any T and any k

(k) = s (6) < (1)1 = 1.0 fjﬁ”m(l ~min {61,717}

where I (k) := 1 (w- (k) >

Proof. We first show that
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It is easy to see that inequality (34) holds when I (k) = 0. When I (k) = 1, we have w, (k) = i (k)/( X1, @-(j)). By (28), we
have f, (k) < w- (k) = - (k)/ (3}, @ (5)). from which (34) holds. Then we have

2

P (k) [1 ~ (k) Zij‘H(j) (1= nmin {61, lll(j)})} 35)

where in (a) weusede™ > 1 — . O

The proof of Lemma 2 builds on Lemma 8. First consider the case of I (k) = 0. In this case Lemma 8 becomes p- (k) — pr—1(k)
Dr(k), which is trivial. On the other hand, since I (k) = 0, we have w, (k) = %2. Then leveraging (28), we have pr (k) < w, (k) = %.
Plugging the lower bound of p-_1 (k) into (28), we have

]57(,1{,‘) 0o 1 02 K(l + 52)

< = < = =14 do. 36
P S Kpa() S K 6 o (0

Considering the case of I (k) = 1, Lemma 8 becomes

Br(k) = Br-1(k) < pr(k [ §Kj () (1 = mmin {0, - 1@)})}

j=1
K
Z )min {81, -1 (k)} < np (k). (37)
Rearranging (37) and combining it with (36), we complete the proof.

B.3 Proof of Lemma 3

For conciseness, define é; := min {lir, 61-1} , and correspondingly &, (k) := min{l, (k), 6, }. We further define W, = Zszl wr(k),
and W, := Zszl wr (k). Leveraging these auxiliary variables, we have

Kyexp [ - ner(k)] = Z wr (k)

Wri1 = E w41 (k

kz >
> Q:(f [ ZPT () eXP [— nEIT/iZ)VV—TncT,l(k)]

(38)
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wra () exp [~ nér(k) ~ner (0] ZK: (k) exp [ —n 327, & (k)]
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Then, for any probability distribution p € A noticing that the initialization of @, (k) = 1, Vk and hence W1 = K, inequality (38)
implies that

K T T u T+
Z (k) exp [ ZCT ] Zexp [ Zcf(k‘)} < Wi H (WTWTH) (§> K1+ (52)T H W, (39)
k=1 T=1 T=1 T=2

where in (a) we used the fact that W < 1 + §2. Then, using the the Jensen’s inequality on e™*, we have

ipuc) exp | - niw)] > exp [— 5 ip(m(m] (40)

k=171=1

Plugging (40) into (39), we arrive at

K T T+1
exp|: 1Y plk)é (k)} <SK(1+8)" [] W- (41)
k=171=1 T=2
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On the other hand, W, can be upper bounded by

=103 BB s () + L3 e a() e ()] @2)
k=1

InW, <ln (1 — anffl(k:)cT,l(k) + % Zﬁfﬂ(k) [CT 1(k)]2)
k=1 k=1
0> e 0 () + S e a(B) e () @3)
k=1 k=1

K T

—n ) > p(k)E (k) < Tn(1+62) + In K —n Y " pr(k)Er (k) + 5 D0 pe(k) e (k)] (44)

k=171=1 T=1k=1 T=1k=1

Rearranging the terms of (44) and writing it compactly, we obtain

Z (b~ _p)TéT STln(1+i2)+an N g Zzﬁf(k) & (k)]

=1 T=1k=1
TIn(146,)+In K L&
S%%zzpf(mf(m% (45)
T=1k=1

B.4 Proof of Theorem 1

To begin with, the instantaneous regret can be written as

K K
pili—p'l :Zpt I ( Zp
k=1 k=1
@ M] N [M]
— { pt ;;;p pt(k)
s ))E [lt(k)ll(at =k) pt+dt(k):|
k:l ‘ Pita, (k) pe(k)
K
pt+df L(k)1(ar = k)
Sma gl pe(k Eat{ Pr+d, (k) }
® <m]g pt;détk() )>Eat [p:[t‘t‘f’dt - pTit\Hdt] (46)

where (a) is due to E,, [%] = l(k), and (b) follows from l}m_dt (k) = %.
t t
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Then the overall regret of 1" slots is given by

T T
(k . .
Regr = [Zp:lt] - PTlt < E[Z (kapde (k) ))Eat [P;rlt|t+dt - Ple|t+dt]}

t=1

- T
(e) t(T)+d (T) (k)
“E|> (m,?x t )Eam Pt(r)’t(ﬂ\t(mdt(v) P lt<7>u<7>+dt<v>H
-r=1
@ v Pi(r)+a
D g ( T f(T) )]E B pt . l TiT]:|
; Doy (K ay(ry |Pe(rbr
(e g Pt(r)+d ~ -
=E Z (m ax — 1y t( ) )Eam) Pros, lr _PTlTH
L —1 pr(f)
T
Di(r k - - ~ ~
[Z (m oy DHOF e ( )) (Eatm [ﬁjfgflT qilf] +Ea,(ry [TlT 7pTlTD] Ch))
—1 Dt(r) k;)
where (c) is due to the fact that {¢(1),¢(2),...,¢(T } is a permutation of {1,2, ..., T}; (d) follows from I+ = Ly (7)js(r)a,(+); (€) uses

the fact bt = ﬁLt_1+1 and DPi(r) th(,.) 1+1 p‘r Sr-

First note that between real time slot ¢(7) and ¢(7) + dy(+y, there is at most d+ dyry < 2d feedback received. Hence the corresponding

virtual slots will not differ larger than 2d. Note also that the index of virtual slot corresponding to ¢(7) must be no larger than that of
t(7) + dy(-y. Hence we have for all 7 € [1,T],

Pe(r)+dy () (K) < Pria (k) ) 24 () { 2d 1 }
max ————— < [ max ———= < max< (1 + 6 , ——— (48)
o () 5 ) S I TAE
where (f) is the result of Lemma 2.

Then, to bound the terms in the second brackets of (47), again we denote ¢, := min {l;, 01 - 1}, and correspondingly ¢, (k) :=
min{l, (k), 61} for conciseness. Then we have

.
- - T ~ T~ -\ (9) - . -
Pl Cr—P; & = & (Pr—s, — Pr) = &-(m) (Pr—s,44(m) = Pr—s, +j11(m))
j=0
= 92+ 72 (m) =
2 T—38++7 ~ ~ ~
Z Pr—sr+4( # <& (m) Y (MPr-s,+5(M)er—s,+5(m) + 62)
j=0
5.—1
<l(m) Y (r—s,45(m)lr—s,45(m) + 62) (49)
Jj=0

where (g) follows from the facts that l~7 has at most one entry (with index m) being non-zero [cf. (59)] and 5 > O [cf. Lemma 6]; and
(h) is the result of Lemma 7. Then notice that

(50)

o Lin(k) W< @W)M 1
L (k)pr(k) = —2 25 (k) < ( max = < 7
(k)p- (k) Pt(-r)+dt(r)(k)p (k) ko pryi(k) (1 — 02 —ndy)2d

where (i) uses the fact that between ¢(7) and t(7) + dy(- there is at most 2d feedback; then further applying the result of Lemma 1,
inequality (50) can be obtained. Plugging (50) back in to (49) and taking expectation w.r.t. a;(,), we arrive at

Ea,, [Pr—s, & — Pr &) < (LMQST) Pery (B) (k)

t()[ ] (1—52—775) ;t()
(7) 1 N8,
<K - = + 025, 51
= u—&—w&&u—&—mmf*ﬁ) GD

where (j) follows a similar reason of (50). Then, noticing Zle 5r = Zthl diy = D, we have

T
T T KD n
Ea,,, [Pr—s, & — Pr &7] < . 432 ). 52
2 Bougr [Prs-&r =P c]*(1—62—n61)2d((1—62—n61)2d+ 2) 2

T=1
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Using a similar argument of (50), we can obtain

2 B lfT k
]Eat(q—) [ﬁ-r(k) [lT(k)] ] — pﬂk)#” 1

Py (k) € ——————5 (53)
p?(7)+dt(7—) (k)

Then leveraging Lemma 3, we arrive at

T T K
- T ~ Tln(l+ )+ InK n B -
ZEatm (B —p)"&] < ( nz) 5 Z ZE“M [pT(k) [lf(k)]z]
=1 T7=1k=1
Thn(l+62)+InK nKT
< =. 54
= 7 =5~ ) oY

The last step is to show that introducing §; will not incur too much extra regret. Note that both ¢, and I, have only one entry being non-

zero, whose index is denoted by m.,. Notice that [, (m.) > & (m.) only when I, (m,) = Lo ()

W > 61, which is equlvalent to

Pi(r)+dy () (Mr) <li(r)(ms)/61 < 1/61. Hence, we have

< B [(Br = B) &) + 3 By [ m2) (1 (m7) = e (me)) L (pucoy iy (me) < 1/61)]

T T
< B [Br = B)T 6] + 3 By [ (mo)le ()L (b ap o (mr) < 1/0)] (55)

where in (h), m, denotes the index of the only one none-zero entry of I, and p is dropped due to the appearance of the indicator
function. To proceed, notice that

K
pt(T)(k/‘)lt(T)(k) ~
Pe) B 5 V1 (pyieyas oo () < 1/6

k=1 Pe(r)+di () (K) (&) ( o) (F) / 1)

@ Y, ﬁf(k)ﬂ(ptuwdt(r)(/_’f) <1/%) _ i pr (k) pt(f)+dt<r)(k)1(pt(f>+dt(f)£k) <1/61)
- (1 =02 —nb1)* = Di(r) 4y () (K) (1 =02 —ndy)>

(4) K

51(1 — 0z — nor1)Hd

(56)

where in (i) we used the a similar argument of (50); and in (j) we used the fact z1(z < a) < a.

Plugging (56) back into (55), we arrive at

- T . T~ KT
3 B |3 = D) T £ 3By [0 D) ]+ 57)

T T

S Ea [(Brs = 52) L] €3 Bay [ (55 —50) ] + KD (58)

T=1 T=1

For the parameter selection, we have 7' In(1 + d2) = T'In(1 + ”%) < Ine = 1. Leveraging the inequality that ¢ < (1 — 2x) 2" <

4,z € INT, we have that
1 1
- < —
(1 —=md1)2® = (1 — 02 —nd1)>?

- o). (59)

From (59) it is not hard to see the bound on (48), which is

Di(r)+dy(r) (k) { 2d 1 }
max —— % < max4 (1+ 4 ,————— » = O(1). 60
(k) S (1+402) A= non) (1) (60)
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Then for (52), we have

T

. - ST ~ KD n
Ea S s ér—prés| < ( _+5):0 KD + 6,KD).
; t(T) [p T p ] — (1 _ 62 _ n61)2d (1 _ 52 _ n51)2d 2 (17 2 )
For (54), we have
T
_ T~ Thn(l+62)+InK nKT ( l+an>
E, - —p) ér] < - =0(nKT + —/———).
2 o [(pr=p) o] < " T ey T
Using (62) and the selection of §;, we can bound (57) by
iE Itz fﬁ)T[]<§T:IE (B —5)ér] + KT ,:o<nKT+71HnK)
~ at(r) T T = < @t (T) T T 81(1 — 82 — ndp)4d ’
Using (61) and the selection of §;, we have
T T
~ _N\T5 _ L\ T o KD
s = < s — - = .
;E%) |(Br—s, —B:) T] < ;Eatm |(Br—s, —Br) & ] + 56y oyl = OKD +&KD)

Plugging (60), (63) , and (64) into (47), the regret is bounded by

RegT—ZEpt Zp”z =0(/(T+D)K(1+InK)).

t=1

C Proofs for DBGD

C.1 Proof of Lemma 4

(61)

(62)

(63)

(64)

(65)

Since fs¢(+) is L-Lipschitz, we have gj¢ (k) < %LH(SekH = L, and thus ||g,¢|| < VK L. On the other hand, let V; := V fo. (1),

and V|, (k) being the k-th entry of V ;. Due to the 3-smoothness of f;;(-), we have

1 B .2 d
gote(K) = Vape(h) < 5 (69 Juen + 56%) = Vip(h) = %
suggesting that [|gs); — V foe(xs)0)|| < %\/E
C.2 Proof of Lemma 5
Lemma 5 (Restate). In virtual slots, it is guaranteed to have
&7 — @&r—s, || <3 VKL
and for any x € X5, we have
~ 2 ~ 2
e e

~T [~ 772 2
ng., (mT—m)SEKL + 3

Proof. The proof begins with

5r—1

(a)
I&:—5, = &) < > @545 — Brs, 1541l < 75 VEL

where (a) uses the fact that ||, — &-41]| = H:TUT — s [ — ng-] H < 1n||g-||- The first inequality is thus proved
Then, notice that
[#r11 — |* = |2+ — 2||* = |12, (& — o] - 2* ~ |2 — ]
(b)
L e o g 5 — o = 2067 (3~ 2) + o' |

where inequality (b) uses the non-expansion property of projection. Rearranging the terms of (70) completes the proof.

(66)

(67)

(68)

(69)

(70)
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C.3 Proof of Theorem 2

Lemma 9. Let hi(x) = fi(x) + (g¢ — Vft(wt))Ta:, where gi = gyt4q,. Then hi(x) has the following properties: i) hi(x) is
(L + %)-Lipschitz; and ii) he(x) is B smooth and convex.

Proof. Starting with the first property, consider that
he(@) = he(w)]| = || fe(@) + (g = Vi(@:) '@~ fily) = (9 — VSul@:)) o

(a)
< @) = i)l + o - Ve lo — il € (£+ 2K Yoy an

where in (a) we used the results in Lemma 4. For the second property, the convexity of h () is obvious. Then noticing that Vh(x) =
Vfi(x) + gt — V fi(x:), we have

h(y) = he(@) = fi(y) = ful(@) + (g0~ Viul@:) ' (y — )
< (V@) (@ -2)+ 5y~ a2l + (9~ V() (- @)
= (Vi) "y~ )+ Dy o 72

which implies that h;(x) is 8 smooth. O

Then we are ready to prove Theorem 2. Let hy () := fi(x) + (g — Vft(mt))Tm, where g; := g¢|¢+q,. Using the property of h:(x)
in Lemma 9 as well as the fact Vh.(x:) = g, we have

I
1M
/N
T
B
|
N
D)

*
S~
+
—~
©Q
|
<
=
)
=
—
8
*
|
8
N

<> (ht(wz) - hz(wé)) + i (ht(mg) - ht(m)) L RTBSVE

2
t=1

< XT: (ht(mt) - ht(m5)> + 5RT(L +

B6VK\ = RTBSVK
. )+ > (73)

where in (a) 5 := ILx; ("), and the inequality follows from the results in Lemma 4; (b) follows from the fact that h¢(-) is (L+ %)-
Lipschitz, as well as ||&s — z|| < JR.

Hence, at virtual slots, it is like learning according to hy (), with Vh(x,) being revealed. With the short-hand notation h.(-) :=
hi(ry(+), we have (using similar arguments like the proof of Theorem 1)

T T T T T B T B
D hi(@e) = > ha(@s) =D hige) (@iir) = D huiry (@) = > e (@r-5,) — Y he(s)
t=1 t=1 =1 T=1 T=1 =1
T B T B T B T _
=Y he(@rs5,) = Y b (@) + D hr(@r) = D hr(ms). (74)
T=1 T=1 T=1 T=1

The first term in the RHS of (74) can be bounded as

- - - - ©) (d)
he(Zr—s,) = hr(Z7) < ||hr(@r—5,) — he(87)]] < (L + %) |&r—s, — @& < 98, VKL <L+ 552“?) (75)

where (c) follows from Lemma 9; and (d) is the result of Lemma 5. Hence, using Zle §r = D in Lemma 6, we obtain

T T
> he(@ros,) = Y he(d) < nD\/RL<LJr 55‘2/?) (76)
T=1 T=1
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On the other hand, by the convexity of &, (-), we have

hT(i:T) - iLT(wts) S (Vﬁr(ir))—r(ir - wé) - [VET(QT) - gT]T(iT - :1:5) +§7T (jf - 936)
(e)
< Bll@r = @i, (|2 = @s|| + 87 (& — 25) < BR[Er — Frs | + g7 (2 — 20) (77)

where (e) is because ET() is B-smoothness [cf. (Nesterov, 2013, Thm 2.1.5)]. Taking summation over 7 and leveraging the results in
Lemma 5, we have

T 2
> he(@-) — he(ms) < ZnsTWLﬁRJr Z ”|gfy| + B < nDVEKLBR + KL2 }}7 (78)
T=1

Selecting § = O(1/(T + D)), (76) implies

> (@, g (&) <nD\FL<L+56;/E)=O(?7\/ED). (79)

T=1
Inequality (78) then becomes

T 2
Z hr(x5) < nDVKLBR + TKLH‘%:O(?;KTJFWEDJF%). (80)

Plugging (74), (76), and (78) into (73), and choosing n = O(1/+/ K (T + D)), the proof is complete.

C.4 Proof of Corollary 1

To prove Corollary 1, we will show that

T K T
ZZ (@) = Y filz) = OVEK). 81)
t=1 k=0

t=1

Using the S-smoothness in Assumption 4, we have for any k& # 0

ulwes) — flw) < (V@) o w0+ 0 <1V sl + 20 5
Then leveraging the result of Lemma 4, we have
IV fe(xe)ll = IV frjesae (@epera )| = 1V Fojeva, (®ejerar) + Gejera, — ejera |l
< Ngejesarll + IV Feera, (Tejera,) — Geera, | < VEL+ % (83)
Plugging (83) back to (82), we have
fil@er) — frlw) < SVEL + Wf 532 O(T*/fD) (84)

where (a) follows from 6 = O ((T + D)’l). Summing over k and ¢ readily implies (81).





