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7 Previous Results

In this section, we recall several results about the idealized HMC dynamics from the companion paper [33].
Consider two solutions (qt(l),pgl)) and (qt(z),pgz)) of Equation (2.2). Denote by ¢; := qt(z) —qgl) and p; 1= pgz) —pgl)
the differences between these solutions, and denote by §; := ||G:||2 and p; := ||p¢]|2 the magnitudes of these
differences. The following is Theorem 3 of [33] (or, equivalently, Theorem 6 in the combined arXiv preprint [34]):

Theorem 3 (Contraction For Hamiltonian Mechanics with Convex Potentials). For 0 < T < ﬁ \/N’Z2 ;

i < 1= ST <o (1)

We will also require the following intermediate bound on the stability of solutions to Hamilton’s equations, which
is the first part of Lemma 2.2 of [33, 34]:

Lemma 7.1. For allt >0,

G < kMo 4 fpe VI (7.2)
Pr < ki MaeVMe — g/ Mye™ VM2

Po S Po )

where k1 = (Go + x/Tb)’ ky = 1(Go — S

8 Leapfrog Integrator

In this section, we bound the error of the leapfrog integrator when it is used to approximate the continuous HMC
dynamics. Recall the notation ¢}, p; from Equation (2.4).

Lemma 8.1. (Leapfrog method error)
Fiz 6 > 0. We have

M,

5 (a, P) — go(a, p)|| < 6° Ulq) + %II].DII2 (8.1)

and
1
IPi(a. P) — po(a, p)| < 36° Mz [U(a) + 5[] (8.2)

Proof. For all t > 0, we have by conservation of energy that

Ularla.p) + 3l (a.p)> = Ula) + 5

@ Pl < U@+l 83)

and so we also have
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This implies

/ llge (a,p)ll /
0 aaoDl < | [ D e U ] (5.4
llg: (a,p)l
< / Mads = My gs(a, p)|
0
Ea. (8.3) M. 1
< 2 U(<1)+§||10H2 vt > 0.
Therefore,
| ( /tU'( (q,p))d </tllU’( (a,p))[lds <t x M U( )+1H 12
- ) s ) S| = El ) EERS a )
p—pi(q,p | Ulas(a.p ; qs(a, p N a)+5lp
for all £ > 0, and so
0 ]
la+pl — go(a, p)|| = (p — pe(q, p))dt S/ Ip — pe(a, p)l|dt (8.5)
0 0
</0“< e\ Jut@ + glplr = 52 [U(a) + S lpl?
</ N a) +5lp F a) + 5lIpl*-
Continuing,
1 27171/ 1 2 !
la+pf— S0V (@) —go(a, )|l < lla+pf — qo(q, p)| +30 U (q)]| (8.6)
Eq. (8.4),(8.5) 1
< 92 U = lpll2.
< F (q)+2||p||

This completes the proof of Inequality (8.1).

We now prove Inequality (8.2). By the conservation of energy bound, |p:(q,p)| < v24/U(q) + |pl||? for all

t > 0, so we have
1
lg:(a, p) — all < tV24/U(q) + 5 lpl?

for all ¢ > 0. Applying this bound gives

) ) llae(a,p)—all )
1U"(a:(a,p)) = U'(@)l| = / D gam-a U (5 (8.7)
0 Taca.p)—al "\t (AP
llge(a,p)—all ,
< D qt(q,P)—4d U d
= A ‘ e M INCRACES) ’ s
llge(a,p)—all 1
</ Myds = Malai(a, p) — all < Mat V2 [U(a) + 5 |12
0
Applying this bound to the quantity of interest,
0
Ip+6U"(@) = o)l = | [ (U'aa.p) ~ U (@) (53)
0

< / U (qe(a, ) — U (@)t

o 1 1 1
< | Motv24/U(q) + = ||p||2dt = —=6°May/U(q) + = |p||2-
< [ ava V(@) + lplar = 200 V(@) + Sl
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We also have

U (g5(a,p)) = U' (@)l < |U"(¢5(a,p)) — U'(ge(a, p))| (8.9)
+ U (g9(q, p)) — U'(a)]
< Ms|lgz(q,p)) — qo(a, p)|l + U (g0(q, p)) — U'(q)]|

Eq. (8.6),(8.7) M. 1 1
< =\ /U@ + 5lpl?| +Ma0v2y[Ua) + 5 ]2

NI

1
< 4050 [U(a) + S pll,

where the last inequality holds since 6 < —VMTT

M, |62

Therefore,

_%92 U’(qﬁ(qJZ)) - U'(a) — p)H

H;az U'(g3(a, pe)) —U'(q) H

Hp+9U’(q)

<|lp+0U'(a) — pe(a,p)|l +

BB L e Ju@) + Spl? + 200107 (65 (@ p)) — U (a))|
< \/i 2 q 9 P 9 qp (49, P q;

&Y L g Ju) + Lipl2 + 20200 U (@) + Ll
< \/§ 2 q 9 p 2 q B P
1
< 362\ [U(@) + 5 oI

This completes the proof of the lemma. O

We find it convenient to define dedicated notation q}e : R xR — R? for the global leapfrog integrator as follows
(the global leapfrog integrator is used in steps 4-7 in Algorithm 2, where qz) = qTTO (X{,pi)). This will be used
throughout the rest of the paper.

Algorithm 3 Global leapfrog integrator

parameters: Potential U, trajectory time 7" > 0, and accuracy 6 > 0.
input: Initial point q € R?, initial momentum p € R<.
0 0
output: ¢i’(q,p), pf’ (a,p).
1: Set ¢ = q and p{ = p.
for i=0to [2 —1] do
Compute ¢;*! = g;(¢}, p}) and pi™ = pj(qi, p}).
end for
0 ; 0 ‘
Set ¢ (a,p) = ¢/, pYY (a,p) = pi™".

Lemma 8.2. Fix parameters T,60 > 0 satisfying 70 < T < ﬁ VJ\ZQ and % € N, and let qr}e be the function

defined Algorithm 3 with these parameters. Then we have the bound on position error

My

gt (a,p) — gr(a,p)|| <60 x T x H(q,p) (8.10)

and a bound on energy error

H(a}(a.p).p} (@) ~ H(ap)| < T2 H(a,p). (s.11)
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t="T

t=1T-"T, 0
4 .Q; (g0, p0) == ¢}

. 5 4 4
t=T T, (¢.p}) _m-="" q’ = qr, (45, P5)

(¢}, p? ,
t:T—Tl _—"‘k—m;’_)\.
(g1 .p}) y s
x’/ (¢%,p7) qr, (q%’p%)

.
.

(¢",p") qr(qo, o)

t=0 t="T

Figure 2: This is an illustration of the proof of Lemma 8.2. Steps taken by the leapfrog integrator are repre-
sented by black dashed lines. The true Hamiltonian trajectories are blue curves. Only the Hamiltonian trajectory
q:(q, p) on the bottom belongs to the idealized HMC Markov chain. We imagine the other Hamiltonian trajec-
tories to help us bound the error. The distance between (¢, p*) (blue dot, blue arrow) and (q%,p%) (black dot,
black arrow) at each time ¢t = T'—T; are bounded using Lemma 8.1. The distance between any blue dot at t =T
to the blue dot directly below it is bounded using Lemma 7.1.

Proof. In this proof we will use the notation of Algorithm 3. Define ¢! := qg(qi,p?() and p't! = py (q%,p%) for
every i € 0,1,..., %. Also set ¢° = q and p° = p. Set E := H(q,p) = U(q) + 3|/p[|*.

We will now prove the following claim by induction: For all 0 < j < %, the inequality

o , 0\°
IH(q¥7p$)—E|§J><7(T) E (8.12)

is satisfied. The case ¢ = 0 is obvious, since H(q?,p?) = H(q,p) = E. We now fix ¢ and assume that Inequality
(8.12) is satisfied for all 0 < j < 4; we then show that it is satisfied for j =i + 1.

Inductive assumption: Suppose that \H(q%,pﬁl) —EB|<ixT (%)2 E, and that 1 < % - 1.

Sinceiﬁ%flg and

Sl

< 2, Inequality (8.12) implies that

0 <1
T =T

. ; nservation ner; i i 0
H(q”l,p”l)co servation of Energy H(g},p}) §E+7TE§2E' (8.13)

Then Lemma 8.1 and Inequality (8.13) together imply that

, , M.
7+1 i+1 2 2
4 —q <O0°——=VE 8.14
I [y 4 (5.14)
and
Ipitt =™ < O*MyVE. (8.15)

But by Equation (8.13),

It < 2VE. (8.16)
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Therefore, by the triangle inequality,

I = P12 < oy = 2+ ™D = )12

(Ilp}

II;Dz+1 PP 2l = p x|

Eq. 8.1 .
< ”szrl z+1||2 + 2||pz+1 z+1|| « 2\/E

= [lpi" =™l > (o™ =™+ 4VE)

Eq. 8.15

< 0*MyVE x (>°MyVE + AVE)
= E0*My x (0> My + 4).

Also, Equation (8.13), together with Assumption 2.1, implies that

V2E,

lg™ I <
NG

and thus (again by Assumption 2.2) that

. Assumption 2.2 i Eq. 8.18 J/[.
10" (¢ )| < Myl < > V2E.
NG
Therefore,
Ulgit) - U™ < max 1" @) % g = g™

z€Convex Hull({g?+? ,q;*l D

Assumption 2.2

< (HU/( z+1)|| +M2qu+1 i+1H) % ||qz+1 z’-‘rl”

Fa. 319 [ My i i i i
< ( VIE 4+ Myl +1) < i — g+
Vme

Mo
\F
A/ T2 E

Eq. 8.14 / /[
b2 ( 2 \3F + Myp? M2 @) % 62
/12

V12
M2
< (\/§+ M292) w022 p

ma

Hence the total change in energy is bounded by

|H (¢, pi™") — H(qf, p})|
C ti fE i i i
onservation o nergy |H(q1z_+1’p$+1) H(qz+17p1+1)‘

Eq. 8.20,8.17 M2 1
e (V2+106%) x 6° "2 + SEORMy x (62Ms + 4)
mo

M3 M3 0 M3
< (4+1.5M0%) x °—2E < (4+15) x *—2E =55~ x T|*—=2FE
Mo ma T ma
o 1 Jma 2 <9)2
<55 —2E<7 E,
( 2\[ M2 ) mo T

(8.17)

(8.18)

(8.19)

(8.20)

(8.21)

where the second inequality is true since 0 < %—; < 1, and the third and fourth inequalities are true since

Vme 1
0<T< 9% < A

Therefore,

H i+1 l+1 E <8
‘ (qu 2Py )—E| <

(8.22)
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by inductive assumption 9 2 0 2 0 2
< ' = = = (¢ = .
< z><7<T> E+7<T> E (z+1)><7<T) E

This completes the proof by induction of Inequality (8.12) (and in particular this implies Inequality (8.11)).

Therefore, since % < %7

o 0\’ T
|H(q},p})—E|§ix7(T) E<E, VOgigg. (8.23)
Therefore, by Lemma 8.1
laf — || < 6? an‘/E and |p} —p'|| < *MoVE (8.24)

forallogig%

Define T; := T — 6 x i for all i. Therefore, since T;41 < T < Vi) < F for all ¢ < % — 1, we have by

— Q\f Mo
Lemma 7.1
gz (6™ P — am (g, PY) (8.25)
= ||qTi+1 (q?—lvp?_l) — 4T (qi+1>pi+1)||
i+1 z+1
Lemma 7.1 1 <” gy b} |> T T
< 7712
i+1 i+1
(” i+1 i+1|| Hp l) e~ i+1V M2
v My
1 H i+1 i+1|| ||pz+1 Zl—H” e
2 v Moy
i+1 z 1 le+1 i+1H 0
g el N
VM,
it Ipitt = pr |
llai* + == ¢
VMo
Eq. 8.24 M. 02 M5V E M.
< (02 > VE + %)egw > VE,
\/ M2 2 VM2
where the second inequality is true since 0 < T;41 < Jlﬁ and since the functions e’ +e~* and e’ — e~! are both

nondecreasing in ¢ for ¢ > 0; the fifth inequality is true since /ms < v/ M-

Therefore, since qT = q;?(q, ), To =T, and (q?, pf?) = (q,p), by the triangle inequality (see Figure 2) we have

16 T 0.0
lar (a,p) — gr(a, )|l = llay — az (a5, p})l

T _
T o . .
<llgf —qr . (g ( I+ |an+1 ¢ttt — an (g ph)|
(Z-1)
—2

= lla/ —‘1"||+ZHQTL+1 gt i) — ar (af, 9}l

Eq. 8.24 M, o
< 92F\F+ Z gy (@™ 07 — ar (af. ) |
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Eq. 8.25
<

I_2
M, < My T My
62— VE+ 662 VE < = x 662 VE.
A/ ; /Mo -0 /o

This completes the proof of Inequality (8.10). O

9 Mixing of Approximate HMC

In this section, we prove the main bounds used in the proof of Theorem 1. We first need the generic bounds in
the following subsection:

9.1 Perturbation Bounds for Markov Chains

We give some simple general bounds on small perturbations of Markov chains. As this section is not specifically
about HMC, the notation used here is essentially independent of the notation used in the remainder of the paper.
We begin by recalling the definition of the trace of a Markov chain on a set:

Definition 9.1 (Trace Chain). Let K be the transition kernel of an ergodic Markov chain on state space 2
with stationary measure p, and let .S C  be a subset with p(S) > 0. Let {X;};>0 be a Markov chain evolving
according to K, and iteratively define

c():inf{tZO : XtES}, Cit1 :inf{t>ci : XtES}.
Then
X,=X,, t>0 (9.1)

is the trace of {X;};>0 on S. Note that {X,};>0 is a Markov chain with state space S, and so this procedure
also defines a transition kernel with state space S. We call this kernel the trace of the kernel K on S.

Note that Equation (9.1) defines a coupling between {X;};>¢ and its trace chain {Xt}tgo; we call this the
“natural” coupling between a chain and its trace.

Recall the following bound from [35]:

Lemma 9.2. Let K be a transition kernel on R? with unique stationary measure ju and contraction coefficient
Kk > 0 satisfying

Wi(K(z,-), K(y,")) < (1 = r)llz =yl (9-2)

for all z,y € R Let Q be a transition kernel on R%. Assume that

sup Wl(K($7)7Q(I7)) <40 (93)
zERC
for some fixred 6 > 0. Then Q satisfies
1)
W1(771Q177T2KI)S(l_H)IW1(7T1,ﬂ'2)+; (94)

for all measures my, 3 and T € N. Furthermore, if Q is ergodic with stationary measure v , then

0

Wl (/Jv l/) < E (95)

We add the following short lemma:

Lemma 9.3. Let K, Q be two ergodic transition kernels on R? with stationary measures pn and v, letd : (R%)?
[0,00) be a nonnegative function, and let S C R? be a measurable set with u(S),v(S) > 0. Letx,y € S, let s €N
and let K, Q) be the traces of K,Q on S. Next, firz any coupling of {X; >0 ~ K, {Yi}i>0 ~ Q with Xy = «z,
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Yy = y, and let the pairs {Xt}tzo ~ K, {Xi}i>0 and {)Aft}tzo ~ Q, {Y:}i>0 be coupled according to the natural
coupling of a chain to its trace (as in Definition 9.1).

Then

E[d(Xs, Ys) 1p>s) < E[d(Xs, Ys)],

where

¢p=min{t : Xy ¢ S orY; ¢ S}.

Proof. We have

]E[d(Xs; }/;)17>s] = E[d(Xsa Ys)1¢>s]
Eld(Xs, Y5)],

IN

where the equality follows from the fact that {X,}7_, = {X;}7_, (and similarly for {Y;}7_,), and the inequality
follows from the fact that d > 0 and 14, € [0, 1]. O

We use these to prove the following bound, which we can use if the approximation of K by @ is not uniformly
good:

Lemma 9.4. Let K be a transition kernel on metric space R with unique stationary measure p and contraction
coefficient k > 0 satisfying

Wi(K(z,-), K(y,-)) < (1 =)l -y (9.6)

for all z,y € R%. Let Q be a transition kernel on RY. Fiz X > 0 and define V(z) = M. Assume that there
erists 0 < a<1,0< B < oo so that

<A -a)V(z)+5, (9.7)
K )[V]<(1-a)V(z)+8 Vz € RY.

Assume that there exists some % < (C < oo andd >0 so that

sup Wl(K(I7)7Q(I7)) <. (98)
z:V(x)<C
Then @ satisfies
21og(C) §  B(s+1)
Ly . < A T I o S s
Wi@ (@) < ZE (- w4 2+ T 421080 99)
for all0 < s <Z e N and all x satisfying V(x) < g Furthermore, if Q is ergodic with stationary measure v,
. 21og(C) 0  B(s+1)
< f 1—k)’+—+——— 21 . 1
Wilp,v) < O (1= £)*+ =+ ——=— (8 + 21og(C)) (9.10)

Proof. We make some initial estimates. Let {X7}7>¢ be a Markov chain evolving according to @ and started at
a (possibly random) point Xy satisfying E[V (Xj)] < g By Inequality (9.7),

EV(X7)] < (1 -a)E[V(Xz_1)]+8<... (9.11)
< (1—a)tE[V(Xo)] + g < % VZ € N.
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By Markov’s inequality, then,

2 1
Pl sup V(Xp)>r]< 2ls+1) (9.12)
I—s<h<T ar
for any fixed integers 0 < s < 7 and any r > 0. Rewriting this,
2 1
P[ sup eMXell> ] < B+l Vr >0, (9.13)
IT—s<h<ZT ar
and so
2 1
Pl sup || Xn||>7r] < Me_)‘r Vr >0, (9.14)
I—s<h<T «
which gives
E[( sup [ Xul) x I{ sup V(X,) > CY] (9.15)
T-s<h<Z I—-s<h<ZI
1
=E[( sup_ [[Xnl]) x 1{ sup [|Xp] = 1 log(C)}]
I-s<h<ZT I—s<h<T
Eq. 9.14 [
3 / 20(5+1) sy, _ 28(s+1)
% log(C) « )\CEC
Also, by Jensen’s inequality, Equation (9.11) implies that,
Eq. 9.11
AEXZI] < E[G/\HX:II} =E[V(X7)] qS %7
o)
and so
_ 28
E[|Xz[] < A~ log(=2). (9.16)

Now let {Yz}7>0 be a Markov chain evolving according to K and started at Yy ~ p. Then by Inequality (9.7),
E[V(Yo)] = E[V(Y1)] < (1 — a)E[V(Y0)] + 5,

which implies that E[V (Yp)] < g Therefore, by the same argument we used to show Inequalities (9.13), (9.15),
and (9.16) (but replacing K with @ and X}, with Y},), we must have, respectively,

2 1
B sup [Vl x1{ sup V(vy) >} < 2B8FD (9.17)
T—s<h<T T—s<h<T AaC
and
2 1
P[ sup eMVel > ] < 2Bls+1) Vr >0 (9.18)
T—s<h<T ar
and
2
E(|¥2l] < A~ log(22). (9.19)

(07

We now prove Inequality (9.9) using an explicit coupling. Fix integers 0 < s <7 < oo. Let {Xh}f;g, {Yh}f;g be
Markov chains with transition kernels @ and K respectively, and starting points Xo = x and Y ~ p. We begin
to construct our coupling of these two chains by allowing them to evolve independently over the time interval

{0,1,...,7—s}.
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Next, let Q, K be the traces of Q, K on the set {z € R? : V(z) < C}. Fix vy > 0. By Lemmas 9.2 and 9.3, it is
possible to couple two Markov chains {X;};>0, {¥;}:>0 with transition kernels @), K and starting points

v Xffsv V(X —s S(j
Xo=1{"7% (Xz-5) (9.20)
0, V(XZ_S) >C
o YZ—S7 V(YI—S) S C
7o, V(Yz_s) > C
so that
~ ~ 1)
E[[[Xs = Yi[[1g5s] < (1= k) sup lz =yl + =+, (9.21)
z,y: V(x),V(y)<C k
where

¢p=min{t >0 : X; ¢ SorY; ¢S}

Next, couple {X,}7_; . to {X,}i_, (respectively, couple {V,}7_; . to {Y3};_,) according to the natural
coupling of a Markov chain to its trace on a set (that is, the coupling in Definition 9.1). Defining 7x = min{h >
IT—s:V(Xp)>Cl vy =min{h>Z—s: V(Yy) >C}, and 7 = min{7rx, 7v }, we have:

El| Xz — Yz|] = E[| Xz — Yzl 1r>7] + E[| Xz — Yz 1, <7]
< E[|Xz — Yzl Lrsz] + E[([|[ Xz + [1Yz]]) 1r<1]
< E[| Xz — Yzl 1> 1] + E[(|Xz] + [1Yz]) Lry <z] + E[(1 X2 ]| + 1Y) 17y <1]
<E[[Xz = Yzl Lrsz] + E[([ Xz + [[YZ]]) Lry <z X (Lry <z + L7y 57))]
+E[([|Xz[l + 1YZ]]) Lry <z X (Lry <z + Lry>7)]
< E[|| Xz - Yz|| 1r57] + E[|| Xz]| 174 <1]
+E[|Yz| Lry <z] + E[[|Yz]| 17y <z X 17y 57]
+E[|Yz| Lry <z] + E[| Xz[| L7y <z] + E[| Xz|| L1ry <z X 11y > 7]
<E[|Xz — Yzl Lr>7] + E[|| Xz 174 <]

1
+E[|Yz]| 1ry <z] + E[X log(C) Ly <z X 15y >17]

1
+E[|YZ|| 17y <z] + E[| Xz Lry <z] + E[X log(C) Lry <z X Ly >7]

<E[|X, — VillLoog] 4 2B sup Xl x 1{_ sup  V(Xp)>CH
T—s<h<T T—s<h<T

) <
+ < log(C)P[ sup V(Xy) > C}]
A T—s<h<T

+2E[ sup |[Yi||x1{ sup V(Ys)>C}
T—s<h<ZI T—s<h<ZT

+10g(C) x P sup  V(Yy) > CY]
A T—s<h<T

Eq. 9.13,9.18 - -
< E[Xs = Y|lr>z] +2E[ sup [ Xp| x I{ sup V(Xp)>C}
T—s<h<T T—s<h<T
L 2B(s+1)

+2E[ sup ||[Vu||x 1{ sup V(Y3)>C}+ 21" log(C)
T—s<h<T aC

I—s<h<T

Applying Inequalities (9.15), (9.17), and (9.21),

B[] Xz — Yzl]]
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6 8 +1
<@-ry s ey O PO
2y V (@), V(5)<C ko Al

22 og(C) x 224D (ig D4y
210g(C) | 5 plat 1)
K

e W vrea

3 (8 +21og(C)) + 7,

. 2log(C
where the second line uses the fact sup, ,.v (), v(y<c |z — yll < %

completes the proof of Inequality (9.9).

Since v > 0 was arbitrary, this

To prove Inequality (9.10), we note by the ergodicity of @ and Inequality (9.9) that, for fixed = satisfying
V(z) <%,

Wi(v,p) = lim Wi(Q*(x,), 1)

L 2log(C) 5 B(s+1)
< Pt = Ay [ T T S
< i e |2 ey £ 0T D (54 v10g))
) 2log(C) 0  B(s+1)
= — (=Kt -+ == 21
se{IOI,ll,...} { A (1-r)"+ K + \aC (8 +2log(C)) |,
which completes the proof. 0

9.2 Bounds on unadjusted HMC Algorithm

We now prove a mixing bound for the unadjusted HMC algorithm described in Algorithm 2. The proof strategy
is:

e We use the error bounds on the leapfrog integrator proved in Section 8 to show that the unadjusted HMC
Markov chain described in Algorithm 2 is a “small perturbation” of the ideal HMC Markov chain described
in Algorithm 1.

e We use the “small perturbation” results of Section 9.1 to show that the unadjusted HMC Markov chain
inherits the good mixing properties of the ideal HMC chain (the latter are summarized in Section 7).

We set some notation to be used throughout this section. We always fix a target potential U that satisfies
Assumptions 2.1 and 2.2. We also fix integration time 0 < T < ﬁ VJ\Z 2 and let K be the transition kernel
defined in Algorithm 1 with these parameters.

For any 0 <6 < %, we denote by @ the transition kernel defined by Algorithm 2 with these parameters. We use
the notation from Algorithms 1 and 2 in our analyses of these algorithms. We begin with coarse bounds on the
behavior of the HMC chain:

Lemma 9.5. Set notation as above. Fiz C' >0 and 0 < A < 3%\/2m2 and define V(z) = M for all z € RL.

Let k := 5(v/myT)? and fix 6 > 0 such that 66T \/J\%\/Mg < k. Then for all z € R? we have the drift condition

K(z,)[V] < (1 -a)V(z) + 5, (9.22)
Qz, )Vl < (1 = a)V(z) + 5,

where
o 1_(1_’_6_%)6)\(—5—0—69T ;%\/Mg) CIHA(1+60T My) | /74
8= e’ (1-a).
Moreover,
M3 il
0 <(1-r+60T =2 14607 My) — 21 9.23
Joff o) < (1= w+ 007 V) ol + 1+ 00T am) L (9.29

for any z,p € R%.
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Proof. We begin by coupling two Markov chains evolving according to Algorithm 1 to a Markov chain evolving
according to Algorithm 2.

Let po, p1, - - - be independent N (0, I;) Gaussians. Recalling the forward mapping representation (2.3) of Algo-
rithm 1, we set initial conditions Xy = =, Yy = 0, and inductively define

Xip1 = Q7' (pa), Yie1 = QY (i)

for 4 € N. This gives a coupling of two copies {X;}i>0, {¥:}i>0 of the idealized HMC chain defined in Algorithm
1. We couple these two chains to a Markov chain (X, X7,...) generated by Algorithm 2 with starting point
X = Xo = « by inductively setting

X7?+1 = Q;Q(Xz{api)
for all 7 > 0. Note that the resulting Markov chain evolves according to Algorithm 2.
Define pg = po, s0 po ~ N (0, I3). By Theorem 3 we have

[ X1 =1l < (1= k) [|Xo — Yol = (1 = &) [ Xol|- (9.24)
Also, by conservation of energy for Hamilton’s equations,
1
U(Y1) < H(Yo,po) =0+ §||Po||2-

By strong convexity of U (Assumption 2.1), we have ma||Y1||? < U(Y1), so

[

1
Yi|| < —VU() < . 9.25
||1H_\/m—2 (1) < s (9-25)
Therefore, combining Inequalities (9.24) and (9.25),
ol
X1l < || Xy =Y+ |1l £ (1 = k) | Xo|| + Y1 < (1 — k) | Xo|| +
[ X1l < 1 Xy =Wl + Vil < (1 = ) [ Xol[ + [[Ya]l < (1 = &) [ Xol| N
and so,
A\ leoll
eMXall < A=) X[ Xoll " /2my (9.26)
Inequality (9.26) implies that
Alxal o J A= o )eMXoll [ Xoll = ¢’
N /8/5 ||X0H S Clv
RO’ A lrall A(1—r)C” 4 A-Lpol
where o/ =1 —¢ Vv2m2 and B = e v2m2 are random variables that depend on pg. Thus, for
any Xo,
AMXal < (1 — oYM Xoll g7, (9.27)

Now, |[po||* ~ x3, so by the Hanson-Wright concentration inequality (see, for instance, [23, 45]), we have
P(llpoll* > s +d) <e 5 fors>d.

Therefore, for any v such that 0 < v < %\/ng,

al

lroll ST

]P) e’y‘/’zmz > e’y 2m

[N

<e® for s > d
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and so

1
e 8

(V22 10g(r))? —d) for r > e Vo7z,

Q
T:
\/
IA

2L
However, for r > e v?™2  we have

—H (R 10g(r)*—d) _  Ld[ loa(r))— (Y52) log(r) _ phd,— () log(r)
< esdpTs 2V
Inequalities (9.28) and (9.29) together give
llpoll Sm V2d
P e\/m>7’]§eéd7ﬂ_é 5o V2d forr>e’y\/m,
and hence
ipgll 1 Eq. 9.30 o0 Ne
E|¢'Vims | T ”m+/ ebdpE T2 VR,
< j \/W
V2d _; V2d V2d
¢ Vems 4 1 sd+y

—_ NEEES (1+67%)€’Y\/m
1% B -
'VQW 1

where the inequality uses the fact that v < %6\/ 2msg. So we have

~ Aol 4. vl 1
E[e m]g(lJreS)e‘/m forO<’Y§T6 2ma.

Therefore,

E[e/\I\XlH] <9 71[43[(1_ oe A“Xo”}—i—]E[ﬂ’]

Il ’ llpoll
= o A ol 4 gl MO

]
9.31 , oaY2d v2d
S (1 +67%)67>\KC 6)\’/227:2 e)\HXoH _|_( +e 8) A(1-k)C e’\,/ﬁfz

where the assumption of Inequality (9.31) is satisfied because 0 < A < é\/ 2meo <

Next, since 60 T 24

L /50—
16 2m2.
Tz 0, we have

Moy
| —a=(1teh >\( K60 T 2 \/IT5) CHA1460 T M) | /74

_ V2d
2(14»67%) )\/{C-F)\\/W

and

/ A1—r)C A2l
B=e"(1-a)>(1+e 5)e = vame

Therefore, substituting Inequalities (9.33) and (9.34) into Inequality (9.32), we get

E[V(X1)] < (1 - a)V(Xo) + 8,
and hence

K(z,)[V]<(1-a)xV(z)+ 8.

(9.28)

(9.29)

(9.30)

(9.31)

(9.32)

(9.33)

(9.34)

(9.35)
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This proves the first line of Ineqality (9.22). We now prove Inequality (9.23), before finally proving the second
line of Inequality (9.22). By Lemma 8.2, for every p € R? we have

H(Xo,p) (9.36)

Mo 1
Ms|| Xo||? = 2.
W[ 2%l +\/2||p||]

Also, by the same calculation that was used to prove Inequality (9.26), we have

gt (z.p) — gr(z, p)

Assumption 2.2
<

1 Xoll* +

M@l < Aa-0xlal MFs  yp e RE. (9.37)

And so for all p € R¢ we have,

0 0
g (z,p)|| < llgr(z,p)|l + 4}’ (z, p) — gr(z, p)]|
Eq. 9.37, 9.36 ||p||

<M 0 ol + JEL F[F el + slol]
< ( %W} ol + (S + 5007 F) Il

This proves Inequality (9.23). Inequality (9.23) in turn implies that

1.5

M [Ipol|
X'N<(1- 60T —2 X, 14+ 60T M
[ 1||_( K+ ﬁ> | Xoll + (1 + 2) T

and so

M35
MM —r+60T =2
X < A Xoll ( RO s

llpoll

Since 60T M? \/ 2 < K, this implies

XTI < (1= ool [ Xol| = "
)\HX Il < 5// ”XO” < C/,
where
3 MABYN el
o 1_e>\< \/%>C+A(1+69TM2) \/2072

M35\ lLeol
s ex( - m) C'+A(1+60 T M>) N

are random variables that depend on pgy. Thus,
AMXal < (1— a//)eMIXoH + 8"
for any Xg, and so

E[ekHX{H} <E[(1- a//)eAllXoH + 8" 039
= E[l — O//} e)‘HXO” + E[ﬂ"]

M llpoll
60T —2 C'+X(14+60 T M. 0
e M(wroo s ) oo T /7] Aol

=E

(1 r+66 T \/W

]

2mog

+E|e

)c +A(1466 T My) Lol ]
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1.5
Eq. 9.31 d A(—m+69T M )C’+)\( L 16T 22 )\/72(1
< )6 NG V2ms | V2 V2 eAHXOH

1.5
R e C e e
where Inequality (9.31) is applied in the fourth line with v = A (1 + 60T M) (note that the condition on ~
1.5
is satisfied, since 60T My < 60T % < Kk < 1 implies v < 2XA < 2 X 3%\/2m2 = %\/ng). Therefore, since
Xo = X(/) =,

E[V(X1)] < (1 - a)V(Xg) + B,

and hence

Qz,)[V] < (1 —a) x V() + 5. (9.39)

This proves the second line of Inequality (9.22), completing the proof of the lemma. O

We show that we can use the approximation bound in Lemma 9.4:

Lemma 9.6. Set notation and parameters as in the statement of Lemma 9.5. Then, using the same notation,
the assumptions (9.6), (9.7) and (9.8) of Lemma 9.4 hold for any choice of C' > 0 and the choice

§=60T \/]\% (JEA* log(C) + :g) .

Proof. Inequalities (9.6) and (9.7) follow immediately from Theorem 3 and Lemma 9.5, respectively. So we
need only prove Inequality (9.8). Fix 2 € R? and let py ~ AN(0,1;) be a standard spherical Gaussian. Set
X1 :=qr(z,po) and X| := qTTe(x,po), so that X; ~ K(x,-) and X] ~ Q(z,-). By Lemma 8.2,

M
1X7 = X1l = llg}’ (2, po) — qr(, po)|| < 60T —==+/H(x, po)- (9.40)
V12

Therefore,

sup WI(K(x7)7Q(xa)) S sup WQ(K(Q}‘,),Q(I‘,))
z:V(z)<C z:V(z)<C

Eq. 9.40 2
< sup E

M2 27 2
60 x T x H(zx,
T zieMel<c ( VM2 ( p0)> ]

2
Assumption 2.2 M. 1
< sup E (69 S — \/Mz||9ﬂ||2 + 2||130||2>
2
1

1
2

z: ||z <A1 log(C) vm

My
NG

27 2
-E (aaxTx \/Mau—llog(c»u;pu?)

M. 1
=60 x T x —— x (z\42(A—1 log(C))? + 2d>

NS

S

S

NG

M.
<60 x T x —= x (\/Mg)\_l log(C) + ) .

This completes the proof of the lemma. O

We conclude with a bound on the approximation error of @ after many steps:
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Lemma 9.7. Set notation and parameters as in Lemma 9.5, fix C > 22 and let

<\/ My 1 log(C) +

« 7

;5\/&).

M,
NG
Then @ satisfies

B(s+1)

ol (8 +2log(C))

)
Wi (QF(z,-),7) < (1 — k)*2A "' log(C) + - +
for all0 < s <Z e N and all x satisfying V(x) < g

Proof. Set V(z) = e M=l for all z € R The proof now follows by applying Lemmas 9.4 and 9.6, with constants
given in the statement of Lemma 9.6. O

Define the function

I'(a,b) := {263}2(42‘1) o 1°g<1+eg>§} (9.41)

for a,b > 0. The following is essentially a restatement of Lemma 9.7:

g

Lemma 9.8. Choose € > 0. Fiz notation as in Lemma 9.5, with the additional constraints 0 < T < 7

and X\ = g/ Set

gL log (2410g(15000 D(k,d) A\ te 1k™2) + 24 log(n_1)>

K e
C = (15000 T (k,d) A\ te (s + 1) 2 +4)?
0 < Key/Mg
18T Mz (v MaA~1log(C) + %\/E)

Then

Wi(Q*(x,-),m) < e (9.42)

for allZT > s and all x satisfying ||z|| < \ﬁ Furthermore, if Q) is ergodic with stationary measure v,

Wi(m,v) <e. (9.43)

Proof. By our assumption about the value of 6, and recalling that 0 < Kk < 1 and 0 < my < M5, we have

My 1 M, 1
<k and 60T (9.44)

0T =2 F—zr = U

We now choose C" = (1+ 81og(1+ e %)) g %. By Inequalities (9.44), we have after some algebraic manipu-
lation

Mo1.5
RH60 T 22 ) CIHA1+60T My) | /34

A
l—a=(1+e %) (

_1ypC! 1
< (14t P (mm )

7%Anx(1+%log(1+57%))x%x< L4 1 >><\/2d+)\< L4 1 >><\/2d

d
8 )e
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Also by Inequalities (9.44),

’ N ’ _d_
B=e"(1-a)< (1+6_%)e>\(1 3r)XC/ 2 /7L

A1-1r)x (1418 log(14e~8))x L% (

+1)><\/ﬂ

1
>X\/2d+/\(m oy

LS|
V2ms | \/2mg

m\a.

1

Je

et (420 (1418 log(1+e™ 8))+ 5 x

e

00\&

—_

=(1+
=(1+4e”
(1+e )632 (4-26)x 12 log(1+¢~ %) x 32(4=r)
2e

& (4—2K) x L8 log(1+e~ 8) ><632(4 n)

IA

Combining these two calculations,

B ¢33 (4—2r) x 18 log(1+e_%) = (4—kK)
e32 " X €32
«

1—e m"
d l—iﬁ 1—#&
R 16 -4\ 7 e 732 el 32
_ [oemt-zaxtiosre -g] €T p g eTEY
1 —e 328 1 — e 32F

Since T' < 2\[ VM , we have 0 < 2/1 <3 X <3 1 and so this implies

B ) x T ) x 9.45
P (&)Xm (H’)X(S—lzn)Q' (9.45)
Note that C' > 16, so we have the easy inequality
C = (15000 (k,d) A" Le 1 (s + 1)k 2 4 4)2
> 15000 (k,d) A te (s + 1)x ™2 (8 + log (0)) .
Applying Inequality (9.45), this implies

B(;T—i_cl) (84 2log(C)) < 16. (9.46)

w

Our assumption on 6 also implies that

§ < é/{e. (9.47)

Finally, our assumption about s implies that s > & log (610g€(C ) and hence that

(1—r)* x 227 tlog(0) < (9.48)

<L
3¢
Therefore, Inequalities (9.46), (9.47), and (9.48) together imply that

(1—r)* x 22 log(C) + O 4 P

1 1 1
p ol (84+2log(C)) < ce+ e+ -e=c¢ . (9.49)

3 3 3

Inequality (9.45) also implies that C' > 4’8 Moreover, since 0 < k < 16, our choice of A satisfies 0 < A < 3% 2me.
Therefore, by Lemma 9.7 and Inequahty (9.49), for all z satisfying V(z) < g, we have

Wi (QF(z,-),7) <e and Wi(mv)<e

This completes the proof of the desired mixing bounds for starting point z satisfying V(z) < g To complete
the proof of the theorem, then, it is enough to show that V(z) < g for all = satisfying ||z| < 1/17%. To do so,

we must find a lower bound for g
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By Inequality (9.34) and the trivial bounds o < 1 and X, (1 — k),C’ > 0, we have

B

P AT vd
— e
e}

> B> (1+e 8)e vim rl-nC > AUms

Vd

Hence, the inequality V(z) < g holds if eMell < *V73 . That is,

d s
: <4/ — Vie) < =L 9.50
(i lol < y/2) e Vo < B (9.50)
This completes the proof. O
We can now prove Theorem 1:
Proof of Theorem 1. Set notation as in Lemma 9.8 and let
0 — REL/M2
U ST M, (VLA log(C) + V)
This theorem is then an immediate consequence of Lemma 9.8. O
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