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Appendix A Proof of Theorem 3.1

To simplify the notation, for a 3-tensor A, we often write ||A|lq; = ||A|lg.q,¢ for all g € (0, 00]. With this notation
[IAll2 = |A|lF and we use them interchangably. Recall S* is the set that optimizes (2) and we refer o4(0*) as o
when unambiguous from context.

A.1 Error bounds for M-estimators

Our main result Theorem 3.1 is an application of Theorem 1 from [18]. We start by stating their result. Let
R, with dual norm R* be a decomposable regularizer over (M, ML), ie., for all z € M and y € M*,

R(z +y) = R(x) + R(y). For some loss function £, define #* := argmin EL(¢), and its estimator
0eQ
f := argmin L(0) + A\, R(0), which has an error A := 9—0. Let (M) := sup ”u(” and let
o€ M\{0}

C(M;0%) = {A | R(Aps) < 3R(An) +AR(0%,. )}

Proposition A.1 [18, Theorem 1] If L is conver, differentiable, R is a decomposable norm over (M, M1), for
some choice of subspace M and the following assumptions hold

An, > 2R*(VL(6Y)) and (16)

L(O) = £(O7) = (VL(O"), A) = wl|Al} - 72, ¥ A€ CM;07), (17)
0 *|12 )‘% 2 An 2 *

16— 0715 <95 w (M)+?(2T + AR (072 ))- O

Equation (17) is referred to as “L satisfies restricted strong convexity (RSC) with curvature x and tolerance
727 Notice that for the regularized MLE problem for the MBP, R(©) = || - ||1,1,1 which is a decomposable
norm, whereby its dual norm is given by R*(VL(0)) = ||VL(O)||c0,00,00- Also note that M above can be any
subspace over which R is decomposable. For our purpose, we choose Mg« = {A € RV*NXP | Ag.. = 0},, whereby
M. = {A € RNXNXP | Ag. = 0}, where recall S* is the support of the best s sparse ¢; approximator of ©*
(from (2)). For this subspace, the approximation error term R(@j\/té*) = ||®s+c|l1,1,1 = 05(0*) = 0. Further, for

the corresponding subspace ¥(Mg+) = /5.

The proof of the Theorem 3.1 is the application of the result above. Lemma 4.2 states that the choice
Ap = 2\/§Lf/ey/ M qualifies (16). Proposition 4.1 states that if the number of samples satisfy

Gs(©*
n>c f2( 5 ) s3log(N?p),
s ¢

2

the RSC condition (17) holds with curvature £ = min{1, cyc?} and tolerance 72 = 02/s. Together these two

results prove the claim. |

A.2 Proof of Lemma 4.2

Notice that [|[VL(O") | co,00,00 = sup [V;xeL(©%)]. We know that

2,7

OL(O* I-(1—at al\ 0z _
v]kéﬁ(@*): ( ) nz( k f) k Xt 1.

Therefore using the law of total expectation EV 5, £(0*) equals

1 1—af af
E(-) E k_ _k

t=1

) ozt
X1 kE_xt-1| —. 18
1p:| a®jk€ lm‘| ( )
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Sparse Multivariate Bernoulli Processes in High Dimensions

1—at 2t 0zt ,
D, = k _ 7k k thl X
{ <1 — 2t z,tc) OO ™ (XY

is a martingale difference sequence since E[D; | X'] = 0 as derived in (18), with each |D;| < =£. Using the
Azuma-Hoeffding inequality [28] for martingale differences, we have that

% - —ne?t?
P(|VikeL(O)|>1) =P (> Di| >nt | <2exp —r |
f

i=1

Observe that this means

Consequently, using the union bound we have
IP’(IIVE(@*)HOO,OO,OO > t) = IP’( sup Vjke£(O©7)| > t) k ZP(vjkec 0| > t) < 2N?p - exp(—ne*t?/2L3)
™ 3k,

from which we conclude that with probability at least 1 — 4, we have

Lf 2N2p
AC@* oooooo<7 1 ’
VL0 o0 < L1/ log

which proves the claim. |

A.3 Proof of Proposition 4.1

In this section we show that with high probability the likelihood function satisfies restricted strong convexity
in the star-shaped set, C := C(Mg~; ©*) where S* is the optimum solution from (2), with cardinality |S*| = s.
Recall that for an (s,2) compressible ©*, its best s-sparse ¢1 1,1 approximator is supported on S* and we have

| — ). Here Mg+ denotes the subspace of 3-tensors © supported on S*.
Here and elsewhere, we use X as a shorthand for the collection of X*~1, t =1,...,n or equivalently for
X:= (a:t)f;il = (x”fl,xnfz, e ,x*pﬂ) e sntrl (19)

where S := {0,1}V.

Lemma A.2 The remainder of the first-order Taylor expansion of the loss, around ©*, satisfies

n N

RL(A;0%) > E(AX) = L3S (A, XY (20)
"=

for all © € Q and A € RN*Nxp,

By Lemma A.2, in order to establish RSC, it is enough to show £(A;X) > k?||Al|% — 72 for all A € C(S*;0%).

Before we move on, let us record an alternative form £(A;X), which will be useful in subsequent analysis. Let
X € {0,1}"*NP be the design matrix with " row

Xiw = [T @27 ... (""" € {0,1}P (21)
and define a stacking operator S : RNXNxp _y RNXNP that reshapes a tensor as follows:
S(A) == [Avs1 Assa ... Ayyy] € RVXNP, (22)
We have the following representation:

Lemma A.3 For any A € RNXNXP e have

N
C Cc _1\2
EAX) = LIXs(A)TIE =300 (A, X1 (23)



Pandit, Sahraee, Amini, Rangan, Fletcher

We next show that at the population level EE(A; X) satisfies the RSC:
Lemma A.4 (Strong convexity at the population level) Under Assumption (A1),

EE(A;X) > ¢l || Al|F, for all A € RV*N*P, (24)

We then show that £(A;X) concentrates around its mean for any fixed A:

Lemma A.5 (Concentration for fixed A) For any A € RV*Nxp,

—nt?
p(|£(A:X) ~ BE(AK)| > 1434, ) < 2exp (”) |
Combining the two Lemmas A.4 and A.5 and using a discretization argument, we can establish a uniform lower
bound on the random function A — E(A;X):
Lemma A.6 (Uniform lower bound) Proposition j.1 holds with RL(A; ©*) replaced with £(A;X).

Putting the pieces together establishes the claimed RSC for the loss L. |

A.4 Proof of Lemma A.4

Recall the notation in (21) and (22) and (27), and the statement of Lemma A.3 which gives us that

N
EE(AX) = ¢ Y E(A;, X)?,
j=1
for any 4. Let D := S(A) € RV*NP and the design matrix X € R**NP_ whereby its i'" row is X;, € R1*". Notice

the summation above does not include i or a % factor due to the expectation operator and the stationarity
assumption. Hence EE(A;X) = ¢;E| DX/.||3 which equals

E[X;.D"DX/] = E(tr(X;, D" DX},) = tr(D" DEX/\X;,) = (D" D,R),

where R € RVPXNP denotes the population autocorrelation matrix IEX;;XZ-*7 and hence is independent of . Since
R — Amin(R)I =0, and DT D = 0, we have that

EE(A;X) =c; (DD, R) > cAmin(R) (D, D) = ¢t Amin(R)||D|3. (25)
Now let X(w) € CV*N be the power spectrum of the process for which m(X) := r[nin ))\min(ét'(w)),
we|—m

3

then Apin(R) > 27m(X(w)) (see [2, Proposition 2.3]). Observe that R is block symmetric matrix with

p—1
R;; := Cov(z!~",2'77) € RV*N. Let u' = [uj ug ... u, ], where u; € RV and let G(w) = Zu,«efjm.
r=0
Consider
p—1 p—1 T ™
u'Ru = Z u, Cov(z! ™" ' =% )u, = Z / u,) X (w)e! Ty dw = G (W)X ()G (w)dw.
r,5=0 r,s=0" T -7

Since X(w) is a hermitian matrix, G (w)X(w)G(w) is always a Real matrix. Moreover, we have that
G (W)X (w)G(w) > m(X(w))GH (w)G(w), where by

u'Ru > m(X) G (w)G(w)dw = 2mm(X)||Jul|3,

by Parseval’s theorem. Consequently we have that Amin(R) > 2rm(X) = ¢7. This together with equation (25)
proves Lemma A.4. |
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A.5 Proof of Lemma A.5

We start by stating a result by Kontorovich et al. [11] for a process consisting of dependent random variables
taking values in a countable space:

Proposition A.7 [11, Theorem 1.1] Consider a S-valued process { Xy, }meln) for some countable set S. Let
¢: 8™ = R be an L Lipschitz function of X := { X, }7_, with respect to the Hamming norm. Define the mizing
coefficient

A _ n _

me= sup P(XP = Xp=w, X =y)-P(X} = | X =, X{ " =y) v
w,w €8
yesk—l

and let n € R™™™ be the matriz with entries gy for £ > k and zero otherwise (i.e., an upper triangular matriz).
Then, ¢ concentrates around its mean as follows:

2

P{l6(X) - E¢(X)| > t} < 2exp (nL_Hnlll

. VE>0 (26)
)

where |nlloc = maxy Y-y Nke is the Lo operator norm of matriz 1. Further if X is Markov with a Dobrushin
ergodicity coefficient T < 1, then e < 7% and ||nfleo < (1 —7)7L. O

We apply the above result by finding the Lipschitz constant of L of the map X — £(A, X), and bounding the
mixing coefficients in terms of the process parameters O, p and the link function f. Lemma B.1 shows that

)

4
2 2 HA||2,1,1

and Lemmas C.1 and C.2 together show that

max (ZUW)Z < GJ;(CC;*)

0>k

Finally, we replace ¢ with ¢[|A[]3, ; in (26) which proves the claim. |

A.6 Proof of Lemma A.6

Recall the notation ||A|l, := [|All4,q,4- for the £, norm of a 3-tensor A € RIN*x[Pl - Also note that ||Ally = [|A| .
We also write B, (r) for the tensor ¢, ball of radius r, and 0B, (r) for the boundary of that ball. For example,

Bi(r) = {A e RVNXP Al <7}, 9Ba(r) = {A € RVNXP A, = 1),

Let Gy = G#(©) be the quantity defined in (7). Recall that S* is the support of the best ¢; approximator of ©*
that has cardinality s, i.e., the optimal solution to (2). Let

C* = C(5%,0") = {A € Q" : ||Ag-e

1 < 3[|Ag-

1+ 4|05

1)

Step 1: Fixed /3 norm. We first establish the RSC (with no tolerance) for tensors in C* of a given Frobenius
norm, say ||Alle = 71.
Note that for any A € C*, we have A = Ag« + Ag+c, hence

[A[lr = [[As-

1 < V5] As-

1+ [[Agee

1 < 4)|Ag-

1+ 4||Og=c

1 < A(VslA]lp +0.(07))

1 < 05(0%). Tt follows that for any r; > 0,

using ||Ag~ r and ||Ogxe
C*NIBr(r1) C Bi(ra),
where ry := 4(7‘1\/5 + JS(@*)). Next we consider covering C* N dBg(r1) by finding an e-cover of By (r2).

For a metric space (T, p), let N'(¢, T, p) be the e-covering number of T in p. The quantity log N'(¢, T, p) is called
the metric entropy. The following is an adaptation of a result of [22, Lemma 3, case ¢ = 1]:
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Lemma A.8 Let X € R™*? be a matriz with column normalization |X.;j|l2 < v/n for all j. Consider the set of
matrices RN*4 and let BY *%(u) be the (elementwise) £1 ball of radius u in that space, i.e.

BY*4(u) :={D e RV*?: ||D||y < u}.

Consider the (pseudo) metric p(D1, Ds) := ﬁHX(Dl —D3)" |2 on RN*4. Then, for a sufficiently small constant
Cy > 0, the metric entropy of By (u) in p is bounded as

2
u
log NV (2, BY **(u), p) < 6’26—2 log(Nd),, Ve < Ciu.

Now, recall the design matrix X € R?*N? defined in (21). Note that X satisfies the column normalization property
[IXsjll2 < v/n for all j since X,; € {0,1}". Fix € € (0,2Cry/r1) for sufficiently small C; > 0. It follows that
there exists an (rie/2)-cover N of BY *VP(r,) in the metric defined in Lemma A.8 with cardinality bounded as

2
-
log [N"'| < =25 log(N?p).
g NI 5 25 log(N"p)
Recalling the stacking map A — S(A) from (22) (mapping tensors to matrices), we have

S(C*NABr(r1)) C S(Bi(r2)) =By VP (ry).

Define a (pseudo) metric on the tensor space by p(A, A’) = p(S(A),S(A’)). Since 8 is a bijection, it follows that
there is an exterior (r1£/2)-covering of C* N dBp(r1) in metric p with the same cardinality as N'; call it A.
(Here, the exterior covering means that the elements need not belong the set they cover. Elements of N are
tensors in B (r2) but not necessarily in C* N IBp(r1).)

We can pass from N7 to an (r1¢)-cover, say N, of C* N9 Br(r1) with cardinality no more than N7, i.e. |N| < |N7|,
(see Exercise 4.2.9 in [29, p.75]). In particular, we have N'C C* NBp(r1).

Recall from Lemma A.3 that /E(A;X) = c}/2||X S(A)T||r/+/n. Then, by triangle inequality

WVEAX) — VEA:X)| < ¢ p(A, A,

for any two tensors A and A’. Using (a — b)? > a* — b, we have
1
E(A:X) = SE(AX) — ¢ P2(A, A')
If follows that
1
- x) > Lo XY — ()2
Aece }TnafBF(rl)E(A,X) 2 3 Alrenjvé'(A,X) cy(rie)

By Lemma A.5 and the union bound, with probability at least 1 — 2|N| exp(—nt?/G}), we have
E(A5X) — BE(AX)| < HIAI3,,, VA €N

Since N' C C* NBp(ry), for any A € N we have [|A]3;; < s[|A||3 and [|Allz = r1. It follows that with the same
probability,

E(A;X) > EE(A;X) —tsr > (cpci —ts)ri, VYAEN
where we have used Lemma A.4 in the second inequality. It follows that we the same probability

1 1
inf E(A;X >(7-277t— 2) 2.
AeCNOBr(m) (AiX) = DA A A

To simplify, let s = 05(©*). Taking r1 = (05/v/s) + 1{os = 0}, we can balance the two terms in ro. We obtain

4's <rofry < 8y/s.
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1

The constraint on ¢ is € < 20 (r2/r1). It is enough to require ¢ < 8C}+/s. Taking &2 = gcz and assuming that

2
5 > = satisfies the constraint. Also, taking t = icyc? /s, we obtain
1

51

1 n
]p( inf AX) > (sepe 2)>1—2 (1 _247)::]3
Ae@%wnalﬂap(n)g( X) 2 (zJLCfC[)T1 o o  log V] et 165*G'y '

Noting that
2/ 8
log [N] < C3(8V/s) (07) log(N?p),
¢
the probability is further bounded as
512 n
1-P <2 (—C log(N? —247).
1 < 2exp 2 3 5log(N"p) — cjc; 1652G;

Assuming c?cﬁﬁ > 1024 ¢, 2Cs slog(N?p), we have
1—P < 2exp ( ~512Cs¢, 2 slog(NQp)) < 2(N?p)—“s,
where ¢; = O(CZQ) only depends on ¢;. Thus, we have established RSC with high probability for tensors in

C* N 9BF(r1) with curvature k = %cfc,% and tolerance 72 = 0.

Note that when o5 = 0 (i.e., the case of hard sparsity), C* is a cone hence the above extends immediately to all
A € C*, since £(tA;X) = t2£(A; X) for all ¢ > 0, thus completing the proof.

Now let us assume o > 0 in the rest of the proof.

Step 2: Extending to the complement of the /5 norm ball. For o5 > 0, since C* is not a cone, we cannot
use a scale-invariance argument to extend to general tensors. However, we have the following:

Lemma A.9 Assume that RSC holds for € in the sense of E(A;X) > k||A||%, for all A € C*NOBg(r). Then,
RSC holds in the same sense for all A € C*N{A: ||A|lr > r}.

The lemma establishes the RSC of the previous step for all of C*N{A : ||A|lr > r1}. The proof is straightforward
and follows from the observation that £(-;X) satisfies £(tA; X) = t2€(A; X), for t > 1.

Step 3: Extending to small radii. It remains to extend the result to A € C*N{A: ||A||r < r1}. In this

case, we simply take 72 := r? = 02 /s (since o5 > 0 by assumption) so that

E(A;X) > 0> A% — 72

so that the RSC holds with curvature = 1 and tolerance 72. Putting the pieces together, we have the RSC for all
A € C with the probability given in Step 1, curvature £ = min{1cycZ, 1} and tolerance 72 = 02 /s. The proof is
complete. |

Appendix B Auxiliary results

B.1 Proof of Lemma A.2

Recall that the loss can be written as

N n

ﬁ(@) = —% Zzeit“@i**axtil»l
i=1 t=1

where £;(u) = 2t log f(u) + (1 — 2¢)log(1 — f(u)) is the likelihood for z! ~ Ber(f(u)). We have
0*L 1 .
- — _ s thl Xt—lXt—l 1 _
004600 kem (@) n Z éat(<@ ’ >) be m {k a}7

t
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where —¢,(u) equals

Wiy i (L=Nf"+ 1"
T (u )+(1—$Z)w(u)20f>0,
where ¢y := min{ - ff”, f/zﬁ(lf)fz)f } is assumed to be positive by assumption (A2). It follows that

0%L n
oo —(© 2 LY XX Ik =a). vOen.
aoc m t:1

Thus, the Hessian quadratic form is uniformly controlled from below as:

INICINNEIE Aabc[%’i Xi-ixt- 1{k:a}]AMm,: 3 Akbc[ th Lxt- 1}Akem

a,b,c,k,l,m t=1 k,b,c,l,m t=1
c c n N
f Z Z t—1 Z t—1 f Z t—1\2
= Z ( Akchbc )( AkhnXgm ) = ; <Ak**7X > ’
k=1t=1 b,c lm t=1 k=1

for all © € Q and A € RVXN*P_ The proof is complete.

B.2 Quadratic lower bound is Lipschitz
Lemma B.1 The map X — E(A;X) is (2¢f||All3 1,1 /n)-Lipschitz w.r.t. Hamming distance on S"TP~1. O

Proof We recall the following alternative expressions,

p p
<Ak**7Xt71> - Z Ak*cw Z Ak*a, . (27)

It is enough to consider two sequences {x!} and {y'} which differ in one coordinate, say X = (xz=P+! x=P ... a"n71)
and Y = (z7PtL 7P ... y", ..., 2" 1), where r will be fixed. The general case follows, via triangle inequality,
since any Y can be reached from X by a sequence X =: X(qy, X(1),...,X(p) := Y where A is the hamming distance

of X and Y in 8"*P~1, such that X)) and X(;_1) are Hamming distance 1 apart, for : = 1,2,...h.

Let X'~ and Y*~! be defined based on X and Y as before, i.e., the corresponding p-lag history at time t — 1.
Note that X*~! and Y*~! are different only for ¢ such that t € {r +1,...,7 + p}, and for such r, we have

[( A, X =Y <[ At r 1
We also have
(g, X+ Y| < 20| Apa |1

Combining we obtain

r+p N

C — _
%) —£A V) = L] 30 3 [ X — (A, Y|
t=r+1k=1
QCf r g Cf a 2Cf
ST 3 1Akl [Ageellr < TZ 1Akl = 22| A
t=r+1k=1 k=1
where we have used 3,77 | [|Ag«i—r|1 = | Agsill1. This proves the claim. |

Lemma B.2 Assume that U ~ Ber(p), and V ~ Ber(q) for p,q € [e,1 — €] for some € € (0, %) Then,

-p _ 3
—q ~ 4e(l—¢

1
D (U|V) = plog - + (1~ p) log 10— 0*
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If U; are independent Bernoulli with means p; and V; are independent Bernoulli with means q;, then the vectors
U= (U1,Us,...,Up) and V = (V1,Va,..., By) satisfy

3

<———|lp—dql?

DxL(U[[V) = Dxw(Ui| Vi)

i=1

O

Proof It is enough to prove for the case ¢ > p (the other case follows by applying the proven case to 1 — p and
1 — q). The second claim follows from the decomposition of the KL divergence for product distributions. Let
d :=¢(1 —¢). Fix p and consider the function

1—p 1
1—g¢q 43P

f(q) =plog§ +(1—p)log

over q € [p,1 —¢]. We have

f’(q)=(q—p)( ! 1)-

o(1—q) 26
We have f(q) = f(p) + f'(¢)(g — p) for some q € [p, q]. Note that f(p) =0 and
7@ < @5 55) < 5500 )
using the fact that (§(1 —§))~! € [4,871]. Thus, we have f(q) < (¢ — p)?/(29). |

Appendix C Background on Markov contraction

We briefly state some properties of Markov kernels. This has been studied extensively in the literature on Markov
chains and their contraction. Here we discuss properties of homogeneous Markov chains only for the sake of
brevity, and since the MBP is time invariant. For a Markov chain over a discrete space S, let (P;;) € RISIXISI bhe
its kernel. The Kernel is a non-negative stochastic matrix, with each row as a probability distribution. Let H; be
the subspace {u € RISI | 1Ty = 0}. This subspace is invariant to every Markov kernel P € RISIXISI je.. for all
u € H1, we have u' P € H;. Consider the quantity

.
P

71(P) := sup 7||u I
wer,  lullx

also known as the Dobrushin ergodicity coefficient. Hence due to the invariance of H; to P, we can conclude that
||uTPe||1 §7'1(P)€|\u||1 Y ueH. (28)
For all stochastic matrices 71(P) < 1. The inequality is strict if and only if no two rows of P are orthogonal (such

Markov kernels are said to be scrambling). Some sufficient conditions for 71 (P) < 1, which are easier to interpret,
are (i) P is a positive matrix, and (ii) P has a column with all entries positive.

Any process for which

Pzt | 271 272, ) = P(at | 271 22, aP), (29)
for some fininte p, can equivalently be represented with a Markov kernel K in RISI”*ISI” "such that
Kij =P, 2" ot Py =5 | (o8 22 2t P) =), Vi, j €SP
However, this Kernel matrix K is constrained since K;; # 0 if and only if (i1,42,...,%p-1) = (J2,73,---,Jp)-

One can then show that 71(K¥) = 1 for all k& < p. Fortunately, under the mild assumption that P(x; |
ot at=2 0 2t7P) > 0, one can show that 7 (KP) < 1. We make use of this quantity to upper bound the

summation ), Mke.

One can think of K? as a |S|P x |S|? Markov kernel that gives the transition probabilities for consecutive blocks
of size p, i.e., for 7,j € SP, we have that for any t,

(KP)ig = BXET = 3| XL pyn = ).
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Lemma C.1 Let X be generated according to (1), where f : R — [e,1 —¢] is Ly-Lipschitz for some ¢ € (0, 3).
Define

-3y (X3 l)

£=1j=1 \k=1 i=¢
Then
Ti(K?) = sup e/ K" — e, KP|lrv < g7(©).
z,yeSP
O
Proof Let P.(-) denote ]P’(Xttﬂ) t= S X 1 = z) for any t, since the process is assumed to be time-invariant.

Hence 7, (K?) = sup, ycs» ||P. — P HTV By Plnsker’s inequality, we have

[P — Pyl5y < DKL(P IPy).

Now, observe that

P.(X) PP(XGIXTH XY =2)
Dki(P,|P,):= E lo
KL( || y) X~P, g]P)y(X Hl]P X|X’L 1. Xl p—y)

(
(

_ zpjlog P(X; X7 hX) ,=2) & P(X;1X;h X0,
X~ =T P(XGIXTH XY =)

P(X;|XI7H X0 =
E |log T
~P. P(X;|Xi™ XO y

p
— i—1, vO0 _
_ZXN]PZ DKL (P(X1|X1 7X17p = Z)

| |
SR
Nai%

Z (X‘XZIX

=1

)

POXIXIT XD y>) |

XiThXY, = Z]

Now we know for i.i.d. bernoulli random vectors with mean vectors p and v, usmg Lemma B.2, their KL-divergence
is upper bounded as Dkr,(Ber(u)||Ber(v)) < ﬁ”u —v|3 = = = =9 Z] (4 — v;)%. The Lpschitzness of f

thus results in Dkr,(P.||Py) being upper bounded by

p 2

Z (Ojuis (Zice41 — Yi—t41))
,

p N 3L2 P )
SZZ % ZH@]*z”l =g (pa@yf)7

i=1 j=1

since X {71 are common to evaluation of means for both distributions. We also used ¢ < % above. |

Lemma C.2 For a p-lag process over S, with an equivalent kernel representation K € RISI"*ISI" given by (29),
e < 71 (KP)HHLER=D/p)]

Consequently, if 71 (KP) < 1, then using Lemma C.1,

2 2

1+ (—k—1)/p) pri(KP) 1\ 2p? 1
ané < Zﬂ(’cp) P < 1+1—7/CP) §2+1—12 = FG(p,@,f)-
>k >k 71 (g(p,(%,f) -1 s

Proof Let z € S¥~P. Observe that the ny,-mixing coefficient is the sup of

’
w,w,Y,z

n n 1 n n n n
IP(XPXT = wyz) = P(X7|XT = w'y2) ey = 5 D IP(XY = af| Xy = wy) — POX] = 2P| Xy = w'y)],

n
)
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which follows from the process being p-Markov. This in turn is equal to

L4+p—1 L4+p—1 [ 1
Z Z IP(X?-Q—p = x?+p|X€+p =Ty b ?Xlls—p-&-l = wy)P(X, P +p |Xk: p+l = = wy)

1 e
Iﬁ+p z£+p

l+p—1 l+p—1 £ 71 Z 1
- ]P)(X!Z-p = x?+p|X€+p = 1’@+p 3X1]§—p+1 = w,y)P(Xeﬂ) +p |Xk —p+1 — W y)

1 t4p—1 f4p—1 (hp=1 _ l+p—1
:i Z Z P(X?er — m?er‘Xeer — me-ﬁ-p ) P(XZ-HD +:D

L4p—1 n
J/,;rp I14+17

‘Xk p+1 = = wy)

tp=1 _ 0 1
- ]P(Xe+p +p |Xk prl1 =W y)

1 L4+p—1 t4+p—1 l4+p—1 t4+p—1
=5 Z P(Xe+p :xz+p |X£—p+1:w9)_P(Xz+p :xe+p |X/,§—p+1:w/y)

f+p—1
Ty

1
:§||(€wy — €wy)
Note here e; is the i*® row of identity in RISI"*ISI” for i € SP.Observe that £ —k —1=p|(( —k—1)/p| + (£ —k —
1 mod p). Applying equation (28) for stochastic matrices L¢—#=1 md P) and using %(ewy — eyry) € Hiwe get

TICZerflfi Hl

Mot < sup ||uTK:p+p|_(€—k—1)/pj+(€—k—1 mod p)||1 < sup ”uT(ICp)l-l—\_(é—k—l)/ijl < TI(K:P)H‘L(Z—]C—U/IJJ’ (30)

u€H1 u€H1

where the last inequality follows again from equation (28). |

Appendix D Scaling of ¢;(©) with p

Lemma D.1 If |©;k| < Cj - £~%, for some o > % Then

6a
0) < | ————=L¢||C|l2.1.
gf( )— 6(@_3/2) fH ”271
Similarly, if |©;re] < (1 — B)Y, for some B < 1, then
L¢3/
91(0) < Zrass 2 ICle..

Proof If a polynomial decay of ©,, with % is satisfied, then

N oo N oo
|jki|§22|@jki|ézz Cjkli™

k=1 i=¢ k=1 i=¢

N

M"@

?T‘
,_.
-
1
~

Now, ZZ <=2 61 @, by approximating the summation with an integral. Hence the summation in the
definition of g(©; f) 1s at most

2?03 &

p N a?
2—2a __ s
ZZ”CJ*Hl )26 - m

l=1j=

6272(1

=

(=1
< 2 ICI3 < Sl
“(a—1)(2a — 3) 205 50 g

via another Reimann integral approximation. This shows the claim. Where we have used « > 3/2 to upper bound
some terms.
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Using the (1 — ) geometric decay of ©,, the summation in the definition of ¢(©; f) is at most

p N N

BA AT

p N N Y
SN m“ﬁf

i=1j=1 k=1

N N

s (1-B)

LG g =

where we use 8 < 1 to upper bound some terms.
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