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A  Appendix

Appendix Notation

We use Ak to denote the subset of probability simplex i.e.,

K
AKC{QERK‘Zaizl,aiZO}.

i=1

Let Uy(a,v) = Zfil a;l(v,i). For the ease of exposition, we define the following function: W¥j(a) :=
inf,cq Wo(a,v). We use £, : Ax x S — RT U {0} to denote the following function: ¢,(«, S) = Yieps DY =
i| X).

B Proof of Theorem 1

Proof. We generalize the result in Zhang (2004) for our proof. For the sake of clarity, we use «a to denote the
vector [D(Y =1|X =z),---,D(Y = K|X = z))]. We first state few definitions and auxiliary results required for
the proof. We define the following function:

ARy, w,(€) = inf {\Ilg(oz,v) - 1r€1§f2 Uy(a) | by(a, Topy (v)) — infyeq € (v, Top,(v)) > e} U {+o0}.

The main idea of the proof is to show that ARy, v,(e) > 0 for € > 0. This essentially proves that the excess risk
based on surrogate loss is non-zero whenever the excess Bayes risk is non-zero, also providing a bound on excess
Bayes risk based on excess surrogate risk. Corollary 26 of Zhang (2004), stated below, formalizes this intuition.

Lemma 3 (Zhang (2004)). Suppose function €,(c, Top,(v)) is bounded and ARy, w, > 0 for all € > 0, then
there exists a concave function & on the domain [0,+00] that depends only on €, and U, such that £(0) =
0,lim._,o+ £(€) = 0 and we have

R(h) — inf R(W) < €(Ro(h) — inf Re(R))

In order to show ARy, w,(€) > 0 for all € > 0, we need the following result. This follows as a modification of
Lemma 28 in Zhang (2004) and is only included here for the sake of clarity.

Lemma 4. Ve > 0, 35 > 0 such that Vo € A :

inf{\I/g(a,v) s o L v, 05 <oy < gy < oy — e} > U () + 6.

Proof. The proof is similar to Lemma 28 of Zhang (2004) except for the modification that the infimum is over
the set {v e Q| v; <wpy <vj,0; <apy < a5 < a; — € O

To prove Theorem 1, we observe the following: Suppose ,(a, Topy,(v)) > inf,cq € (e, Topy(v)) + € for some v € Q
and o € Ak, then there 3i such that v; > vp) and a; < ap) — €. To show this, we observe the following:

Oy(a, Topy,(v)) =1 — Z aj > Helg p(ar, Topy,(v)) +€>1— Z?:l apg + e
j€ Topy(v)

and therefore, Zje Topy, (v) % < Z?Zl apj) — €. Note that since [Topy (v)| = k, from the above inequality, it is
clear that there exists i € Top, (), i ¢ Top,,(v) and j € Topy,(v), j & Topy () such that a;; < co; —£. Furthermore,
From Lemma 4, we know that inf{W(a,v) : v; <vpy < wvj, 0 > apy > aj, 5 < a; — 11 > ¥y (a) +d. Therefore,
ARy, w,(€) > 0. Using Lemma 3, we get the required result. O
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C Proof of Lemma 2

Proof. The fact that ls,, is a POWL or BOWL is evident from the formula for the random variable L(v,y).

Let o be a permutation of [K — 1] which sorts the coordinates of v~¥ in non-increasing order, i.e. v;(g.) > v;é,)
for j < j'. Then we have Note that

B
0; =Eg Zﬁi]l(a(j) € B and v,; is the i"" largest score in B)
i=1

B
Z 5 %r[a(j) € B and v, ;) is the "™ largest score in B]
i=1

B
B
= Zﬁi I;r[vo.(j) is the i largest score in Blo(j) € B] - -1 (4)
i=1

Now, if j" > j, then since v, ;) < v4(;), We have
Prg[vy(j) is the i*" largest score in Blo(j) € B] > Prg[vy(j is the i™ largest score in Blo(j') € B].
This is easy to check by comparing the two events. Since the coordinates of ¥ are non-increasing, this implies

that 0; > 6;/, thus establishing that the coordinates of § are also non-increasing.

Next, suppose that 9¥; = % for i € [k]. Let j € [k]. Note that if o(j) € B, then v,(;) is among the top k scores

in B. Thus by (4), we conclude that §; = 1/&.
Finally, if 9; > 0 for all ¢ € [B], then by (4), we have 6; > 0.

D Proofs of Theorems 2 and 3

Proof of Theorem 2. Consider the (¢,0)-POWL £. Fix any class y € ). Since ¢ is a non-increasing function,
we have ¢(v, — v[;]y) > P(vy — v[;,?ﬂ ) if j < j'. Since 6 has non-increasing coordinates, by the Rearrangement
Inequality, we conclude that for any permutation o of [K — 1], we have

K-1 K-1

3" Oondlvy —v; ") < D7 050w, —vjf) = £(v,y).

=1 j=1

<.

Since the above inequality holds for any permutation o, we have

K—1 —yy . . - R —
Note that v — ijl 0o ()P (vy — v, Y} is a convex function of v since it is non-negative linear combination of
convex functions of v. Hence ¢(v,y) is a convex function of v since it is the maximum of convex functions of v.

The proof that the (¢, )-BOWL is also convex is very similar and is omitted for brevity. O

Proof Theorem 3. First, consider the (¢,0)-POWL ¢. Suppose y ¢ Top,(v). Then for any j € [k], we have
vy < v[;]y, and so ¢(vy — ’U[;]y) > (v, — v[;]“ < 0) = 1. Since 6 is a non-negative vector and ¢ is also non-negative,
we have

M-

k
(o) > > 05000, — ;1) 2 3 6,1 =1(y & Topy(v)).
j=1

j=1

If y € Top,(v), then I(v & Topy(v)) =0, and £(v,y) > I(v & Top,(v)) since £(v,y) is always non-negative.
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Now, consider the (¢,0)-BOWL £. We have

k
$(uy) + (-~ Z (¢(5(vy —v;1)).

HM»

K-1
(v,y) = d(vy) + Y 0;6(v,
j=1

The first inequality above follows since 6; = 1/« for j € [k] and the fact that ¢ is always non-negative, and the
second inequality by the convexity of ¢. Now arguing just like in the POWL case, we have

Zza (3, = v5!)) 2 20(v ¢ Top, (v)).

E Proof of Theorem 4

Proof. We first prove the following key order-preserving property of the loss functions in Definition 3 and 4 (the
proof of the result is given in Lemma 5 and Lemma 6).

Lemma. Suppose ¢ satisfies the conditions in Theorem 4. Then for any o € Ak that satisfies the following
condition:

k+
2=k O

Q] > e
kzj:g "o,

for all g € [K — k] and v € RE such that ¥y(a,v) = V() for £ in Definition 3 and Definition J with appropriate
conditions on {0;}57' (as specified in Theorem /), we have

1. v; > vj when o; > o and

2. v > vy when a; > oy and i € [k] and j € [K]\[K].

The proof can be completed by appealing to the order preserving property of ¥, in the above lemma. In particular,
consider v’ such that Wy(a,v’) = ¥j(a), then it is shown that vy > vy;) when a; > o and i € [k] and j € [K]\[E].
From this result, it is easy to see that lim;_,oc Ue(a, v') = ¥y(a,v) > Uy, v') = inf,eq Uo(o, v) = ¥j (), thus,
completing the proof. O

E.1 Lemmatta for Theorem 4

Lemma 5. Suppose ¢ satisfies the conditions in Theorem 4. Then for any o € Ak that satisfies the following
condition.:

Zz k+1a[l]
k+
kzj Z+1

for all g € [K — k] and v € RE such that Wy(a,v) = ¥ (a) for £ in Definition 8 with §; = ¢ for all j € [k] and
0; §%fr]>k: we have

k) >

1. v; > vj when o; > o and

2. v > vy when a; > oy and i € [k] and j € [K]\[K].

Proof. We prove the first part by contradiction. Assume 3j;, jo such that a;, > «;, but v;; <wv;,. Consider v
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such that v; = v; for all © # j1, j2, U;, = v;, and v, = v;,. Then we have

Uo(ar,0) — Uy, v)

K-1 K-1 ) K-1 K-1 .
iy z:l 9j¢('l_} [;]Jl — z:l 0j¢(vj1 — U[;}jl) + Qj,y z:l 9j¢(’l_) [;]JZ — z:l 0j¢(vj2 — U[;]h)
i= j= = I=

= a]l a]Q Z ej(b Vjs — “2) - Z 0j¢(vj1 - v[;]jl)

The above equality is due to the definition of ¥. Furthermore, we observe the following: v;, > v;, and vm v[;f 2
for all j € [K — 1]. This is due to the fact that removal of v;, rather than v;, from v can only decrease the order
statistic.. Therefore, we have

vj, — v[;]” > vj, — v[;]h,
for all j € [K — 1]. Since ¢ is non-increasing, it is clear that Wy(a,v) — ¥y(a,v) < 0. Also, note that at least
one v;, — v[;fl < 0 since v;, > vj, for j € [k]. Since ¢ is strictly decreasing on (—o0, 0], we can, in fact, obtain
Uy(a,v) — Wy(a,v) < 0, which is a contradiction to the optimality of v.

We now focus on the second part of the proof. Without loss of generality, suppose ag > -+ > ap > apy1 > -+ - ak.
Suppose v > vi41, then the second part follows immediately. Now, consider the scenario:

UVl 2V 2 2V, = Vgl = 00 = Ukdq > Vkdqtl = 770 2 VK-

We will prove that such a scenario is not possible. We prove this by contradiction. Consider the vector v’ defined
as follows:

v;+9, fori=k
vi=qv;,—f, fork+1<i<k+gq

5, otherwise .
Here ¢ is chosen sufficiently small such that vy, > v, ., with 8= T When o, v are held fixed, with

slight abuse of notation, we use ¥;(d) to denote part of the function \I/g(_a v ) that only depends on §. Let us
denote the remaning part by Cy,,, such that Uy(a,v) = ¥,(0) + C4,. More specifically, we have the following:

k—1 k+q
1
8) = ay, ZE¢( —vj +0) + Z 0; 10(vk —v; +0)+ > 0,1k — v + (1 + B)0)
j=1 j=k+q+1 Jj=k+1
T1(5)
k+q =1 K 1
+ Y a |y 70— v = o) + > 05 16(v —v; — B8) + 7o — vk = (14 65)9)
I=k+1  |j=1 j=k+q+1
T>(9)
k—1 1 k+q
+Zal kd)(vl*ka(; Z 0;_1¢(v; — vj + 59)
=1 j=k+1
T5(9)
K 1 ktq
+ Z g EQS(UZ — Vg — 5) + Z 9j¢(vl — ’Uj + 66)
I=k+q+1 j=k+1
T4(9)
Since, ¢; = 1/k for all i <k, Wy(a,v") = Wy(6) + Cq,p for 0 < 86 < vy — vy, This follows the fact the the

rank (position when sorted) of of v; amongst elements in v’ is same as that of v; amongst elements in v for i > k
for sufficiently small chosen ¢ since the rank of v}, in v’ can only decrease in comparison to rank vy in v and the
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rank remains same for all 7 > k. Also, note that ¥y is differentiable. Our aim is to show that ¥}(0) < 0, which
implies a contradiction to the optimality of v. To this end, we analyze the differential of aforementioned terms
separately as follows:

ktq

Zal —= ¢ (v — vk = 8)+ B Y 0;-1¢' (v — v; + B9)
J=k+1

k— k+q

Z ——¢' (v — v = 0) + ¢ (v — vk +BO)B D 6,1

=1 j=k+1

The above equality holds because v, = v; for all i € [k + 1,k + g]. From the above equality, we have:

N

-1 k+q

T50) =Y « 529177 ¢ (v —wp)| <0.

1 j=k+1

~

This is due to the fact that ¢ is non-increasing and following inequality

k+q

B Z 0j—1>

j=k+1

| =

In a similar manner, it can also be shown that 7;(0) = 0. To complete the proof, we need to show that
T7(0) + T5(0) < 0. We observe the following:

1 k—1 k+q
Tll((s —|— Tg % (O&kd), Vg — V; + 5) — ¢/(Uk' — v — ﬂCS)ﬂ Z al>
j=1 l=k+1
K k+q
+ Z 9j,1 (akgb'(vk - ’Uj + 5) - (Z)/('Uk - ’Uj - 55)ﬁ Z al>
j=k+gq+1 I=k+1
k+q 1 +ﬁ k+q
+ ¢ (L+B)8)(L+Bar Y b1 — ——¢(=(L+5)) > a
j=k+1 I=k+1

The above equality is due to the fact that vy = v; for all i € [k 4+ 1,k + ¢g]. From the above equality we have,

1k k+q
T1(0) + T5(0 %Z (v — vj) (ak—,é’ Z al>

I=k+1
k+q
+ Z ¢’ (vk — ;)0 1<Oékﬂ Z al)
j=k+q+1 l=k+1
k+q 1 k+q
IR VIT) D SRS S
Jj=k+1 l k+1

From the above equality, we can see that T7(0) + 75(0) < 0. This is due to the fact that ¢ is non-increasing with
¢’'(0) < 0 and the following inequalities:

k+q k+ o
kz +q
l=k+1 = k+1

k+q—1 k+q

Oék29> Zozl

l k+1
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Therefore, we have ¥},(0) = T7(0) + T5(0) + T5(0) + T4(0) < 0. This is a contradiction to the optimality of v.
Hence, the scenario

U 2 Vg 2t 2 U = Ukl = 00 = Uk > Ukl 2000 2 UK,
is not possible. This completes the proof of second part of the lemma. O

Lemma 6. Suppose ¢ satisfies the conditions in Theorem 4. Then for any o € Ak that satisfies the following
condition:

k
Sk o
k )
k Z] +Z+1
all g € [K — k] and v € R such that Wy(o,v) = ¥j(a) for £ in Definition 4 with §; = ¢ for all j € [k] and
jgifrj>k we have

k) >

1. v; > vj when a; > «; and

2. vy > vy when a; > oy and i € [k] and j € [K]\[K].

Proof. We prove the first part by contradiction. Assume 351, j» such that a;, > a;, but v;, <wv,,. Consider v
such that v; = v; for all i # ji, j2, U5, = v;, and v;, = v;,. Then we have

o(a,v) = Wy(a,v) = (0, — ) | D(vj,) + Z 0;(— [J] — ¢(vj,) Z 0;9(— [j]

The above equality is due to the definition of ©. Furthermore, we observe the following: v;, > v;, and vy J] t> v[;]J 2
for all j € [K — 1]. This is due to the fact that removal of v;, rather than vjl from v can only decrease the order
statistic. If v;, is non-positive, then ¢(v;,) < ¢(v;,) and ¢(— _]2) < ¢(—v ) as ¢'(e) < 0 for all e <0 and ¢ is
non-increasing, which is a contradiction to the optimality of v.

We now consider the case where 11j2 > vy, > 0. It is not hard to see that v[;]jl = v[;fQ whenever v[_]jl
Furthermore, ZZ 1 v_]l > El 1 v 2. From the above two facts, we get v[;]jl > vy ] ? for some j such that

[;]]2 > 0. For this 7, d)( [j] 2) < p(—v ]1) as ¢'(e) < 0 for all e < 0. Since ¢ is strictly decreasing on (—o0, 0], we

can, in fact, obtain Wy(a, v) — Wy(ay, v) < 0, which is again a contradiction to the optimality of v. This completes
the first part of the proof.

< Vj,.

We now turn our attention to the second part. For the ease of exposition, suppose a3 > -+ > ay > apy1 > -+ - ak.
The proof is along similar lines as that of pairwise comparison method. Suppose vy > vj11, then the second part
follows immediately. Now, consider the scenario:

V] 2 V2 2 2V = Ugg] = 00 = VUkdq > Vktgtl = 00 2 VK-
We will prove that is not possible through proof by contradiction. Consider the vector v’ defined as follows:

v;+6, fori=k
v;=<v;— 00, fork+1<i<k+gq
Vi, otherwise ,

where 0 is chosen sufficiently small such that v}, , > v, ., with 8 = . When a, v are held fixed, with

k Zk+q 6;
slight abuse of notation, we use ¥4(J) to denote part of the function \I/g(a v') that only depends on §. Let us
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denote the remaning part by C,,,, such that Uy(a,v) = ¥,(0) + Cy,». More specifically, we have the following:

k+q
() = ap [¢(vk +8) + Y 0;_16(—v; + B5)
j=k+1
Ty (6)
k4+q 1 -1 k+q
+ > (v — B3) + —d(—vk = ) + > 0i(—v; + BO) + Y 0 16(—v; + B9)
I=k+1 j=k+1 J=l+1
T2(6)
k—1 1 k+q K 1 k+q
D | ook =0+ Y Oiad(-u + B0+ D | pé-vk—0)+ Y O6(~v; + o)
=1 j=k+1 l=k+q+1 j=k+1
Ts(8) T4(3)

Since, §; = 1 for all i < k, ¥y(a,v') = Uy(8) + Ca,p for 0 < 86 < Vkiq — Vkiqr1 and W,(0) is differentiable as
argued for POWL. Our goal is to show that ¥} (0) < 0, which implies ¥;(a,v") < ¥,(a, v), thereby contradicting
the optimality of v. With our choice of 3, it can be shown that 74(0) < 0 and 74(0) = 0 using the same argument
for corresponding terms for POWL. To complete the proof, we need to show that T7(0) 4+ T5(0) < 0. We observe
the following:

k+q
T{(8) + T3(6) = ad/ (v + 0) + B > 0;-10/(—vy + 36)
j=k+1
k+q k4+q—1
£3 on | B (o~ )~ 1o (o= 0) + 8D 630/ (< + 50)
I=k+1 j=k+1

The above equality is due to the fact that vy = v; for all i € [k 4+ 1,k + ¢g]. From the above equality we have,

k+q k+q k+q—1

T7(0) + T5(0) = and/ (vx) + Box Y 0518 (—v) + > ou | =B (vi) — %Qﬁl(_vk) +B8 > 0,0 (—ux)

j=k+1 I=k+1 j=k+1
k+q k+q k+q k+q

= (ak — ﬁ Z al> ¢/(U;g) + Z (Oék Z o] — 9k+q Z Ozg) ﬁ(b’(—vk) < 0.
I=k+1 I=k+1 l=k+1 I=k+1

The last inequality is due to the following:

k+q
o
ap > f Z o = Zl k+1 _

T~ktq ,
I=k+1 k> b

Or+q < 7 and the fact that at least one of ¢/(—v;) and ¢/ (v) is strictly negative as ¢/(e) < 0 for € < 0. Therefore,
we have W} (0) = T7(0) + T5(0) + T5(0) + 7;(0) < 0. This is a contradiction to the optimality of v. Hence, the
scenario

V] 2 V2 2 2V = Ug4] = 00 = VUgq > Vktgtl = 00 2 VK,

is not possible. This completes the proof of second part of the lemma. O

F Proofs of Theorems 5 and 6

Proof of Theorem 5. Our generalization bounds are based on the work of Lei et al. (2015), who give general
purpose bounds in terms of Lipschitz constants and range of the loss. In particular, suppose that |£(v,y)| < ®'.
Further, suppose that for any y € ), ¢ satisfies an Lo-Lipschitzness condition of the form:

[€(v,y) = £(u, y)| < Laflv = ullz + Lafvy —uyl,
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and an L.-Lipschitzness condition of the form:
[€(v,y) = (u,y)| < Ls|lv — ulloo-

Then Lei et al. (2015) prove (see Theorems 2 and 6 in their paper®) that the generalization error is bounded with
probability at least 1 — § by

0 (min {LlKﬁé(H) + Lzﬁs(H),Lgx/Eﬁg(H)}) 4+ 39’ %'

For OWLs, Lemma 7 provides the required Lipschitz constants. Next, it is easy to check that the setting
®’ = ||0]1® is a valid bound on the range of the losses. The claimed generalization bound follows by plugging in
the values of the Lipschitz constants and ®’. O

Lemma 7. Let ¢(-) be L-Lipschitz. Let u,v € RX be two score vectors. Then the (¢,0)-POWL ¢ satisfies the
following Lipschitzness conditions, for any y € Y:

L||0]2]|v — ull2 + L||0]|1|vy — uy| (Lo2-Lipschitzness)

v, y) — lu,y)| <
[£(v,y) = £(u,y)| {2L||9||1||U—Uoo (Loo-Lipschitzness)

Furthermore, the (¢,0)-BOWL ¢ satisfies the following Lipschitzness conditions, for any y € Y:

L||0||2]|v — u|l2 + L|vy — uy| (La2-Lipschitzness)

L(v,y) —L(u,y)| <
[€(v,y) = £(u,y)| {L(||6||1+1)|IU—UI|00 (Loo-Lipschitzness)

Proof. We first consider the (¢,0)-POWL ¢. Let p € {2,00}. Then we have

K—-1
(v, y) — L(u,y)| = 0;(¢ v) — oluy —ug))
j=1
K—
< Z L{Joy = uy| + logy’ —u])
Jj=1

< L{|O]1foy = wy| + LGl 077 = @™l p-1)-

The first inequality above follows from the L-Lipschitzness of ¢ and the triangle inequality, and the second by
Holder’s inequality. Then applying the bounds from Lemma 8, we get the claimed bounds.

The claimed bounds for the (¢,0)-BOWL are obtained using an almost identical analysis and is omitted for
brevity. O

Lemma 8. Let u,v € R¥X be two score vectors, and let @, € R¥ be sorted versions of u,v respectively with
coordinates in non-increasing order. Then we have

lo—ill <llo—ullz  and |5 —itlloc < o — ulloc-

Proof. The first inequality is an easy consequence of the Rearrangement Inequality after squaring both sides. As
for the second inequality, let € := ||v — u||o, and let & € Y be any index. Then note that for any j € Topy (u), we
have v; > u; — €, and hence 9y, > @y, — €. Similarly, 4, > 73 — €. These two inequalities imply that |0 — G| < €,
and thus the claimed bound follows. O

Proof of Theorem 6. Consider the ((bramp 2 0)-POWL ¢ where 6, = 1 and 6; = 0 for all j # k. Thus, this loss can
be rewritten as £(v,y) = Gramp,p(Vy — g ¥), and hence for a given hypothesw h and an example (a; y), we have
Uh(z),y) = Pramp,p(pPr(z,y)). The claimed margin bound then follows by applying the bound from Theorem 5
using the facts that |0||y = ||0|l2 =1, L = %, ® =1, and I[u < 0] < ¢ramp,p(u) < Ifu < p] for any v € R (and in
particular, for u = pp(z,y)). O

SWhile these results assume a specific linear structure of the hypothesis class, it is easy to verify that the results hold in
the more general setting described here.



