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A Proofs of Deterministic Frank-Wolfe

Lemma A.1. Consider the proposed zeroth order Frank Wolfe Algorithm. Let Assumptions A1-A5 hold. Then,
the sub-optimality F(x;41) — F(x*) satisfies

F(xi41) = F(x") < (1= y41) (F(xe) = F(x7))
LRQ%QH

T RIVE () = def| + —

(28)

Proof. The L-smoothness of the function f yields the following upper bound on f(x¢41):

Fxea) < F0x0) + VFx0)” (e = xe) + 5 [xesn = el

= f(xe) + e+ 1 (Vf(xe) — dt)T(Vt —x¢) + %de(vt — X¢)

L’Y?H

T

[ve — x| (29)
Since (x*,d;) > minyec{(v,d:)} = (v, ds), we have,

Fxeg1) < F(xe) +v41(VF(xe) = di) T (ve — x0)
L’Yt2+1
2
< F(xe) + Yer1 (V(xe) — do) T (ve — x7)
LR'Yt2+1
2

+ yeprd! (x" —x¢) + [ve = x|

Y1 VI (xe) T (x" = %) + l[ve — x|, (30)

Using Cauchy-Schwarz inequality, we have,

f(xe41) < f(xe) + 741V F(xe) = dell[[ve — x|

e () = ) + Ty, x|

< ) + e RIVE () = del| = v (f(xe) = f(X7))
LRQ’Y?H

2 )
and subtracting f(x*) from both sides of (31), we have,

fxer1) = F(xT) < (1= ve41)(f(xe) = f(xT))
LRZ’YtQ-H
—

+

+ %+1R||Vf(xt) - dt” +

Proof of Theorem 3.1. We have, from Lemma A.1,
Flxi1) = F(x") < (1 - 3000) (F(x) — F(x"))
LR2 2
+ 9 RIVF(x1) - gxo)l| + =
= F(xi1) = F(X") < (1 = 741)(F(x0) — F(X7))
LRQ'ny
5

Ct+1d

R2
5 Y1417 +

+

From, (33), we have,
Flxer1) = Fc) < (1= qan)(F(xe) — F(x') + LR, . (34)
We use Lemma B.1 to derive the primal gap which then yields,

_ Qns
t+2’

where Qs = max{2(F(xo) — F(x*)),4LR?}. O

F(x¢) = F(x7)



Towards Gradient Free and Projection Free Stochastic Optimization

B Proofs of Zeroth Order Stochastic Frank Wolfe: RDSA

Proof of Lemma 3.2 (1). Use the definition d; := (1 — p¢)ds—1 + p1g(X¢; ¥, Z¢) to write the difference ||V f(x:) —
d;|? as

[V f(xe) = del|* = [V F(xe) — (1 = p)di—1

— peg(xe;ye, 20| (36)

Add and subtract the term (1 — p;)V f(x:—1) to the right hand side of (36), regroup the terms and expand the
squared term to obtain

IV £(x¢) — di?

=[[Vf(xe) = (1 = p)VI(xe-1) + (1 = pt) V f(xe-1)

— (1= po)di1 — peg(xes ye, z0)||”

= pi IV (%) — g(xt3 e, 20|17 + (1= po)* |V f (x-1) — dia||?
+ (1= p)? IV f(xe) = Vf(xemn)|?

+2p0(1 = po) (VF(xe) = g(xe5 ¥, 20)) " (VF(xe) = V f(xe-1))
+200(1 = p)(Vf(x0) = g(xa551,20) T (VF (x-1) — di1)
+2(1 = po)*(Vf(x¢) = Vf(xe-1)) T (Vf (xe-1) — di—1). (37)
Compute the expectation E[(.) | F;] for both sides of (37), where F; is the o-algebra given by
Hys i;%)’ {zs}i;(l)}to obtain
E [V (xt) = di]|* | Fi]
= E[IVf(xi) = g(xe;ye,20)| | Fi]
+ (1= pe)?(IVf(xe) = Vf(xe-1)|”
+ (1= p)* IV f(xe-1) = dia|®
+2(1 = p)*(Vf(x0) = Vf(x6-1)) T (Vf(x0-1) — di—1)
+2p:(1 = pr)E [(Vf — g9(x3¥6,20)) " (VF(xe) = Vf(xe-1)) | Ji}
+2pe(1 — pe) [ Vf(xe) = g(xe; ¥, 2)) " (Vf(xe-1) = de1) | _7-}]
< PR [V f(xe) — g(xe3ye,20)|1% | Fi]
+ (1= p)? IV F(xe) = Vf(xe-1)|”
+ (1= p)* IV f(xe-1) — dea®

+ (1= p)*Bel Vf(xe-1) — dea||* + IVF(x:) = VF(xe)|?

+2pe(1 = pe) (e Lv (%, ¢0)) " (Vf(x¢) = V[ (x1-1))
+2p0(1 = po)(ceLv (x,¢))  (Vf(xe-1) — di1)

< iR [IVF(xe) — g(xe5 1, 20) 1% | Fi]

+ (1= p)? IV f(xe) = V f(xe-1)|?

+ (1= p)? IV f(xi1) = dia|?

(1—pe)?
Bt

(- ’HW( )~ V)]

+2p:(1 = po)ct || Lv (x, o) ||* + pi(1 — Pt) va(xt) Vf(xe-1)l?
+pe(1 = po) |V f(xe-1) — i

= E[[|Vf(x:) — di|]

< PR [V f(xe) = VE(xe,ye) + VF(xe, 1) — g(xe5 51, 20) |1

+ (1= p)’E [V f(xe) = Vf(xe-1)]|]

+ (1= p)?|IE [V f(xe-1) — dia?]

+ (1= pe)BelVF (xe—1) — dea ||* +
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+ (1= pe)*BeE [V f(xe=1) — de—1]|’]

+ L2l (191 x) - 900 )

+ %(1 = pe)ci LM (1) + pe(1 = p)E [V f(xe) = V f (xe-1)]%]

+pe(1 = po)E [[[V f(xe—1) — de1]?]
< 20{E [V f(x¢) — VF(x¢,y1)|%]
+ 20 E [||[VE (x¢,y:) — g(xt;ye,20)]%]

+ (1 —pe+ %) E [||Vf(xe) — Vf(xt—1)||2]

+ (L =pet(1=p)?B) E[IVF(xe1) — dia])?]
+ 2= p) LM (p)
< 2pi0” + 4p{E [|[VF (x4, y0)|I*] + 497 E [|lg(xs; ye, z0) ||

N <1 - U‘%) E [|IV () — V()]

+ (1= pe+ (1= pe)*Be) E[IVf (xe-1) — de-1]]”]
+ 21— p)et L M ()
< 2pio® + 4p; L1 + 8pi s(d) LT + 2p;c; L* M (1)

+ (1 —pe + %) E [||Vf(Xz) - Vf(xt—1)||2]

+ (L= pe+ (1= p)?Be) E[IVf(3xe—1) — di—1]?]

+ S LM (), (38)

where we used the gradient approximation bounds as stated in (15) and used Young’s inequality to substitute
the inner products and in particular substituted 2(V f(x;) — V f(x¢-1), Vf(x¢—1) — d;—1) by the upper bound
BellVf(x¢e—1) — di—1||* + (1/B)|IVf(x¢) — Vf(x4-1)||* where B; > 0 is a free parameter.

By assumption A4, the norm ||V f(x:) — V f(x¢t—1)|| is bounded above by L||x; —x:—1]|. In addition, the condition
in Assumption Al implies that L||x; — x¢—1]| = Ly||vi — x¢]| < wLR. Therefore, we can replace ||V f(x:) —
Vf(x;—1)|| by its upper bound 7, LR and since we assume that p; < 1 we can replace all the terms (1 — p;)2.
Furthermore, using f; := p;/2 we have,

E[[IVf(x:) — de]?]
< 2p}0® + 4p; L3 + 8p}s(d) LT + 2pici L2 M (u)

2
+7 (1= pe) (1 + p) L*R? + %CfLQM(M)
¢
+(1—p) (1 + %) E[|Vf(xe 1) —dya]|?] . (39)
Now using the inequalities (1 — p)(1 + (2/p¢)) < (2/pt) and (1 — pe)(1 4 (pe/2)) < (1 — p/2) we obtain
E[IVf(x:) = de]|*] <2070° + 4p7 L7
+8p7s(d) LT + 2p7c; L* M (p)
2L%R%*y?
Pt

+ (1= Z)E IV xem1) — dea 7] (40)

+ + %chQM(M)

Then, we have, from Lemma A.1

Ef(xe41) = F)] < (U =y E[(f (%) = f(x7))]
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LR2 2
9 RE [V £xe) = dof]] + =5, (41)
and then by using Jensen’s inequality, we obtain,
Ef(xe41) = fF(xX)] < (1 =74 E[(f (%) — f(x7))]
2 LR27t2+1
+ Y41 RVE [V f(x0) — di|?] + — (42)
We state a Lemma next which will be crucial for the rest of the paper.
Lemma B.1. Let z(k) be a non-negative (deterministic) sequence satisfying:
2(k+1) < (1 —r1(k)) 21(k) + ro(k),
where {r1(k)} and {ro(k)} are deterministic sequences with
ai az
————— <ri(k) <1 and (k) < —F—
(k+1)% <ri(k) <1 and ry(k) < (k+1)2
witha; >0, a2 >0,1>08 >1/2 and kg > 1. Then,
(11(51(/€ + k‘o)l_él ) as a22‘51
z(k+1 Sexp(— 2(0) + + .
( ) 4(1 - 51) ( ) ]{,‘gl (2(51 - 1) ay (k + ko)gl
Proof of Lemma B.1. We have,
a LIt a a
2(k+1) < <1— ! ) (0) (1— ! ) >
11;[0 (I + ko)™ — EIH (m+ ko) ) (k + ko)
k k a a
" 1_ 1 > 2
2 (- wi
k u k a l5)-1 a
< ex 1- ! > 2(0) + (1 - : > 2
(0w o 1L (- atir) 5wt
k k
@251 ( a1 ) al
1
ar (k + ko)™ l—% mgﬂ (m o+ ko) /. (ko ko)™
b a a “ a iy a
1 2 1 1
< 0
exp ( ; (+k )51> (0) + alkgl exp X:k (m + ko)o1 — (k + ko)201
- m=|3] =0
ag2% b b a b a
2 1 1
ar (k + ko)™ l—ztgj <m1_l[+1 ( (m + ko) ) nl;[ ( (m + ko)™ )>
b a a2 a b a iy a
1 2 1 1
< exp exp
( ; (l + k0)51> ay (k + ]{10)51 alkgl m_zl_ng (m + k0)51 pore (k + k0)251
k s
aq a22 1 as a151 1-§ > 1
<exp|-— —— | 2(0)+ —————+ ——exp | —————=(k+ &k ! , 43
p( ;(l—kko)‘sl) (©) ar (k+ ko)’ k! p( 4(1—51)( 0) 20, — 1 (43)
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(k+k0)1—51 <21—51 _1— (1 - 61)k0) 2 4( 61 (k+k0)1_51

>
- 21+61(1—51) k+/€0 1—51)

Following up with (43), we have,
k ]
a1 QQQ 1 ag 0,151 1-§ ) 1
zk+1)<exp| - ———— 2000+ ————— + Zexp (——— (k4 ko)™ ) ——
(k+1) < exp ( 0+ ko)51> (©) o (k+ ko) KT < 41— 51)( o) 25, — 1

a1(51(k + k‘o)l_él ) a2 CL2261
<exp|— z(0) + + . 44
P ( 4(1 —41) (©) kS (26, — 1) ay (k+ k0)51 ()

For § = 2/3, we have,

L+ kn)L/3 3 92/3
z(k+1) <exp (M) z(0) + 2a/23 + 2 75
2 kO ay (k + k?o)

O

Proof of Theorem 3.4 (1). Now using the result in Lemma B.1 we can characterize the convergence of the se-
quence of expected errors E [||V f(x;) — d¢||?] to zero. To be more precise, using the result in Lemma 3.2 and

setting v, = 2/(t +8), pr = 4/dY/3(t + 8)%/3 and ¢; = 2/\/M (u)(t + 8)'/? for any € > 0 to obtain

E [[IVf(x:) — de?]

2
= (1 - d1/3(t+8)2/3
N 32d~ 1302 + 64d~ /3 L3 + 128d%/3L? + 2L2R%*d?/® + 4164%/° L?

>EWVF&p0—dhﬂﬂ

(t+8)4/3 (45)
According to the result in Lemma B.1, the inequality in (45) implies that
— 2
E (VS (x) —dil?] < Q@+ B < (46)

(t+8)23 = (t+8)2/3

where Q = 32d-Y30% + 64d~'/3L} + 1284%/°L} + 2L*R%d*/® + 416d*/°L?, where Q is a function of
E [||[Vf(x0) — do|[?] and decays exponentially. Now we proceed by replacing the term E [||[V f(x;) — d;||?] in
(42) by its upper bound in (46) and ;1 by 2/(t + 9) to write

EV&HﬂfﬂfHS<thL)MG&ﬂfﬂfm

t+9
RVQ 2LR?
Taros T aror (47)
Note that we can write (t +9)2 = (¢ + 9)*/3(¢ + 9)%/3 > (t + 9)4/39%/3 > 4(t + 9)*/3. Therefore,
Bl Gan) = £ < (1= 125 ) EI/ G0 - 16))
2R\/Q + LD?*/2
Gy 1

We use induction to prove for ¢t > 0,

Q/

Ef(x) — f(x9)] < m»

where Q' = max{9'/3(f(xo) — f(x*)),2R\/2Q + LR?/2}. For t = 0, we have that E[f(x;) — f(x*)] < 9?—/,3,
which is turn follows from the definition of ’. Assume for the induction hypothesis holds for ¢ = k. Then, for
t =k + 1, we have,

B xan) ~ £ < (1 g ) B = 6
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2R\2Q + LD?/2
(k+9)4/3

2 Q' Q' Q'
= (1 k—|—9> G811 978 = (t+10)1/3

Thus, for ¢ > 0 from Lemma B.1 we have that,

L0 ~ 1)) £ s = O ey )
where Q' = max{2(f(xo) — f(x*)), 2R\/2Q + LR?/2}.
Proof of Theorem 3.5(1). Then, we have,
Fiox1) € Px0) +70(g0x0),vi )

LRy}
+ A (VE(xe) = gloxe), ve = i) + =~

= F(xe41) < F(xe) + 7e(g(xe), argmin{v, VF(x)) — xt)

LR2 2
9 (VE(xe) = gx0), ve = ) + =50

= F(xe41) < F(xt) +7(VF(x1), arg{fleigw: VF(xt)) — xt)

LR~}
2

+7(VF(x¢) — g(xt), ve — argmin(v, VF(x))) +

= F(xt41) < F(x¢) — %G (x¢)
LR*~}

2

V2Q | LR’
R

V20 N LRy,

(t+8)1/s 2
7 LR Z ( ] V2Q LRQ%)

Fxo) = == Flx t+8)173 2

+ 7 (VF(x¢) — g(xt), ve — arg%ig(v, VE(x:))) +

= 1E[G (x¢)] SE[F(x¢) — F(x¢41)] + R

E[
+ 8 1
= E[g Xt [ Xt — 7F(Xt+1) + 2F(Xt):| + R

:ZE[g(xt)]gE

V20 LR?*~,

= Y EO(x)) <E {0 - §F<x*>} +3 (§ o) = Foc) + 1 +

1 7 T e~ [Q +RV2Q
#ZE[Q(Xt)]SiF(XO)—*F(X)‘*‘ <2(t+8)1/3 +(t+8))

2

(t+ 87

t=0 t=0

t=0

=TE { m_inT_lg(xt)] < %F(xo) — gF(x*) + LR*In(T +7) +

(F(xo) = F(x)) | LE*W(T+7) Q + RvV2Q

2/3
2T T 2T (T+7)7"

=E { min g(xt)} <
t=0,.-,T—1

C Proofs for Improvised RDSA

Proof of Lemma 3.2(2). Following as in the proof of RDSA, we have,

E [V f(x:) — de]|* | Fi)

< PPE [||Vf(xe) — g(xt5 1, 20)|1* | T
+ (1= pe)? IV f(xe) = V(e

+ (1= p)? IV f(xe-1) — dea ||?

+ (1= p)?BellV £ (xe-1) — dia ||

)
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+ %”Vﬂxt) - V(x|

+2p:(1 — Pt)% |1Lv (x,c)[|* + pe(1 = pe) IV £(x¢) — V f(xe-1) |

+ (1= po) |V f (1) — i

= E[|Vf(xe) — del|?] < 200 +4p7E [|IVF (2, y1)|]
+4piE [|lg(xe; v, 24)]%]
+Q—m+gi$LﬁWWﬂm%VﬂMAW]
+ (1 =pet (1= p)?B) E[IVf(x0-1) — di1])?]
+ 50— p)d LM ()

d
gﬁf+wﬁ+m4ufg)ﬁ+c77y%ﬁMw
_ 2
N (1 et %) E [V f(x:) — VF(xe1)]]
+ (L=pe+ (1= p)°Be) E[[IVF(3xe-1) — di1|]?]

+ 2222 C?LQM(N)7 (51)

where we used the gradient approximation bounds as stated in (15) and used Young’s inequality to substitute
the inner products and in particular substituted 2(V f(x;) — Vf(x¢—1), Vf(x¢—1) — d;—1) by the upper bound
BellV f(x¢—1) — di—1||* + (1/B)||Vf(x¢) — Vf(x4—1)||* where B; > 0 is a free parameter.

According to Assumption A4, the norm ||V f(x:) — Vf(x¢—1)|| is bounded above by L|x; — x;—1]||. In addition,
the condition in Assumption Al implies that L||x; — x¢—1]| = L¢||ve — x¢|| < %+ LR. Therefore, we can replace
IV f(x¢) — Vf(x¢—1)| by its upper bound ;LR and since we assume that ps < 1 we can replace all the terms
(1 — p¢)?. Furthermore, using 3; := p;/2 we have,

E [[IVf(x:) — de|?]

d
< 220 + 492 L3 + 89 (1 T ﬂ) 2

i LM (p)
m

Pt

2m?2
2 1+

+72 (1= pe) (1 + —) L*R* + ( m) pici L* M (1)

Pt 2m

+ (=) (14 2 ) E[IV S (xim1) = dema ] (52)

Now using the inequalities (1 — p)(1+ (2/p¢)) < (2/pt) and (1 — p)(1 + (p:/2)) < (1 — p/2) we obtain
J’_

d
E[IVf(xe) = del*] < 2pi0” +4piLi + 8pi (1 %) g

1 2L%R%~?
-+<+m)£ﬁﬁMw»+——Ji+ptﬁﬁMw>

2m Pt 2m?2
+ (1 — %))E [HVf(Xt—l) — dt71||2] . (53)
O

Proof of Theorem 3.4(2). Now using the result in Lemma B.1 we can characterize the convergence of the sequence
of expected errors E [[|V f(x;) — d;||?] to zero. To be more precise, using the result in Lemma 3.2 and setting

y=2/(t+8), pr =4/ (14 L) (t + 8)%/3 and ¢, = 2/m//M()(t + 8)'/3, we have,

E [[IVf(xt) = dil]
2
<(1-
- < (1+2)" t+8)2/8
I Ay 62 643 (14 £)
(t + 8)4/3

)EUVF&FQdFNﬂ

VP28 (14 47 12




Towards Gradient Free and Projection Free Stochastic Optimization

2R (14 4V2E 416 (14 £)Y° 12

(i 1 8)i/3 (54)
According to the result in Lemma B.1, the inequality in (45) implies that
e Qir Qir
E[|IV —d¢|?*] < Q, < , 55
IV £(x¢) = del]?] _er+(t+8)2/3 N ESEE (55)
where Qir =32 (14 2) 7?6 1128 (1+ ) L2 464 (1+ ) L3 +202R> (1 + £)*° + 416 (1 + £)*° L* and

Q,, is a function of E [||V f(x0) — dol| ] and decays exponentially. Now we proceed by replacing the term
E [||Vf(x¢) — d¢[|?] in (42) by its upper bound in (55) and ;41 by 2/(t 4+ 9) to write

EU@HOﬂﬁﬂ§<12)MU@0ﬂﬂm

t+9
R\20Q;, 2LR?
(t+9)%3  (t+9)*

(56)
Note that we can write (t +9)2 = (£ + 9)%/3(t +9)%/3 > (t + 9)/39%/3 > 4(t + 9)*/3. Therefore,

Bl ) - 100 < (1 25 ) B0 — 16
2R\/Q + LD?/2
o

Following the induction steps as in (49), we have,

’

i d 1/3
Bl — 7] < s =0 ({5 ). 9)
where Q. = max{2(f(xo) — f(x*)),2R/2Q;, + LR?/2}. O
Proof of Theorem 3.5(2). Following as in (50), we have,

V2Qir LR*~}
YE[G (x¢)] S E[F(x¢) — F(x¢41)] +%R(t+8)1/3 + 3 +

[t+7

P~ 8 ) + F(xn}m

T 7 Z( ] o V20 LR%)

= E[(x)] <E

E gF(xo) - ZF(x*)} + i (l (F(x:) — F(x*)) + R V2Qir " LR %)

-1
Qw +R\/2Q1T

Z( 2(t +8)1/ +(Hs)>

Qir + RV2Qir
2

min G (xt)] < gF(xo) - gF(x*) LR I(T +7) + (T +7)2/°

L TW0) —F(x) | LEEI(T+7) | Qi+ Ry2Q

2/3
o T oT (T+7) (59)

D Proofs for KWSA
Proof of Lemma 8.2(3). Following as in the proof of Lemma 3.2, we have,
E [V f(xe) — del|’]
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= p)’E[[IVf(xe) = Vf(xe-1)|%]

= p)’|E [V f(xe-1) — di—1]?]

= p)?BE IV f(xi-1) — dia ]
)

2

Sl B IV 6a) = VS G-I

+ pzt (1- Pt)CtL d

+ (1= p)E [V f(x1) = VF(xe-1)]|]
+pt(1 = po)E [V f(xe—1) — de1]?]
< tha + 2pt c2dL?

N (1 - %) E[|IV£(x:) — V(xe1)]]

+ (L= pe+ (1= p)?Be) E[IVf(3xe—1) — di—a]?]

+ pzt (1- Pt)CtL d

< 2Pt0 + 2pici tdL?
_ (1-p0)® _ 2
+(1—pe+ 3 E[IVFf(x:) = Vf(xe-1)°]

+ (1 —pe+ (1= p)°B) E [V F(xeo1) — dia)?] (60)

where we used the gradient approximation bounds as stated in (15) and used Young’s inequality to substitute
the inner products and in particular substituted 2(V f(x;) — Vf(x¢—1), V.f(x¢—1) — d;—1) by the upper bound
BellVf(x¢e—1) — di—1||? + (1/B8)|Vf(x¢) — Vf(x4-1)||* where B; > 0 is a free parameter.

According to Assumption A4, the norm ||V f(x;) — Vf(x;—1)|| is bounded above by L||x; — x;_1|. In addition,
the condition in Assumption Al implies that L||x; — x¢—1]| = Lt||ve — x¢|| < %+LR. Therefore, we can replace
IV f(x¢) — Vf(x¢—1)| by its upper bound ;LR and since we assume that p; < 1 we can replace all the terms
(1 — p¢)?. Furthermore, using 3; := p;/2 we have,

E [|IVf(x) — di]

< 2Pt‘7 + 2pecy fdL? + Yt ;(1—pr) <1 +

<@
e
+(
+(1

2) L?R?

Pt

+(1=p) (1+ 5V E IV (xi-1) = dea 2] (61)

Now using the inequalities (1 — p)(1 + (2/p¢)) < (2/pt) and (1 — pe)(1 4+ (pe/2)) < (1 — p/2) we obtain
2L2R2y?
Pt
+ (1= 2DE IV £6xi-1) = dia ). (62)
O

E[[V/(x) — di[[?] < 2030% + 20idL +

Proof of Theorem 3.4(8). Now using the result in Lemma B.1 we can characterize the convergence of the sequence
of expected errors E [||V f(x;) — d;||?] to zero. To be more precise, using the result in Lemma 3.2 and setting

ve =2/(t+8), pr = 4/(t +8)%/3 and ¢; = 2/Vd(t + 8)/3 for any € > 0 to obtain
E [[IV£(xe) — del*] <

2
1— —— |E[||VF(x;_1) —ds_1]]?
( (t+8)2/3> [IVF(x¢-1) — d¢—1]|°]
320% + 32L% + 2L%R?

63
(t +8)4/3 (63)
According to the result in Lemma B.1, the inequality in (45) implies that
Qk
E[IVf(xe) = def®] < =555 (64)

(t+8)2/%
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where
Q = max {4||V f(x0) — do||*,320° + 32L* + 2L°R?*}
Now we proceed by replacing the term E [||V f(x;) — d¢||?] in (42) by its upper bound in (55) and ;41 by
2/(t+9) to write
Bl Gx) — 0] < (1= 1o ) B UGG — £6))

R\Qrw = 2LR2
(t+9)43  (t+9)%
Note that we can write (t +9)2 = (£ + 9)%/3(t +9)%/3 > (t + 9)/39%/3 > 4(t + 9)*/3. Therefore,

E[f(xepn) — fx")] < (1 - 2) E[(f(x:) - F(x*))]

t+9
+ 2fg\/ ka + LD2/2
t+9)53

Thus, for ¢ > 0 by induction we have,

. Q/ - dO
E[f(xt) — f(x )]S(t_f_g)l/g—0<(t_’_9)1/3) (67)

where Q' = max{2(f(xo) — f(x*)),2Rv/Qpw + LR?/2}. O
Proof of Theorem 3.5(3). Following as in (50), we have,

V2Qkw_ LR*v}
(t+8)1/3 2

+

NEIG (x¢)] SE[F(x) — F(xi41)] + 1R

—+

V2Qkw N LR?~,
(t+8)1/3 2

7 T+7 (1 2Qrw_ | LRy
§F(xo) _ TF(XT) + ; (§F(Xt):| + R(;/ES + 2V )

t+7 t+8
%F(xt)—%

SE[G(x)] <E [ Flxean) + §F<xt>} R

éiE[g(xt)]SE

T-1

= Y RG] <B | 3F0) - 176 + 3 (5 () - P + 7

2
= t=0

+

V2Qkw LR,
(t+8)1/3 2

= 3 EG (] < TF(x0) ~ TP() + > <ng(jf8v)f/?kw + (ff8)>

+ ka + g\/ QQ/VLU (T + 7)2/3

. 7 7 * 2
= TE L:O{r}%ilg (xt)] < §F(X0) - iF(X )+ LR In(T +7)

T(F(x0) = F(x) | LEPW(T+7) | Qi + RV2Qkw
2

o7 7 7 (T +7)** (68)

:E{ min Q(Xt)} <
t=0,--- ,T—1
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Proof of Theorem 3.6. We reuse the following characterization derived earlier:

Lemma E.1. Let Assumptions A3-A6 hold. Given the recursion in (12), we have that |V f(x;) — d¢||* satisfies
E[IVf(x:) — di||*] < 2p70” + 4p7 L3
+8p? (1 + s(d)> L2+ (Hm) 2212 M (1)

m 2m

2L°R*Y  pr o
STy P2y
+ pt + 2m2 Ct (lu’)

+ (1= Z)E IV oxem1) = dima ] (69)
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Now using the result in Lemma B.1 we can characterize the convergence of the sequence of expected errors
E [||Vf(x¢) — d¢||?] to zero. To be more precise, using the result in Lemma 3.2 and setting v = T73/%, p, =

4/ (1+ %)1/3 (t +8)12 and ¢; = 2¢/m//M (u)(t + 8)'/* to obtain for all t = 0,--- , T — 1

)

E [[IV£(xe) — del|”]
< (1 - 2 ) E [IVF(xi-1) — dy 1]
(14+ )77t +8)/2
3202 + 6413 +128 (1 + £)'/° 12
(t+38)
8L*R? (1+ £)'° + 41612
(t+38)

Using Lemma B.1, we then have,
2/3
E[HVf(Xt)—dtHz]:O<M),Vt:(),-~,T—1 (71)

Finally, we have,

F(xt41) < F(xt) 4+ y(de, vi — xi)
LR2 2
+UVE () = diyve = x0) + ~

< F(xe) +v(dy, argmgg(w VE(x:)) — x¢)

LRQ'y2
2
< F(xe) +7(VEF(xe), argmin(v, VF(x¢)) —xt)

+ Y (VEF(x¢) —de, ve —x¢) +

LR??
2

+Y(VF(x¢) — d¢, ve — argl‘}leigw, VF(x:))) +
2,2

< F(xe) —vG (x¢) + Lsz

+Y(VF(x¢) — d¢, ve — arggnég(w VF(x:)))
= E[G (x:)] SE[F(x0)] = E[F(x+1)]
LR%y?

2

+YRE[||VF(x¢) — de]]] +

LR2?
2

<E[F(x:)] ~ E[F(xesn)] + 7 RVE [[VF(xe) — de][?] +

< B[Fx)] ~ B[FGas)] + Querel*R(a/m)/* + L0

= E [Gmin] Ty < E[F(x0)] — E [F(x¢+1)]

T-1 2,2
LR"T
+ QueyR(d/m)* Y~ gy 4 Z
t=0

E[F(x0)] — E[F(x")]

T—1 1/2 2 2
1/3 Zt:o Pt LR"T~

< E[F(x0)] - E[F(x")]
— T1/4

QncRdY?  LR?
T3 * o1

(72)

where Gpin, = ming—o,... 7-1 g (Xt)- U



