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Appendix
A Proof of Proposition 3.1

Proposition 3.1. Assume g is B-smooth, twice differentiable, and locally a-strongly convex in w around
{wr_g_1,...,wr}. Let Zpp1(we, \) = wy — YVug(we, \). Fory < L, it holds

lhr—x — dafI| <277 KT (1 — ya) X[V - f| M 9)

where Mp = max,cqo, .. r—xy || Bel|. In particular, if g is globally a-strongly convez, then
—~va)E
lhr—x — daf]| < S22V | M. (10)

Proof. Let dyf — hr_g = ex. By definition of hr_g,

T-K
e = (Z BiAiir- "ATK> Ar—g41-- ArVg- f
=0

Therefore, when g is locally a-strongly convex with respect to w in the neighborhood of {wr_k_1,...,wr},

T-K

lexc | <11 Y BiAigr -+ Arkll|Ar—ry1 -+ Ar Ve f]|
t=0
T-K

< (1 =70 |V FII S B - Ar—ic|
t=0

Suppose ¢ is S-smooth but nonconvex. In the worst case, if the smallest eigenvalue of V., ,,g(w—1, ) is — 8, then
Al =1+~y8<2fort=0,...,T — K. This gives the bound in (9). However, if g is globally strongly convex,
then

T—-K
< ||V FIl(1 = va) X B 1 —~a)t
lexl <[V fII(1 —ya) te{of??%ix} | Bl ;( ya)

The bound (10) uses the fact that ZtT;OK(l —yo)t <3 (1 —ya)t = A%a [ ]

B Proof of Lemma 3.2

Lemma 3.2. Let g be globally strongly convex and V 5f = 0. Assume g is second-order continuously differentiable
and By has full column rank for all t. Let Zpy1(wi, N) = wy — yVg(we, A). For all K > 1, with T large enough
and vy small enough, there exists ¢ > 0, s.t. hp_rdxf > |V fI|?. This implies hr_x is a sufficient descent
direction, i.e. hg_ . dxf > Q(||drf?).

Proof. To illustrate the idea, here we prove the case where K = 1. For K > 1, similar steps can be applied. To
prove the statement, we first expand the inner product by definition

T-1
h;_ld)\f = ||hT—1H2 + (BTVU;*f)T (Z BtAt+1 cee AT_1> ATVU;*f
t=0

where we recall hy_1 = ByrV g« f as V) f = 0 by assumption.

Next we show a technical lemma, which provides a critical tool to bound the second term above; its proof is given
in the next section.
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Lemma B.1. Let g be a-strongly convex and B-smooth. Assume By and A; are Lipschitz continuous in w, and
assume Br has full column rank. For v < L

(BTVw*f)T BiA1--- ApVg« f

e—av(T-1)

zuwFWWAMJW|WWﬂm<1ﬂﬁW

T—
+005- )™
By Lemma B.1, we can then write

T 2 = T 2 — e (T-D T—t
hp_ydxf > | BV fI|" | 1 + 2(1 —ya)' ) = [ Va- f]I?O Z T o-av + (v(8 — )

t=0 t=0
Because
— T— = k (B —a)
2 (v(B - a)) ZI;(W(ﬁ—a)) S e (v <B)

and BJ By is non-singular by assumption,

T D y(8-a) )

hllmf>|vwamw—vafVO< = ' 1-4(B-a

> OV fII?
for some ¢ > 0, when T is large enough and + is small enough. The implication holds because ||d,f| <
O(IVa- fII)-
B.1 Proof of Lemma B.1

Proof. Let C'4 and Cp be the Lipschitz constant of A; and B;. First, we see that the inner product can be lower
bounded by the following terms

(BrVae f)| BiAvi1 - ApVe f > (1= 0)" 7| By Ve f|* = Ay — Ay — Ag
where
Ay = C||Br V- fIVar fllllwr -1 — wea ||| Arga - - Azl
T—1
Az = Cal|Bf BrVas fIIVar f D Nlwr—y = wia[[[|Aspr - Apa[[[| A )"
k=t+1
A3 = ||V fll Bf BrVa- fI|Ax = (1 = ya) I ~*
The above lower bounds can be shown by the following inequalities:
(BrV-f)" BiApsr - ApVge f
>V [T (Bf Br) Apy1 - ArVe f — Cp||Br Vs fllllwr—1 — we1|[| Arg1 - - Ar V- f]]

Vi f " (B Br) Aps1 - AtV f
> Ve f 1 (BfBr) Avyr -+ Ar—2 A3V g f — Callwr—1 — wr—a||||Ass1 - - Ar—o|||| A7 ||| Bf Br Vo f||[ V- £

T-—1
> Ve f T BE B AL Ve f = Cal| BLBrVar f[Var £ Y lwr—a —wia || Ay -+ Aga ||| A"
k=t+1

Vo f "B BrAL "V f > (1= 4)" 'V f T BL BrV f — |Va- f||Bf BrVa- fI|I|Ar — (1 — ye) I||7 "

Next we upper bound the error terms: A, Ay, and Az. We will use the fact that gradient descent converges
linearly when optimizing a strongly convex and smooth function [25].
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Lemma B.2. Let wqy be the initial condition. Running gradient descent to optimize an «-strongly convex and
B-smooth function g, with step size 0 < v < L generates a sequence {w;} satisfying

lw; — w*|| < De™ 7 (13)
where D = |lwy — w*|| and w* = argmin g(w).

Lemma B.2 implies for T > ¢, ||wp — wy|| < 2De™ %,

Now we proceed to bound the errors Ay, A, and As.

Bound on A; Because

lwr—1 = wia|[[| Ay -+ Ar|| < 2De” 7D (1 — ya) T
< 2De—a7(t—1)e—'yoz(T—t)

= 2De~(T-1)

we can upper bound A; by

Ay = Cl|BrVa- f[[Var flllwr-1 — weal[[Aegs - - Az |
< |1BrVa- f[|Va- fI| x 20 De= 71

Bound on A; Because

= T-1
S Jwrer = wiei [ Apes - Ae [ AT < 37 2Dem @71 (1 gkt Tk
b=t k=t +1
T—1
<2D(1 — ay)t 1 Z e—ov(k=1)
k=t+1
T—1
<2D(1 — ary)T ittt Z e—ov(k—t=1)
k=t+1
T—t
< 2D~V (T—1) Z e—am
m=0
< Le—a’y(T—l)
T 1l—e
we can upper bound As by
T—1
Ay = CAHB;EBTVﬁ;*fHHV@*f” Z lwr—1 — wi—q ||| At - - 'AkleHATHT_k
k=t+1
204D _ . 7—
= 1B7 Br V- fl Vi fl| x = —re™?@Y

Bound on A3 Because
Ak = (1 =ye)I|| = |lv (af = V3, f(wi-1)) || < 7(8 — a)
we can upper bound Aj by

Az = | Ve 1B BrVas fl[I|A: = (1 = 1) I " < [V fIlll Bf Br V- fIl (v(8 — )"~
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Final Result Using the bounds on A, Ay, and Aj, we prove the final result.

(BrVa-f)" BiAiyr--- ArVig-f
> (1—ya)" Y BrVa- fII” — A1 — Ay — Ay
e~ ~(T-1)

— e~y

> (1= 7)™ BrVar £ — [V ﬂO( +ww—®ft)

because By has full column rank and

A+ o+ B0 < [V fIP (2051 4 20D T 4 (35 - ) )
—e o4
e—av(T-1) _—
— Va1 % 0 (S + (08 - o)) .

C Proof of Theorem 3.3

Theorem 3.3. Suppose F is smooth and bounded below, and suppose there is € < 0o such that ||hr—_x —dxf|| < €.
Using hr_§ as a stochastic first-order oracle with a decaying step size n, = O(1/+/T) to update \ with gradient
Z - [VE)|

descent, it follows after R iterations,
~ 241
<0 (e + €+> .
ZT 1777' \/E

That is, under the assumptions in Proposition 3.1, learning with hp_ converges to an e-approximate stationary
point, where e = O((1 — ya)~K).

Proof. The proof of this theorem is a standard proof of non-convex optimization with biased gradient estimates.
Here we include it for completeness, as part of it will be used later in the proof of Theorem 3.4.

Let A be the 7th iterate. For short hand, we write dy f(-) = dxf(\;), and hp_g () = hr—x()\;). Assume F' is
L-smooth and ||dy f(-)|| < G and ||hr_k ()| < G almost surely for all 7. Then by L-smoothness, it satisfies

L
F<)‘T+1) < F( ) <VF( ) Arg1 — )‘T> + §||)“r+1 - )\7—||2-

Let e; = dafr) — hr—k,(r) be the error in the gradient estimate. Substitute the recursive update A;11 =
Ar — niho_k (r) to the above inequality. Conditioned on A, it satisfies

L 2
Epn (FAri)] S F(AL) + Epn, | =0e(VE (A7), hr— ke () + %HhT—K,(T)”z
Because

7E|)\T[<VF()\T)7hT—K,(T)>] = El)\T [7<VF()\T)7d)\f(T)> + <VF(>\T)76T>]
< —IVFQW) 2 + Gller| (14)

and

3G?

1 2 1 2 1 2 1 2
§HhT—K,(T)|| = §def(7)|| + §||€r\| —(drferys hr-r () < =5+ §||GTH

we can upper bound E | _[F'(A;41)] as

3G?
B [F ()] £ FOD) + B |1 VFOOI +1,Gller | + 202 (55 + Jjer1?) |
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Performing telescoping sum with the above inequality, we have

[ZnTVF )17

R

3G* 1
> Giler|+ i (%5 2||eT||2)]

T=1

R
L(3G* + €2
Fo 3 (o + L5 )

T=1

<F()\1 +E

Dividing both sides by ZT 1 M- and using the facts that 7, = O(%) and that

R
ZTZl ‘}' (
P

proves the theorem. |

VR

D Proof of Theorem 3.4

Theorem 3.4. Under the assumptions in Proposition 3.1 and Theorem 8.3, if in addition

1. g is second-order continuously differentiable
2. By has full column rank around wr

3. VaSfT(daf +hr—x — Vaf) = QIVAfI?)

4. the problem is deterministic (i.e. F = f)
then for all K > 1, with T large enough and v small enough, the limit point is an exact stationary point, i.e.
lim, o [[VF(A)] = 0.

Proof. First we consider the special case when S is deterministic. Let H > K. We decompose the full gradients
into four parts

VF=d\f=Vaf+q+r+e

where
T
q = Z BtAt+1 s ATle*f
t=T—K+1
T-K
T = Z BiAiy1 - ArVg f
t=T—H+1

€= Z BtAt+1 < Ap Vs f

We assume that w; enters a locally strongly convex region for ¢ > H. This implies, by Proposition 3.1, that

lell < O(e™ ™[ V- £1])-

To prove the theorem, we first verify two conditions:

1. By Lemma 3.2, the assumption Vxf T (dxf + hr—x — Vaf) = Q(|Vaf]1?), and |le]| < O(e= " H ||V o f|]):

daf hrk = (Vaf+q+7+e) (Vaf +9)
= [IVAfI? +VafTa+et+r)+a"Vaf+a (a+r)+q'e
> Q(IVafI®) +q (g+7)+q'e (Assumption)
> Q(IVAfIP) + Q[ Var fI?) + g e (Lemma 3.2)
> QIVAfI1P) + QVar fI7) = O (e[ Var £II?) (llell < Oe=*" ™[V £))
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where we note

daxf+hr- g —Vaf=Vaf+tqg+tr+et+Vif+qg—Vif
=Vaf+qg+rt+etq

Therefore, for H large enough, it holds that
A fThr—re > QAL + IV 1) (15)
2. By definition of hr_x = Vf + ¢, it holds that
Ihr—x | < 2(VAfI* + 2llall* < OUIVAFIP + IVa- £11?) (16)
Next, we prove a lemma
Lemma D.1. Let f be a lower-bound and L-smooth function. Consider the iterative update rule
Ti4+1 = Tt — NGt

where gy satisfies g V f(x;) > c1h? and ||g:||* < coh?, for some constant ci,co > 0 and scalar hy. Suppose f is

lower-bounded and n is chosen such that | —cin + L%”Q <0. Then tlim h: = 0.
— 00

Proof. By L-smoothness,

Flera) = (@) < V) @ors = w0 + 5 oo =

Ln2
=-nVf(x) g+ T”gtHQ

L 2
< (0177+ C;n )th

By telescoping sum, we can show >,/ (cn — LT”Q) h? < oo, which implies lim;_,oo hy = 0. |

Finally, we prove the main theorem by applying Lemma D.1. Consider a deterministic problem. Take h? =
IVAfODI? + [[ Vo f(A)]|?. Because of (15) and (16), by Lemma D.1, it satisfies that

i = i 2 e 2 =
Tim hy = lim [V 72+ [V FAD]? = 0

As |ldafll S O(IVAfII + IVw flI), it shows ||dxf| converges to zero in the limit.

E Proof of Theorem 3.5

Theorem 3.5. There is a problem, satisfying all but assumption 3 in Theorem 3.4, such that optimizing \ with
hr_g does not converge to a stationary point.

Proof. We prove the non-convergence using the following strategy. First we show that, when assumption 3 in
Theorem 3.4, i.e.

Vaf T (dnf +hr—x = Vaf) 2 QIVAfI?) (17)

does not hold, there is some problem such that hp_j # 0 for all stationary points (i.e. A such that d,f = 0).
Then we show that, for such a problem, optimizing A with hp_j; cannot converge to any of the stationary points.



Amirreza Shaban*, Ching-An Cheng*, Nathan Hatch, Byron Boots

Counter example To construct the counterexample, we consider a scalar deterministic bilevel optimization
problem of the form

R
min = (%)2 + 6())
A2
X (18)
st. @ ~w* € argmin = (w — \)?
w2

in which ¢ is some perturbation function that we will later define, and w* is computed by performing 7" > 1 steps

of gradient descent in the lower-level optimization problem with some constant initial condition wg and constant
step size 0 < v < 1, i.e.

Ak

w* = wr, w1 = wy — y(wy — A)
We can observe this problem satisfies almost all the assumptions in Theorem 3.4:

1. The lower-level objective g is smooth and strongly convex. (Proposition 3.1)

[\

. The upper-level objective F' is smooth. (Theorem 3.3)
3. The lower-level objective g is second-order continuously differentiable (assumption 1 in Theorem 3.4)

4. The Jacobian if full rank, i.e. B =+ > 0 (assumption 2 in Theorem 3.4)

ot

. The upper-level objective function is deterministic, i.e. F' = f (assumption 4 in Theorem 3.4)

But we will show that properly setting ¢ can break the non-interfering assumption in (17) (i.e. assumption 3 in
Theorem 3.4) and then creates a problem such that optimizing A with K-RMD does not converge to an exact
stationary point.

We follow the two-step strategy mentioned above.

Step 1: Non-vanishing approximate gradient Without loss of generality, let us consider optimizing A with
1-RMD. In this case we can write the approximate and the exact gradients in closed form as

T
hro1=Vé+w'y,  daf=Vo+uwyd (1-7)7"" (19)
t=0

which are given by (5) and (8). We will show that by properly choosing ¢, we can define f(\) = 1(@*)? + ¢(\)
such that, at any of the stationary points of f, the approximate gradient of 1-RMD does not vanish. That is, we
show when dy f =0, hp_1 # 0.

Before proceeding, let us define u = w*y and v = w*y Zf,T:o(l — )T~ for convenience. To show how to construct
¢, let us consider the stationary points in the case’ when ¢ = 0. Let P, denote the set of these stationary points,
ie. Py ={X\:v =0} Since f is smooth and lower-bounded, we know that P, is non-empty, and from the
construction of our counterexample we know that Py contains exactly the As such that w* = 0.

This implies that for A € R\ Py, it satisfies w* # 0 and therefore

T

w = (w)* 31 -4) " >0 (20)
t=0

We use this fact to pick an adversarial ¢. Consider any smooth, lower-bounded ¢ whose stationary points are not
in Py, e.g. ¢(A) = 5(A = Ao)? and A\g ¢ Py. Then f(A) = £(@*)? + ¢()) has a non-empty set of stationary points

“Note in this special case, assumption 3 in Theorem 3.4 holds trivially when ¢(\) = 0 (i.e. Vaf = 0) and optimizing A
with K-RMD converges to an exact stationary point.
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P, such that P, N Py = (). We see that, for such ¢, the non-interfering assumption (assumption 3 in Theorem 3.4)
is violated in Py:

VaS T (drf +hroy = Vaf) = Vaf (Vaf +u—Vaf) wdaf=0and hy_1 =Vif+u
=Vip'u
= —vu c0=dyf=Vip+o
<0 +(20) and P,N Py =0
< (Vag)? v >0for \€ P,

And we show for any A € P, it holds that hq_; # 0. This can be seen from the definition
hr—i=Vo+u=dyftu—v=u—v#0

where the last inequality is because w* # 0 for A € Py.

Step 2: Non-convergence to any stationary point We have shown that there is a problem which satisfies
all the assumptions but assumption 3 of Theorem 3.4, and at any of its stationary points (i.e. when dyf =0) we
have hr_g # 0. Now we show this property implies failure to converge to the stationary points for the general
problems considered in Theorem 3.5 (i.e. we do not rely on the form made in Step 1 anymore).

We prove this by contradiction. Let A\* be one of the stationary points. We choose g > 0 such that, for some
€ >0, |hr_x|| > €/ for all X inside the neighborhood {\ : |A — A*|| < %}, where we recall  is the step size of
the lower-level optimization problem. A non-zero §y exists because hp_1 is continuous by our assumption and
hT—K 7é 0 at \*.

We are ready to show the contradiction. Let 6 = min{dp, €}. Suppose there is a sequence {\;} that converges to
the stationary point A*. This means that there is 0 < M < oo such that, V7 > M, ||\, — A*|| < g, which implies
that V7 > M, ||Ar41 — Ar|| < d. However, by our choice of do, [|[Ar41 — Ar|| = Y||hr—k| > € > 4, leading to a
contradiction.

Thus, no sequence {A;} converges to any of the stationary points. This concludes our proof. |

F  Proof of Proposition 3.6

Proposition 3.6. Under the assumptions in Proposition 3.1, suppose wy converges to a stationary point w*. Let
Ao = limy 00 Ap and By, = limy oo By, For v < %, it satisfies that

—V)\ngva}wg =B ZI?;O Aléo (12)
Proof. Recall our shorthand that V3 ,,¢ and V,, g are evaluated at (w*, A). In the limit, it holds that

h{n Ay = h%n vwEt(wtfla )‘> = vw(w* - vag(w*a A)) =1I- fva,wg = Ao
li{n B; = li{n ViaZE(wi—1,A) = Vi(w* —yVyug(w*, X)) = =vVawg = B

To prove the equality (12), we use Lemma (F.1).
Lemma F.1. [32] For a matriz A with | A|| < 1, it satisfies that

oo
(I-A) =>4k
Since v < 4, we have yal < YV g = I, 50 |[I — V9| < 1. By Lemma F.1,

v;}wg = ’Y(I -1+ 'YV1U7uzg)71 = ’YZ(I — 'YVw,u)g)k =7 Z AI;O
k=0 k=0
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Therefore,

1 0o
-V A, w 57‘C7;;; }IU g = ( __'ﬁY‘(7‘X 2wy ) (: :; v ;; 3;1)57:> = lE?[)<> ::E::: 1Z1£§°
k=0

G Detailed experimental setup

In this appendix, we provide more details about the settings we used in each experiment. We use Adam [33] to
optimize the upper-level objective and vanilla gradient descent for the lower objective. We denote by w* the
results of running T steps of gradient descent with step size .

G.1 Data hypercleaning

In this appendix, we provide more details about the data hypercleaning experiment on MNIST from Section 4.2.1.

Both the training and the validation sets consist of 5000 class-balanced examples from the MNIST dataset. The
test set consists of the remaining examples. For each training example, with probability %, we replaced the label
with a uniformly random one.

For various K, we performed K-RMD for 1000 hyperiterations. Like in the toy experiment (Section 4.1) we
adjusted the initial meta-learning rate 7y for each K so that the norm of the initial update was roughly the same
for each K.

We asserted earlier that the reported F1 scores are not sensitive to our choice of threshold \; < —3. To validate
this assertion, we repeated the experiment for various thresholds. F1 scores are reported in the table below.

K N<—4 N<-3 \N<-1
1 0.84 0.84 0.84
5 0.89 0.89 0.90
25 0.89 0.89 0.89
50 0.89 0.89 0.89
100 0.89 0.89 0.89

We only ran these experiments for 150 hyperiterations, because the F1 score has essentially converged by that
point. Indeed, the plot below shows identification of corrupted labels for K = 1, with cutoff \; < —4. The X axis
is in units of 1000 hyperiterations. We see that 1-RMD rapidly identifies most of the mislabeled examples, with a
few false positives.

Sparsity

5000 —— False_negative
—— False_positive
—— Number_nonzero
—— True_positive
4000

3000

2000

1000

G.2 Task interaction

We use T' = 100 iterations of gradient descent with learning rate 0.1 in the lower objective which yields w§. To
ensure that C' is symmetric, and that C;; and p are nonnegative, we re-parametrize them as p = softplus(v) and
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Ppps

Figure 8: One-shot learning network architecture. The first two convolutional layers map the input image into a
”hyper-representation” space which is frozen while optimizing the lower-level objective. The last three layers are
tuned for each task and regularized to avoid overfitting. All the convolutional layers have 64 3 x 3 kernels. There
is a max-pooling layer followed by a batch-normalization and a ReLU layer after each convolution.

l

C=A+ AT, where A;; = softplus(B;;) and B is a hyperparameter matrix. Thus, the hyperparameters to be
optimized are A = {B,v}.

Rather than using raw pixels, we extract image features from the output of the average pooling layer in Resnet-
18 [34] which is trained on ImageNet [35]. We use the same data pre-processing that is used for training Resnet
architecture.

When reporting test accuracy, we run 10 independent trials. In each trial, we sample the training and validation
datasets with a balanced set of m examples each (m = 50 for CIFAR-10 and m = 300 for CIFAR-100) and use
the rest of the dataset for testing. To avoid over-fitting, we use early stopping when the testing error does not
improve for 500 hyper-iterations.

Although we are using a similar setting as Franceschi et al. [9], our results on full back-propagation are quite
different from theirs. We believe it is because we are using a different network architecture and pre-processing
method for feature extraction.

G.3 One-shot classification

Dataset The Omniglot dataset [31], a popular benchmark for few-shot learning, is used in this experiment. We
consider 5-way classification with 1 training and 15 validation examples for each of the five classes. To evaluate the
generalization performance, we restrict the meta-training dataset to a random subset of 1200 of the 1623 Omniglot
characters. The meta-validation dataset consists of 100 other characters, and meta-testing dataset has the
remaining 323 characters. We use the meta-validation dataset for tuning the upper-level optimization parameters
and report the performance of the algorithm on the meta-testing dataset. Note that no data augmentation
method is used in the training.

Neural Network and Optimization The overall neural network architecture is shown in Figure 8. Our
architecture inherits the hyper-representation model of Franceschi et al. [2] with some modifications. The first
two convolutional layers, parametrized by hyperparameter A = {\;;, \;,}, transform the input image into a
“hyper-representation” space. The last three layers, parametrized by w = {wy,, w;,,w;; } are fine-tuned in the
lower-level optimization. Additionally, we have regularization hyperparameters A\, = {p;}?_; U {¢; }?:1. The
overall setup corresponds essentially to meta-learning the two bottom layers of a CNN; for each task, the weights
in the first two layers are frozen, and the k-way classifier of the last three layers is fine tuned. Overall, the model

has =~ 110k hyperparameters and = 75k parameters.

We use a meta-batch-size of 4 in each hyper-iteration. To limit the training time, we stop all the algorithms
after 5000 hyper-iterations. Needless to say, these results could be further improved by using data augmentation,
higher meta-batch size, and running more hyper-iterations. However, our current setup is selected so that all the
experiments can be run in a reasonable amount of time, while sharing a similar setting used in practical one-shot
learning.



