A Stein—Papangelou Goodness-of-Fit Test for Point Processes
(Appendix)

A Omitted Proofs and Results
Proof of Theorem 5. By the reproducing property of H, h(¢) = (h(-), k(®,))4, - For any x € X, we have

(D h)(¢) = (h(-), k(S + da: ) g, — (R(), kD, ))gy, = (0D, (DEE) (7)),
(D2 1)(@) = (h(-), k(9 )3, — (AC), (D = 00, ) gy, = (RC), (D)D), -

Thus, by Eq. (7),
Esy [Aph(®)] = Eooy | [ @@l [ €X<th><@>@<dx>}
—Bany | [ O DI,y plol®) s = [ (10 DER@. ), 2100)
Eau, _<h<->, [ @i, ->p<z|<1>>dx>m - <h<->, [ @z, <1><dx>>m]

= (A(), By [AK(D, )]y,

Defining 8, , := Eo~yy [A,k(®, )], we can rewrite the kernelized Stein discrepancy as

Dy, (mllp)= sup (A, Byp)y, -
e, ||hlla, <1

which immediately implies that Dy, (7] p) = ||55,p 24, since the supremum will be obtained by h = 8, ,/ |8y, 5|2 -
Therefore, we can write

D30, (1119) = 180,51, = (Eaey [AZR(®, )] By [ATKE, )]),, = B [(ATR(, ), ALK, ), ]
=Epuy [AEA/? (k(®,-), k(T, )>H,j =Eo v~y [AfAfk((IJ, \Il)] ,
where we applied the reproducing property, (k(®, ), k(¥,-));, = k(®, V).
Deriving the expression in Eq.(12). Fixing ¢ and applying Eq. (7) to k(¢, 1) viewed as a function of ¢, we have
Ah(6,0) = [ b6+ 61 ) = K6, )] p(0l6)du+ T [K(6 = 02,1) = k(0]
X TEP
Now, fixing ¢ and applying Eq. (7) to Aﬁk(d), 1) viewed as a function of ¥, we have

AL ATk (9, 4) = /X [ADk(6, 9 + 8,) = ATK(¢, )] p(vlgp) dv + Y [ASk(d, ¢ = 6,) — ATk(¢, )]

yeEY

:/X[(/X[k(¢+5uﬂ/1+5v)—k(¢7¢+5 p(u|o) du+z (¢ — g, 1h + 0,) — (¢’¢+5v)])

TEPD

([ 106+ 8200) = ko0 k) dut 3 1406~ 0 - <¢,¢>1)]p<vw>dv

TEPD
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(/X (64 6uth — 8y) — k(o0 — 5,)] pluld) du+ 3" k(6 — 86— 5,) — <¢,w—6y>])

TEP

>

yeY

_</X[k-(¢+5m¢)_ k(,)] p(ulg) du+ Y [k(¢ — 6,1) — (QMM)}

TED

+/X Z [k(¢ — 0z, W+ 0y) — k(o — 5:1:71&)] — || - []{((b’w +6,) — k(¢ﬂ/})]‘| p(v]t) dv
TEPD

+ / [Z (k{6 + Busth — 8,) — k(6,0 — 8,)] — ] - [k( + b4, ) — k(o ¢>]]p<u|¢> du

yep
DD k(b= bt —6y) — [0l D k(b0 —8y) — [+ D k(b — 0uy ) + [¢] - || -k(¢,¢>]7
TEHYEY yEY TEP
which recovers the expression in Eq. (12). This concludes the proof of Theorem 5. O

Theorem 7 (Adapted from [30]). Let k(-,-) be a positive definite kernel on Nx, and assume that
Eo, won [np(@,\ll)z] < 00. We have the following two cases:

(i) If n # p, then'S (n || p) is asymptotically normal:
Vin (Sl p) =Sl p) B NO,0%),

where 02 = Varg.on(Egy [k,(P, ¥)]) > 0.
(i1) If n = p, then 0® = 0, and the U-statistic is degenerate.
Lemma 8 (Schoenberg [37]). The function

k(z,y) = eXp{_ﬂ?y)}

defined on a domain D is a positive definite kernel for all ¢ > 0 if and only if f is a conditionally negative definite
function, i.e., szzl cicjf(zi,z;) <0 foralln €N, zy,...,2, €D, and c1,...,¢, € R such that >, ¢; = 0.

Proof of Proposition 6. Denote

= ZZkX(x,y). (17)

TEPyYEY
By Proposition 3.1 of [17], £(-,-) is a p.d. kernel on N if kx is a p.d. kernel on X. By Lemma 8, to show that

Eq. (15) defines a p.d. kernel, it suffices to show that a2 is a conditionally negative-definite function. To this end,
observe that for any n € N, ¢1,...,¢, € Nx, and c1,..., ¢, € R satisfying >, ¢; = 0, we have

ZZ P6ut) = o (ZQZ S kx(a o’ ) (;cj) +@ <§c> (ZCJ S Y ko )

= TED; ' EP; = YED; Y EP;
R |¢|ZZ% (00:05)
v I =1 j=1
TR |¢>|ZZ% (90:01)
v I =1 j=1

<0

— )

where we used the fact that £(-,-) is a p.d. kernel on Nx. Thus, the proof is complete. O
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B KSD Goodness-of-Fit Testing Algorithm

The KSD goodness-of-fit testing procedure is summarized in Algorithm 1.

Algorithm 1 KSD goodness-of-fit test for point processes

1: Input: Papangelou conditional intensity p, point configurations {X;}", ~ 7, kernel function k(-,-) on Nk,
bootstrap sample size m, significance level a.

2: Objective: Test Ho: p=mnvs. Hi : p# 1.

3: Compute test statistic S (|| p) via

. 1 m m
m(m —1) ;; P !
where

p(0.0) = [ [0 (a0 03) = K6, U {0}) = K6 U b ) + (6. p(ul6) plols) dudo
4[] oMb v U o)) = K@\(a} 0] - 161 (606U (o)) - k(qb,w)]]p(vw)dv
X TEPD

+/X {Z (ko U {u}, v\{y}) — k(. 0\ {y})] =[] [k(d U {u}, ) — k(o 1/})]]#(UI¢) du

yeEY

+

SN R\t o\ wd) = [l > k(b o\ {y}) — 18] > k(@\{a}h¥) + 1] - [¢] - k(e wﬂ :

TEP YEY yEY zEP

[

:forb=1,...,m do

5:  Draw random multinomial weights wy, ..., wy, ~ Mult(m;/m, ..., 1/m); set w; = (w; — 1)/m.
6:  Compute bootstrap test statistic S; via
R m m
Si(mllp) =D wiwjky(Xi, X)).
i=1 ji
7: Compute critical value v1_, by taking the (1 — a)-th quantile of the bootstrapped statistics {gg‘}?:l

o

. Output: Reject Hy if S (1| p) > 71—a, otherwise do not reject Hy.

For concreteness, we provide an example Python implementation of Eq. (12) below:

def kernel (X, Y):

nwnn

Evaluates a kernel function for two point-sets X and Y.

Args:
X, Y: numpy arrays of shape (_, d), collections of d-dimensional points.

Returns:
float, value of k(X, Y).

nwnn

def papangelou(u, X):
nmimn
Evaluates the Papangelou conditional intensity (ulX) of a point process
at location u given observed point-set X.

Args:
u: numpy array of shape (d,), a location in the ground space.
X: numpy array of shape (n, d), the given point-set.

Returns:
float, value of rho(ulX).

nwnn
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def

def

integrate (func, domain):
mnn
Integrates a (univariate or multivariate) function func over domain.
See scipy.integrate for a list of common numerical integration routines.

Args:
func: function, a univariate or multivariate function.
domain: list of lists, the integration ranges for each variable.

Returns:
float, value of the definite integral.

"wnn

kappa(X, Y, domain):

wnn

Evaluates Eq.(12) for two point-sets X and Y using kernel () and papangelou ().

Args:
X, Y: numpy arrays of shape (_, d), collections of d-dimensional points.
domain: list of lists, ranges specifying the ground space.

Returns:
float, value of kappa(X, Y).

"wnn

n = X.shape[O]

m = Y.shape[O]

k = kernel (X, Y)

k_X = sum(kernel(np.delete(X, i, axis=0), Y) for i in xrange(n))

k_Y = sum(kernel (X, np.delete(Y, j, axis=0)) for j in xrange(m))
k_X_Y = sum(kernel(np.delete(X, i, axis=0), np.delete(Y, j, axis=0))

for i in xrange(mn) for j in xrange (m))

def integrand_uv(u, v):
# Double integrand over u and VvV
k_uv = kernel(mp.vstack((X, uw)), np.vstack((Y, v)))
kernel (X, np.vstack ((Y, v)))
kernel (np.vstack ((X, u)), Y)
papangelou(u, X)
papangelou(v, Y)
eturn (k_uv - k_v - k_u + k) * c_u * c_v

k_v
k_u
c_u
c_Vv
ret

def integrand_v(v):
# Integrand over v
k_X_v = sum(kernel(np.delete(X, i, axis=0), np.vstack((Y, v)))
for i in xrange(m))
k_v = kernel (X, np.vstack((Y, v)))
c_v = papangelou(v, Y)
return ((k_X_v - k_X) - n*x(k_v - k)) * c_v

def integrand_u(u):
# Integrand over u
k_Y_u = sum(kernel(np.vstack((X, u)), np.delete(Y, j, axis=0))
for j in xrange(m))
k_u = kernel(np.vstack((X, u)), Y)
c_u = papangelou(u, X)
return ((k_Y_u - k_Y) - m*(k_u - k)) * c_u

# Compute integrals

terml = integrate(integrand_uv, domain)
term2 = integrate(integrand_v, domain)
term3 = integrate(integrand_u, domain)

term4d = k_X_Y - n*k_Y - m*k_X + m*nx*k

return terml + term2 + term3 + termé




