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S-1 Lemmas
We provide some lemmas that will be used in proving Proposition 1.

Lemma S-1. Let {ϑk}k∈Z+ and {ϑ′k}k∈Z+ be any positive sequences and X ⊆ Rd be convex and closed. Define a
sequence of iterates {xk\ }k∈Z+ such that x0

\ , x0 and

xk+1
\ , ΠX

[
xk\ + ϑkε

k
]
, ∀ k ∈ Z+,

where ΠX denotes the Euclidean projection onto X and the sequence {εk}k∈Z+ is defined in Assumption 1. Then
K−1∑
k=0

ϑ′k〈εk,x− xk\ 〉 ≤
ϑ′0
2ϑ0
‖x0

\ − x‖2 +

K−1∑
k=1

(
ϑ′k
2ϑk
−

ϑ′k−1

2ϑk−1

)
‖xk\ − x‖2 +

K−1∑
k=0

ϑ′kϑk
2
‖εk‖2, ∀K ∈ N. (S-1)

Proof. By the nonexpansiveness of ΠX , for any x ∈ X and k ∈ Z+, we have
1

2
‖xk+1

\ − x‖2 =
1

2
‖ΠX [xk\ + ϑkε

k]−ΠX [x]‖2

≤ 1

2
‖xk\ − x + ϑkε

k‖2 =
1

2
‖xk\ − x‖2 +

ϑ2
k

2
‖εk‖2 + ϑk〈xk\ − x, εk〉. (S-2)

Now, multiply both sides of (S-2) by ϑ′k/ϑk and telescope over k = 0, . . . ,K − 1, we have

0 ≤
ϑ′K−1

2ϑK−1
‖xK − x‖2

≤ ϑ′0
2ϑ0
‖x0

\ − x‖2 +

K−1∑
k=1

(
ϑ′k
2ϑk
−

ϑ′k−1

2ϑk−1

)
‖xk\ − x‖2 +

K−1∑
k=0

ϑ′kϑk
2
‖εk‖2 +

K−1∑
k=0

ϑ′k〈εk,xk\ − x〉.

After rearranging, we arrive at (S-1). �

Lemma S-2. Choose the input sequences {βk}k∈Z+ , {αk}k∈Z+ , {τk}k∈Z+ and {θk}k∈Z+ in Algorithm 1 as in
Section 2. If dom g and domh∗ are closed and bounded, then for any K ∈ N,

G(xK ,yK) ≤ 1

βK−1τK−1
D2
g +

1

2βK−1αK−1
D2
h∗

+
1

βK−1γK−1

K−1∑
k=0

γk〈εk,xk\ − xk〉+
1 + ζ

2ζβK−1γK−1

K−1∑
k=0

γkτk‖εk‖2 a.s. (S-3)

Proof. See Section S-4. �

Lemma S-3. Let {σk}k∈Z+ be any positive sequence. Let {δk}k∈Z+ ⊆ R be an martingale difference sequence (MDS)
adapted to a filtration {F ′k}k∈Z+ such that for any k ∈ Z+, E[δk | F ′k] = 0 and E[exp{δ2

k/σ
2
k} |F ′k] ≤ exp{1} a.s.

Then for any p > 0 and K ∈ N,

Pr

K−1∑
k=0

δi > p

√√√√K−1∑
k=0

σ2
i

 ≤ exp

{
−p

2

4

}
. (S-4)

Proof. See [1, Section 6]. �
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S-2 Proof of Proposition 1
By the independence of εk and {xk\ ,xk} for any k ∈ Z+ and (A1), we have

Eξk
[
〈εk,xk\ − xk〉|Fk

]
= 0, ∀K ∈ N. (S-5)

Therefore,

EΞK

[
K−1∑
k=0

γk〈εk,xk\ − xk〉

]
=

K−1∑
k=0

γkE
[
Eξk

[
〈εk,xk\ − xk〉|Fk

]]
= 0. (S-6)

By (A2), we also have

EΞK

[
K−1∑
k=0

γkτk‖εk‖2
]

=

K−1∑
k=0

γkτkE
[
Eξk

[
‖εk‖2|Fk

]]
≤

(
K−1∑
k=0

γkτk

)
σ2. (S-7)

Therefore, by combining (S-3), (S-6) and (S-7), we obtain (22).
We next prove (23). By (S-5), (A2) and the boundedness of dom g, we see that {γk〈εk,xk\ − xk〉}k∈Z+ is a MDS

adapted to {Fk}k∈Z+ . In addition, by Cauchy-Schwartz and (A3),

Eξk

[
exp

{
γ2
k|〈εk,xk\ − xk〉|2

4γ2
kσ

2D2
g

}∣∣∣∣Fk
]
≤ exp{1}. (S-8)

Then we invoke Lemma S-3 to obtain that for any p > 0,

Pr

 1

βK−1γK−1

K−1∑
k=0

γk〈εk,xk\ − xk〉 > 2pσDg

βK−1γK−1

√√√√K−1∑
k=0

γ2
k

 (S-9)

= Pr


K−1∑
k=0

γk〈εk,xk\ − xk〉 > p

√√√√K−1∑
k=0

4γ2
kσ

2D2
g

 ≤ exp{−p2/4}. (S-10)

Recall from Proposition 1 that ΓK =
∑K−1
k=0 γkτk, for any K ∈ N. Then by Jensen’s inequality and (A3), for any

p′ > 0,

EΞK

[
exp

{
p′

2ΓK

K−1∑
k=0

γkτk
‖εk‖2

σ2

}]
≤ 1

ΓK

K−1∑
k=0

γkτkE
[
Eξk

[
exp

{
p′‖εk‖2

2σ2

} ∣∣∣∣Fk]] ≤ exp{p′/2 + (p′)2/4}.

(S-11)

Therefore, for any p′ > 0,

Pr

{
1 + ζ

2ζβK−1γK−1

K−1∑
k=0

γkτk‖εk‖2 > (1 + p′)
σ2(1 + ζ)

2ζβK−1γK−1
ΓK

}

= Pr

{
exp

{
p′

2ΓK

K−1∑
k=0

γkτk
‖εk‖2

σ2

}
> exp{p′(1 + p′)/2}

}

≤ EΞK

[
exp

{
p′

2ΓK

K−1∑
k=0

γkτk
‖εk‖2

σ2

}]
exp{−p′(1 + p′)/2} ≤ exp{−(p′)2/4}, (S-12)

where (S-12) follows from Markov’s inequality and (S-11).
Recall from Proposition 1 that Γ′K , (

∑K−1
k=0 γ2

k)1/2. Based on (S-3), (S-10) and (S-12), we have that for any
p, p′ > 0,

Pr

{
G(xK ,yK) >

D2
g

βK−1τK−1
+

D2
h∗

2βK−1αK−1
+

2pσDg

βK−1γK−1
Γ′K

+(1 + p′)
σ2(1 + ζ)

2ζβK−1γK−1
ΓK

}
≤ exp{−p2/4}+ exp{−(p′)2/4}. (S-13)
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Taking p = p′ = 2
√

log(2/δ), we then complete the proof.

S-3 Proof of Theorem 1
First, we easily see that the conditions on {βk}k∈Z+ , {αk}k∈Z+ , {τk}k∈Z+ and {θk}k∈Z+ in Proposition 1 are all
satisfied with ζ = 1/2. In particular, for any k ∈ N,

1

2τk−1
− L

βk−1
−B2αk−1 =

2

k + 1
L+

ρσ

2

√
k + 1− 2(k + 1)

k(k + 3)
L =

2(k − 1)

k(k + 1)(k + 3)
L+

ρσ

2

√
k + 1 ≥ 0.

From (22), we have

EΞK

[
G(xK ,yK)

] (a)

≤ 2(K + 1)

K(K + 3)

{(
4L

K + 1
+ 2ρ′B + ρσ

√
K + 1

)
D2
g +

B

2ρ′
D2
h∗ +

3

2ρK

(
K∑
k=1

√
k

)
σ

}
(b)

≤ 8L

K(K + 3)
D2
g +

4(K + 1)

K(K + 3)

(
ρ′D2

g +
D2
h∗

4ρ′

)
B +

2(K + 1)3/2

K(K + 3)

(
ρD2

g +
2

ρ

)
σ.

where in (a) we use τk ≤ 1/(ρσ
√
k + 1) for any k ∈ Z+ and in (b) we use

∑K
k=1

√
k ≤ (2/3)(K + 1)3/2 for any

K ∈ N.
In addition, in (23), we have

4
√

log(2/δ)Dg

βK−1γK−1

√√√√K−1∑
k=0

γ2
kσ +

(1 + 2
√

log(2/δ))(1 + ζ)

2ζβK−1γK−1

(
K−1∑
k=0

γkτk

)
σ2

(c)

≤ 2(K + 1)

K(K + 3)

{
4
√
K log(2/δ)Dg +

1 + 2
√

log(2/δ)

ρK
(K + 1)3/2

}
σ

≤ 8(K + 1)3/2

K(K + 3)

(√
log(2/δ)Dg +

1/2 +
√

log(2/δ)

ρ

)
σ

(d)

≤ 16√
K + 3

(
Dg +

2

ρ

)√
log(2/δ)σ, (S-14)

where in (c) we use
∑K
k=1 k

2 ≤ K3 for any K ∈ N and in (d) we use δ ∈ (0, 1).

S-4 Proof of Lemma S-2
For any k ∈ N, from steps (5) and (6) and the first-order optimality conditions, we have

α−1
k (yk − yk+1) + Azk ∈ ∂h∗(yk+1), (S-15)

τ−1
k (xk − xk+1)− (vk + ATyk+1) ∈ ∂g(xk+1). (S-16)

Using the definitions of subdifferential and law of cosines, for any x ∈ Rd and y ∈ Rm,

h∗(y) ≥ h∗(yk+1) +
1

2αk

(
‖yk − yk+1‖2 + ‖yk+1 − y‖2 − ‖yk − y‖2

)
+ 〈Azk,y − yk+1〉, (S-17)

g(x) ≥ g(xk+1) +
1

2τk

(
‖xk − xk+1‖2 + ‖xk+1 − x‖2 − ‖xk − x‖2

)
+ 〈εk,xk+1 − x〉+ 〈∇f(x̃k),xk+1 − x〉+ 〈A(xk+1 − x),yk+1〉. (S-18)
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In addition, from steps (4) and (8), we have xk+1 − x̃k = β−1
k (xk+1 − xk) and for any x ∈ Rd,

(βk − 1)f(xk) + f(x)

≥ (βk − 1)
(
f(x̃k) + 〈∇f(x̃k),xk − x̃k〉

)
+ f(x̃k) + 〈∇f(x̃k),x− x̃k〉

= βkf(x̃k) + (βk − 1)〈∇f(x̃k),xk − x̃k〉+ 〈∇f(x̃k),xk+1 − x̃k〉+ 〈∇f(x̃k),x− xk+1〉
= βk

(
f(x̃k) + (1− β−1

k )〈∇f(x̃k),xk − x̃k〉+ β−1
k 〈∇f(x̃k),xk+1 − x̃k〉

)
+ 〈∇f(x̃k),x− xk+1〉

≥ βk
(
f(xk+1)− (L/2)‖xk+1 − x̃k‖2

)
+ 〈∇f(x̃k),x− xk+1〉

= βkf(xk+1)− L

2βk
‖xk+1 − xk‖2 + 〈∇f(x̃k),x− xk+1〉. (S-19)

From (S-19), we immediately see that

βk(f(xk+1)− f(x)) ≤ (βk − 1)(f(xk)− f(x)) +
L

2βk
‖xk+1 − xk‖2 + 〈∇f(x̃k),xk+1 − x〉. (S-20)

Also, by Jensen’s inequality, we have for any x ∈ Rd and y ∈ Rm,

g(xk+1)− g(x) ≤ β−1
k (g(xk+1)− g(x)) + (1− β−1

k )(g(xk)− g(x)), (S-21)

h∗(yk+1)− h∗(y) ≤ β−1
k (h∗(yk+1)− h∗(y)) + (1− β−1

k )(h∗(yk)− h∗(y)). (S-22)

For convenience, for any k ∈ Z+, x ∈ Rd and y ∈ Rm, define wk , (xk,yk) and w , (x,y). Accordingly, define

Q(wk,w) , S(xk,y)− S(x,yk)

= (f(xk)− f(x)) + (g(xk)− g(x)) + (〈Axk,y〉 − 〈Ax,yk〉) + (h∗(yk)− h∗(y)). (S-23)

Then for any x ∈ Rd and y ∈ Rm,

βkQ(wk+1,w)

(S-20),(8),(9)
≤ (βk − 1)(f(xk)− f(x)) +

L

2βk
‖xk+1 − xk‖2 + 〈∇f(x̃k),xk+1 − x〉

+ (βk − 1)(〈Axk,y〉 − 〈Ax,yk〉) + (〈Axk+1,y〉 − 〈Ax,yk+1〉)
+ βk(g(xk+1)− g(x)) + βk(h∗(yk+1)− h∗(y))

(S-21),(S-22)
≤ (βk − 1)(f(xk)− f(x)) + (βk − 1)(g(xk)− g(x)) + (βk − 1)(〈Axk,y〉 − 〈Ax,yk〉)

+ (βk − 1)(h∗(yk)− h∗(y)) +
L

2βk
‖xk+1 − xk‖2 + 〈∇f(x̃k),xk+1 − x〉

+ (〈Axk+1,y〉 − 〈Ax,yk+1〉) + (g(xk+1)− g(x)) + (h∗(yk+1)− h∗(y))

(S-23),(S-17),(S-18)
≤ (βk − 1)Q(wk,w) +

L

2βk
‖xk+1 − xk‖2 + 〈Axk+1,y − yk+1〉

+
1

2τk

(
‖xk − x‖2 − ‖xk − xk+1‖2 − ‖xk+1 − x‖2

)
+ 〈εk,x− xk+1〉

+
1

2αk

(
‖yk − y‖2 − ‖yk − yk+1‖2 − ‖yk+1 − y‖2

)
+ 〈Azk,yk+1 − y〉

(7)
≤ (βk − 1)Q(wk,w) +

(
L

2βk
− 1

2τk

)
‖xk+1 − xk‖2 +

1

2τk

(
‖xk − x‖2 − ‖xk+1 − x‖2

)
+ 〈A(xk − xk+1),yk+1 − y〉+ θk〈A(xk − xk−1),yk − y〉+ θk〈A(xk − xk−1),yk+1 − yk〉

+
1

2αk

(
‖yk − y‖2 − ‖yk+1 − y‖2

)
− 1

2αk
‖yk − yk+1‖2 + 〈εk,x− xk+1〉. (S-24)
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Define γ−1 , 1. From the definition of {γk}k∈Z+ , we see that γk−1 = γkθk, for any k ∈ Z+. Now, we multiply both
sides of (S-24) by γk and use condition (19) to obtain

βkγkQ(wk+1,w)

≤ βk−1γk−1Q(wk,w) + γk

(
L

2βk
− 1

2τk

)
‖xk+1 − xk‖2 +

γk
2τk

(
‖xk − x‖2 − ‖xk+1 − x‖2

)
+ γk〈A(xk − xk+1),yk+1 − y〉+ γk−1〈A(xk − xk−1),yk − y〉+ γk−1〈A(xk − xk−1),yk+1 − yk〉

+
γk

2αk

(
‖yk − y‖2 − ‖yk+1 − y‖2

)
− γk

2αk
‖yk − yk+1‖2 + γk〈εk,x− xk+1〉. (S-25)

By Young’s inequality and that |||A||| = B, we have

γk−1〈A(xk − xk−1),yk+1 − yk〉 ≤ B2θ2
kαkγk
2

‖xk − xk−1‖2 +
γk

2αk
‖yk+1 − yk‖2. (S-26)

Substituting (S-26) into (S-25), we have

βkγkQ(wk+1,w)− βk−1γk−1Q(wk,w)

≤ B2θ2
kαkγk
2

‖xk − xk−1‖2 − γk
(

1

2τk
− L

2βk

)
‖xk+1 − xk‖2 +

γk
2τk

(
‖xk − x‖2 − ‖xk+1 − x‖2

)
+ γk−1〈A(xk − xk−1),yk − y〉 − γk〈A(xk+1 − xk),yk+1 − y〉

+
γk

2αk

(
‖yk − y‖2 − ‖yk+1 − y‖2

)
+ γk〈εk,x− xk+1〉. (S-27)

For any fixed K ∈ N, we then telescope (S-27) over k = 0, . . . ,K − 1 to obtain

βK−1γK−1Q(wK ,w)− β−1γ−1Q(w0,w) ≤ B2θ2
0α0γ0

2
‖x0 − x−1‖2

+

K−1∑
k=1

γk−1

2

(
B2θkαk +

L

βk−1
− 1

τk−1

)
‖xk − xk−1‖2 − γK−1

2

(
1

τK−1
− L

βK−1

)
‖xK − xK−1‖2

+
γ0

2τ0
‖x0 − x‖2 +

K−1∑
k=1

(
γk
2τk
− γk−1

2τk−1

)
‖xk − x‖2 − γK−1

2τK−1
‖xK − x‖2

+
γ0

2α0
‖y0 − y‖2 +

K−1∑
k=1

(
γk

2αk
− γk−1

2αk−1

)
‖yk − y‖2 − γK−1

2αK−1
‖yK − y‖2

+ γ−1〈A(x0 − x−1),y0 − y〉 − γK−1〈A(xK − xK−1),yK − y〉+

K−1∑
k=0

γk〈εk,x− xk+1〉. (S-28)

Since z0 = x0 and θ0 > 0, we have x−1 = x0. In addition, from (19), we see that β−1γ−1 = 0. By Young’s inequality,

− γK−1〈A(xK − xK−1),yK − y〉 ≤ B2αK−1γK−1

2
‖xK − xK−1‖2 +

γK−1

2αK−1
‖yK − y‖2. (S-29)

By condition (20) and the boundedness of dom g and domh∗, we have

γ0

2τ0
‖x0 − x‖2 +

K−1∑
k=1

(
γk
2τk
− γk−1

2τk−1

)
‖xk − x‖2 ≤ γK−1

2τK−1
D2
g , (S-30)

γ0

2α0
‖y0 − y‖2 +

K−1∑
k=1

(
γk

2αk
− γk−1

2αk−1

)
‖yk − y‖2 ≤ γK−1

2αK−1
D2
h∗ . (S-31)
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By condition (20), we also have θkαk ≤ αk−1, for any k ∈ N. Thus, (S-28) now becomes

βK−1γK−1Q(wK ,w) ≤
K∑
k=1

γk−1

2

(
B2αk−1 +

L

βk−1
− 1

τk−1

)
‖xk − xk−1‖2

+
γK−1

2τK−1
D2
g −

γK−1

2τK−1
‖xK − x‖2 +

γK−1

2αK−1
D2
h∗ +

K−1∑
k=0

γk〈εk,x− xk+1〉. (S-32)

Now, we decompose the last term in (S-32) into three parts, i.e.,

K−1∑
k=0

γk〈εk,x− xk+1〉 =

K−1∑
k=0

γk〈εk,x− xk\ 〉+

K−1∑
k=0

γk〈εk,xk\ − xk〉+

K−1∑
k=0

γk〈εk,xk − xk+1〉, (S-33)

where {xk\ }k∈Z+ is defined as in Lemma S-1 with ϑk = τk, for any k ∈ Z+. By Lemma S-1, we have

K−1∑
k=0

γk〈εk,x− xk\ 〉 ≤
γ0

2τ0
‖x0

\ − x‖2 +

K−1∑
k=1

(
γk
2τk
− γk−1

2τk−1

)
‖xk\ − x‖2 +

K−1∑
k=0

γkτk
2
‖εk‖2

≤ γK−1

2τK−1
D2
g +

K−1∑
k=0

γkτk
2
‖εk‖2. (S-34)

By Young’s inequality, for any ζ ∈ (0, 1),

K−1∑
k=0

γk〈εk,xk − xk+1〉 ≤
K−1∑
k=0

γkτk
2ζ
‖εk‖2 +

K∑
k=1

ζγk−1

2τk−1
‖xk − xk−1‖2. (S-35)

Substitute (S-33), (S-34) and (S-35) into (S-32), we then have

βK−1γK−1Q(wK ,w) ≤
K∑
k=1

γk−1

2

(
B2αk−1 +

L

βk−1
− 1− ζ
τk−1

)
‖xk − xk−1‖2

+
γK−1

τK−1
D2
g +

γK−1

2αK−1
D2
h∗ +

K−1∑
k=0

γk〈εk,xk\ − xk〉+
1 + ζ

2ζ

K−1∑
k=0

γkτk‖εk‖2. (S-36)

Apply condition (21) to (S-36) followed by taking supremum over w ∈ dom g × domh∗, we then obtain (S-3).

S-5 Convergence Analysis of Algorithm 2
We now focus on Problem (16). For any x∈Rd and ŷ∈Rm, define the primal-dual gap

Ĝ(x,y1, . . . ,yp) , sup
(y′1,...,y

′
p)∈domH∗

Ŝ(x,y′1, . . . ,y
′
p)− inf

x′∈dom g
Ŝ(x′,y1, . . . ,yp).

Based on Theorem 1 (and Remark 9), we can obtain the following convergence results for Algorithm 2, by noting that
domH∗=

∏p
i=1 domh∗i , DH∗=(

∑p
i=1D

2
h∗i

)1/2 and |||Â|||=(
∑p
i=1B

2
i )1/2,B̂.

Corollary S-1. Let dom g be compact and domh∗i be bounded for each i∈ [p]. In Algorithm 2, choose {βk}k∈Z+ ,
{αk}k∈Z+ , {τk}k∈Z+ and {θk}k∈Z+ as in (11) and (12), and constants ρ′ = DH∗/(2Dg) and ρ = 1/Dg. If (A1)
and (A2) hold, then for any K ∈ N,

EΞK

[
Ĝ(xK ,yK1 , . . . ,y

K
p )
]
≤ 8LD2

g/[K(K + 3)] + 4B̂DgDH∗/K + 12σDg/
√
K + 3. (S-37)

In addition, if (A1) and (A3) hold, then for any δ ∈ (0, 1),

Ĝ(xK ,yK1 , . . . ,y
K
p ) ≤ 8LD2

g/[K(K + 3)] + 4B̂DgDH∗/K + 32σ
√

log(2/δ)Dg/
√
K + 3

w.p. at least 1− δ.
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S-6 Proof of Important Steps in Section 4.2
We first prove step (41). From (30), we have

ωk+1 = arg min
ω∈domh

h(ω)− 〈λk,Auk − ω〉+
%

2
‖Auk − ω‖2

= arg min
ω∈domh

h(ω) +
%

2
‖Auk − ω − λk/%‖2

= proxh/%(Auk − λk/%)

= Auk − 1

%
(λk + prox%h∗(%Auk − λk)) = Auk − 1

%
(λk + yk+1

♦ ), (S-38)

where in (S-38) we first use Moreau’s identity in (17) and then the definition of yk+1
♦ in (40).

Next, we show step (42). From (31), we have

uk+1 = arg min
u∈dom g

g(u) + 〈vk,u− uk〉+
rk
2ηk
〈u− uk,Wk(u− uk)〉+

%

2
‖Au− ωk+1 − λk/%‖2

(a)
= arg min

u∈dom g
g(u) + 〈vk,u− uk〉+

rk
2ηk
〈u− uk,Wk(u− uk)〉+

%

2
‖A(u− uk) + yk+1

♦ /%‖2

= arg min
u∈dom g

g(u) + 〈vk + ATyk+1
♦ ,u− uk〉+

rk
2ηk
〈u− uk, (Wk + (ηk/rk)%ATA)(u− uk)〉

(b)
= arg min

u∈dom g
g(u) + 〈vk + ATyk+1

♦ ,u− uk〉+
1

2η̃k
‖u− uk‖2

= arg min
u∈dom g

g(u) +
1

2η̃k
‖u− uk + η̃k(vk + ATyk+1

♦ )‖2

= proxη̃kg(u
k − η̃k(vk + ATyk+1

♦ )), (S-39)

where in (a) we use (S-38) and in (b) we use the definition of Wk in Section 4.2.
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