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S-1 Lemmas

We provide some lemmas that will be used in proving Proposition 1.

Lemma S-1. Let {U)}pez+ and {9} }rez+ be any positive sequences and X C R? be convex and closed. Define a
0

sequence of iterates {xg} kez+ such that x, 2 x% and
X ATy [xf + 0ke®], VE € Z7,

where 11y denotes the Euclidean projection onto X and the sequence {€*}.c;+ is defined in Assumption 1. Then
- 192 ) L9
> 9(ek x —xb) < —X||2+Z( - >||xh —x||2+z ZEE ee|?, VK €N, (S-1)
k=0

k=0
Proof. By the nonexpansweness of Iy, forany x € X and k € Z™, we have

1
S ) = Lk + i) — T[]

1 1 92
< §||x§ — x4 Upe®||* = §Hx§ —x[I* + 7’“|Ie’“ll2 + I (xE — x,e"). (S-2)

Now, multiply both sides of (S-2) by ¥ /9, and telescope over k = 0, ..., K — 1, we have

/

0< Vi
_2191(—
9

9 K-1 g/ 9 K-1
k—l k .
< b — x? + Z (e T Y e et Y e )
- k=0 k=0

After rearranging, we arrive at (S-l). O

=l — x|?

Lemma S-2. Choose the input sequences {0k }rez+, {okrez+, {Tk}trez+ and {0k }rez+ in Algorithm 1 as in
Section 2. If dom g and dom h* are closed and bounded, then for any K € N,

1 1
GEE y5) < D2 + D2,
&y )_BK 1TK -1 251{ woax—1 "
1+¢ k|2
(e®, xF +7 7c||€”]|? a.s. S-3
* Bora ZW’“ R P Z”’“ clle”l -2
Proof. See Section S-4. O

Lemma S-3. Let {Gy }rcz+ be any positive sequence. Let {0y} ,cz+ C R be an martingale difference sequence (MDS)
adapted to a filtration {F} }yez+ such that for any k € 7%, E[0y, | F},] = 0 and Elexp{63 /73 } | F}] < exp{1} a.s.
Then for any p > 0 and K € N,

(S-4)

Proof. See [1, Section 6]. O



S-2  Proof of Proposition 1

By the independence of ” and {x}', x*} for any k € Z* and (A1), we have

Eer [(e" xf —x")|Fi] =0, VK € N. (S-5)
Therefore,
K—1 K—1
E=, [Z 'yk<s]’“,xé~C - xk>] = Z VkE [Egr [(ssk,xé‘C — xkﬂfk]] =0. (5-6)
k=0 k=0

By (A2), we also have

K—1 K-1 K—1
=k lz %Tke’“lﬂ = > Wik [Een [[l€]?1Fi]] < (Z 7ka> o’ (S-7)
k=0 k=0

k=0
Therefore, by combining (S-3), (S-6) and (S-7), we obtain (22).
We next prove (23). By (S-5), (A2) and the boundedness of dom g, we see that {~ (¥, xé“ —xM) ezt is a MDS
adapted to {Fy; rez+. In addition, by Cauchy-Schwartz and (A3),

E Dilet, xf — X Fi| < expfl S-8
¢k |exp 4%02D§ k| <exp{l}. (S-8)

Then we invoke Lemma S-3 to obtain that for any p > 0,

2poc D
Pr € X > 9 (S-9)
51{ 17K -1 Z% i > Br-17K-1
K—1 K—1
v (eF Xh —xM>p 47%021)!2] < exp{—p?/4}. (S-10)

k=0

~
Il

0

Recall from Proposition 1 that 'y = ZkK;OI kT, for any K € N. Then by Jensen’s inequality and (A3), for any
p >0,

Bz, lexp{ﬂ' Zv ”ek”z}] srlKszE e, [o { LN 2] | < exotrr2+ 007100

(S-11)
Therefore, for any p’ > 0,
1+¢ k)2 s 02(1 +¢)
Pr{wK o Z werellet|? > (1+ )2%_%_1&}
/ k|2
= Pr {e p{21“ Z“W ” ” }>exp{p( +p’)/2}}
R - knz
<Ez, lexp{ Z }] exp{—p'(1+p)/2} < exp{—(p')?/4}, (S-12)
k=0

where (S-12) follows from Markov’s inequality and (S-11).

Recall from Proposition 1 that T, = ( f:_ol 72)1/2. Based on (S-3), (S-10) and (S-12), we have that for any
p,p’ >0,
D? D? 2po D
Pri GEE,55) > g B 9 v
{ 557 Br-1Tk-1  2Bk—10K-1  Br-17x-1 ~
2 1 +
+(1 +p’)0(<)1“z<} < exp{—p®/4} + exp{—(p')?/4}. (S-13)
20BK—17K -1



Taking p = p’ = 24/log(2/6), we then complete the proof.

S-3 Proof of Theorem 1

First, we easily see that the conditions on {8 brez+, {k }rez+s {7k frez+ and {0 }rez+ in Proposition 1 are all
satisfied with ¢ = 1/2. In particular, for any k& € N,

1 L

2(k+1) 2(k—1) po
— B%ay_1 = L+—\/k+1— L= L+"VE+12>0.
e Br1 k-1 = k:+ 2 k(k+3)" k(k+L(k+3) " 2 =

From (22), we have

K(K+3) | \K+1 20

(b) 8L 4(K +1) D3, 2(K +1)%/2 2
< D? ! D? g+ 2 7 (p,D24+ 2 .
SKE+3) 7 KE+3) (” 9Ty )T T KK+ P p)°

Ez, [GEF.5")] e {( 2B+ PU\/ﬁ) D2+ B pe. t oK (Z f) }

where in (a) we use 7, < 1/(pov/k + 1) for any k € Z* and in (b) we use 31, Vk < (2/3)(K + 1)3/2 for any
KeN.
In addition, in (23), we have

K-—1
> (1+2,/Tog(2/8))(1 + ¢) (va>

4+/log(2/8)D,

Br—1VK-1

= 20BK 17K -1

© 1 2,/1 e/,
9 2AK+1) {4\/K10g 2/6)D, + -V oel2/0) Og /%) 3/2}

= K(K +3)
8(K+1 )3/2 1/2 + «/log (2/6) 16 2

where in (c) we use Zszl k? < K3 forany K € Nand in (d) we use § € (0, 1).

S-4 Proof of Lemma S-2

For any k£ € N, from steps (5) and (6) and the first-order optimality conditions, we have

a (" =y + Az e onr(y" ), (S-15)
o (xE = xFT) — (vF 4+ ATyR) € 9g(xF ). (S-16)

Using the definitions of subdifferential and law of cosines, for any x € R? and y € R™,

h(y) > b (y*+h) + P2 4 [yt

1 . .
5o (Ily* -y —yI? = ly* = yII?) + (AZF,y — y* 1), (S-17)
(673
1
g(x) > g(x"1) + G (%" = x" 12+ IxM T — x| = ||Ix" — x]||?)

+ (e, x T —x) + (V") " —x) + (A" —x), y*F). (S-18)



In addition, from steps (4) and (8), we have X1 — x* = 8,1 (x¥*+! — x*) and for any x € R,

(Br — DFE") + f(x)

> (B — 1) (f(X*) + (VF(xF), %" = x9)) + f&*) + (Vf(x"),x - %)
= Buf (XF) + (B — I(VF(EF), %" —xF) + (Vf(xF),x"T —%F) + (VF(EF),x — xFT)
=B (fX") + (1= B, NVFEE), X = %) + B (VAR x" T —x9) + (VF(xF), x —x)
> B (fET) = (L/2) = — %F|?) + (V (), x —x"T1)

= Buf () - ﬁnx’”l CXF|P (VAR x - XM, (5-19)

From (S-19), we immediately see that

Bre(F(E) = f(x)) < (Br = D(F(X) = f(x) + %ka“ = xF|? + (V) x —x). (5-20)

Also, by Jensen’s inequality, we have for any x € R% and y € R™,
g = g(x) < B (90 ) — g(x)) + (1= B )(9(=) — 9(x), (5-21)
B =B (y) < B0 = ) + (1= B0 ) = (). (5-22)

For convenience, for any k € Z*,x € R? and y € R™, define w* 2 (x*,y*) and w £ (x,y). Accordingly, define

Q" w) £ S(x"y) - S(x,5")

= (f&) = f(x) + (9(F*) — g(x)) + ((AX*,y) — (Ax,¥%) + (0" (¥") — h*(y)).  (S-23)
Then for any x € R% and y € R™,
B, w)
TR - DR 160+ P (VAR )

+ (B = D(AZ",y) — (Ax, 7)) + (Ax"FLy) — (Ax, y*))
+ Bu(9(® ) = g(x)) + Be(h* (F) = h*(v))
(Be = DFE) = F() + (B = D(gF") = 9(x)) + (B — (A", y) — (Ax,F"))

+ (B = DY) = 1 (y)) + ﬁllx’“ﬂ —xMP 4+ (VF(EF), x" ! —x)

+ ((AX" T y) — (Ax, y* ) + (9(x* ) — g(x)) + (A" (") — B*(y))

(S-21),(S-22)

(S-23),(S-17),(S-18) L
S (B = QU W)+ o+ (A y -y )
1
g (o = =X [ x?) o (e, x —x)
Tk
1
g " =y IP = ly* =™ 71P = Iy = yI°) + (A2t y* —y)
@] L 1 1
< 1 L R T S ST I ST S R
(= 1@ w) + (55— 5 ) I =2 (=P e+ = x)

+ <A(Xk _ Xk+1),yk+1 _y> —|-9k<A(Xk _ Xk_l),yk _ y> +9k<A(Xk _ Xk_l),yk-H _ yk>

1
+— (I =yIP = Iy*"* = yl?) -

1
San o Iy" =y P 4 (eF,x = XM, (S-24)
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Define v_; £ 1. From the definition of {Vk }rez+, we see that y,_1 = 50y, for any k € ZT. Now, we multiply both
sides of (S-24) by ;. and use condition (19) to obtain

BreQ(W b W)

X 1
< Br-1e-1Q(WF, w) + (25 - 27) [l — xF)|* + 2’771; (=" = x| = ="+ = x]|?)
+ %<A(X’“ =Xy —y) e (A =X,y — ) e (AR X,y - )
k- E o2 okl on2) _ YR ok k12 koo Jk+1 S-25
+2a (Iy* =yl =y Y1) = g lIy" =3I et = xFH). (S-25)
By Young’s inequality and that ||A|| = B, we have
B262q
Ter (A b,y =) < SRR T R (s26)
Substituting (S-26) into (S-25), we have
B QW w) — Bu_17k—1Q(W", w)
B20%a, 1 L Vi
< k E_  k—1)2 L N N ATL NS T TE BT N RID
< M ot b1 o (= ) xR (- - - )
+ (A" = <), yF —y) — g (AGET = xF) v —y)
Yk
* 2ar (Iy" =y 12 = Iy** = y1I?) + 7w’ x —x"1). (S-27)
For any fixed K € N, we then telescope (S-27) over k =0, ..., K — 1 to obtain
—K —0 32930‘0'70 0 —1)2
Br 17k 1Q(W", W) — B 17 1Q(W", w) < #HX x|
= y L 1 ~ 1 L
k—1 2 k k—12 K-1 K K-1)2
+ —— | BOrar + —) x" —x — ( — ) x% —x
; 2 ( Br—1  Trh—1 | | 2 TK-1 Pr-1 ” |
gl /(% 7 gl
0 10 12 Tk TE-1 B2 JK-1 K )2
gl x4 X (g g ) i )
8l = (7 gl gl
0 k k—1 K—1
+ oIy = yl* + (2—2> Iy = yl* = 5 —Ily" = ¥l
&) P 75 A1 AR 1
K—1
+r (A —x7), ¥ —y) =y (AR =),y =)+ Y (e x =<, (S-28)
k=0
Since z° = xY and §, > 0, we have x~! = x°. In addition, from (19), we see that 3_;~v_; = 0. By Young’s inequality,
Y y g q Y
_ B?ok 17k - _ K
A (AR = xR yy < PRI K2y TRCL K )2, (8-29)
2 204[(,1
By condition (20) and the boundedness of dom g and dom h*, we have
2 k 2 o JK-1 pyo S-30
~x Z (2 ) g (530
1
2 F_y|2 < K= p2 31
||+Z( e LA (531



By condition (20), we also have 0 < a1, for any k € N. Thus, (S-28) now becomes

L1
(B + ) It
Be—1  Tr-1

K
_ k—
Br-17x-1Q(W" ,w) < Z !
k=1

K-1

YK—1 12 TYTK-1 | K 2y YK -1 k+1
Dz — — D . — . S-32
+ om0~ g X = x5 P —Dj. + k;‘) (e’ x - xHH) (5-32)
Now, we decompose the last term in (S-32) into three parts, i.e.,
K _ — K-1
Z Y (eh, x — xFF1) = Z Y (ek, x — x§> + Z 7k<sk,x§' —xM) 4 Z v (eh, xF — xFLY, (5-33)
— — = k=0

where {xg}kew is defined as in Lemma S-1 with ¥, = 74, for any k € Z*. By Lemma S-1, we have

K-1 K-1
k k 2 Vk—1 k 2 VETE ) k2
> u(etx—xd) < g0 x| +Z (2 ) Y e

k=0

Vka k|2
< = S-34
< gr D §j e (5-34)

By Young’s inequality, for any ¢ € (0, 1),

T —
Z ,yk E Xk . Xk+1> < FYk k || k||2 + Z gz: i ||Xk . Xk71||2. (S-35)
k=0 N

Substitute (S-33), (S-34) and (S-35) into (S-32), we then have

L 1-
1 <B2O[k_1 + N C) ka 7Xk71||2
Be—1  Th—1

K
Br-17k-1Q(W,w) < Z i
=1

K-1

YK-1 o | VE-1 1+g -
D Dy - § $-36
e U T age O T kZO mle®, xf —xF) + ——= %Tk|\€ 1. (S-36)

Apply condition (21) to (S-36) followed by taking supremum over w € dom g X dom h*, we then obtain (S-3).

S-5 Convergence Analysis of Algorithm 2

We now focus on Problem (16). For any x € R? and y € R™, define the primal-dual gap
ry

sup §(x,y'1,...,y;)— inf §(x’7y1,...,yp).

G(XaYIw--,yp) )
(¥15---yp)Edom H* x’€dom g

Based on Theorem 1 (and Remark 9), we can obtain the following convergence results for Algorithm 2, by noting that
dom H*=[[?_, domh}, Dy-=(3"_, D?.)/2 and ||A||= (3}, B2)'/2£B

Corollary S-1. Let dom g be compact and dom h be bounded for each i € [p]. In Algorithm 2, choose { Bk }rez+,
{an}rez+, {7k trez+ and {0k} rez+ as in (11) and (12), and constants p' = Dy~ /(2D,) and p = 1/D,. If (Al)
and (A2) hold, then for any K € N,

Ez, |GEE, 5K, 75 )} < 8LD2/|K(K +3)] + 4BD, Dy /K + 120D, /VK + 3. (S-37)

In addition, if (A1) and (A3) hold, then for any ¢ € (0,1),

GEE, 55, ¥5) <SLD?/[K(K +3)] + 4BD,Dy. /K + 320+/10g(2/6) Dy /VK + 3

w.p. at least 1 — 0.



S-6 Proof of Important Steps in Section 4.2

We first prove step (41). From (30), we have

W = argmin h(w) — (AF, Au® — w) + gHAuk - wl?
wedomh 2
= argmin h(w) + g |Au® —w — A* /|
wedomh 2

= proxh/Q(Auk - 2¥/0)

1 1
= Au” — — (A" + prox - (0Au” — AF)) = Au" — - (A" + ygﬂ), (S-38)
0 0
where in (S-38) we first use Moreau’s identity in (17) and then the definition of y’é“ in (40).
Next, we show step (42). From (31), we have

u"*t! = argmin g(u) 4+ (v¥,u — u¥) + 71—k<u —uf, Wk(u —ub)) + g||Au — Wkt Ak /|2
ucdom g Nk 2

a . X T X X X
@ argmin g(u) + (v¥,u — u¥) + LA (u—u* Wk —u")) + gHA(u —uf) + ylf;rl/QH2
ucdom g 277k 2

= argmin g(u) + (vF + ATy5 u—u") +

(- u¥, (W + (i /ri) oA A) (1 — ub))
ucdom g 277k

b . . , 1
® argmin g(u) + (vF + ATyFH u—u*) + —|lu—u*|?
ucdomg 277k'

. 1 ~

= argmin g(u) + — ||u — u® + 7 (vF + ATYI<C>+1)||2
ucdom g 277/9

= prox;, ,(u* — f(vF + ATyE™)), (8-39)

where in (a) we use (S-38) and in (b) we use the definition of W¥ in Section 4.2.
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