Faster First-Order Methods for Stochastic Non-Convex Optimization
on Riemannian Manifolds
(Supplementary File)

This supplementary document contains the technical proofs of convergence results and some additional
numerical results of the manuscript entitled “Faster First-Order Methods for Stochastic Non-convex
Optimization on Riemannian Manifolds”. It is structured as follows. The proof of the key lemma, namely
Lemma 1 in Section 3.2, is presented in Appendix A. Then Appendix B.1 provides the proofs of the main
results for general finite-sum non-convex problems in Section 3.2, including Theorem 1 and Corollary 1.
Next, Appendix B.3 gives the proof of the results for online setting, including Theorem 2 and Corollary 2.
For gradient dominated results in Section 3.3, including Theorems 3 and 4, are given in Appendix C.1.
Finally, the detailed descriptions of datasets and more experimental results are provided in Appendix D.

A Proofs of Lemma 1

Before proving Lemma 1, we first present an useful lemma from [1]. Let Q(x) denote arbitrary determinstic
vector and & (xo.;) denote the unbiased estimate Q(xy) — Q(xx—1). Namely, E[¢x(xo.x)|To.x] = Q(xr) — Q()—1).
Then we aim to use the stochastic differential estimate to approximate Q(xy) as follows:

k
Q(zk) = Q(z0) + Zfi(wo:i),

where Q(z) is the estimation of Q(a).

Lemma 2. [I] For any vector h, we have

k
E|Q(xx) — Q)| < E|Q(x0) — Q(zo)|* + Y Elléi(wo) — (Q2:) — Qaimr))II*.

=1

Let A; map any vector « to a random vector esimate A;(x) such that
E[A;(zx) — Ai(xr—1)[To:] = Vi — Vi1, (3)

where Vy is defined below. Assume As = ﬁ > ics Ai where S denote the sampled data of sample number |S].
Besides, A; satisfies

EillA;(@) — Ai(y)13 < L*||Expz " (y) [1*.

Then we define V;, = As(xi) — As(xr—1) + Vi—1 and V) is the estimate of A(x). Based on Lemma 2, we can
further conclude:

Lemma 3. Assume d(xy_1, k) = ||Brpy! (®r—1) || = pp—1. Then we have
t P2
E|[Vi, — A(x)||> < E|[Vo — A(zo)||? + L? ZH“SiKn}ﬁ. (4)
i=1 '

Proof. The proof here mimics that of Lemma 4 in [1]. For completeness, we provide the proof. Assume for the
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k-th sampling, the seleced sample set is denoted by S;. Then, we have
E[Vi — A(a)|1?> =E| As, (2k) — As, (®k-1) + Vi1 — Ala)||?
=E| As, (xr) — As, (xr-1) — Alzr) + A(@p-1) + Vi1 — A(@p—1) |
=E|As, (zx) — As, (zr—1) — Alzg) + A(zp_1)|]* + E|[ Vi1 — A(zi—1)|?
+E(As, (zr) — As, (k1) — Al@k) + A(@p-1), Vim1 — Al@p-1))
EEHAsk (1) — As, (@r-1) — Al@r) + A@r—1) | + E[Vier — A(ze)|?

= ElAi(@e) — Ai(@r-1) — A(@r) + A@i-1)* + E[Vi-1 — A(@r-1) |

|S |

|S |IEH.A () — Ai(xe—)||? +E| Vi1 — A(zr_1)|)?
|S |HEXPmk (@r—1) [I* + E[ V-1 — A1) |17

L2 2
SiaT EIVe - Al

where @ holds since E(As, (z) — As, (Tx—1) — A(zr) + A(xr—1), Vi—1 — A(xr_1)) = 0 in which the expectation
is taken on the random set Sy, (Vy—1 — A(xk_1) is constant); @ holds due to E|z — E(z)||? < E||z||*; @ holds
since f;(x) is L-gradient Lipschitz, namely E; ||V fi(x) — 'y (Vfl( N 113 < L||Exp, " (y) ||?. Notice, when |Sy.| > n,
in @, we have E||As, (xx) — As, (Tr-1) — Alxr) + A(xi— 1)|| +E|[Vk—1 — A(zk_1)||*> = 0. In this case, we can
obtain E||Vy — A(x)||? = E||Vk—1 — A(zr_1)||?>. Therefore, consider these two cases and sum up k = 0,1,--- ¢,
we have

t 2
Pi—
E[[V(@:) — Alz:)|” < E[[Vo — Azo)||* + L* ZH{I&'Kn}F_F'
i=1 ¢
The proof is completed. O

Lemma 4. Suppose Assumptions 1 and 2 hold. Let ko = |k/p]| and ko = kop. Assume that for k = |k/p]| - p,
we select |S1| samples to estimate vy, and for k # |k/p| - p, we select |Sa | samples to estimate v,. Then the
estimation error between the full Riemannian gradient V f(xy) and its estimate vy, in Algorithm 1 is bounded as

02 |, & (@i, @i11)
2 15 1
E [Hvk = V@)l [ 25, x5 | < Lysi<ny o S +L2 Y Isiil<n) Soina|
i= ko *

where d(x;, x;11) is the distance between x; and ;1.

Proof. Here we construct an auxiliary sequence

t

v = (P3, (Vfs.(@) ~ PZ, | (Vfs,(@i-1)) + P, (Vfs, (@0))

i=1
=P, (Vs (@) = P%, , (Vfsy(@-1)) + D1,
where Z is a given point and does not depend on the sequence {x)} and the algorithm, and vy = Pio (Vs (0))-

In this way, let As(x;) = Pi (sté (wt)) Then we have v, = As(x:) — As(xi—1) + V;—1. Accordingly, we can
obtain

B[l Ai () — Ai(xi-1) 2= i

PS, (Vfi(@)) =P, (Vfi(ai 1))H2
i |PZ,_, (P2 (Vfi(m)) — P, (Vfi(me 1))H2
i |IP2,_ (PE (Vi) — Vfi(wt—l))H

IR, [|P2 (Vfili) — Vi)
<L?|Expg, (@) |,




where @ holds as the parallel transport P¥ preserves the norm. On the other hand, all A;(x;) (¢t =0,--- ,k) are
located in the tangent space at the point x;. Thus, Lemma 3 is applicable to the sequence v;.

Let kg = LK /p]. For simplicity, we use Vo, V1, -,V to respectively denote Vi, Vig+1,+ " » Vko+k- For Vo, we
have Vy = :ko (Vfs,(@k,)). Then it yields

B[V — Aleo)|? <EIPE, (Y fs, (@1,)) — P2, (Vf(ar)I?
:EvaSl (wko) - Vf(wk?o)”2

|S|]E||sz($ko) V(@) I

O g2

< —
_|Sl|7

where @ holds since the gradient variance is bounded in Assumption 2. On the other hand, since xpy; =

Exp,, (—nkM), we have
d* (@41, ®r) = ||Expg, (zr41)]]-

Therefore, we have

t—1 2 2
. & d*(zi,@iy1) | o
Elo. - Pz, (VF(@))|* < L? z :H{lsz,i+1|<”} |So ‘+1—‘~_ " |S1]
i=0 o

Since the parallel transport preserve the norm, we can further establish

t—1 2 2
—~ & —~ 7 d €r;, IT; g
BIPZ (5 - PE, (Vf(@) |2 = Eld - PE, (V@) |2 < L3 L oyiam i ®itt) 4 O
— |S2,i41] |51
By setting ¢ = k and noting ¢ < p for each epoch, we establish
2 z, [ z 2 2 hogr! d’ (@i, Tiv1)
Ellox = Vf(@i)|* = EIPE* (8 - PE, (Vf (@) )P < 2 + L Z {52 0n1l<n) — gt
\5 | |S2,i+1]
Notice, when we sample all n samples, we have E[Vy — A(20)||?> = 0 and thus
ko+p—1 2
d (iL’Z $i+1)
E||lvi, — Vf(x)|? < L? Iiis, oo lent — ol
|| k f( k)” = igk:o {IS2,i41]<n} |82,i+1|
So by combining the two case together, we can obtain the result in Lemma 1. The proof is completed. O

Now we are ready to prove Lemma 1.

Proof of Lemma 1. To prove Lemma 1, we can directly set |Sz ;| in Lemma 4 as |Sy| in Lemma 1 and obtain
the results in Lemma 1. The proof is completed. O
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B Proof of the Results in Section 3.2

B.1 Proof of Theorem 1

Proof. For brevity, let ng = ” ” Then by using the L-gradient Lipschitz, we have

F@iki1) <T@x) + (9 (), Bxpg) (@) + 5 [Bxpg)! (i)
< F(wn) = (9 (@), ) + L o 2
Smm—%Wﬂm%www—%@—)IHQ )
gﬂm—%Wﬂm%www—%O—)lHQ

<f(zx) + *||Vf(93k) — vl — (1 — kL) ||o] .

Since we have 1 = Exp;k1 (—Uk Hz—‘kn, we can obtain

. € vkl €
q o < . 6
(Tk+1,@k) = N = min <2Ln0’ 4Ln0) ~ 2Lng 0

Now we consider the two cases: (1) k is not an integer multiple of p; (2) k is an integer multiple of p. We can
consider case (1) as follows. If s =n, then by Lemma 1 and Eqn. (6), we have

ko+p—1
2" pL? € ng € 1
E — 2< d? (x;, z; = = = ¢
low =V f@ell” < 7o - o @) < Jg 1 amemg ="V T ey ~ 16°
1=Fo
If s = 16(7
€2 0.2 1 €2 no 62 1

E v 2 - 32 — = €2 7
vk fln)l]” < |S \4L2n0 + S1] nos 4L2n2 453 T 16 86 @

For case (2), namely when k is an integer multiple of p, we have E||vy — V f(xx)||* < plLS"‘k +Z |51| =0+% < 1€

[l Nk € 1 1
At the same time, since 7 = min (2Lno’ iLno ) We have n, = Torll = = min 2Lno|[vi ||’ 4Lng < 1omg and

€ 1

_ _ 31k 3 . 32 2okl vkl @ 3e(2||lvkl —€)
1— 7L 2>k 2= Zmin|——, —— 2 = m >
(L= e L)llow]” 2 4 o g (Ln0||vk||7 2Ln0> o 16 Lng o e e - 16 Lng

where @ uses 22 > 2|z| — 1 for Va. So by taking expectation, we have

1 1 € 13e2|ve] —¢) €
fown) — f@)) < 55 — 5 gt = - - (2B - 7o)
In this way, we have
K-1

1 Te  16Lng Te 16LngA

— E < — E _ < =

2 Bl < g+ SR B e~ flen)] < g+ e
where we use E [f(xo) — f(zr)] < E[f(xo) — f(x:)] < f(xo) — f(24) < A. It means that after running at most

K= 14[;# iterations, the algorithm will terminate, since

K-1

K—
® 1
E|Vi@)Il =% Z BV f ()] Z [E[IV f(zk) — vil| + Elloe[l] < Z VE|Vf(zy) — vk + <e
k=0

where @ uses the Jensen’s inequality; @ holds since E||V f(x) — v ||? < % in Eqn. (7). The proof is completed.
The proof is completed. O

)



B.2 Proof of Corollary 1
Proof. According to Theorem 1, we know that after running at most K = MLE#A
terminate. In this way, we can compute the stochastic gradient complexity as

1/2
o(Eisi+x1s) =0 (292 (2 57 2 0 (win po LAVE LAG\ Y
p 62 7’7,081/2 2n0 62 63

The proof is completed. O

iterations, the algorithm will

B.3 Proof of Theorem 2

Proof. For brevity, let n = H H From Eqn. (5), we can obtain the following inequality:
Mk Mk _
F@psr) < flr) + IV F () — v||* — 5 (1 =mL) [[o|. (®)
Now we consider the two cases: (1) k is not an integer multiple of p; (2) k is an integer multiple of p. We
can consider case (1) as follows. By setting p = 22,y = min (2Ln0’ JJZ”;L[‘)), |S1| = 12‘2’2, Sy = 32—, where

ng € [1,20/¢], Lemma 1 gives

2,2 2 2 2
pLAE, oty & o, &L, )

_ 2<
Ellvy — Vf(zr)|” < S, | EA € 41.2n2 5 4o 16 8

For case (2), namely when k is an integer multiple of p, we have E||vy — V f(zx)||? < p|L522 “ 4 B =0+%< 1e2,

Then similar to proof in Sec. B.1, since 7, = min (2Lno’ JJZ’;'(‘)) we have 73, = I k” = min 2Ln06H'UkH7 4L1n0 < 4L1n0
and
o 3k 2 3 € 1 o 3e (2o [loelP) @ 3e(2]vil —€)
1 — L 2> 2 =2 _c _ g
(L= e L)llorll” 2 =Fllonll”™ = g min { 7o 57 o™ = e min | === =5— ) =2 =600
where @ uses 12 > 2|x| — 1 for V. So by taking expectation, we have
11 € 13e2]|ve] —¢) €
E - < = ——= =_ 12E — Te) .
F@) = f@)] € 5 S — 5 e s (2B = 79
In this way, we have
K—1
1 Te 16Lng Te 16LngA
— N E|u] € — E - <4 22es
7 2 Blvel < g + St Bl o) flewl) < g + e

where we use E [f(xo) — f(zx)] < E[f(zo) — f(z.)] < f(xo) — f(xs) < A. It means that after running at most
K= Mi# iterations, the algorithm will terminate, since

K-1 K—
1 ® 1
EIVi@)l =4 > E|Vi(aw) Z [ENVf(2x) — vkl + Elv]l] < 7= Z VE[V f(z, —Uzc||2+ <e

k=0 k=0 k=0

where @ uses the Jensen’s inequality; @ holds since E||V f(x) — v ||* < % in Eqn. (7). The proof is completed.
The proof is completed. O

B.4 Proof of Corollary 2

Proof. We adopt similar proof sketch of Corollary 1. According to Theorem 2, we know that after running at
most K = MLC#A iterations, the algorithm will terminate. In this way, we can compute the stochastic gradient

complexity as
K LngA [ o? LoA
0<|51|+K|52|):0( i ("26+")>=0< 2 )
P € € ong  eng €

The proof is completed. O
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C Proofs of the Results in Section 3.3

Before proving Theorems 3 and 4, we first prove Lemma 5 which is a key lemma to prove Theorems 3 and 4.

Lemma 5. Assume function f(x) is T-gradient dominated. Let £ denotes the event:

£={EIV/@)|’ <& and E[f(@) - f(a.)] < 7e}

(1) For online-setting, we have p= 2%, ny, = Qz’;l[‘), |S1] = 326‘2’2, |S2 x| = w. To let the event £ happen,
Algorithm 1 runs at most K = MLE#A iterations and the IFO complexity is

o (L€A30> . where A = f(x0) — f(x).

(2) For finite-sum setting, we let s:min( 32" ) p= n052 e = gZ’;! |S1|=s, |S2,x|= min (%,n). To

06
let the event € happen, Algorithm 1 runs at most K= Mi# iterations and the IFO complezity is

o (min (n L LAve LA")) . where A = f(zo) — f(z.).

€2 €3

Proof. For brevity, let n = ”Z’;” = Then similar to Eqn. (5), by using the L-gradient Lipschitz, we have

2Ln0
f(@r) <f(xr) + (V (@), Expy) (1)) + gHEXP;kl (Trg1) [I?
_ L, o
<f(xr) = m(Vf(xK), vi) + TH%H
<f(xr) — e (V f(TK) — vk, V) — Tk (1 - ) [[ok”
<o) = (VS @) - on,00) ~ 7 (1= 5 ) foul?

<flar) + *IIVf(ka) —uil® ~ (1 — kL) [lo]?

@
<F@n) + g IV F(@n) = ol = g ol

where @ holds since ng > 1. By summing up this equation from 0 to K — 1 and taking expectation, we can obtain

8L7’L0 K

| K-l o K-1 ® 3
e ZEHWHQ SK ZE||Uk—Vf(wk)||2+ K [f(mo) — f(zK)] < e ZEHUk—Vf(wk)HQ"'
k=0 k=0

8L7’LOA
K b

where ® uses E [ (o) — f(2x)] < E[f(20) — f(@.)] < f(z0) - f(2.) < A.

Now we use Lemma 4 to bound each E||v;, — V f(z)||? for both online and finite-sum setting. For online-setting,

2
we have p= 722, g = !z}ﬁlf‘) |S1]= 32652, |S2. x| = M From Lemma 4, we can establish
o2 ko+p—1 a2 (CL‘ T ) ko+p—1 HQ a3n. €2
Ellvx—Vf(z)|? <T +L2 )0 pol <6 22 0<7
o= VI @OI < T gy +7 3 Tt g, 1 < gt T B < 10
where we use d? (Tpr1,TR) = ||Exp;]3 (mk+1)||2 =} since Tp41 = Expg, (*ﬁk HZ—;H) For finite-sum setting, we
let s:min(n, i) p=ngs?, N = ‘ZIE—Z!, |Si|=s, |S2,x|= min (%76;1“2,72). In this case, we also have
52 ko+p—1 ) ko+p—1 ||'Uz‘||2 n(2)€2 2

€
< —.
2n3 8p|lv;||2 ~ 16

& (@i @is1) _ o € 2
E||vx—V f(zx)|® < Igjsyj<n) S |+L Z L1821 1<n) |Soi1] <o 3252 +L Z
i= k ’ i:ko



Meanwhile, we set K = MLG#A, which gives

K—1 K-1 9
o 22 Blel® < 2 3 Bloe = Vi@l + L
It means that after running at most K = MLE#A iterations, the algorithm will terminate, since
K—1 K—1
EIVI@I? =% Y. EIVA @I < 5 > [2EIVF(@r) vl + 2E o] <
k=0 k=0

Then we use the definition of 7-gradient dominated function, we have

1K

E[f(@) - f(z.)] = E(f fla)] < - Z E|Vf(@)|* = TE|Vf(@)|]* < 7€
k=0 k: 0

,_.

Now consider the IFO complexity for both online and finite-sum settings. For online setting, its IFO complexity is

K-1
LAo 9 LAo o € LAo
( |81|+Z]E|82k|> ( 3 ZE||vk|><O(€3+n0€3K.4):O( = )

k=0

similarly, we can compute the expectation IFO complexity for finite-sum setting:

K-1
) LA LA
< |S1] + ZE|52k|> (mm (”4'62\/6,630))-

The proof is completed. O

C.1 Proof of Theorems 3

Now we are ready to prove Theorem 3.

Proof. We first consider the ¢ iteration in Algorithm 2. By Lemma 5, we obtain that by using €;_; with proper
other parameters, the IFO complexity of Algorithm 1 for computing E[||V f(Z;)||?] < €7_; is

@(min (n + LAtf, LgAtJ)),
€1 €1

1 t t 2
. 3202 2 t 'Uk” : 8p" |lvg 4|l
when the parameters satisfy s, =min(n, 23 . ), pt=nbs?, nf = sises 1Si1=54, 1S5 1= mln(w,n) and

t t
K! = %. Then the initial point @y at the ¢ iteration is the output ;_; of the (¢ — 1)-th iteration, which

-1
gives the distance A; = E[f(zo) — f(z+)] = E[f(@i—1) — f(x+)] < T€?_, by using Lemma 5. On the other hand,
€t = 5¢. So the IFO complexity of the ¢-th iteration is

2 2
O(min (n+ LAQt\/ﬁ’ Lgﬁm)) _ O(min (nJr LTetQ_z\/ﬁ’ Lazet_z)) -0 <H1Hl (nJrTLf TLO'>> '
-1 G- € 1 € 4 €1

So to achieve e < ;—% <e, T satisfies T' > log (%’) So for the T iterations, the total complexity is

O(min ((n—f—TLf) 10g< ) TLo—Zet 1)) <min ((n+TL¢ﬁ)1og <1)Tf">)

Meanwhile, we can obtain

~ — A ~
B V@) < VEVTEIE < e = 5y = g/ = and E[f@) — f(@.)] <7y = % = 2,

where we set ¢g = %,/%. The proof is completed. O
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C.2 Proof of Theorem 4

Proof. The proof here is very similar to the strategy in Section C.1 for proving Theorem 3. The main idea is to
use the result in Lemma 5, to achieve

E|Vf(@)|* < and E[f(Z) — f(x.)] < 7€,
the IFO complexity is

o (L€A30> ., where A = f(xo) — ().

Then following the proof in Section C.1 for proving Theorem 3, we can obtain the IFO complexity for achieving
E[IVf(@)]° < €y
o <TLJ> 7
€

t t o 2 8 t 2 At
ong ot llvll t|_ 320 t | 8ollvg_all t _ 64LnpA
a1 ke = 2Lnk? ‘Sl —e |82’k|— < b and K" = —59%—.

when the parameters obey p; = .
t—1

Meanwhile, we can obtain

- — € 1 /A - Ted A
BV @) < VEIVIGIP < ot = 5y = g = and B[f@) ~ ()] <7y = o = T

where we set g = %w/%- The proof is completed. O

D More Experimental Results

D.1 Descriptions of Testing Datasets

We first briefly introduce the ten testing datasets in the manuscript. Among them, there are six datasets, including
a9a, satimage, covtype, protein, ijcnnl and epsilon, that are provided in the LibSVM website!. We also evaluate our
algorithms on the three datasets: YaleB [2], AR [3] and PIE [4], which are very commonly used face classification
datasets. Finally, we also test those algorithms on a movie recommendation dataset, namely MovieLens-1M?.
Their detailed information is summarized in Table 2. From it we can observe that these datasets are different
from each other due to their feature dimension, training samples, and class numbers, etc.

Table 2: Descriptions of the ten testing datasets.

#class  #sample  #feature | f##class  #sample  F#feature
a% 2 32,561 123 epsilon 2 40,000 2000
satimage 6 4,435 36 YaleB 38 2,414 2,016
covtype 2 581,012 54 AR 100 2,600 1,200
protein 3 14,895 357 PIE 64 11,554 1,024
ijcnnl 2 49,990 22 MovielLens-1M — 6,040 3,706

D.2 Comparison of Algorithm Running Time

In this subsection, we present more experimental results to show the algorithm running time comparison among
the compared algorithms in the manuscript. The experimental results in Figure 1 only provides the algorithm
running time comparison of the ijcnn and epsilon datasets. Here we provide the comparison of all remaining
datasets in Figure 5 which respond to Figures 1 and 3 in the manuscript. From the curves of comparison of
optimality gap vs. algorithm running time, one can observe that our R-SPIDER-A is the fastest method and
R-SPIDER can also quickly converge to a relatively high accuracy, e.g. 1078. We have discussed these results in
the manuscript. Besides, all these results are consistent with the curves of the comparison of optimality gap vs.
IFO, since the IFO complexity can comprehensively reflect the overall computational performance of a first-order
Riemannian algorithm.

"https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/
https://grouplens.org/datasets/movielens/1m/
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(b) Comparison among Riemannian stochastic gradient algorithms on low-rank matrix completion problem.

Figure 5: Comparison of algorithm running time of Riemannian stochastic gradient algorithms.

D.3 Comparison between Riemannian Stochastic Gradient Algorithms with Adaptive Learning
Rate

Here we provide more comparison among our proposed R-SPIDER-A, R-SRG-A and R-SRG+A. R-SRG-A and
R-SRG+A are respectively the counterparts of R-SRG and R-SRG+ with adaptive learning rate of formulation
e = a(l+ ad, L%J) [5]. Notice, the reason that we do not compare all algorithms together is to avoid too many
curves in one figure, leading to poor readability.

By observing Figure 6, we can find that the algorithm with adaptive learning rate usually outperforms the
vanilla counterpart, which demonstrates the effectiveness of the strategy of adaptive learning rate. Moreover,
R-SPIDER-A also consistently shows sharpest convergence behaviors compared with R-SRG-A and R-SRG+A.
All these results are consistent with the experimental results in the manuscript. All results shows the advantages
of our proposed R-SPIDER and R-SPIDER-A.
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Figure 6: More comparison between R-SPIDER and R-SRG with adaptive learning rates.



