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Supplementary Material

A Proof of Corollary

We first present the two lemmas used in the proof of Theorem |3} one establishes the convergence of dj (P, If’m)
and the other describes the lower semi-continuity of the KLD.

Lemma 2. [[7,[48] Assume 0 < k(-,-) < K. Given y™ i.i.d. ~ P, denote by P, the empirical measure of y™.
It follows that
2
. 5 1/2 < _em
P, (dk(P, Pn) > (2K/m) +e) < exp( i )
Lemma 3 ([50]). For a fized Q € P, D(:||Q) is a lower semi-continuous function w.r.t. the weak topology of P.
That is, for any € > 0, there exists a neighborhood U C P of P such that for any P' € U, D(P'||Q) > D(P||Q) —e

if D(P||Q) < 0, and D(P'||Q) — oo as P’ tends to P if D(P|Q) = cc.

Proof of Corollary[]l Since 0 < k(-,-) < K, we have

n

- m ZZk(xi,xj) - % Zk(ﬂlz,%) < K/n.

i=1 j#i i=1

di(Pa Qn) - di(P, Qn)

It then holds that
{x" - di (P, Qn) < 'yi} C {x” d2(P, Qn) <2+ K/n} - {a:" : di (P, Qn) <2+ QK/n} .
Thus, under Hy : P = ), we have

P (dg(p, On) > 2 + K/n) <p (di(P, 0,) > 73) <a,

where the last inequality is from Lemma |2/ and the fact that dy (P, Qn) > 0. The type-1I error exponent follows
from

1 N
lim inf —— log Q (di(P, On) <2+ K/n)

n—oo n

1 A
> liminf —— log Q (di(P, On) <72 + 2K/n)
n—oo n
> D(P||Q).
The last inequality can be shown by similar argument of Eq. because 72 + 2K /n — 0 as n — oo. Applying
Chernoff-Stein lemma completes the proof. O

B Proof of Theorem 4l

We use a result from [25] to verify the two-sample test to be level .

Lemma 4 ([25, Theorem 7]). Let P, Q,y™, z", P, Q, be defined in Theorem . Assume 0 < k(-,-) < K. Then
under the null hypothesis Hy : P = @,

Pyan (di( P, Qu) > 2(K/m)'/? 4 2K /) + ) < 2 __Emn
yman k\L'm, &n el < Xp 2K(m+n) .

Proof of Theorem[J) That the two-sample test is level o can be verified by the above lemma. The rest is to show
the type-1I error exponent being D(P||Q).

We can write the type-II error probability as

Py""x” (dk (pm, Qn) S 'an) - %,n + Binma
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where

Y = V20K /m + v/ 2KnD(P[Q)/m
s = Py (e (Prns Q) < Yonns (P, Prn) > )
b = Py (AP Q) < Yo A (P Pr) <4, )
It suffices to show that max{gy, ,,, Binn} decreases exponentially as n scales. We first have
on < Py (de(P.P) > 4, ) < 72019, (3)

where the last inequality is due to Lemma Thus, 3y, ,, vanishes at least exponentially fast with the error
exponent being D(P||Q).

For Bm n, We have
mn = > () @ (dh(Prs Qn) < Y
{Pr:di (P, Pr) <), 0}
= > Q (d(Prs Qn) < )
Prn:dy (PP ) <7, {Pm dk(PP )<V n}
< sup (P, Qn) < Ym n>

{Py:dy (P, P, )<V n}
S Q (dk(Pa Qn) S Ym,n + 7;n7n> )

where the last inequality is from the triangle inequality for metric dj. Similar to Eq. , we get

liminf —— log B

n— oo

> D(P[Q),

because Vi n + Yy, — 0 as n — oo. Together with Eq. , we have under Hy : P # Q,

~

lim 1nf—710g Pymyn (dk(P ,Qn) < 'ymyn) > D(P||Q).

n—oo

We next show the other direction under H;. We can write

Pymgn (dk(vaQn) < 'Vm,n> (;) Pyman (dk(vap) < 7mvdk(P Qn) < '7;)
—p (dk(ﬁm, P) < v:n) Q (dk(P7 Qn) < 7;) :

where (a) is because dj, is a metric, and we choose 7, = \/2K/m (1 + v/=loga) and v}, = \/2K/n (1 + /= log @)
so that v, > 7/, +7;,- Then Lemma gives P(dp(P,P,) <~.) > 1—a and P(dp(P,Q,) < 7.) > 1—a,
where the latter implies that dj (P, Qn) < ] is a level « test for testing Hp : 2™ ~ P and H; : 2" ~ @ with
P # Q. Together with Chernoff-Stein Lemma, we get

liminf —— log Pymyn (dk(Pm, Qn) < Ym n)

n—00 n

n—oo

gliminf—% log (P (dk(Pm,P) < V;n) Q (dk(P, Qn) < ))

IN

1
lim inf ——log (1 — &) + hm 1nf —— logQ (dk(P Qn) < ’Yn)
n

n—oo

D(P[|@).

The proof is complete. O

| /\
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C Proof of the Extended Sanov’s Theorem

Our proof is inspired by [I6] which proved the original Sanov’s theorem w.r.t. the 7-topology. We first prove the
result with a finite sample space and then extend it to the case with general Polish space. The prerequisites are
two combinatorial lemmas that are standard tools in information theory.

For a positive integer t, let P,,(t) denote the set of probability distributions defined on {1,...,¢} of form
P = (%7 cee %), with integers my,..., m;. Stated below are the two lemmas.

Lemma 5 ([I5, Theorem 11.1.1]). [P, ()| < (m + 1)t

Lemma 6 ([I5, Theorem 11.1.4]). Assume y™ i.i.d. ~ R where R is a distribution defined on {1,...,t}. For
any P € Py, (t), the probability of the empirical distribution Py, of y™ equal to P satisfies

C.1 Finite Sample Space

Upper bound Let ¢ denote the cardinality of X'. Without loss of generality, assume that inf r ¢)cins v cD(R||P)+
(1 —¢)D(S]|Q) < co. Hence, the open set intI' is non-empty. As 0 < ¢ = limy noo 5755 < 1, we can find
mo and ng such that there exists (P),,Q),) € intI' NPy, (t) x Py (t) for all m > mg and n > ng, and that
cD(P;,||P) + (1 — ¢)D(Q,]|Q) — inf(g s)eimtr cD(R[|P) 4 (1 — ¢)D(S[|Q) as m,n — oo. Then we have, with
m > mg and n > ng,

Pyma:"((pm7 Qn) € F) = Z Py"”w" (ﬁm = R7 Qn = S)
(R,S)ET N Po () X P (1)

(R,S)€int T'N Py () X P (1)
> Pymx" (pm = P,,/n, Qn = Q;l)
=Py (P = Ply) P (O = Q)
> (m+1)"Hn+ 1)—t6—mD(an||P)€—7ID(Q§LHQ)7

where the last inequality is from Lemma [6] It follows that

li - log Pymgn (P, Q) €T
nllrr;iuog e og Iy (( Q ) )

< lim  ——— (—tlog((m + 1)(n + 1)) + mD(P,,[|P) + nD(Q,[|Q))
m,n—o0 M —+

o1 , :

= lm (mD(P,[|P) + nD(Q,[|Q))

= inf ¢D(R||P)+ (1 —¢)D(S]Q).

(R,S)€int T
Lower bound
Pymx"((pﬂ’u@n) c 1_‘) = Z Pym(pm = R) Px"(@n = S)

(R,S)ETNPp, (t) X P (t)

(%) Z e~mD(R|IP) ,—nD(5]|Q)
(R,S)ETNPyy (t) X Pr ()

(b)

< (m+ 1) n+1)t sup e MPEIP)—nDESIQ) (4)

(R,S)er’

where (a) and (b) are due to Lemma [6] and Lemma [5] respectively. This gives

liminf — log Pymyn (P, Q) €T) > in)f FcD(RHP) + (1 —¢)D(S5)|1Q),
IS

mn—o0  M—+n (R,S

and hence the lower bound by noting that I" € clI'. Indeed, when the right hand side is finite, the infimum over I'
equals the infimum over clI" as a result of the continuity of KLD for finite alphabets.
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C.2 Polish Sample Space

We consider the general case with X being a Polish space. Now P is the space of probability measures on
X endowed with the topology of weak convergence. To proceed, we introduce another topology on P and an
equivalent definition of the KLD.

7-topology: denote by II the set of all partitions A = {A1,..., A} of X into a finite number of measurable
sets A;. For P € P, A€ Il, and ¢ > 0, denote

UPAC) ={P eP:|P(A)—P(A)| <¢i=1,...,t} (5)

The 7-topology on P is the coarsest topology in which the mapping P — P(F') are continuous for every measurable
set F' C X. A base for this topology is the collection of the sets . We will use P, when we refer to P endowed
with this 7-topology, and write the interior and closure of a set I' € P, as int, ' and cl, T', respectively. We
remark that the 7-topology is stronger than the weak topology: any open set in P w.r.t. weak topology is also
open in P, (see more details in [I6], 19]). The product topology on P, x P, is determined by the base of the form
of

U(P,A1,¢() x U(Q, Az, (2),

for (P,Q) € Pr x Pr, A1, Az € II, and (1,(2 > 0. We still use int,(I") and cl,(T") to denote the interior and
closure of a set I' C P, x P.. As there always exists A € II that refines both A; and As, any element from the
base has an open subset

U(P,Q,A,():=U(P,AC) xUQ,AC) CPrx Py,

for some ¢ > 0.
Another definition of the KLD: an equivalent definition of the KLLD will also be used:

P(A;)
Q(A;)

t
D(P||Q) = sup »  P(A;)log = sup D(P4|Q™H),
Aell i Aell

with the conventions 0log0 = 01og% =0and alog § = +oo if a > 0. Here P4 denotes the discrete probability
measure (P(41),...,P(A;)) obtained from probability measure P and partition A. It is not hard to verify that
for0<ec<1,

cD(R|[P) + (1 = ¢)D(S]|Q) = ¢ sup D(RA||PAY) + (1 —¢) sup D(572(|Q*2)
A €Il Az €11

= ilépn (cD (RAHPA) +(1—-¢)D (SAHQA)) ) (6)

due to the existence of A that refines both A; and A and the log-sum inequality [15].
We are ready to show the extended Sanov’s theorem with Polish space.
Upper bound It suffices to consider only non-empty open I'. If I" is open in P x P, then I' is also open in

Pr x Pr. Therefore, for any (R, S) € I, there exists a finite (measurable) partition A = {A;,..., A;} of X and
¢ > 0 such that

U(R,S, A, Q) ={(R,S") 1 |R(A;) — R'(A)| < (,|S(A) = S"(A)| < ¢ i=1,...t} CT. (7)

Define the function 7' : X — {1,...,¢} with T(z) =i for x € A;. Then (P,n,Qp) € U(R,S, A, () with R, S €T if
and only if the empirical measures P2 of {T(y1),...,T(ym)} = T(y™) and Q2 of {T(z1),...,T(x,)} = T(z™)
lie in

U°(R,S, A, ¢) = {(R°,5°) : |R°(i) — R(A;)| < (,|5°(1) — S(Ai)| < ¢,i=1,...,t} CR" x R

Thus, we have

Pymw"((Pma Qn) S F) Z Pymw"((Pma Qn) S U(Ra Sv Aa C))
= PT(ym)T(:v")((Prc;u Q?L) € UO(R7 Sa -’4’ C))
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As T(z) and T'(y) takes values from a finite alphabet and U°(R, S, A, () is open, we obtain that

1 A
n lOg Pyma:"((PTm Qn) S F)

lim sup —
m,n—oo 1M

. 1 o
< hmsup— nIOgPT(ym)T(a:")(( 'er )6 U (Rv S, .A, C))
m,n— 00
< D(R°||PA) + (1 — ¢)D(S°]|Q*
S rosmensan (R P7) + (1 = ) D(S°(|Q7)
= inf cD(RA(|PA) + (1 — ¢)D(S"4 Q)
(R',S")€U(R,S,AQ)
< eD(R[|P) + (1 —¢)D(5]Q), (8)

where we have used definition of KLD in Eq. @ and (R, S) € U(R, S, A,¢) in the last inequality. As (R, S) is
arbitrary in I', the lower bound is established by taking infimum over T'.

Lower bound With notations
= {(R",5"): (R,S) €T}, T(A) = {(R,S5) : (R, 54) e T},

where A = {A;,..., A:} is a finite partition, it holds that

< Py’”z‘(( Q ) ( )
= Pyman (P2, Q) € TANPL(E) X Pr(t))

S (n+ 1) ( ].) max Pyann (pn = RO’ Am = SO)
(R°,S°)eTANP, (t) X P, (t)

< (n+1)"(m+1)" exp (— it (nD@EAIPA) + mD(SAIIQ““>)> :

where the last two inequalities are from Lemmas [5| and @ As the above holds for any A € 11, Eq. @ indicates

A

1 N
- log Pyman (P, @Qn) €T)

lim sup
m,n—oo 1M

< i . Al A A A

inf (— (R}g)fer (eD(RA(|PH) + (1 — ¢)D(S™|Q )))

= —s inf ¢D(RA|PA) + (1 — ¢)D(SA|QA).
sup (RHS‘l)eFC ( | )+ ( c)D(S7| )

Then the remaining of obtaining the lower bound is to show

sup inf eD(RAIPA)+ (1= )D(SHQY) = | in | eD(R|P)+ (1= e)D(S]Q).

Assuming, without loss of generality, that the left hand side is finite, we only need to show

cdI'NB(P,Q,n) # &

whenever

n>sup m)f cD(RA||PAY) + (1 — ¢)D(SAQ™M).

Here B(P,Q,n) is the divergence ball defined as follows
B(P,Q,n) ={(R,S) : cD(R|P) + (1 - c)D(5|Q) < n},

which is compact in P x P w.r.t. the weak topology, due to the lower semi-continuity of D(-||P) and D(:||Q) as
well as the fact that 0 < ¢ < 1.



Universal Hypothesis Testing with Kernels

To this end, we first show the following:

ol = (cIT(A). (9)
A

The inclusion is obvious since I' € I'(A). The reverse means that if (R,S) € clI'(A) for each A, then any
neighborhood of (R, S) w.r.t. the weak convergence intersects I'. To verify this, let O(R, S) be a neighborhood of
(R,S) w.r.t. the weak convergence, then there exists U(R, S, B,() € O(R, S) over a finite partition B as O(R, S)
is also open in P, x P,.. Furthermore, the partition B can be chosen to refine A so that cIT'(B) C cIT'(A).
As 7-topology is stronger than the weak topology, a closed set in the P, x P, is closed in P x P, and hence
cl'(B) C cl, T'(B). That (R,S) € cl, I'(B) implies that there exists (R',S’) € U(R,S,B,{) NT'(B). By the
definition of I'(B), we can also find (R, S) € I such that R(B;) = R'(B;) and S(B;) = S'(B;) for each B; € B, and
hence (R, S) € U(R, S, B,¢). In summary, we have (R, S) € U(R, S,B,¢) € O(R, S) and (R, S) € . Therefore,
I'NO(R,S) # @ and the claim follows.

Next we show that, for each partition A,
D(A) N B(P,Q,n) # 2. (10)

By Eq. @, there exists (P, Q) such that cD(PA||PA) + (1 —¢)D(Q*||Q*) < n. For such (P, Q), we can construct
(P',Q') € T'(A) as

)P(FﬂA)
A;)

SQ(F N A,

for any measurable subset F C X. If P(4;) = 0 (Q(A;) = 0) and hence P(A;) = 0 (Q(4;) = 0), as
(PAHPA) < 00 (D(QA]|QA) < 0), for some i, the corresponding term in the above equation is set equal to

0. Then (P’,Q’) belongs to I'(A) and also lies in B(P,Q,7). The latter is because D(P'||P) = D(PA||Q*) and
D(Q'|Q) = D(Q*||Q™): one can verify that any B that refines A satisfies

D(P'®||P?) = D(PA||P*), D(Q"||Q) = D(Q4]Q*).

For any finite collection of partitions A4; € II and A € II refining each A;, each I'(A;) contains I'(A). This implies
that

() (T(A) N B(p,q,m)) # 2,

i=1
for any finite r. Finally, the set c1T'(A) N B(P,Q,n) for any A is compact due to the compactness of B(P,Q,7),
and any finite collection of them has non-empty intersection. It follows that all these sets is also non-empty. This
completes the proof.

D Proof of Theorem

Proof. According to Theorem [1}, dj metrizes the weak convergence over P. For convenience, we will write the
type-I and type-II error probabilities as c, », and By, ,, respectively; we will also use 8 to denote the type-II error
exponent. That o, ,, < a is clear from Lemma [4) and we only need to show that 3, , vanishes exponentially as
m and n scale.

We first show g > D*. With a fixed v > 0, we have 7, ,, <y for sufficiently large n and m. Therefore,

1
= liminf —
8 = limin o

m,n— 0o

—log Py (i (Prns Qn) < Ymn)

- man (di (P, Qn) <

= inf D(R||P) + (1 —¢)D(S
_(R,S):dl;?(&s)g,yc ( ” )+( C) ( ||Q)

=D, (11)
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where the last inequality is from the extended Sanov’s theorem and that d; metrizes weak convergence of P so
that {(R,S) : dx(R,S) < v} is closed in the product topology on P x P. Since v > 0 can be arbitrarily small, we
have

B> lim D

~y—0+
where the limit on the right hand side must exist as D7 is positive, non-decreasing when ~y decreases, and bounded
by D* that is assumed to be finite. Then it suffices to show

lim D* D*.

y—0+

To this end, let (R, S5,) be such that di.(R,,S,) <~ and cD(R,[|P) + (1 — ¢)D(S,||Q) = D3. Notice that R,
and S, must lie in

{wiporip) < 2. povie) < 2L - w.

for otherwise D7 > D*. We remark that W is a compact set in P as a result of the lower semi-continuity
of KLD w.r.t. the weak topology on P [50, [19]. Existence of such a pair can be seen from the facts that
{(R,S) : di(R,S) <~} is closed and convex, and that both D(:||P) and D(-|Q) are convex functions [50].

Assume that D* cannot be achieved. We can write

lim DY = D" —¢, (12)

~y—0t

for some € > 0. By the definition of lower semi-continuity, there exists a ky > 0 for each W € W such that
D(R|P)+ (1 - )D(SQ) = cD(W||P) + (1 —c)D(W|Q) — > D* -3 (13)

whenever R and S are both from
Sw = {R : dk(R7 W) < Kw} .

Here the last inequality comes from the definition of D* given in Theorem [7] To find a contradiction, define
Shy = {R (R, W) < 7}

Since Sy, is open and |y, Sy, covers W, the compactness of W implies that there exists finite Sy, ’s, denoted by
Siy,s- Sl covering W. Define £* = min]*; kw, > 0. Now let v < £*/2 as 7y can be made arbitrarily small.

Since UiV:1 Syy, covers W, we can find a W; with R, € S{,Vi C Sw;,. Thus, it holds that
di(Sy, W;) < dip(Sy, Ry) + di (R, W;) < Kw,.
That is, S, also lies in Sw,. By Eq. we get
eD(R,||P) + (1 - &)D(S,]Q) = D* — ¢/2.
However, by our assumption in Eq. , it should hold that
eD(R,|P) + (1 - 9)D(S, Q) < D" —e.
Therefore, 5 > D*.

The other direction can be simply seen from the optimal type-II error exponent in Theorem [§] Alternatively, we
can use Chernoff-Stein lemma in a similar manner to the proof of Theorem [3| Let P’ be such that ¢cD(P’||P) +
(1-¢)D(P'||Q) = D*. Such P’ exists because 0 < D* < oo and D(-||P) and D(:||Q) are convex w.r.t. P. That
D* is bounded implies that both D(P’||P) and D(P’||Q) are finite. We have

ﬂm,n == Py’”r” (dk (Pma Qn) S ’Ym,n)

(a) ~ N
> Pymgn (di (P Pr) + die (P, Qn) < Vi)

(>) P’ll mxn (dk( p ) 7M7dk(P Qm) <'7n)
= P(dp(P', Prn) < ) Q(di(P', Qn) < ),
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where (a) and (b) are from the triangle inequality of the metric di, and we pick v, = 1/2K/n(1 + v/—log «), and
Ym = V/2K/m(1 4+ /—loga) so that Y, n > Yn + Ym- Then Lemmaimplies P'(di(P', Pp) < m) > 1—a.
For now assume that D(P'||P) > 0 and D(P’||Q) > 0. We can regard {y™ : di.(P’, P,,) < ym} as an acceptance
region for testing Hy : y™ ~ P’ and H; : y™ ~ P. Clearly, this test performs no better than the optimal level «
test for this simple hypothesis testing in terms of the type-II error probability. Therefore, Chernoff-Stein lemma
implies

1 N
lim inf —— log P(dy(P', ) < 7m) < D(P'||P). (14)
m—r oo m
Analogously, we have
1 A
lim inf ——log Q(di (P, Qn) < 7m) < D(P'[|Q). (15)
n— o0 n

Now assume without loss of generality that D(P'||P) =0, i.e., P’ = P. Then D(P'[|Q) > 0 under the alternative
hypothesis Hy : P # Q, and Eq. still holds. Using Lemma |2, we have P(dx(P’, Pp) < Ym) > 1 — «, which
gives zero exponent. Therefore, Eq. holds with P’ = P.

As limy, 00 = ¢, we conclude that

_m
m—+n

[ = liminf —

m,n— o0 m n

log fm.n < D*.

The proof is complete. O

E Proof of Theorem

Proof. Let P’ be such that cD(P'||P) + (1 — ¢)D(P’||Q) = D*. Consider first D(P’||P) # 0 and D(P’'||Q) # 0.
Since D* is assumed to be finite, we have both D(P’||P) and D(P’||Q) being finite. This implies that P’ is
absolutely continuous w.r.t. both P and @, so the Radon-Nikodym derivatives dP’/dP and dP'/dQ) exist.

Define two sets

A= DR = e < L1og 2D < D)+ e},
e (16)
Bu={at:D(PIQ) - < Lo S0 < D) o).

Recall the definition of the KLD: D(P’||P) = E,~ps log(dP'(z)/dP(x)) and D(P’||Q) = Ey.p: log(dP'(z)/dQ(x)).
By law of large numbers, we have for any given € > 0,

Pyman(Ap X By) > 1 — ¢, for large enough m and n, (17)
with y™ and z™ ii.d. ~ P’.
Now consider the type-1I error probability of level a tests. First, for a level a test, we have its acceptance region
satisfies

Pymgn (Qy(m,n)) >1—a, (18)

when y™ and z" i.i.d. ~ P’, i.e., when the null hypothesis Hy : P = @ holds. Then under the alternative
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hypothesis Hy : P # @, we have

Pymyn (Qy(m,n))

- / dP(y™) dQ (")
A X BnNQy(m,n)

/ 2_m(D(P/”P)+€)2_n(D(P/‘lQ)+E)dP/<ym) dP/(xn>
Am X BpNQ;(m,n)

— 27mD(P'“P)fn(D(P'HQ)f(m+n)e/ dP/(ym) dPl(l'n)
A X BnNQ (m,n)

Y gD [P)-nD(P Q) ~(mtme(y _ o _ g,
where (a) is from Eq. and (b) is due to Egs. and (18). Thus, when € is small enough so that 1 —a—e > 0,

we get

1
lim inf — log Pymyn (Q4(m,n)) < liminf ————— (mD(P'||P) + n(D(P'||Q) + (m + n)e)

mn—oo M -+n mmn—oo M -+n

=D* +e (19)

If a test is an asymptotic level « test, we can replace a by « + ¢ where € can be made arbitrarily small provided
that m and n are large enough. Thus, Eq. holds too. Finally, since € can also be arbitrarily small, we
conclude that

lim inf — log Pyymn (Q4(m,n)) < D*.

m,n—oo M+ n

If P’ = P, then A,, contains all y™ € X™ and the above procedure gives the same result. O

F Experiments

This section presents empirical results of the MMD and KSD based goodness-of-fit tests in the finite sample
regime. We note that there have been extensive experiments in [12} 23] 34, 29] and the sample size m drawn from
P is usually fixed for the kernel two-sample test. As such, we only consider two toy experiments and let m scale
as required in Theorem [4]

We evaluate the following tests with a fixed level @ = 0.1, all using Gaussian kernel k(z,y) = e~ llz=yl3/(2w),
1) Simple: the simple kernel test dy (P, Qn) The acceptance threshold is estimated by drawing i.i.d. samples from
P, i.e., the Monte Carlo method. The number of trials is 500. 2) Two-sample: the two-sample test d (pm, Qn)
with m = n!5. Threshold is obtained from the bootstrap method in [25], with 500 bootstrap replicates. 3) KSD:
the KSD based test d%(P,Q,). We use wild bootstrap method from [12] with 500 replicates to estimate the
a-quantile.

Gaussian vs. Laplace. We use a similar experiment setting in [29]. Consider P : N'(0,2v/2) and Q : Laplace(0, 2),
a zero-mean Laplace distribution with scale parameter 2. The parameters are chosen so that P and ) have the
same mean and variance. We pick a fixed bandwidth w = 1 for all the kernel based tests and repeat 500 trials
of each sample size n for both hypotheses. We also evaluate the likelihood ratio test LR, an oracle approach
assuming both P and @ are known. In Figure LR has the lowest type-II error probabilities as expected, while
Simple and Two-sample perform slightly better than KSD. As shown in Figure all the kernel based tests have
the type-I error probabilities around the given level a = 0.1, except for KSD with n = 5 samples.

Gaussian Mixture. The next experiment is taken from [34]. The i.i.d. observations z™ are drawn from
Q: Zle a; N'(z; pi, 02) with a; = 1/5, 02 = 1, and p; randomly drawn from Uniform|[0, 10]. We then generate
P by adding standard Gaussian noise (perturbation) to ;. In [34], the sample number m drawn from P is fixed
while the observed sample number n varies. We report the type-II error probabilities in Figure 2, averaged over
500 random trials.

With the median heuristic for bandwidth choice, KSD and Two-sample perform similarly whereas Simple has its
type-II error probability decreasing slowly, as shown in Figure [2a] Picking a fixed bandwidth w = 1 for Simple
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Figure 1: Gaussian vs. Laplace.
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Figure 2: Gaussian mixture. (a) median bandwidth for Simple, Two-sample, and KSD, and a fixed bandwidth
w =1 for Simple; (b) fixing n = 50 samples and varying kernel bandwidths.

again results in a better performance. In light of the role of kernels, we then search over the kernel bandwidths in
[0, 8] for a fixed sample size n = 50. In Figure Simple and Two-sample tend to achieve lower type-II error
probabilities when w is small, while XSD has a lower error probability around w = 5. The optimal type-II error
probabilities of Simple and KSD are close and slightly lower than that of Two-sample. While computational issue
is not the focus of this paper, we do observe that KSD is more efficient in this experiment, as it does not need to
draw samples.

Whereas we cannot tell much statistical difference in our experiments, some experiments in the literature
showed that the MMD based tests performed better than the KSD based tests and others showed the opposite
[12] 23], B4, 29]. The finite sample performance depends on kernel choice as well as specific distributions. Under
the universal setting, no test is known to be optimal in terms of the type-II error probability subject to a given
level constraint. Statistical optimality can only be established in the large sample limit, as the one considered in
the present work.



