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REMARKS ON THE ARRANGEMENT OF
IRREDUCIBLE ELEMENTS
OF FINITELY GENERATED DISTRIBUTIVE
LATTICES IN A BOOLEAN CUBE

A bstract We consider the problem of embedding of freely
generated distributive lattices into Boolean cubes.

Suppose that K is a finite distributive lattice and let Nk be the set of
all its irreducible, different from 1 elements. That is

Nk ={ae K;a# 1 ANVyyex(zNy=a—x=aVy=a)}

It is well known that the closure of the set Nk U{1} on finite intersections

equals to the set of all elements of K.

Suppose that Ry, Rg,..., R, is a decomposition of the set Nk onto
chains and let |R;| =7;, 1 <i < m. Let

Pryory = [JHO,1,. . i} 1< i <m).
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Then we define two binary operations U and N on the set P, . as follows:
(mla oo 7xM) U (yh e 7ym) = (maX(xhyl)’ e ,max(xm,ym)),

(1o ) NV (Y1s oy Ym) = (min(x1,y1), - .., min(Tm, Ym))-

It is clear that
Prl...rm - <Pr1...rm7 U7 m)

is a finite distributive lattice.
Let f: Nx — {0,1}"™ be a mapping such that

(f@)(i)=1ea€eR;, 1<i<m

and let [ : K — P, , be defined as follows:
I(fl?) = (Tla"'vrm)_Z(f(a); i S(I/\CLGNK)

Theorem 1. The mapping I is an embedding of the lattice K into the
lattice Py, .. r,,

Let F), be a free lattices with n free generators aq,asg, ..., a,. Clearly,
Np, ={a;; U...Ua;; 1<i3 <...<ip<nAl1<k<n-—1}
and |[Np, | =2" —2.
Corollary 2. a) F, is embeddable into the Boolean cube
P11 = ({0, 1}2n_2,U,ﬂ>.
b) I(a;) lies in the plane
Ti4 .. Fxon_ g =2""1—1, 1<i<n.

If we identify each element x of the lattice F,, with its image I(z) in
the Boolean cube P ;1 = {0, 1}2n*2, then the set N, can be considered as

a matrix whose rows are elements of the set. There is only a finite number
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of such matrices. They depend on the ordering of N, and the generators
of F,, which occur in the plane, see Corollary 2b. Let us prove that one
can find such matrices M that ™Y can be built up from segments
of oM™,

Let G,, be a matrix with n rows and 2" — 2 columns such that

1)  the first () columns are {0, 1} words, ordered lexicographically,

and contain 1 only once;

2) the next (}) columns are {0,1} words, ordered lexicographically,

and contain 1 twice;

n - 1) the last (,",) columns are {0,1} words, ordered lexicographi-
cally, and contain 0 only once.

Let us assume that elements of the form a;, U...Ua;; for each 1 < j <
n — 1 are ordered lexicographically with respect to their indices 1,...,1;,
and let us assume that a;, U...Ua;; proceeds ay, U...Uayg, if j > [. Such
orderings on N, are said to be quasi-natural. Let ™ be a matrix such
that its k-th row is the k-th element in a given quasi-natural ordering on
Np, with 1 <k <2" —2.

Theorem 3. The matrix G,, and the matrix consisting of the last (nﬁl)
rows of the matrix 9™ are the same and hence the rows of G,, are gen-
erators of the lattice F,.

One can divide the set of all rows of 9™ into n-1 classes. The first
one contains all generators of the lattice F), , the second all elements of the
form a; U a; etc. The set of all columns of M can also be divided into
n — 1 classes. The first one contains the first (’11) columns of 9™ the
second contains the next (g) columns etc. Let ﬂﬁg? denote the submatrix
of g™ containing those elements which occur in the i-th set of the rows
of M™ and in the k-th set of its columns.
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Theorem 4. For each natural number n > 2 and each 1 <1, k<n —1,

(a) QJT%) = [1] for i + k > n where [1] is the matrix in which all elements

are equal to 1;

0 1
(b) ) =

1 0

0 1
(c) o) =

fori+k=n;

(@) o=

1
(n)
(e) m(q+1) _ ( mi—l 1
n+1
(f) mi k+ )= <
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1
forl1 <i<mn-—1;
0
1 , .
o) >forz+k<nand27é17ék.
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