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Abstract We consider a discrete-time queueing system where the arrival process is
general and each arriving customer brings in a constant amount of work which is
processed at a deterministic rate. We carry out a sample-path analysis to derive an
exact relation between the set of system size values and the set of waiting time values
over a busy period of a given sample path. This sample-path relation is then applied
to a discrete-time G/D/c queue with constant service times of one slot, yielding a
sample-path version of the steady-state distributional relation between system size
and waiting time as derived earlier in the literature. The sample-path analysis of the
discrete-time system is further extended to the continuous-time counterpart, resulting
in a similar sample-path relation in continuous time.
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1 Introduction

With a great many applications in communication and computer networks, discrete-
time queueing systems, including G/D/c queues in particular, have been widely
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studied in the last couple decades. In these systems, time is slotted and servers
are assumed to be deterministic in order to model the constant data transmis-
sion rate of communication channels. See the monographs [1,15,21,24] for exten-
sive discussions of discrete-time queueing models. In what follows, the service
discipline is assumed to be first-come-first-served (FCFS) unless stated other-
wise.

Ina G/D/c queue, while the arrival process is general (possibly serially correlated
and/or nonstationary), service times are assumed constant equal to k slots for some
fixed positive integer k. When the arrival process is discrete autoregressive of order 1
(and the queue is usually denoted by DAR(1)/D/c), Hwangetal. [11] and Hwang and
Sohraby [12] obtained, for the case ¢ = 1 (single-server) and k = 1 (service times of
one slot), the steady-state distributions of waiting time and system size, respectively.
Choi et al. [4] later extended these results to the case ¢ > 1 (multiserver) and k = 1.
On the other hand, for a G/D/c queue with k = 1 (service times of one slot), Xiong
et al. [25] derived an exact steady-state distributional relation between system size
and waiting time, which requires no knowledge of the nature of the arrival process.
More recently, by introducing the so-called partial system contents Gao et al. [7] have
generalised the distributional relation of Xiong et al. [25] to the case k > 1 (constant
service times of multiple slots). See also [3,2,6,8] for related results under different
model assumptions.

In this paper, we propose a new discrete-time queueing system, to be referred to
as the discrete-time (c, k)-system and defined in the next section. When either ¢ = 1
or k = 1, the (c, k)-system is equivalent to the G/D/c queue with constant service
times of k slots. But the two systems differ when both ¢ > 1 and k > 1. For a
further comparison between the two systems, see Remark 1 in Sect. 2. In this section,
we also carry out a sample-path analysis to derive a simple and exact (sample-path)
relation between the set of system size values and the set of waiting time values
over a busy period of a given sample path. This sample-path relation is then applied
in Sect.3 to the discrete-time G/D/c queue with constant service times of k slots
with either ¢ = 1 or k = 1, yielding the sample-path version of the distributional
relation of Xiong et al. [25]. In Sect. 4, the sample-path analysis of the discrete-time
(c, k)-system is extended to the continuous-time counterpart, resulting in a similar
sample-path relation. Section5 contains concluding remarks. There is an appendix
containing some technical lemmas and proofs that are needed for deriving the main
results in Sect. 2.

We close this section with a brief discussion of some sample-path results on gen-
eral queueing systems. As remarked on p. 236 of the review article Whitt [22], to
express fundamental queueing relations such as Little’s law L = AW and its exten-
sions (including H = AG and Miyazawa’s rate conservation law), there are two
frameworks: a deterministic framework involving individual sample paths and a sta-
tionary framework involving steady-state distributions. The deterministic framework
(under which a sample-path analysis is performed) is appealing because it requires
only elementary arguments and minimal conditions for the fundamental queueing rela-
tions to hold. For example, Stidham [19], Heyman and Stidham [9] and Sigman [18]
established the sample-path versions of L = AW, H = AG and the rate conservation
law, respectively. For a comprehensive review of sample-path analysis, the reader is
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referred to the monograph [5]. See also the more recent review articles [14,20,23] with
an emphasis on sample-path analysis. More closely related in spirit to the present study
is the work of Sakasegawa and Wolff [16] who showed for the G/G/1 queue in con-
tinuous time that the empirical distribution of the workload values over a busy period
of a given sample path is identical to that of the attained waiting time values over the
same period. This sample-path result complements and strengthens Sengupta’s [17]
invariance relation for the G/ G/1 queue that the workload and attained waiting time
of a customer in service have the same stationary distribution. See [26,27] for related
sample-path results in the multiserver case.

2 The discrete-time (c, k)-system

We consider a discrete-time queueing system in which the arrival process of customers
is general, each customer brings k units of work to the system, the server completes
up to ¢ units of work in each slot, and the service discipline is FCFS. Here, c and k are
fixed positive integers. For convenience, we refer to the system as the (discrete-time)
(c, k)-system. As an example, suppose that students enter a testing service centre to
take a test of k questions. Upon completing the test, they wait for their scores when
a grader grades (up to) ¢ questions every half an hour (including a break of 5min).
This example may be viewed as a (c, k)-system where a slot is half an hour, the grader
is the server and students are customers. As another example, consider a small resort
island where tourists fly to a nearby airport and then take a shuttle bus to a boat station
in order to take a shuttle boat to the island. Suppose that a shuttle bus of capacity k
leaves the airport as soon as it is fully loaded, and stays at the boat station until each
of the k passengers boards a shuttle boat of capacity ¢ (which runs every 20 min). In
this example as a (c, k)-system, a slot is 20 min, shuttle boats are the server and shuttle
buses are customers.

For a given sample path, let A, and D,, denote the arrival and departure times of
the nth customer C,,,n = 1,2,...,with A, < D, forallnand1 = A < Ay <---,
implying that the first busy period begins at slot 1 and batch arrivals are allowed. By
our convention, A, = t; and D, = t, means that C,, enters the system at the beginning
of slot #1, and completes service and departs at the end of slot ;. So C,,’s waiting time
W, equals D, — A, + 1 (the number of slots spent in system by Cj). Note that the
server may serve more than one customer in a slot. For example, withc =2,k =3
and A| = A, = 1, the server completes two units of C;’s work in slot 1 and completes
the remaining unit of C’s work and one unit of C,’s work in slot 2 (so that C| departs
at the end of slot 2).

Remark 1 Tt is worthwhile to compare in some detail the (c, k)-system with the
(discrete-time) G/D/c queue with constant service times of & slots (which for con-
venience will be denoted by G/Dy/c here). For the (c, k)-system with ¢ > 1, the
server may be viewed as a group of ¢ sub-servers where each sub-server completes
one unit of work in a slot and sub-servers can serve the same customer in a slot if
the customer’s work is more than one unit (i.e. K > 1). Thus it is readily seen that
when either ¢ = 1 or k = 1, the (c, k)-system is equivalent to the G/Dy/c queue.
However, the two systems differ in general when both ¢ > 1 and k > 1. Note that
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there is an equivalence relation in the class of all (c, k)-systems. For example, the
(c, k)-system with ¢ = k is equivalent to the (1, 1)-system by identifying k units of
work as a new single unit of work. More generally, for ¢’ = rc and k' = rk withr > 1
an integer, by defining a new unit of work as r (original) units of work, it follows that
the (¢’, k')-system is equivalent (reduces) to the (c, k)-system. Such an equivalence
relation does not hold for the class of G/ Dy /c queues. It may also be of interest to
compare the (c, k)-system with a batch service queue where customers are served in
batches by a single-server, the size of the batch being either ¢ or the size of the queue,
whichever is smaller. The batch service time is assumed to be k slots independent of
the batch size. Clearly, the two systems are equivalent if either c = 1 or k = 1, but not
equivalent otherwise. For the special case of ¢ = k, if exactly c(=k) customers are
in the queue waiting for service, they depart one at a time in the next k slots for the
(c, k)-system whereas the customers depart together after k slots in the batch service
queue.

Now let N, and V; denote, respectively, the number of customers and the amount
of work (in work units) in system at ¢ (or more precisely, at the beginning of slot 7).
Then we have fort =1,2, ...,

Ni=Hn:A, <t <Dy}l =Hn: A, <t}| —{n: Dp <1}, (2.1)
Vi=Vici =0 +kl{n: Ay =1} (Vo:=0), (2.2)
k(N; —1) < V; < kN; (implying N; = [V;/ k1), (2.3)

where |S| denotes the cardinality of a set S, x* = max{x, 0} and [x] denotes the
smallest integer not less than x. We assume |[{n : A, < t}| < oo for all ¢, so that
N; < oo and V; < oo for all .

We also adopt the following definition of the jth busy period, j = 1,2, .... The
first busy period begins at 77 = 1 and ends at

T\ =min{t > T\ : [{n: A, <1}| = |{n: D, <t}]}.
The jth busy period for j > 1 begins at
Tj =min{t > T;_, : t = A, for some n}
and ends at
T/ =min{r > T : [{n: Ay <t}| = |{n: Dy <1t}]}.
Note that there may be no idle period between two consecutive busy periods. As an
example, if A, = Tl’ + 1 for some n, then T, = Tl’ + 1, i.e. the second busy period

immediately follows the first busy period. (In this example, the system empties at the
end of slot 7| and a customer arrives at the beginning of the next slot.)
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Remark 2 For a busy period in which n customers enter the system, let (¢;, d;), i =
1,...,n, be the n pairs of arrival and departure times with #{ < 1, < --- < ¢,.
Sot; = A¢4i, i = 1,...,n, for some £ > 0.) Then exactly ¢ units of work is
performed in each slot except possibly for the last one when all of the n customers
have completed service. It follows that d; = #; + [ki/c] — 1,i = 1,...,n. Also,
tit <di,i=1,...,n—1.

The main results of this section are concerned with the relation between the set of
system size values and the set of waiting time values in a busy period. Before stating
the results, we need to define a B(n) set and introduce some set notations. An (ordered)

set of n pairs of integers P = {(t1,d1), ..., (t;,, dy)} is said to be a B(n) set (with
respect to the (c, k)-system), if 11 <tr <--- <t,,di =1t + ("T,’] —-1,i=1,...,n,
andtjy; <d;,i=1,...,n—1.Let

Np@)=Wi:t; <t <d;}| fort; <t <d,

Sp={Np@t):t=t,t1 +1,...,d,}, 2.4)
Wp={d—t;+1:i=1,...,n}.

Remark 3 By Remark?2, for a busy period with n customers, the set of the n
pairs of arrival and departure times is a B(n) set. Consider a general B(n) set
P = {(t1,d1), ..., (t,dy)}. By definition, {(t1,d1), ..., (tj,d;)} is a B(j) set for
Jj < n.Suppose that the (c, k)-system is empty right before #1, and in the time interval
consisting of slots #1, . . ., d,, exactly n customers enter the system at 7y, ..., #,. Then
di =t1 + Tki/c] —1,i = 1,...,n are the corresponding departure times of the n
customers. The condition t;+] < d;,i = 1,...,n — 1, implies that the system is not
empty before d,. So the time interval of slots 1, ..., dy is a busy period, i.e. t| = T}
and d,, = T/f for some j. Fort = t1,...,d,, Np(t) is the number of customers in
system at time ¢ (more precisely, at the beginning of slot ¢), Sp is the setof d, — 1 + 1
system size values, and Wp is the set of n waiting time values.

To introduce some set notations, note that in this section the multiplicity of each
element « in a set S, denoted m («; §), is counted. Such a set is sometimes referred to
as a multiset (cf. p. 483 of [13]). Denote v copies of « by «(,). For example, {« )} =

@, {a), Bay v} = {Bay- vt = {B.v, v} # {B, v} Fornsets Si,..., Sy, let
W' | S; = S; W--- WS, denote the set consisting of those elements in at least one of
S1, ..., S, with multiplicities given by

n
m(o; W_S;) = zm(oﬁ Si),

i=1

where m(«; §) :=0if o ¢ S. As an example,

{a@), B} W B, v} Wian)) = {a@), Bay, v}

Now for given positive integers s and 8, we define a set s1°! as follows:
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(1) If s < 6, define s .= {1}
(i) If s > 8, define 5! := {€(5_,), (€ + 1))}, where integers £ > land 1 <r < §
are uniquely determined by s = €5 +r,ie. £ = [§] —landr =s — (|'§'| - 1) 8.

Next for a set S of positive integers, define SI%! := W55, Note that SU = §.

Remark 4 Observe that the number of elements in s!® (counting multiplicities)
is min{s, 8} and the sum of the elements in s%1 equals s. For example, the set
123151 = {812y, 9(3)} consists of 15 elements the sum of which equals 123. For
the set S = {2(2), 5}, we have SI! = §, S1 = {144), 2,3}, S = {1(5), 202)}, S =
{17y, 2}, S8l = {19} for § > 5. To see the meaning of sl with s > 8, note that
there is a unique way to write s as a sum of § integers which differ by at most 1. These
(unique) § integers form the set s®!. (For s < §, the above interpretation still applies
if we change the definition of s1®1 = {1(5)} to s©®1 = {05_), 1(5)}.)

Theorem 1 Let P = {(t1,d1), ..., (t,, dy)} be a B(n) set with respect to the discrete-
time (c, k)-system. Then SJ[DC] = W},k].

Proof We proceed by induction on n. For P = {(#1,d1)} a B(1) set, we have d| =
H+ (k/cl — 1,50 Sp = {l»n} and Wp = {v} where v = [k/c] < k. Thus,
SEDC] = W = {I)}. Suppose that S[C] W[k] for all B(n) sets Q (n > 1). Let
P={(ti,d):i=1,....n+1)bea B(n + 1) set. We need to show ST = wikl,
Let Q = {(t;,d;) : i = 1,...,n}, which is a B(n) set. By the induction hypothesis,
S[QC] = Wg]. Since P is a B(n + 1) set, we have #, < t,41 < d,. For each j =
ity + 1, ..., dy, let

P(j) = {1, dV), ..., (tn, dp), (J, dny- 1)}

whichisa B(n + 1) set. In particular P = P(t,,+1).
k . .
We claim (i) Sggd )= Wp(d ) and (ii) SP(/+1) W}’(]j+1) implies 51[52,) = WP(j)
forj =t,,...,d,—1.(Claim (11)is vacuous if ¢, = d,,.) Claims (i) and (11) follow from

Lemmas | and 2 in the Appendix, respectively. By Claims (i) and (ii), sle P( = WPk (]J)
for j = t,,...,d,, which includes Sl[f] = ka] for j = t,41. This completes the
proof. O

As an illustration for Theorem 1, we present in Fig.1 a busy period of a sam-
ple path for the (c, k)-system with ¢ = 2,k = 3. In the busy period, there
are 7 customers entering the system. In the figure, each circle represents a unit
of work and the number inside a circle is the customer i.d. belonging to the set
{1,2,...,7}. The (ordered) set of the 7 pairs of arrival and departure times is
P =1{(1,2),(2,3),(3,5),(3,6),(6,8), (7,9), (8, 11)} which is a B(7) set. For this
busy period, the sets of system size values and waiting time values are

3,2, 1,1} = {13), 2(6), 3}

9 7 7 9 27 29 2’
4,3,3,4) ={202),33). 42}

{1
{ ’ 7 ’ k]

)

It is readily verified that SEDZ] = WE] = {1(17), 2¢2)} as claimed in Theorem I.
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units of work
system size at slot 4
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Fig. 1 A busy period of a sample path in the (c, k)-system with c =2 and k = 3

Remark 5 Let S and W be, respectively, the set of system size values and the set of
waiting time values in a given busy period. By Theorem 1, we have SI°! = W1, Since
Stel = S for ¢ = 1 and WKl = W for k = 1, it follows that in a busy period the set of
system size values is identical to the set of waiting time values provided ¢ = k = 1.
However, when either ¢ or k (or both) is greater than 1, the physical interpretation of
Slel and W1 is not so clear and requires further investigation.

We now apply Theorem 1 to a sample path with the arrival and departure times
A;, D; of the ith customer C;,i = 1, 2, ....Recall that N; and V; denote, respectively,
the number of customers and the amount of work (in work units) in system at time ¢.
Recall also that [T}, Tl/] denotes the jth busy period. Let I; = {i : Tj < A; < ij},
the set of the indices of customers entering the system in the jth busy period. Then
P :={(A;,D;y) :i €lj}isa B(|[j]) set. By (2.4),for T; <t < T]f, ij(t) ={i e

Ij : A; <t < D;}, which agrees with N; (cf. (2.1)). Also,

Sp, = Np,(): Ty <t ST} =Ny : T; <1 < T}),
Wp, = {D; — Ai +1:i € I}).

Thus Sp; and Wp; are, respectively, the set of system size values and the set of waiting
time values in the jth busy period. For t > 0,letS; = {N, : N; >0and 1 <t < 1},
the set of positive system size values in {Ny, ..., N;},and W, = {D; — A; + 1 :
A; < t}, the set of waiting time values of customers entering the system at or before
time t.
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With TO’ =0, let v = max{j : ij < t} > 0, the number of busy periods ending at

or before 7. Then 7)) < 7 < TU’H, and
S = &J;lePj W{N; : Ty41 <t <1}, (2.5)
We =W Wp, W{Di —Ai +1:Ty11 <A <1} (2.6)

If V; = 0, then the system is empty at 7, implying 7 < Ty41. If 0 < V; < ¢, the
system empties at the end of slot 7, implying T = T, < Ty41. So V; < ¢ if and only
if t < Ty41. If V; <, then it follows from (2.5), (2.6) and 7 < T4 that

Sy = Lﬂ;=1Spj and W, = ErJI;ZIij.
By Theorem 1,

ST = wy_ s = wy_ Wil = Wik, 2.7)

T
IfV, >c(e > Tyqy), letiy = min{i : A; = T4}, since there is (at least) a
customer arriving at the beginning of the (v 4 1)th busy period. Let i = max{i :
A; < t}. Thent > T,y implies i1 <i>. Let Q = {(A;, D;) : i1 <i <13}, whichis
a B(ip — i1 + 1) set. (Note that Q C P,1.) We have

Wo={D; —A;+1:i; <i<ip}
={D;—A;+1:T,4 1 <A; <1},

so by (2.6)
W, = w;zlij W Wo. 2.8)
Noting that T\, 1 = A;; and Ng(¢t) = N; for 7,41 <t < 7, we have

SQ = {NQ(I) : Tv+l <r< Diz}
={N;:Tvy1 St <t} U{Ng@): 1 <t = Dj},

which together with (2.5) yields

St W{Ng():t <l§Di2}=&);}=]Sij:JSQ. 2.9)
The set {Ng(¢) : T < t < D;,} can be expressed in terms of V; as follows. At
(the beginning of) each of slots T + 1, t + 2, ..., the amount of work remaining (in

work units) among customers C;,i; < i < ip, equals V; — ¢, V; — 2¢, ..., so that
No(r+1) = [Y=51, No(r +2) = [, ... (cf. (2.3)). It follows that

{NQ(I):T<t§Di2}=Hrvrlzic—‘ZlfiflrE—‘—I].

c
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By (2.9),

Ve —ic , v,
S,w”’k —‘:1515’7%—‘—11=&J;=1Sp]_&JSQ. (2.10)

By (2.8), (2.10) and Theorem 1,

. [e]
SE"]wHV’k lc—‘:lfis[ﬁ—‘—l] =u_; Skl sig!
C

Y (k] [k]
=W, WPj W W,
k
= Wi, 2.11)
By (2.7) and (2.11), we have the following result.

Theorem 2 Fort > 0,

o [c]
e [ s
c

where the second set on the right-hand side is empty if V; < c. Equivalently, for
£=1,2,...,

A7)

T [Vi/cl=1 V. — il
> T
> m: (D — A+ DM =" m@: N+ > m(e;[ p 1 )

i=1 t=1 i=1

where A(t) := max{i : A; <t} and 0! := ¢.

3 Applications to G/D/c queues

Xiong et al. [25] investigated in great detail the G/D/c queue with constant service
times of one slot which is equivalent to the discrete-time (c, k)-system with k = 1.
Assuming that the system reaches a steady-state (which implies that the mean number
A of arrivals per slot is less than c¢), they derived the relation (cf. Eq. (19) in [25])

c—1

MRG0 =D (F{( = De+ib+ (e —DF{te+i}), €=1.2,...., (3.1
i=0

where Fy, and Fs denote the steady-state waiting time and system size distributions,
respectively. Note that no knowledge of the exact nature of the arrival process is
required in order to derive (3.1). As a simple application of Theorem 2, we will derive
the sample-path version of (3.1) without assuming that the system is in steady-state.
Fix a sample path w in which customers enter the systemat 1 = A} < Ay < ---
and depart at D; < Dy < ---. Recall A(t) = max{i : A; < t}, the number of
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customers entering the system at or before t. Assume the following limits exist for
the sample path w:

2@ = lim A(1)/7(0 < 2@ <o),

F‘E/w){ﬁ}z lim —ZI{D —Aj1=0) = hm —ZI{W -, £=1,2,.

n—oon

F(¢) = lim —21 =, £=0,1,

T—00
t=1

where W; = D; — A; + 1, and 1g denotes the indicator of an event E, which equals
1 or 0 according to whether or not E occurs.
By Theorem?2, for¢ = 1,2, ...,

A(7) [Vi/c1—1 el
Zm(z wik = Zm(z N 4+ Z ( [ W )

Since

[Ve/c1-1 V. —ic [c] 0
sup > m(ﬁ;’r — W )skme;ﬂ”)
- P

O<t<00 i=1
c(l+1)—1
=k Z m(¢; j[c]) = ke? < o0,
j=c(t—1)+1
we have
1 A(T)
— _ [C _
Jim Zm(Z Wik Z}“m(e N =o. (3.2)
!
Note that
r, forj=—-Da+rr=1,...,0a—1,
m; j Y =4 a—r forj=ta+rr=01,...,0a—1, (3.3)
0, forj<(—1Daorj> U+ a.
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By (3.3) with o = k, we have

A(7) 1 A(T) (k-1
- ik ,
Aim = > mEe W = Jim = > {Z(rl{WiZ(Zl)kJrr} + (k — r)l{wi:ekﬂ})}
i=1 i=1 Ur=0
k—1 A(T)
. A7) r
= lim —=> (Au) Z Hwi= (=)
r=0 i=1
k— A(T)

r
Liw,=
+A(r) Z (Wi =tk+r}

i=1

k—1
=23 (PR = DK+ )+ (k= D F (tk+11)
r=0

By (3.3) with o = ¢, we have

. 1 T el . 1 T c—1
Jim = lem(g; N = Jm, T Z Z (r LN, =(—1yetr) + (€ = DN, =tc1r))
1=

t=1 Lr=0

c—1 T
- tllpgoZ(rT 1 Z LN == 1ye+r}
r=0 t=1
T
+e-nt '] 1{N,:Zc+r})
t=1
c—1

= (rEONC = De )+ (e = NFEO e +11)

r=

It then follows from (3.2) that for ¢ = 1,2, ...,

k—1
2O S (rFOUE = Dk 1)+ k= F ek + 1))
r=0
1
(ngw){(e —De+rt+ (C—r)Fs(w){EC+r}). (3.4)

¢

‘
Il
=)

For k =1, (3.4) reduces to

c—1
A@ E@ iy = z (ngw){(z — De+r)+ (c = r)F @ {ec + r}) L, 6=1,2,...,
r=0

@ Springer



294 Queueing Syst (2014) 76:283-308

which is the sample-path version of (3.1). For ¢ = 1, (3.4) reduces to

k—1
FOy =@ 3 (rFO1E = Dk + 1)+ (= NEP(tk + 1), (35)
r=0

which is a sample-path distributional relation between system size and waiting time
for the discrete-time G/D/1 queue with constant service times of k slots.
For the single-server case (¢ = 1), (3.1) reduces to a simple formula

F{t) = AFy{), €=1,2,..., (3.6)

which indicates a particularly close connection between the stationary distributions
of system size and waiting time in this special case. In fact, this relation has been
presented in Humblet et al. [10] (p. 85) for an nD/D/1 queue where the arrival
process is a superposition of n deterministic sources. (The assumption on the arrival
process is not necessary since (3.1) holds for general arrival processes.) To gain further
insights into (3.6) from the sample-path point of view, by Theorem 1 withc =k =1,
we have Sp = Wp for any B(n) set P. It follows that for a busy period of a sample
path, the set of system size values is identical to that of waiting time values. (This
implies implicitly that the number of customers entering the system during a busy
period equals the length of the busy period.) Consequently, when the system is in
steady-state, the conditional distribution of system size given that the system is not
empty is the same as the distribution of waiting time. Since X is the (long-run) fraction
of time that the system is not empty, we get Fy{¢}/1 = Fyw{€},£ =1,2,..., whichis
(3.6).

4 The continuous-time (c, k)-system

In this section, we consider the following continuous-time analogue of the discrete-
time (c, k)-system. The arrival process of customers is general, each customer brings
k units of work to the system, the service rate is ¢ units of work per unit time, and
the service discipline is FCFS. Here, ¢ and k are fixed positive values (not necessarily
integers). Again we are concerned with the relation between the set of system size
values and the set of waiting time values in a busy period. The results and their proofs
are similar to (and simpler than) the discrete-time counterparts. In particular, the result
in Theorem 3 below depends on ¢ and k only through k’ := k/c. The main difference
between the continuous- and discrete-time cases is that the (multi)set of system size
values (which are positive integers) in a busy period in continuous time is uncountable,
which will be characterised via the amount of time the system size equals £ in the busy
period for¢ =1,2,....

Remark 6 1t is indicated in Remark 1 that there is an equivalence relation for the
class of discrete-time (c, k)-systems. A similar equivalence relation also holds for
the class of continuous-time (c, k)-systems. Specifically, for ¢* = rc and k* = rk
with » > 0, by defining a new unit of work as r (original) units of work, it is readily
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seen that the (continuous-time) (c*, k*)-system is equivalent to the (c, k)-system. In
particular, the (c, k)-system is equivalent to the (1, k)-system where k' = k/c. It
follows easily that the (c, k)-system is equivalent to the (continuous-time) G/D/1
queue with deterministic service time k' = k/c.

Now for a given sample path in the continuous-time (c, k)-system, let <7, < %, be
the arrival and departure times of the nth customer C,,n = 1,2, ..., with0 = @] <
afh < ---,indicating that the first busy period begins at time 0 and batch arrivals are
allowed. Note that 2 = k'(= k/c); 2, = 2k’ if @h < Dy, 0r = wh + k' if o > D).
In general, forn > 1, 9, = Dy + k' it Ay < Dy, o0 =y + k' if Ay > Dy
So 9, = max{%,_1, %} + k' forn > 1. Note that &,, — <, > k' with equality
holding if and only if customer C,, finds the system empty upon arrival. Let .47 and %
denote, respectively, the number of customers and the amount of work (in work units)
in system at time . Then

At =TV/kland A7 = [{n 1 A <1 < D}l 4.1
At each arrival epoch, 7#; jumps up with the jump size equal to k times the number of
arrivals at the epoch. Between jumps, ¥; decreases linearly at the rate of ¢ whenever
¥; > 0. The first busy period begins at .7 = 0 and ends at .7] = min{t > 7] : A} =
0}. The jth busy period for j > 1 begins at

Jj =min{t > J/_| : t = o, for some n},

and ends at
¢7j/=min{t>¢7j : N =0}

For a busy period in which n customers enter the system, let (t;, d;),i =1, ..., n,
be the corresponding n pairs of arrival and departure times with 1] < #p < --- < t,.
Thend; =t +k'i,i =1,...,n,and ;31 < d;,i = 1,...,n — 1. This motivates
the following definition of a Z(n) set. An (ordered) set of n pairs of numbers P =
{(t1,d1), ..., (ty, dy)} is said to be a Z(n) set (with respect to the continuous-time
(c,k)-system) if t; < tp < --- < ty,di =t +ki,i =1,...,n,and t;1] < d;,

i=1,...,n—1.Let

NpW)={1<i<n:t; <t <d}l,ty <t <dy, 4.2)
Sp) =p{ty <t <dy: Np(t) =14}, £=1,2,..., (4.3)
Wp=1{d —t;:i=1,...,n}, “4.4)

where ©(S) denotes the Lebesgue measure of a (measurable) subset S of the real
line. It will be convenient to define .A4p(t) = 0 for t+ > d,. As an illustration for
Np(t), Sp() and #p defined above, Fig.2 presents the sample path of a Z(5)
set with respect to the continuous-time (c, k)-system with ¢ = 1 and k = 4 where
bh=t3=t1+2,t4=t1+7,ts=t1 +13andd; =1 +4i,i =1,...,5.
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Wy

Zd,—1,=9

Fig. 2 Sample path of a A(5) set P with respect to the continuous-time (c, k)-system with ¢ = 1 and
k=4

Remark 7 For abusy period with n customers, the set of n pairs of arrival and departure
times is a #(n) set. Consider a general #(n) set P = {(t1,dy), ..., (tn,dy)}. By
definition, {(t1,d1), ..., (tj,d;)} is a ZB(j) set for | < j < n. Suppose that the
system is empty right before #1, and n customers enter the system at 71, ..., t,. Then
di =1 +ki,i=1,...,n,are the corresponding departure times. For t; < t < d,,
Ap(t) is the number of customers in system at ¢, .%p(£) is the amount of time (in
[t1, d,]) exactly £ customers are in system, and #/p is the set of n waiting time values.

For a positive number § and a set S consisting of numbers greater than or equal to
§, we define S<8>(€), £=1,2,...,as follows.
Foreachs € S, if s = 4, let

© ) = [g for £ =1,

for ¢ > 1.
If s > 6, let
s —8([s/81 —1), fort =[s/8],
@y =16[s/8] —s, for £ = [s/8] — 1,

0, for € # [s/81, [s/81 — 1.

Define S@ () =3 os@(0),6=1,2,....

Remark 8 To see the meaning of s ) note that there is a unique sequence (ag, az, . ..)
such that (i) ag > 0 for all ¢, (i) @;a; > 0 implies |i — j| < 1, (iii) Zz 1ag =96
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and (iv) Zzil Lap = 5. Then ap = s (¢) for all £. A similar interpretation of 181 gs
given in Remark4.

Theorem 3 Let P = {(t1,dy), ..., (t,,dy)} be a B(n) set with respect to the
continuous-time (c, k)-system. Then Sp = W;k/d, ie. Spll) = Wfikm(ﬁ), { =
1,2,....

Proof We proceed by induction on n. For P = {(t1, d1)},a B(1) set, since Ap(t) = 1
forty; <t <dj, Sp(1) =dy — 11 = k/c = k' and .¥p(£) = 0 for £ > 1. Also,
Wp = {d) — 11} = {k'}, implying that 7, (1) = k" and %" (¢) = 0 for £ > 1. So
yp = WFSI”.

Now suppose that . = WQ(M forall Z(n) sets Q (n > 1).Let P = {(t1,d1), . . .,
(tn, dn), (ty+1. dp+1)} be a B(n + 1) set. We need to show .Sp = V/Iﬁw. Let Q =

{(t1.d)), ... (ta. dy)}, whichisa Z(n) set. By the induction hypothesis, .7 = V/Q“").
Noting that t, < t,41 < dp,letl € {l,...,n+ 1} be such thatd;_| < t,41 < d;
where dy := ;. (If I = n + 1, we must have #, 1 = d, since P being a Z(n + 1) set

implies #,4+1 < d,.) It is readily shown that

Np(t) =ANp(t) =|{l <i<n:t; <t <d}|, fortg <t <tyyr, 4.5)
n—1++2, fort,41 <t <dj,

MO =AW+ =1 i fordj <t <djr, j=1....n, *O
where A (t) ;= 0fort > d,. By (4.5) and (4.6),if I <n,
d;i —ty+1, ford=n—1+2,
Ipl) — FSoW) = § thy1 —dj—1, ford=n—1+41, “4.7)
0, ford #n—IT+1,n—1+2.
If I =n+ 1 (implying t,41 = dp),
k', fort =1,
Tp) —Fo) = IO, for ¢ > 1. 4.8
Since #p = Wp W {dy+1 — ty+1}, we have
O = #EO = ot — 10O, C=1200 @49)
NOtiIlg that d,,+1 — dj < dn—H — Iy < dn+l —dj_1,if I <n,
) d; — th+1, ford=n—1+2,
(1 — o) O = Y tygr —di—y, forb=n—1+1, (4.10)

0, ford #n—I1+1,n—1+2.
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71 =n+1Ge tay = dy),

/ k', fort =1
_ (k') — ’ ’
(dnt1 — tar )™ '(0) = [O, for £ > 1. 4.11)

It follows from . = ”//QU(/) and (4.7)—(4.11) that .p = Wlﬁk/>. This completes the
proof. O

Remark 9 Note that the continuous-time (c, k)-system can be approximated by a
discrete-time (1, k*)-system for a suitably chosen (large) k*. More precisely, let time
be divided into slots of (small) length A. Then the server completes cA units of
work per slot. Define a D-unit of work to be cA units of work (D standing for dis-
crete), so the server completes one D-unit of work per slot. Each customer brings
to the system k units of work which is approximately k* D-units of work where
k* = [k/(cA)] = [k'/A]. Furthermore, since A is small, the arrival time .« of
customer C; is (approximately) slot A; where A; = [ /A]. This shows that the
continuous-time (c, k)-system and the discrete-time (1, k*)-system are approximately
the same provided A is sufficiently small. While it is easier to prove Theorem 3 directly
as we have done, one can in fact establish Theorem 3 by making use of Theorem 1
along with a limiting argument as A — 0.

To apply Theorem 3 to a sample path with the arrival and departure times <7, ; of
the ith customer C;,i = 1, 2, ..., recall that 47 and ¥; denote, respectively, the number
of customers and the amount of work in system at time 7. Recall also that [.7}, 9].’]
denotes the jth busy period. Let &; = {i : 7 < o < ,7/}, the set of the indices of
customers entering the systemin the jthbusy period. Then &; := {(«, %) : i € .7}
is a #A(|.7}]) set. By (4.2), for 7; <t < 91./, N () =i € Ij o <t <D}l
which agrees with .47 (cf. (4.1)). Also, for £ = 1,2, ...,

I, =pn(Tj <t < T Np,(1) =) = n({Tj <t < T : N =10}),
W, =\T — i i € F)).

Fort > 0,1et S;(0) = p({0 <t <t : .4 =€), £ =1,2,...,and W, =
(P, — o+ o < t}. With J] := 0, let v = max{j : ﬁj’ < t} > 0, the number of

busy periods ending at or before . Then 7 < 7 < .7 |, and
%
S:() =D Tp, O+ u(Top1 St <T: M=t} £=12..., (412
j=1
We =W W, WD — o Ty < o < ). (4.13)

If ¥, = 0 (implying .47 = 0), then t < 7,41, so that

%
S; = ZY@_I, and W, = Lﬂ‘;:]y/gzj,
j=1
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from which and Theorem 3, it follows that
1% vV "
_ _ &) ey — Wik _
S, (0) = Z;f@j(e) = ZIWQJ ©=WKw@, t=12.... (14
j= j=

If ¥; > 0,thent > 9,41. Lett; = min{i : & = J41}and 1, = max{i : & < t}.
Consider Q = {(#, ;) : 11 < i < 1p} whichis a Z(1p — t1 + 1) set. (Note that
0 C Pyyrandno (t,d)in Qhast > t.)Since #p ={%; — o 111 <i <} =
(9D — o © Ty11 < & < 1}, we have by (4.13)

W, = Lﬂ;=17/yj WAH. (4.15)
Noting that .7, 41 = 7, and A (t) = A} for F,41 <t < 7, we have

SO = n(Fop1 <1 < Dy = Np(0) = £))
= ({1 st <t: M=) +ulr <t <Dy : N() = 1)),

which together with (4.12) yields

SO +ut <1< Ty: M) =) =D Tp () + So).  (4.16)
j=1

Here u({t <t < 2,, : Ap(t) = £}) can be expressed in terms of #; as follows.
Write ¥; = gk + r where

q:=[7/kl—1land0 <r:=7; —k([V;/k] —1) <k. 4.17)
Note that no (¢, d) in Q has ¢t > 7. In the case that no arrivals occur after time 7,
¥; (t > 1) decreases linearly at the rate of ¢ whenever ¥; > 0, so
(i) fort € (r,t +r/c),wehave gk < ¥; < (¢ + Dkand A4 =g + 1;
(ii) fort e [t+r/c+(g—n)k',t+r/c+(q—n+Dk)withn=q,q—1,...,1,
we have (n — 1)k < ¥} < nk and 4] = n. (Part (ii) is vacuous if g = 0.)

It follows that

K, fort=1,...,q,
nwlr <t <9,  Np@t)=4€})=qr/c, ford =q+1, (4.18)
0, forf > g+ 1.
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By (4.15)—(4.18) and Theorem 3,

W@ =80 =X 75 O +75 0 S0
j=1

=D I, (0) + L) =S ()
j=1
=upu(r <t <P, : N1) =1L}

K, fore =1,...,[7/k] —1,
=1 Yi/c =KV /k1 =1), fore=[7:/k], (4.19)
0, for ¢ > [V;/k].

(Thecase ¢ = 1, ..., [¥;/k] — 1 is vacuous if 0 < ¥; < k.) Combining (4.14) for
¥; = 0and (4.19) for #; > 0 yields the following result.

Theorem 4 (i) If % = 0,8, (&) = W (o), e =1,2, ...
(i) If0 <7 <k,

Yi/c, forl =1,

ng/>(£)_sf(£):[o for £ > 1.

(ifi) 1 ¥ > k,

k/c, fore=1,...,[%/k] -1,
W& ) =S, (0) = 1 (% — k(Y2 /K] = DY/e, for €= [V4/k],
0, for € > [V;/k].

In Sect.3, we derived a sample-path distributional relation between system size
and waiting time for the discrete-time (c, k)-system. We now apply Theorem4 to
show a similar result for the continuous-time (c, k)-system. Fix a sample path  in
which customer C; arrives and departs at <7 and Z;, respectively, with waiting time
Wi =9 —a;,i =1,2,....Let A(t) = max{i : &, < t}, the number of customers
arriving at or before 7. Assume the following limits exist for the sample path w:

2@ = lim A(r)/r, 0<A® <1/k,
T—>00

1
FP ()= lim —[{l <i <n:% - <x

n—oon

1
= lim —|[{l<i<n:% <x}|, 0<x < o0,
n—-oon

1 1
FZOy = lim -S;(0)) = lim ~p({0<t<t: 4 =2¢), £=1,2,....
s T—00 T T—00 T
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By Theorem4, we have
A(7) ,
0=W @ -8 => 7" -8.0) <k,

i=1

which implies

A(T)
FL () = dim s ) = Z ). (4.20)

We claim that for£ = 1,2, ...,

e+ DK
D R / "N g (@)
nlg&ZZWi ) = / (k' — |t — ek’ NAF (1), 4.21)
= =1k
which together with (4.20) implies
L+Dk’
FO (4) = 1 / (k' — |t — k' NA.Z ). (4.22)
=Dk’

This sample-path distributional relation between system size and waiting time is the
continuous-time counterpart of the discrete-time result (3.5).

It remains to prove the claim (4.21). Fix an £ > 1, and divide the interval ((£ —
1)K, (£ + 1)k'] into 2 R subintervals each of length k’/R 1 e Joi= (L =Dk + @ —

DK'/R, (€ — 1)k’ +rk’/R],r =1,...,2R. NotethatV/ (Z) =0if % < (€ — DK
or#; > W+ DK.ItW; € Jr,then

r— DK/R < # % (0) <rk/JR, forr=1,....R,
QR -k /R <# %) () < @R —r+ DK'/R, forr=R+1,....2R.

It follows that fori =1, 2, ...,

Lig <7 @) < Lig +K'/R, (4.23)
where
X (r — 1) & KeR-7)
Z Lprem + 2, —x e
r=1 r=R+1
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Then

n

ED WAUUEES e Z ¢ v [ Z e }
i=1 i=1

r=1

2R
K’ (2R
e o

r=R+1

(4.24)
which converges as n — 00 to
R 2R
K(r—1) K2R —r)
Ly:=> Tﬁ@‘u)(m + > Tﬁvg@(m, (4.25)
r=1 r=R+1

where
T (Jp) = FO( — DK +rk [R) = Z (€ = DK + (r — DK'/R).

So, by (4.23)-(4.25),

lim inf — ZV/ o) = L.

n— 00

Noting that a standard argument in calculus yields

(L+1DK
lim L% = / (k' — |t — tk'NAZL (1) =: H(¥),

R—>o0
-k’

we have lim inf,_, o + Zf’ 1 V/W)(Z) > H(¢). Similarly using the upper bound in
(4.23) yields lim sup,,_, o 5 Zl I 7/ (Z) < H({). This proves the claim (4.21).

5 Concluding remarks

We introduced a discrete-time queueing system called the (c, k)-system where the
arrival process is general and each arriving customer brings k units of work to the
system which is processed by a single-server at a deterministic rate of ¢ units of work
per slot. It was indicated that an equivalence relation holds for the class of all (c, k)-
systems. It was also pointed out that the (c, k)-system is equivalent to the G/D/c
queue with constant service times of k slots when either ¢ = 1 or k = 1, but the two
systems differ when both ¢ > 1 and k > 1.

By a detailed sample-path analysis together with the notion of multiset, we derived
an exact sample-path relation between the set of system size values and the set of
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waiting time values over a busy period of a given sample path. When ¢ = k = 1,
this relation simply implies that the multiset of system size values is identical to the
multiset of waiting time values over a busy period. However, when either ¢ or k (or
both) is greater than 1, the physical interpretation of this relation is not so clear and
requires further investigation.

This sample-path relation was applied to the discrete-time G/D/c queue with
constant service times of k slots with either c = 1 or k = 1, yielding the sample-path
version of the steady-state distributional relation between system size and waiting time
in Xiong et al. [25]. When ¢ and k are both greater than 1, the G/D/c queue with
constant service times of k slots is harder to analyze than the (c, k)-system. It remains
an open problem to derive a sample-path distributional relation between system size
and waiting time for this more challenging case.

We also considered the continuous-time analogue of the discrete-time (c, k)-system
and carried out a similar sample-path analysis to derive a sample-path relation between
system size and waiting time in continuous time.
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6 Appendix
6.1 Lemmas and proofs

In this appendix, we state and prove a few lemmas that are needed for the proof of
Theorem 1 in Sect. 2.

Lemma 1 For the discrete-time (c, k)-system, let Q = {(t1,d1), ..., (tn,dy)} be a
B(n) set,andlet P = {(t1,d1), ..., (ta, dp), (tyy1, dpy 1)y withty 1 = dy and dy . =
f+ [k(n+ 1)/c] — 1 (which is a B(n + 1) set). If St} = WU, then $51 = wi.

Proof Consider the setting where the (c, k)-system is empty right before 71, and n + 1

customers Cy, ..., C,+1 enter the system at 71, ..., f,41, respectively. Since P is a
B(n + 1) set, the C; depart atd; =ty + [ki/c] — 1,i = 1,...,n+ 1, and exactly ¢
units of work is performed at each of the slots 7, ..., d,41 — 1. Let £ = Ng(d,) =
{i < n:d; =d,}|, the number of those in Cy, ..., C, who are in system at d,, (and

also depart at the end of slot d,;), and v = the number of units of work remaining for
these ¢ customers at (the beginning of) slot d,,. We have (cf. (2.3)),

¢ —Dk+1<v <min{lk,c}and £ = [v/k]. 6.1
Also Np(t) = Ng(t) for t; <t < dp, since 1,41 = d,. We consider the three cases
(c>=1,k=1),(c=1,k>1)and (c > 2, k > 2) separately.

Case (i):c > 1,k = 1.By (6.1), £ = [v/k] = v. Write n = gc + r withg =
[n/c]—1 > 0and0 < r < c. Withk = 1, the total number of work units for customers
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Ci,...,C, isn. Since exactly ¢ units of work is performed atz € {t{,...,d, — 1} and
since C, departs at d,,, we must have r = v = £. Two subcases are considered below.

Subcase (i.1): 0 < r < c. In this case, the total number of work units (including
the work of C,, 1) at d,, equals r + 1 < ¢, so that d, | = d,,. It follows that

So ={No(t):nn <t <dn}W{r},
Sp={No@) :t1 <t <d,}W{r+1},
Wp = Wo W {l1}.

Since {r}1) = {1¢} and {r + 1}l = {1(11)} and S = W' = W,

S = s {1} = Wo W {1} = Wp.

Subcase (i.2): r = c. The total number of work units (including the work of Cp, ;1)
atd, equals ¢ + 1, so that d,+| = d,, + 1. It follows that

So =Nt <1t <du}wic,
Sp = {No@) i1 <1 <dp} Wl c+1),
Wp = Wo W (2}.

Since {1, ¢ + 1} = {1(), 2} and {¢}!) = {1()} and S = Wy,
S = skl (2} = Wp w (2} = Wp.

This completes the proof for case (i).

Case (ii):c = 1,k > 1. Sincec = 1, all of Cy, .. ., C,—| must have departed before
dy, and C,, has just one unit of work remaining at d,,. So £ = v = 1. When C,, 1| enters
the system at #,4+1 = d,, it takes k additional slots to complete the work of C,,11. So
dp+1 = d, + k. It follows that

So={No®):t1 =t <dy}W{l},
Sp={No(t): 11 <t <dpy}W{ly),2},
Wp = Wo Wk + 1}

Since {k + 1} = {1¢1). 2} and Sp = Sk = wl,

Wl[gk] = Wg] O] {1(k—1)7 2}
= So W {lk-1),2}
={No(®):t1 <t <d,} W {1} W {lg_1),2}
= Sp,

completing the proof for case (ii).
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Case (iii): ¢ > 2, k > 2. We further consider the following three subcases.

Subcase (iii.1): dy+1 = d,. Necessarily, ¢ > v + k (the amount of work at d,,
including the work of C,,1), which together with (6.1) implies ¢ > £k > 2¢£. Also we
have Wp = Wo W {1}, So = {No() : t1 <t < d,} W {£},and Sp = {No(t) : t; <
t < dy)W{L+1)}.Since €41 < 2¢ < ¢, we have [} = {1(p)}, {€+ 1} = (141},
so that

skl = slw 1y = wilw (1 = wi',

Subcase (iii.2): dy+1 = d,, + 1. Necessarily, v + k < 2¢, which together with
(6.1) implies 2¢ > v+ k > ¢k > 2¢,i.e. ¢ > £. Then Wp = Wp W {2} (implying
Wil =wo'e (1),

So=1{No@ :ty <t <d}W{e), Sp=(No(t): 11 <1 <dy) W{l,£+1),
from which and ¢ > ¢ it follows that
SE = sl w (1) = whlw (1) = Wi,

Subcase (iii.3): dy+1 > d, + 2. Necessarily £ = 1. Since C, 4 is the only customer
in system after d,, and since exactly c units of work is performed at each of the slots
dy +1,...,dyy1 — 1, we have k > c(dyy1 —dp — )+ 1 > dyyy —dy + 1. So
Wp = Wo & {dyi1 — dy + 1} (implying Wi = Wi W {14,,, 4,4 1)),

So={No():tn =t <dy}W{€}, Sp ={No(t) :t1 =t <dn}W{+1,1(4,;1-dy}-
It follows that
S[fs] = S[QL] L-H {l(dn+l_dn+1)} = W[Qk] L-H {1(dn+|_dll+1)} = Wl[ak]

This completes the proof for case (iii). The proof of Lemmal is complete. O

Lemma 2 For the discrete-time (c, k)-system, let Q = {(t1,d1), ..., (tn,dn)} be
a B(n) set with t, < dy. Let j satisfy t, < j < j+ 1 < d,, and let P =
{([17 dl)v LR} (t}’la d}’l)? (.]7 dn+1)}andP/ = {(t17 dl)a LR} (t}’lv dn)a (]+15 di’l"rl)} (Wlth
dpy1 =t 4+ [(n+ Dk/c] — 1), which are both B(n + 1) sets. Then

SKV = Wi if and ontyif sk = witl.

Proof Consider the setting where the (c, k)-system is empty right before 71, and n + 1
customersCy, .. ., C,41 enter the systematty, ..., t,, t,41,respectively, where f,,;.1 =
jorj+1.Since P and P’ are both B(n+ 1) sets, the C; departatd; = 1; + [ki/c] —1,
i =1,...,n+1,andexactly c units of work is done ateach of the slots #1, . . ., d,+1—1.
Let £ = Ng(j), the number of those in Cy, ..., C, who are in system at j, and v =
the number of units of work remaining at j for the £ customers C,—¢+1, . .., Cy. Since
none of C,_¢42, . .., C, begins service before time j, we have (¢ — D)k +1 < v < (k,
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implying £ = [v/k] (cf. (2.3)). On the other hand, with 7,41 = j, v+ k units of work
(including C,,+1’s work) needs to be completed at dy, 41, 80 (dy+1 — j)c+1 <v+k <
(dn+1 — j + Ve, implyingdpy1 — j+ 1 = [“Li,kl We have shown

k k
z+1={%]+1=[%} andcan—jJrl=PJCr W (6.2)

Since C,, 11 departs at d,,4 for both cases t,.1 = j and f,4+; = j + 1, the waiting
time of C,41 is dy+1 — j + 1 for the former case and d,,+1 — j for the latter. As the
waiting times of Cy, ..., C, do not depend on f,,+|, we have

Wp & (st — j} = Wpr @ {dygs — j + 1), 6.3)

Also, C,+1 begins service at the same time for the two cases f,41 = jandf,+1 = j+1.
In particular, for t,+; = j, C,+1 cannot begin service at j (< d,). It follows that

Np(t) = Npi(t) fort # j, Np(j) =L+ 1, Npi(j) = L.
So,

Sp W {€} = Sp W {l+1). (6.4)

e R ey AR
O I R |

By Lemma3 below, [[(v+k)/k]/c] = [[(v+k)/c]/k], which is denoted by p. We
consider p = 1 and p > 1 separately.
Case (i): p = 1. We have [(v+ k)/k] <cand [(v+k)/c] <k, so

By (6.2)—(6.4),

v+ k1) v+ k7 le]
= — &) .
’7 . ] ’7 X 1 {1}, (6.7)
NG PRI
F’* ] _ F’Jr 1l e, (6.8)
C C

By (6.5)~(6.8),
skl = SEf,] W {1} and Wi = W,[Dk/] W {1}

It follows that Sl[f] = W},k] if and only if SI[;’] — W},k,].
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Case (ii): p > 1. Itis readily seen that {|'”T+k'| }LI has one more copy of p and one
fewer copy of p — 1 than {(”kikl — 1}l and {(#1 }51 has one more copy of p and
one fewer copy of p — 1 than {[”%ﬁ — 1}I%1. 1t follows from (6.5) and (6.6) that

S wip— 1) =Sl wipyand Wil w{p — 1) = Wil {p),

which implies that ng] = W},k] if and only if Sl[Lf,] = W This completes the proof.

]

Lemma 3 For positive integers i, j and £, we have

[re/i1/jt = 11e/j1/:1.

Proof Let p = [¢/i. Then ¢ < ip, and [¢/j1 < [ip/j1 < ilp/j1, implying

[1€/j1/i1 = Tp/j1 = [T€/i1/j1. By symmetry, [[£/i1/j1 < [[€/j1/i1. This com-
pletes the proof. O
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