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var ( 'u , a , b , c , x , y ,A,B,C,D,E,F' )
(u, a, b, c, x, y, A, B, C, D, E, F)

d_4=(a^4 - 2*a^2*b^2 + b^4 - 2*a^2*c^2 - 2*b^2*c^2 + c ^4)
d_3=4*(u*a^4 + (1 -u) *a^2*b^2 - u*a^2*c^2 - b^4 + b^2*c ^2)
d_2x=2*(3*u^2*a^4 + ( -u^2 + 4*u - 1) *a^2*b^2 - u^2*a^2*c^2 + 3*b^4 -\

b^2*c ^2)
d_2y=2*(u^2*a^4 - (u^2+1)*a^2*b^2 - u^2*a^2*c^2 + b^4 - b^2*c ^2)
d_1=4*(u^3*a^4 + (u^2 -u) *a^2*b^2 - b^4)
d_0=(u^4*a^4 - 2*u^2*a^2*b^2 + b^4)

###############################
###############################
# Case (1 )
###############################
###############################

var ( 'u , a , b , c , x , y ,A,C' )

poly_fact_1=expand (
(x^2+2* i *x*y - y^2+ A*x + i *A*y +C) *(x^2 -2* i *x*y - y^2+ A*x - i *A*y +C)
)

poly_fact_1 . maxima_methods ( ) . c o l l e c t t e rms (x , y )
(u, a, b, c, x, y, A, C)
2*A*x^3 + x^4 + 2*A*x*y^2 + 2*x^2*y^2 + y^4 + 2*A*C*x + (A^2 + 2*C)*x^2 + (A^2 -
2*C)*y^2
+ C^2

# Clea r ly 2*(d_2x + d_2y) *d_0 - d_1^2 = 0 .
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# We v e r i f y that the l e f t hand s i d e i s -8*(u^2*a^2 -b^2) ^2*((u^2*a^2+\
b^2)*c^2+(u+1)^2*a^2*b^2) , which i s ze ro i f f b=u*a .

# However , that i s impos s ib l e : in that case , C=0, and then d_2x -d_2y\
=0, a con t r ad i c t i on .

expr_1=expand (
(2*(d_2x + d_2y) *d_0 - d_1^2) +
8*(u^2*a^2 -b^2) ^2*((u^2*a^2+b^2)*c^2+(u+1)^2*a^2*b^2)
)

expr_1 . maxima_methods ( ) . c o l l e c t t e rms (a , b)
0

###############################
###############################
# Case (2 )
###############################
###############################

var ( 'u , a , b , c , x , y ,A,C,D,F' )

poly_fact_2=expand (
(x^2+y^2+ A*x + C) *(x^2+y^2+ D*x + F)
)

poly_fact_2 . maxima_methods ( ) . c o l l e c t t e rms (x , y )
(u, a, b, c, x, y, A, C, D, F)
(A + D)*x^3 + x^4 + (A + D)*x*y^2 + 2*x^2*y^2 + y^4 + (A*D + C+ F)*x^2 + (C + F)*y^2 +
C*F + (C*D + A*F)*x

# From two quadrat i c equat ions , we obta in the f o l l ow i ng nece s sa ry \
cond i t i on ( see the paper ) :

# d_1^2*d_4-d_1*d_3*d_2y+(d_2x -d_2y) *d_2y^2+d_0*d_3^2 -4*d_0*(d_2x -\
d_2y) *d_4 .

# We v e r i f y that the l e f t hand s i d e i s 64*(u^4+2*u^3+u^2)*a^4*b^4*c\
^4 , which i s negat ive , a c on t r ad i c t i on .

expr_2=expand (
(d_1^2*d_4-d_1*d_3*d_2y+(d_2x -d_2y) *d_2y^2+d_0*d_3^2 -4*d_0*(d_2x -\

d_2y) *d_4) -
64*(u^4+2*u^3+u^2)*a^4*b^4*c^4
)

expr_2 . maxima_methods ( ) . c o l l e c t t e rms (a , b)
0

2



###############################
###############################
# Case (3 )
###############################
###############################

var ( 'u , a , b , c , x , y ,A,B,C' )

poly_fact_3=expand (
(x^2+y^2+ A*x + B*y + C) *(x^2+y^2+ A*x - B*y + C)
)

poly_fact_3 . maxima_methods ( ) . c o l l e c t t e rms (x , y )
(u, a, b, c, x, y, A, B, C)
2*A*x^3 + x^4 + 2*A*x*y^2 + 2*x^2*y^2 + y^4 + 2*A*C*x + (A^2 + 2*C)*x^2 - (B^2 -
2*C)*y^2
+ C^2

# Clear ly , d_1^2*d_4 - d_3^2*d_0 = 0 .
# We v e r i f y that the above expr e s s i on i s 64*a^2*b^2*c ^2*(u^2*a^2 - b\

^2) ^2*(u*c ^2 -((u^2+u) *a^2 + (u+1)*b^2) ) .
# Thus b=u*a , or c^2=(u+1)*( a^2 + (1/u) *b^2) .

expr_3_1=expand (
(d_1^2*d_4 - d_3^2*d_0) -
64*a^2*b^2*c ^2*(u^2*a^2 - b^2) ^2*(u*c ^2 -((u^2+u) *a^2 + (u+1)*b^2) )
)
expr_3_1 . maxima_methods ( ) . c o l l e c t t e rms (a , b , c )
0

# Our next goa l i s to conc lude b=u*a from the other p o s s i b i l i t y c\
^2=(u+1)*( a^2 + (1/u) *b^2) as we l l .

# We have (4*d_2x*d_4 - d_3^2)^2 - 64*d_0*d_4^3 = 0 .
# The l e f t hand s i d e i s computed below .

expr_3_2=expand (
( (4*d_2x*d_4 - d_3^2)^2 - 64*d_0*d_4^3)
)
( expr_3_2 ) . maxima_methods ( ) . c o l l e c t t e rms ( c )
256*a^2*b^2*c^12*u^2 + 256*(a^4*b^2*u^4 - 4*a^4*b^2*u^3 - 5*a^4*b^2*u^2 - 5*a^2*b^4*u^2 -

4*a^2*b^4*u + a^2*b^4)*c^10 - 512*(2*a^4*b^4*u^4 - 8*a^6*b^2*u^3 - 4*a^4*b^4*u^3 -
5*a^6*b^2*u^2 - 18*a^4*b^4*u^2 - 5*a^2*b^6*u^2 - 4*a^4*b^4*u - 8*a^2*b^6*u +
2*a^4*b^4)*c^8 - 512*(3*a^8*b^2*u^4 - 3*a^4*b^6*u^4 + 12*a^8*b^2*u^3 + 20*a^6*b^4*u^3 +
5*a^8*b^2*u^2 + 27*a^6*b^4*u^2 + 27*a^4*b^6*u^2 + 5*a^2*b^8*u^2 + 20*a^4*b^6*u +
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12*a^2*b^8*u - 3*a^6*b^4 + 3*a^2*b^8)*c^6 + 256*(8*a^10*b^2*u^4 + 12*a^8*b^4*u^4 -
4*a^4*b^8*u^4 + 16*a^10*b^2*u^3 + 24*a^8*b^4*u^3 + 32*a^6*b^6*u^3 - 8*a^4*b^8*u^3 +
5*a^10*b^2*u^2 + 20*a^8*b^4*u^2 + 46*a^6*b^6*u^2 + 20*a^4*b^8*u^2 + 5*a^2*b^10*u^2 -

8*a^8*b^4*u + 32*a^6*b^6*u + 24*a^4*b^8*u + 16*a^2*b^10*u - 4*a^8*b^4 + 12*a^4*b^8 +
8*a^2*b^10)*c^4 - 256*(3*a^12*b^2*u^4 - 8*a^10*b^4*u^4 + 6*a^8*b^6*u^4 - a^4*b^10*u^4 +
4*a^12*b^2*u^3 - 8*a^10*b^4*u^3 + 8*a^6*b^8*u^3 - 4*a^4*b^10*u^3 + a^12*b^2*u^2 -
3*a^10*b^4*u^2 + 2*a^8*b^6*u^2 + 2*a^6*b^8*u^2 - 3*a^4*b^10*u^2 + a^2*b^12*u^2 -
4*a^10*b^4*u + 8*a^8*b^6*u - 8*a^4*b^10*u + 4*a^2*b^12*u - a^10*b^4 + 6*a^6*b^8 -
8*a^4*b^10 + 3*a^2*b^12)*c^2

# Now we r ep l a c e c^2 in expr_3_2 by (u+1)*( a^2 + (1/u) *b^2) \
everywhere , and v e r i f y that the expr e s s i on obtained i s 256*a^2*b\
^2*((u+1)*( a^2 + (1/u) *b^2) ) *(u^2*a^2 -b^2) ^4*((1 + 1/u) *a^2 + (1/\
u^3 + 1/u^4)*b^2) . Hence , b=u*a indeed .

expr_3_3=expand (
(256* a^2*b^2*((u+1)*( a^2 + (1/u) *b^2) ) ^6*u^2 +
256*( a^4*b^2*u^4 - 4*a^4*b^2*u^3 - 5*a^4*b^2*u^2 - 5*a^2*b^4*u^2 - \

4*a^2*b^4*u + a^2*b^4) * ( ( u+1)*( a^2 + (1/u) *b^2) ) ^5 -
512*(2* a^4*b^4*u^4 - 8*a^6*b^2*u^3 - 4*a^4*b^4*u^3 - 5*a^6*b^2*u^2 -\

18*a^4*b^4*u^2 - 5*a^2*b^6*u^2 - 4*a^4*b^4*u - 8*a^2*b^6*u + 2*a\
^4*b^4) * ( ( u+1)*( a^2 + (1/u) *b^2) ) ^4 -

512*(3* a^8*b^2*u^4 - 3*a^4*b^6*u^4 + 12*a^8*b^2*u^3 + 20*a^6*b^4*u^3\
+ 5*a^8*b^2*u^2 + 27*a^6*b^4*u^2 + 27*a^4*b^6*u^2 + 5*a^2*b^8*u\
^2 + 20*a^4*b^6*u + 12*a^2*b^8*u - 3*a^6*b^4 + 3*a^2*b^8) * ( ( u+1)\
*( a^2 + (1/u) *b^2) ) ^3 +

256*(8* a^10*b^2*u^4 + 12*a^8*b^4*u^4 - 4*a^4*b^8*u^4 + 16*a^10*b^2*u\
^3 + 24*a^8*b^4*u^3 + 32*a^6*b^6*u^3 - 8*a^4*b^8*u^3 + 5*a^10*b\
^2*u^2 + 20*a^8*b^4*u^2 + 46*a^6*b^6*u^2 + 20*a^4*b^8*u^2 + 5*a\
^2*b^10*u^2 - 8*a^8*b^4*u + 32*a^6*b^6*u + 24*a^4*b^8*u + 16*a^2*\
b^10*u - 4*a^8*b^4 + 12*a^4*b^8 + 8*a^2*b^10) * ( ( u+1)*( a^2 + (1/u)\
*b^2) ) ^2 -

256*(3* a^12*b^2*u^4 - 8*a^10*b^4*u^4 + 6*a^8*b^6*u^4 - a^4*b^10*u^4 \
+ 4*a^12*b^2*u^3 - 8*a^10*b^4*u^3 + 8*a^6*b^8*u^3 - 4*a^4*b^10*u\
^3 + a^12*b^2*u^2 - 3*a^10*b^4*u^2 + 2*a^8*b^6*u^2 + 2*a^6*b^8*u\
^2 - 3*a^4*b^10*u^2 + a^2*b^12*u^2 - 4*a^10*b^4*u + 8*a^8*b^6*u -\
8*a^4*b^10*u + 4*a^2*b^12*u - a^10*b^4 + 6*a^6*b^8 - 8*a^4*b^10 \

+ 3*a^2*b^12) * ( ( u+1)*( a^2 + (1/u) *b^2) ) ) -
256*a^2*b^2*((u+1)*( a^2 + (1/u) *b^2) ) *(u^2*a^2 -b^2) ^4*((1 + 1/u) *a^2\

+ (1/u^3 + 1/u^4)*b^2)
)
( expr_3_3 ) . maxima_methods ( ) . c o l l e c t t e rms (a , b)
0
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# Thus d_0=0, and consequent ly , C=0, which imp l i e s d_3^2 -4*d_2x*d_4\
=0. See the computation o f the l e f t hand s i d e below .

expr_3_4=expand (
(d_3^2 -4*d_2x*d_4)
)
( expr_3_4 ) . maxima_methods ( ) . c o l l e c t t e rms (a , c )
-8*a^8*u^2 + 24*a^6*c^2*u^2 - 24*a^4*c^4*u^2 + 8*a^2*c^6*u^2 - 8*b^8 + 24*b^6*c^2 -
24*b^4*c^4 + 8*b^2*c^6 + 8*(3*b^2*u^2 + b^2)*a^6 + 8*(6*b^2*u^2 + 8*b^2*u - b^2)*a^4*c^2 -

8*(b^2*u^2 + 8*b^2*u + b^2)*a^2*c^4 - 24*(b^4*u^2 + b^4)*a^4 - 8*(b^4*u^2 - 8*b^4*u -
6*b^4)*a^2*c^2 + 8*(b^6*u^2 + 3*b^6)*a^2

# We v e r i f y that i f b=u*a , then the l e f t hand s i d e i s 16*u^2*a^2*c\
^2*( c ^2 -(u+1)^2*a^2) ^2. Thus c=(u+1)*a , and in p a r t i c u l a r c=a+b , \
a con t r ad i c t i on .

b=u*a

expr_3_5=expand (
( -8* a^8*u^2 + 24*a^6*c^2*u^2 - 24*a^4*c^4*u^2 + 8*a^2*c^6*u^2 - 8*b\

^8 + 24*b^6*c^2 - 24*b^4*c^4 + 8*b^2*c^6 + 8*(3*b^2*u^2 + b^2)*a\
^6 + 8*(6*b^2*u^2 + 8*b^2*u - b^2)*a^4*c^2 - 8*(b^2*u^2 + 8*b^2*u\
+ b^2)*a^2*c^4 - 24*(b^4*u^2 + b^4)*a^4 - 8*(b^4*u^2 - 8*b^4*u -\
6*b^4)*a^2*c^2 + 8*(b^6*u^2 + 3*b^6)*a^2) -

16*u^2*a^2*c ^2*( c ^2 -(u+1)^2*a^2)^2
)
( expr_3_5 ) . maxima_methods ( ) . c o l l e c t t e rms (a , c )
0

###############################
###############################
# Case (4 )
###############################
###############################

var ( 'u , a , b , c , x , y ,A,C,D' )

poly_fact_4=expand (
(x^3 - i *x^2*y + x*y^2 - i *y^3 + A*x^2 + i *(C-A) *x*y + C*y^2 + D*x +\

i *(A*C-C^2 -D) *y + C*(C^2 -A*C+D) ) *(x + i *y + C)
)

poly_fact_4 . maxima_methods ( ) . c o l l e c t t e rms (x , y )
(u, a, b, c, x, y, A, C, D)
-A*C^3 + C^4 + (A + C)*x^3 + x^4 + (A + C)*x*y^2 + 2*x^2*y^2 + y^4 + C^2*D + (A*C + D)*x^2
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- (A*C - 2*C^2 - D)*y^2 - (A*C^2 - C^3 - 2*C*D)*x

#(2*A*C - 2*C^2)*C^2 - 2*(A*C^2 - C^3 - 2*C*D) *C + 4*( -A*C^3 + C^4 +\
C^2*D)=0, so C i s a root o f the quadrat i c polynomial (d_2x -d_2y)\
*z^2 - 2*d_1*z+4*d_0 ( a f t e r mu l t i p l i c a t i o n by d_4) . The \
d i s c r im inant o f t h i s polynomial i s zero , shown by the f o l l ow i ng \
ca cu l a t i on . (The l ead ing c o e f f i c i e n t i s not zero , thus the \
polynomial i s r e a l l y quadrat i c . )

expr_4_1=expand (
4*d_1^2 -4*(d_2x -d_2y) *4*d_0
)
expr_4_1 . maxima_methods ( ) . c o l l e c t t e rms (a , b , c )
0

# Hence , C = d_1/(d_{2 , x} -d{2 , y}) . We f i nd another quadrat i c \
equat ion f o r C, and sub s t i t u t e t h i s in i t .

# That other equat ion i s obta ined by A= d_3/d_4-C and 2*C(A-C)=(d_2x\
- d_2y) /d_4 . Hence , we have 4*C^2 - 2*d_3/d_4*C + (d_2x -d_2y) /d_4 \
=0, that i s , 4*d_4*C^2 - 2*d_3*C + (d_2x -d_2y) =0. Putting C = \
d_1/(d_2x -d_2y) y i e l d s 4*d_4*d_1^2 - 2*d_3*d_1*(d_2x -d_2y) + (\
d_2x -d_2y) ^3 =0. See the l e f t hand s i d e below .

expr_4_2=expand (
4*d_4*d_1^2 - 2*d_3*d_1*(d_2x -d_2y) + (d_2x -d_2y)^3
)
expr_4_2 . maxima_methods ( ) . c o l l e c t t e rms ( c )
64*a^8*b^4*u^6 + 256*a^8*b^4*u^5 + 128*a^6*b^6*u^5 + 384*a^8*b^4*u^4 + 512*a^6*b^6*u^4 +
64*a^4*b^8*u^4 + 256*a^8*b^4*u^3 + 768*a^6*b^6*u^3 + 256*a^4*b^8*u^3 + 64*a^8*b^4*u^2 +
512*a^6*b^6*u^2 + 384*a^4*b^8*u^2 + 128*a^6*b^6*u + 256*a^4*b^8*u + 64*a^4*b^8 +
64*(a^8*u^6 + 2*a^6*b^2*u^5 - 2*a^6*b^2*u^4 + a^4*b^4*u^4 - 4*a^4*b^4*u^3 + a^4*b^4*u^2 -

2*a^2*b^6*u^2 + 2*a^2*b^6*u + b^8)*c^4 - 128*(a^8*b^2*u^6 + 2*a^6*b^4*u^5 - a^8*b^2*u^4 -

a^6*b^4*u^4 + a^4*b^6*u^4 - 2*a^6*b^4*u^3 - 2*a^4*b^6*u^3 + a^6*b^4*u^2 - a^4*b^6*u^2 -

a^2*b^8*u^2 + 2*a^4*b^6*u + a^2*b^8)*c^2

# The expr e s s i on expr_4_2 i s quadrat i c in c ^2 , hence i t s \
d i s c r im inant i s non - negat ive . See the d i s c r im inant below .

expr_4_3=expand (
(128*( a^8*b^2*u^6 + 2*a^6*b^4*u^5 - a^8*b^2*u^4 - a^6*b^4*u^4 + a^4*\

b^6*u^4 - 2*a^6*b^4*u^3 - 2*a^4*b^6*u^3 + a^6*b^4*u^2 - a^4*b^6*u\
^2 - a^2*b^8*u^2 + 2*a^4*b^6*u + a^2*b^8) ) ^2 -
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4*64*( a^8*u^6 + 2*a^6*b^2*u^5 - 2*a^6*b^2*u^4 + a^4*b^4*u^4 - 4*a^4*\
b^4*u^3 + a^4*b^4*u^2 - 2*a^2*b^6*u^2 + 2*a^2*b^6*u + b^8) *(64* a\
^8*b^4*u^6 + 256*a^8*b^4*u^5 + 128*a^6*b^6*u^5 + 384*a^8*b^4*u^4 \
+ 512*a^6*b^6*u^4 + 64*a^4*b^8*u^4 + 256*a^8*b^4*u^3 + 768*a^6*b\
^6*u^3 + 256*a^4*b^8*u^3 + 64*a^8*b^4*u^2 + 512*a^6*b^6*u^2 + \
384*a^4*b^8*u^2 + 128*a^6*b^6*u + 256*a^4*b^8*u + 64*a^4*b^8)

)
expr_4_3 . maxima_methods ( ) . c o l l e c t t e rms (a , b)
-65536*(u^11 + 2*u^10 + u^9)*a^16*b^4 - 131072*(2*u^10 + 3*u^9 - u^7)*a^14*b^6 -
65536*(6*u^9 + 4*u^8 - 9*u^7 - 6*u^6 + u^5)*a^12*b^8 - 262144*(u^8 - u^7 - 4*u^6 - u^5 +
u^4)*a^10*b^10 - 65536*(u^7 - 6*u^6 - 9*u^5 + 4*u^4 + 6*u^3)*a^8*b^12 + 131072*(u^5 -
3*u^3 - 2*u^2)*a^6*b^14 - 65536*(u^3 + 2*u^2 + u)*a^4*b^16

# See the v e r i f i c a t i o n below that expr_4_3 co i n c i d e s with 65536*a^4*\
b^4*(b^2 -u^2*a^2) ^2*( -(u^3 + 2*u^2 + u) *b^8 + ( -4*u^4 -8*u^3 -4*u\
^2)*a^2*b^6 + ( -6*u^5 -12*u^4 -6*u^3)*a^4*b^4 + ( -4*u^6 -8*u^5 -4*u\
^4)*a^6*b^2 + ( -u^7 -2*u^6 -u^5)*a^8) , which i s c l e a r l y negat ive \
un l e s s b=u*a .

# Hence , b=u*a , and then d_0=d_1=0. Note that C cannot be zero , as \
otherwi se d_2x -d_2y=0. Thus A*C^2 -C^3 -CD=0, and then CD=0, which \
y i e l d s D=0. Then by d_0=0 we have A=C, and thus d_2x -d_2y=0, a \
c on t r ad i c t i on .

expr_4_4=expand (
( -65536*(u^11 + 2*u^10 + u^9)*a^16*b^4 - 131072*(2*u^10 + 3*u^9 - u\

^7)*a^14*b^6 - 65536*(6*u^9 + 4*u^8 - 9*u^7 - 6*u^6 + u^5)*a^12*b\
^8 - 262144*(u^8 - u^7 - 4*u^6 - u^5 + u^4)*a^10*b^10 - 65536*(u\
^7 - 6*u^6 - 9*u^5 + 4*u^4 + 6*u^3)*a^8*b^12 + 131072*(u^5 - 3*u\
^3 - 2*u^2)*a^6*b^14 - 65536*(u^3 + 2*u^2 + u) *a^4*b^16) -

65536*a^4*b^4*(b^2 -u^2*a^2) ^2*( -(u^3 + 2*u^2 + u) *b^8 + ( -4*u^4 -8*u\
^3 -4*u^2)*a^2*b^6 + ( -6*u^5 -12*u^4 -6*u^3)*a^4*b^4 + ( -4*u^6 -8*u\
^5 -4*u^4)*a^6*b^2 + ( -u^7 -2*u^6 -u^5)*a^8)

)
expr_4_4 . maxima_methods ( ) . c o l l e c t t e rms (a , b)
0

###############################
###############################
# Case (5 )
###############################
###############################

var ( 'u , a , b , c , x , y ,A,C,D' )

poly_fact_5=expand (
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( x^2+y^2+ A*x +C) *(x + D)
)

poly_fact_5 . maxima_methods ( ) . c o l l e c t t e rms (x , y )
(u, a, b, c, x, y, A, C, D)
(A + D)*x^2 + x^3 + D*y^2 + x*y^2 + C*D + (A*D + C)*x

# D=d_2y/d_3 , A=(d_2x -d_2y) /d_3 , and then C=d_1/d_3-A*D= (d_1*d_3-\
d_2y*(d_2x -d_2y) ) /d_3^2.

# This y i e l d s C*D=(d_1*d_3-d_2y*(d_2x -d_2y) ) *d_2y/d_3^3 , but we a l s o\
have C*D=d_0/d_3 .

# Hence , (d_1*d_3-d_2y*(d_2x -d_2y) ) *d_2y - d_0*d_3^2 =0. See the \
l e f t hand s i d e below : i t i s c l e a r l y negat ive , a c on t r ad i c t i on .

var ( 'a , b , c , u' )
expr=expand (
(d_1*d_3-d_2y*(d_2x -d_2y) ) *d_2y - d_0*d_3^2
)

expr . maxima_methods ( ) . c o l l e c t t e rms (a , b , c )
(a, b, c, u)
-64*(u^4 + 2*u^3 + u^2)*a^4*b^4*c^4

###############################
###############################
# Case (6 )
###############################
###############################

var ( 'u , a , b , c , x , y ,A,B' )

poly_fact_6=expand (
(x^2+ i *x*y+ A*x + B*y +B*(B- i *A) ) *(x - i *y + (A + i *B) )
)

poly_fact_6 . maxima_methods ( ) . c o l l e c t t e rms (x , y )
(u, a, b, c, x, y, A, B)
-I*A^2*B + 2*A*B^2 + I*B^3 + (2*A + I*B)*x^2 + x^3 - I*B*y^2 + x*y^2 + (A^2 + B^2)*x

# x^3 + x*y^2 + (2*A + I *B) *x^2 + ( - I *B) *y^2 + (A^2 + B^2)*x + ( - I *\
A^2*B + 2*A*B^2 + I *B^3)

#
# d_2x/d_3 = (2*A + I *B)
# d_2y/d_3 = ( - I *B)
# d_1/d_3 = (A^2 + B^2)
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# d_0/d_3 = ( - I *A^2*B + 2*A*B^2 + I *B^3)
#
# A = (d_2x + d_2y) /(2*d_3)
# B = I *d_{2 , y}/d_3
#
# We can sub s t i t u t e the se in to the remaining two equat ions .
#
# d_1/d_3 = (d_2x + d_2y) ^2/(4*d_3^2) - d_2y^2/d_3^2 , thus d_1/d_3 =\

(d_2x^2 + 2*d_2x*d_2y - 3*d_2y^2) /(4*d_3^2) , which s im p l i f i e s to\
d_2x^2 + 2*d_2x*d_2y - 3*d_2y^2 - 4*d_1*d_3 = 0

#
# d_0/d_3 = (d_2x + d_2y) ^2*d_2y/(4*d_3^3) - (d_2x + d_2y) *d_2y^2/\

d_3^3 + d_2y^3/d_3^3 , thus we obta in
# 4*d_0*d_3^2 - (d_2x + d_2y) ^2*d_2y + 4*(d_2x + d_2y) *d_2y^2 - 4*\

d_2y^3 = 0

expr_6_1=expand (
d_2x^2 + 2*d_2x*d_2y - 3*d_2y^2 - 4*d_1*d_3
)

expr_6_2=expand (
4*d_0*d_3^2 - (d_2x + d_2y) ^2*d_2y + 4*(d_2x + d_2y) *d_2y^2 - 4*d_2y\

^3
)

# We v e r i f y below that i f c=a+b , then expr_6_2 -4* a*b*(u^2*a^2+(u\
^2+1)*a*b+b^2)*expr_6_1 = 256*u^2*(u + 1) ^2*a^4*b^4*(a+b) ^4. This\
i s a c on t r ad i c t i on .

expr_6_3=expand (
( expr_6_2 -4* a*b*(u^2*a^2+(u^2+1)*a*b+b^2)*expr_6_1 ) -
256*u^2*(u + 1) ^2*a^4*b^4*(a+b)^4
)
( expr_6_3 ) . maxima_methods ( ) . c o l l e c t t e rms ( c )
32*a^12*u^6 + 64*a^11*b*u^6 - 32*a^10*b^2*u^6 - 128*a^9*b^3*u^6 - 64*a^8*b^4*u^6 -
128*a^8*b^4*u^5 - 256*a^7*b^5*u^5 - 128*a^6*b^6*u^5 - 32*a^10*b^2*u^4 - 64*a^9*b^3*u^4 -

416*a^8*b^4*u^4 - 1280*a^7*b^5*u^4 - 1728*a^6*b^6*u^4 - 1152*a^5*b^7*u^4 - 320*a^4*b^8*u^4
- 640*a^8*b^4*u^3 - 2304*a^7*b^5*u^3 - 3328*a^6*b^6*u^3 - 2304*a^5*b^7*u^3 -
640*a^4*b^8*u^3 - 320*a^8*b^4*u^2 - 1152*a^7*b^5*u^2 - 1728*a^6*b^6*u^2 - 1280*a^5*b^7*u^2
- 416*a^4*b^8*u^2 - 64*a^3*b^9*u^2 - 32*a^2*b^10*u^2 - 128*a^6*b^6*u - 256*a^5*b^7*u -
128*a^4*b^8*u - 64*a^4*b^8 - 128*a^3*b^9 - 32*a^2*b^10 + 64*a*b^11 + 32*b^12 + 64*(a^8*u^6
- 2*a^6*b^2*u^5 - 2*a^6*b^2*u^4 + a^4*b^4*u^4 + 4*a^4*b^4*u^3 + a^4*b^4*u^2 -
2*a^2*b^6*u^2 - 2*a^2*b^6*u + b^8)*c^4 - 32*(3*a^10*u^6 + 4*a^9*b*u^6 - 4*a^8*b^2*u^5 -
8*a^7*b^3*u^5 - 8*a^6*b^4*u^5 - 5*a^8*b^2*u^4 - 8*a^7*b^3*u^4 - 14*a^6*b^4*u^4 -
12*a^5*b^5*u^4 - 8*a^4*b^6*u^4 - 12*a^6*b^4*u^3 - 16*a^5*b^5*u^3 - 12*a^4*b^6*u^3 -
8*a^6*b^4*u^2 - 12*a^5*b^5*u^2 - 14*a^4*b^6*u^2 - 8*a^3*b^7*u^2 - 5*a^2*b^8*u^2 -
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8*a^4*b^6*u - 8*a^3*b^7*u - 4*a^2*b^8*u + 4*a*b^9 + 3*b^10)*c^2

c=a+b

expr_6_4=expand (
32*a^12*u^6 + 64*a^11*b*u^6 - 32*a^10*b^2*u^6 - 128*a^9*b^3*u^6 - \

64*a^8*b^4*u^6 - 96*a^10* c^2*u^6 - 128*a^9*b*c^2*u^6 + 64*a^8*c\
^4*u^6 - 128*a^8*b^4*u^5 - 256*a^7*b^5*u^5 - 128*a^6*b^6*u^5 + \
128*a^8*b^2*c^2*u^5 + 256*a^7*b^3*c^2*u^5 + 256*a^6*b^4*c^2*u^5 -\
128*a^6*b^2*c^4*u^5 - 32*a^10*b^2*u^4 - 64*a^9*b^3*u^4 - 416*a\

^8*b^4*u^4 - 1280*a^7*b^5*u^4 - 1728*a^6*b^6*u^4 - 1152*a^5*b^7*u\
^4 - 320*a^4*b^8*u^4 + 160*a^8*b^2*c^2*u^4 + 256*a^7*b^3*c^2*u^4 \
+ 448*a^6*b^4*c^2*u^4 + 384*a^5*b^5*c^2*u^4 + 256*a^4*b^6*c^2*u^4\
- 128*a^6*b^2*c^4*u^4 + 64*a^4*b^4*c^4*u^4 - 640*a^8*b^4*u^3 - \

2304*a^7*b^5*u^3 - 3328*a^6*b^6*u^3 - 2304*a^5*b^7*u^3 - 640*a^4*\
b^8*u^3 + 384*a^6*b^4*c^2*u^3 + 512*a^5*b^5*c^2*u^3 + 384*a^4*b\
^6*c^2*u^3 + 256*a^4*b^4*c^4*u^3 - 320*a^8*b^4*u^2 - 1152*a^7*b\
^5*u^2 - 1728*a^6*b^6*u^2 - 1280*a^5*b^7*u^2 - 416*a^4*b^8*u^2 - \
64*a^3*b^9*u^2 - 32*a^2*b^10*u^2 + 256*a^6*b^4*c^2*u^2 + 384*a^5*\
b^5*c^2*u^2 + 448*a^4*b^6*c^2*u^2 + 256*a^3*b^7*c^2*u^2 + 160*a\
^2*b^8*c^2*u^2 + 64*a^4*b^4*c^4*u^2 - 128*a^2*b^6*c^4*u^2 - 128*a\
^6*b^6*u - 256*a^5*b^7*u - 128*a^4*b^8*u + 256*a^4*b^6*c^2*u + \
256*a^3*b^7*c^2*u + 128*a^2*b^8*c^2*u - 128*a^2*b^6*c^4*u - 64*a\
^4*b^8 - 128*a^3*b^9 - 32*a^2*b^10 + 64*a*b^11 + 32*b^12 - 128*a*\
b^9*c^2 - 96*b^10* c^2 + 64*b^8*c^4

)
( expr_6_4 ) . maxima_methods ( ) . c o l l e c t t e rms (a , b)
0

# Fina l ly , we v e r i f y below that i f c=|a - b | , then expr_6_2+4*a*b*(u\
^2*a^2 -(u^2+1)*a*b+b^2)*expr_6_1 = 256*u^2*(u + 1) ^2*a^4*b^4*(a - b\
) ^4 . As c=\pm(a - b) i s not zero , t h i s i s a c on t r ad i c t i on .

var ( 'u , a , b , c , x , y ,A,B' )

expr_6_6=expand (
expr_6_2+4*a*b*(u^2*a^2 -(u^2+1)*a*b+b^2)*expr_6_1 -
256*u^2*(u + 1) ^2*a^4*b^4*(a - b) ^4
)
( expr_6_6 ) . maxima_methods ( ) . c o l l e c t t e rms ( c )
(u, a, b, c, x, y, A, B)
32*a^12*u^6 - 64*a^11*b*u^6 - 32*a^10*b^2*u^6 + 128*a^9*b^3*u^6 - 64*a^8*b^4*u^6 -
128*a^8*b^4*u^5 + 256*a^7*b^5*u^5 - 128*a^6*b^6*u^5 - 32*a^10*b^2*u^4 + 64*a^9*b^3*u^4 -

416*a^8*b^4*u^4 + 1280*a^7*b^5*u^4 - 1728*a^6*b^6*u^4 + 1152*a^5*b^7*u^4 - 320*a^4*b^8*u^4
- 640*a^8*b^4*u^3 + 2304*a^7*b^5*u^3 - 3328*a^6*b^6*u^3 + 2304*a^5*b^7*u^3 -
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640*a^4*b^8*u^3 - 320*a^8*b^4*u^2 + 1152*a^7*b^5*u^2 - 1728*a^6*b^6*u^2 + 1280*a^5*b^7*u^2
- 416*a^4*b^8*u^2 + 64*a^3*b^9*u^2 - 32*a^2*b^10*u^2 - 128*a^6*b^6*u + 256*a^5*b^7*u -
128*a^4*b^8*u - 64*a^4*b^8 + 128*a^3*b^9 - 32*a^2*b^10 - 64*a*b^11 + 32*b^12 + 64*(a^8*u^6
- 2*a^6*b^2*u^5 - 2*a^6*b^2*u^4 + a^4*b^4*u^4 + 4*a^4*b^4*u^3 + a^4*b^4*u^2 -
2*a^2*b^6*u^2 - 2*a^2*b^6*u + b^8)*c^4 - 32*(3*a^10*u^6 - 4*a^9*b*u^6 - 4*a^8*b^2*u^5 +
8*a^7*b^3*u^5 - 8*a^6*b^4*u^5 - 5*a^8*b^2*u^4 + 8*a^7*b^3*u^4 - 14*a^6*b^4*u^4 +
12*a^5*b^5*u^4 - 8*a^4*b^6*u^4 - 12*a^6*b^4*u^3 + 16*a^5*b^5*u^3 - 12*a^4*b^6*u^3 -
8*a^6*b^4*u^2 + 12*a^5*b^5*u^2 - 14*a^4*b^6*u^2 + 8*a^3*b^7*u^2 - 5*a^2*b^8*u^2 -
8*a^4*b^6*u + 8*a^3*b^7*u - 4*a^2*b^8*u - 4*a*b^9 + 3*b^10)*c^2

# Note that a l l powers o f c that occur in the above expr e s s i on have \
even exponent , thus we may put c=a - b f o r s imp l i c i t y .

c=a - b

expr_6_7=expand (
32*a^12*u^6 - 64*a^11*b*u^6 - 32*a^10*b^2*u^6 + 128*a^9*b^3*u^6 - \

64*a^8*b^4*u^6 - 128*a^8*b^4*u^5 + 256*a^7*b^5*u^5 - 128*a^6*b^6*\
u^5 - 32*a^10*b^2*u^4 + 64*a^9*b^3*u^4 - 416*a^8*b^4*u^4 + 1280*a\
^7*b^5*u^4 - 1728*a^6*b^6*u^4 + 1152*a^5*b^7*u^4 - 320*a^4*b^8*u\
^4 - 640*a^8*b^4*u^3 + 2304*a^7*b^5*u^3 - 3328*a^6*b^6*u^3 + \
2304*a^5*b^7*u^3 - 640*a^4*b^8*u^3 - 320*a^8*b^4*u^2 + 1152*a^7*b\
^5*u^2 - 1728*a^6*b^6*u^2 + 1280*a^5*b^7*u^2 - 416*a^4*b^8*u^2 + \
64*a^3*b^9*u^2 - 32*a^2*b^10*u^2 - 128*a^6*b^6*u + 256*a^5*b^7*u \
- 128*a^4*b^8*u - 64*a^4*b^8 + 128*a^3*b^9 - 32*a^2*b^10 - 64*a*b\
^11 + 32*b^12 + 64*( a^8*u^6 - 2*a^6*b^2*u^5 - 2*a^6*b^2*u^4 + a\
^4*b^4*u^4 + 4*a^4*b^4*u^3 + a^4*b^4*u^2 - 2*a^2*b^6*u^2 - 2*a^2*\
b^6*u + b^8)*c^4 - 32*(3* a^10*u^6 - 4*a^9*b*u^6 - 4*a^8*b^2*u^5 +\
8*a^7*b^3*u^5 - 8*a^6*b^4*u^5 - 5*a^8*b^2*u^4 + 8*a^7*b^3*u^4 - \

14*a^6*b^4*u^4 + 12*a^5*b^5*u^4 - 8*a^4*b^6*u^4 - 12*a^6*b^4*u^3 \
+ 16*a^5*b^5*u^3 - 12*a^4*b^6*u^3 - 8*a^6*b^4*u^2 + 12*a^5*b^5*u\
^2 - 14*a^4*b^6*u^2 + 8*a^3*b^7*u^2 - 5*a^2*b^8*u^2 - 8*a^4*b^6*u\
+ 8*a^3*b^7*u - 4*a^2*b^8*u - 4*a*b^9 + 3*b^10)*c^2

)
( expr_6_7 ) . maxima_methods ( ) . c o l l e c t t e rms (a , b)
0
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