Supplementary material

Let A be an n x n real matrix and suppose A has not necessarily distinct eigenvalues
Al ovoer Ap € Cwith 1 = |A;| =|A,]| > |A5] = -+ > |A,,| and C-linearly independent associated
eigenvectors v;, ..., v, € C"\ 0. It is a fact that the non-real eigenvalues come in complex
conjugate pairs and, further, we may assume without loss of generality that the eigenvectors
associated to such a pair are themselves conjugates. Suppose A; and A, are non-real complex
conjugates and write A, = e, A, = e with 6 € R\ nZ.

Given initial conditions t, € R", we have the time evolution ¢, :=At; € R" for all k € N.
We are interested in the asymptotic behavior of t; for large k. Write V for the n X n complex
matrix whose successive columns are vy, ..., v,. It can be shown that the rows w,, ..., w, € C"
of W := V! corresponding to conjugate v; are themselves conjugates.

For all k e N,
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so that for j € 1..n,

() = (n); (W] 1)e™® + (v,);(w; to)e ™% + 0(|25]*)
= (vl)j(wthO)(cos kO +isinkf)+ (vl)j(wthO)(cos kO +isink) + O(| A5
= 2Re ((v);(w{ to)(cos kB +isink6)) + O(|25])
= 2Re (v1);(w{ t,)) cosk® — 2Im ((v,);(w{ t,)) sinkd + O(|A5[").

Note for (a,3) € R\ 0 and ¢ € R that

acos¢ — fBsing =4/ o? +[52(W msmqb)
=1/ a?+ B2 ((cosarctan(a, 3)) cos ¢ — (sinarctan(a, 3))sin¢)
=/ a?+ B2 cos(¢ + arctan(a, 3))

and so (t;); = 2|(v1)]-(w1Tt0)| cos (k@ + arg (vl)j(wtho)) +0(|A5]%), assuming (v,);(w/ t) #0
(otherwise (t;); = O(|A;]%), or alternatively assign some arbitrary value to arg0). O
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