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Proof of Theorem 1. We use Theorem 2.5(ii) of [2] to prove (a). To this end,
first note that, due to the assumed irreducibility and aperiodicity, the petite
set C' in Condition Drift—G is small ([1], Theorem 5.5.7). We first show that,
for some r > 1,

sup, oy [17¢] < oo;
cf. Theorem 2.5(ii) of [2]. We proceed as in the proof of Theorem 15.2.5 in
[1] and, for the 3 in Condition Drift-G, choose an € (1,(1 — 3)~!) and set
e=r"1—(1-p)sothat 0 <e < 3 and ¢ is the solution to r = (1 — 3 +¢)~ 1.

Now we may reorganize the drift condition as
E[V(X)) | Xo=2] <r 'V(z) —eV(z)+ blo(z), x e X
Define Zj, = r*V(Xy), k = 0,1,2,..., so that E[Zy1 | F&] = r*HE[V(Xk11) |
F¥] and thus
E[Zpy1 | F&] <P W (X)) —eV (X)) 4010 (X))} = Ze—er* TV (Xp) 4+ 1o (X).
Applying Proposition 11.3.2 of [1] with fix(z) = er**1V (2), si(z) = br¥ 1o (2),
and stopping time 7o we obtain

E. [ZTc_l 6r’“+1V(Xk)] < V(x)+E, [ch:: brlﬂ_llc(Xkﬂ = V(@) tbric(z),
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because 1¢(X1) = -+ = 1¢(X;.—1) = 0 by the definition of 7. Multiplying

by e~'7~! and noting that V'(-) > 1, we obtain, for some finite constants cy, co,

E, [270_1 | <E, [Z“_l V(X)) < V(@) + e

k=0 =
Assup,eo V() < 00, sup,ec Eqg [220:61 r*] < oo is obtained. Using Stk =
(r7e —1)/(r—1), this is equivalent to sup,cc E; [r™] < 0o as desired; note that
we also have, for some finite constants cs, ¢4, E; [r7¢] < ¢35V (x)+c4. Now Theo-
rem 2.5(ii) of [2] implies that, for some 71 > 1, limy, o0 77 [|[P™ (25 -) — 7(-)]| = 0,
so that the geometric ergodicity of part (a) is established.

To prove (b), suppose the initial state X has distribution g such that
Jx u(dz)V (z) < oo. By Theorem 2.5(iii) of [2] it suffices to prove that E,, [r"¢] <
0. As E,[r¢] = [ pu(dx)E; [r™¢], the inequality E, [r™®] < 3V (x) + ¢4
obtained above implies E, [r™®] < oo and hence the validity of (b) for some
ro > 1 (Theorem 2.5(iii) of [2]).

Next consider part (d). In the stationary case (u = 7), the geometric ergodic-
ity established in (a) and Theorem 2.1 of [2] imply that lim,,_,cc 75 [ 7(dx) [|P™(z; ) — 7(")|| =
0 for some 7 > 1 (and condition [y 7(dx)V () < co is not needed). Thus (b)
holds in the stationary case. Regarding part (c) in the stationary case, note
from (5) that now B(n) = [w(dz)||P™(z; ) —n(-)||, n = 1,2,..., so that (b)
and (c) are clearly equivalent (and hold with the same rate 7).

To prove (c) in the general case, recall that ny = [n/2] sothat n/2—1 < n; <
n/2, and note that for any p > 1 and n > 2, 1 = pl="/2pn/2=1 < pl=n/2ym —
p(p*/?)~"p™ . Now choose r3 such that 1 < r3 < min{ré/Q,f;/Q} (where r9 and
79 are as above in the proofs of parts (b) and (d)). Now use these remarks and

the inequality in Lemma A.1 (in the main paper) to obtain

~ ~ n~nq U 3 - n. ni 1
riB(n) < =ia(raiy /)7 / (dw) [|P™ (x5 -) — 7|+ Sra(rary /%)y / p(da) | P™ (a; ) — 7.

2

DN | =

From the proofs of (b) and (d) we obtain the results lim,,_,oo 5" [ p(dz) |[P™ (x5 -) — || =
0 and limy, oo 75" [ 7(dz) ||P™ (2 -) — m|| = 0, so that lim, . 755(n) = 0 and

hence (c) follows. O
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