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MINIMUM VERTEX DEGREE THRESHOLD FOR C}-TILING
JIE HAN AND YI ZHAO

ABSTRACT. We prove that the vertex degree threshold for tiling Ci (the 3-
uniform hypergraph with four vertices and two triples) in a 3-uniform hyper-

3
graph on n € 4N vertices is (ngl) — (4;) + %n + ¢, where ¢ = 1 if n € 8N and
c= —% otherwise. This result is best possible, and is one of the first results
on vertex degree conditions for hypergraph tiling.

1. INTRODUCTION

Given k > 2, a k-uniform hypergraph (in short, k-graph) consists of a vertex set
V and an edge set F C (Z), where every edge is a k-element subset of V. Given a
k-graph H with a set S of d vertices (where 1 < d < k — 1) we define degy,(S) to
be the number of edges containing S (the subscript H is omitted if it is clear from
the context). The minimum d-degree 64(H) of H is the minimum of degy, (S) over
all d-vertex sets S in H.

Given a k-graph G of order g and a k-graph H of order n, a G-tiling (or G-
packing) of H is a subgraph of H that consists of vertex-disjoint copies of G. When
g divides n, a perfect G-tiling (or a G-factor) of H is a G-tiling of H consisting of
n/g copies of G. Define t4(n,G) to be the smallest integer ¢ such that every k-graph
H of order n € gN with d4(H) > t contains a perfect G-tiling.

As a natural extension of the matching problem, tiling has been an active area
in the past two decades (see surveys [15, 21]). Much work has been done on the
problem for graphs (k = 2), see e.g., [7, 2, 12, 16]. In particular, Kithn and
Osthus [I6] determined t1(n, G), for any graph G, up to an additive constant. Tiling
problems become much harder for hypergraphs. For example, despite much recent
progress [T}, 5], 10, [T}, (17, 24) 26], we still do not know the 1-degree threshold for a
perfect matching in k-graphs for arbitrary k.

Other than the matching problem, only a few tiling thresholds are known. Let K3
be the complete 3-graph on four vertices, and let K3 — e be the (unique) 3-graph
on four vertices with three edges. Recently Lo and Markstrom [I8] proved that
ta(n, K3) = (14+0(1))3n/4, and independently Keevash and Mycroft [9] determined
the exact value of to(n, K3) for sufficiently large n. In [19], Lo and Markstrém
proved that ta(n, K3 —e) = (14 o(1))n/2. Let C3 be the unique 3-graph on four
vertices with two edges. This 3-graph was denoted by K3 — 2e in [4], and by Y in
[8]. Here we follow the notation in [I4] and view it as a cycle on four vertices. Kithn
and Osthus [14] showed that t2(n,C3) = (1 + o(1))n/4, and Czygrinow, DeBiasio
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and Nagle [4] recently determined t2(n,C;) exactly for large n. In this paper we
determine t1(n,C3) for sufficiently large n. From now on, we simply write Cj as C.

Previously we only knew t1 (n, K3) [L1L[17] and t1 (n, K7) [10] exactly, and t1 (n, K2)
[, t1(n, K3(m)) and t1(n, Kj(m)) [18] asymptotically, where K¥ denotes a single
k-edge, and K ,’j(m) denotes the complete k-partite k-graph with m vertices in each
part. So Theorem [Tl below is one of the first (exact) results on vertex degree
conditions for hypergraph tiling.

Theorem 1.1 (Main Result). Suppose H is a 3-graph on n vertices such that
n € 4N is sufficiently large and

51(H) > (”; 1) - (i”) ) (1.1)

where ¢(n) =1 if n € 8N and c(n) = —1/2 otherwise. Then H contains a perfect
C-tiling.

Proposition .2 below shows that Theorem [[LT]is best possible. Theorem [T and

Proposition [[L2] together imply that t1(n,C) = (”;1) - (%2") + 3n+c(n).

Proposition 1.2. For everyn € 4N there exists a 3-graph of order n with minimum
3
vertex degree (";1) — (4" + 2n+c(n)—1, which does not contain a perfect C-tiling.

Proof. We give two constructions similar to those in [4]. Let V = AUB [ with
|A| = % — 1 and |B| = 3* + 1. A Steiner system S(2,3,m) is a 3-graph S on n
vertrces such that every pair of vertices has degree one — so S(2,3,m) contains no
copy of C. It is well-known that an S(2, 3, m) exists if and only if m = 1,3 mod 6.

Let Ho = (V, Ep) be the 3-graph on n € 8N vertices as follows. Let Ey be the
set of all triples intersecting A plus a Steiner system S(2,3, 3 gn+1) in B. Since for
the Steiner system S(2, 3, %n + 1), each vertex is in exactly n/2 = —n edges, we

have 61 (Ho) = (";1) — (3_n) + 3n Furthermore since B contains no copy of C, the
size of the largest C-tiling in 7—[0 is |[A] = 2 — 1. So Ho does not contain a perfect
C-tiling.

On the other hand, let H; = (V, E1) be the 3-graph on n € 4N\ 8N vertices as
follows. Let G be a Steiner system of order %n+4. This is possible since %n+4 =1
mod 6. Then pick an edge abc in G and let G’ be the induced subgraph of G on
V(G)\{a,b,c}. Finally let E7 be the set of all triples intersecting A plus G’ induced
on B. Since G is a regular graph with vertex degree l(§n +4-1)= %n + %, we
have that 6;(G') = 3n+ 2 —3 = 3n — 3. Thus, &;(H1) = ("3%) — (%) + 2n - 2.
As in the previous case, 7—[1 does not contam a perfect C-tiling. (|

As a typical approach of obtaining exact results, we distinguish the extremal
case from the nonextremal case and solve them separately. Given a 3-graph H of
order n, we say that H is C-free if H contains no copy of C. In this case, clearly,
every pair of vertices has degree at most one. Every vertex has degree at most "5~
because its link graplﬂ contains no vertex of degree two.

Definition 1.3. Given e > 0, a 3-graph H on n vertices is called e-extremal if there
is a set S C V(H), such that |S| > (1 — €)2% and H[S] is C-free.

1Throughout the paper, we write AUB for AU B when sets A, B are disjoint.
2Given 3- graph H = (V, E) and « € V, the link graph of = has vertex set V' \ {z} and the edge
set {e\ {z}:e€ E(H),z € e}.
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Theorem 1.4 (Extremal Case). There exists € > 0 such that for every 3-graph H
on n vertices, where n € 4N is sufficiently large, if H is e-extremal and satisfies
([C1D), then H contains a perfect C-tiling.

Theorem 1.5 (Nonextremal Case). For any € > 0, there exists v > 0 such that
the following holds. Let H be a 3-graph on n wvertices, where n € 4N is sufficiently
large. If H is not e-extremal and satisfies §1(H) > (1—76 — 7) (g), then H contains a
perfect C-tiling.

Theorem [[T] follows Theorems [[.4] and immediately by choosing e from The-
orem [[L4l The proof of Theorem [[.4]is somewhat routine and will be presented in
in Section 4.

The proof of Theorem [[H] as the one of [4, Theorem 1.5], uses the absorbing
method initiated by Rodl, Ruciriski and Szemerédi, e.g., [22, 23]. More precisely, we
find the perfect C-tiling by applying the Absorbing Lemma below and the C-tiling
Lemma [8, Lemma 2.15] together.

Lemma 1.6 (Absorbing Lemma). For any 0 < 6 < 1074, there ezist 3 > 0 and
integer mg) such that the following holds. Let H be a 3-graph of order n >

with §1(H) > (3 +6)(5). Then there is a vertex set W € V(H) with |W| € 4N and
|[W| < 20490n such that for any vertexr subset U with UNW = 0, |U| € 4N and
|U| < Bn both H[W] and H]W U U] contain C-factors.

Lemma 1.7 (C-tiling Lemma, [8]). For any 0 < < 1, there exists an integer n 7]
such that the following holds. Suppose H is a 3-graph on n > np vertices with

a0 2 (15-2) (3):

then H contains a C-tiling covering all but at most 2'° /v vertices or H is 211y-
extremal.

We postpone the proof of Lemma to Section 3 and prove Theorem now.

Proof of Theorem [L3. Without loss of generality, assume 0 < € < 1. Let v = 27 13¢
and § = 10~*y (thus # < 10~%). We find 8 by applying Lemma Choose
n € 4N such that n > max{ng, 2n7,2'%/(78)}. Let H = (V, E) be a 3-graph
on n vertices. Suppose that 7 is not e-extremal and 61(H) > (% — ) (5). First
we apply Lemma to H and find the absorbing set W with |[W| < 20496n. Let
H' = H[V\ W] and / = n — |W|. Note that 2|W| < 10*9n = yn and thus
n' >n —vn/2 > nr Furthermore,

a0 2600 - Wi -1 2 (15 -20) (5) = (55-2) (5):

Second we apply Lemma [I.7to H’ with parameter 2 in place of v and derive that
either H' is 2'2y-extremal or H' contains a C-tiling covering all but at most 218 /v
vertices. In the former case, since

12 30/ 12 .3 yn 13,30 3n
(1-229)2F > (1=229)2 (n— ) > (1 =28 = (1 -,

‘H is e-extremal, a contradiction. In the latter case, let U be the set of uncovered
vertices in H’. Then we have |U| € 4N and |U| < 2!¥/y < Bn by the choice of n.
By Lemma [[L6] H[W U U] contains a perfect C-tiling. Together with the C-tiling

provided by Lemma [[7] this gives a perfect C-tiling of H. O
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The Absorbing Lemma and C-tiling Lemma in [4] are not very difficult to prove
because of the co-degree condition. In contrast, our corresponding lemmas are
harder. Luckily we already proved Lemma [[7in [8] (as a key step for finding a
loose Hamilton cycle in 3-graphs). In order to prove Lemma [[.6] we will use the
Strong Regularity Lemma and an extension lemma from [3], which is a corollary of
the counting lemma.

The rest of the paper is organized as follows. We introduce the Regularity
Lemma in Section 2, prove Lemma in Section 3, and finally prove Theorem [T.4]
in Section 4.

2. REGULARITY LEMMA FOR 3-GRAPHS

2.1. Regular complexes. Before we can state the regularity lemma, we first define
a complex. A hypergraph H consists of a vertex set V(H) and an edge set E(H),
where every edge e € E(H) is a non-empty subset of V(). A hypergraph H is
a complex if whenever e € E(H) and ¢’ is a non-empty subset of e we have that
e’ € E(H). All the complexes considered in this paper have the property that every
vertex forms an edge.

For a positive integer k, a complex H is a k-complez if every edge of H consists
of at most k vertices. The edges of size i are called i-edges of H. Given a k-complex
H, for each i € [k] we denote by H; the underlying i-graph of H: the vertices of H;
are those of H and the edges of H; are the i-edges of H.

Given s > k, a (k, s)-complex H is an s-partite k-complex, by which we mean
that the vertex set of H can be partitioned into sets V7, ..., Vs such that every edge
of H is crossing, namely, meets each V; in at most one vertex.

Given ¢ > 2, an i-partite i-graph H and an i-partite (i — 1)-graph G on the same
vertex set, we write IC;(G) for the family of all crossing i-sets that form a copy of
the complete (i — 1)-graph Ki(l_l) in G. We define the density of H with respect to
G to be

IKi(G) N E(H)|
IKi(G)]

and d(H|G) = 0 otherwise. More generally, if Q = (Q1,...,Q,) is a collection of r
subhypergraphs of G, we define K;(Q) := ;_, Ki(Q;) and

d(H|G) = if  |IC:(G)| >0,

_ Ki(Q)nEM) .
amje) = I it @) > o
and d(H|Q) = 0 otherwise.

We say that H is (d,d,r)-regular with respect to G if every r-tuple Q with
ICi(Q)| > 0|Ki(G)| satisfies |d(H|Q) — d| < 6. Instead of (d,d,1)-regularity we
simply refer to (d, §)-regularity.

Given a (3, 3)-complex H, we say that H is (ds3, da, 03, 6, r)-regular if the following
conditions hold:

(1) For every pair K of vertex classes, Ha[K] is (dz, §)-regular with respect to
H1[K] unless e(H2[K]) = 0, where H;[K] is the restriction of H; to the
union of all vertex classes in K.

(2) Hs is (ds, 3, 7)-regular with respect to Ha unless e(Hs) = 0.
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2.2. Statement of the Regularity Lemma. In this section we state the version
of the regularity lemma due to Rédl and Schacht [25] for 3-graphs, which is almost
the same as the one given by Frankl and Rodl [6]. We need more notation. Suppose
that V is a finite set of vertices and P() is a partition of V into sets Vi,...,V;,
which will be called clusters. Given any j € [3], we denote by Cross; = Cross;(P(1))
the set of all crossing j-subsets of V. For every set A C [t] we write Crossa for all
the crossing subsets of V' that meet V; precisely when ¢ € A. Let P4 be a partition
of Crossa. We refer to the partition classes of P4 as cells. Let P(?) be the union
of all P4 with |A| = 2 (so PP is a partition of Crossy). We call P = {P1) P21
a family of partitions on V.

Given P = {PW PG and K = vvju with v; € Vi, v; € V; and vy, € Vi,
the polyad P(K) is the 3-partite 2-graph on V; UV, UV, with edge set C(v;v;) U
C(vv) U C(vjvg), where e.g., C(v;v;) is the cell in P; ; that contains v;v;. We
say that P(K) is (da,d)-regular if all C(v;v;), C(vivx), C(vjvx) are (dg,d)-regular
with respect to their underlying sets. We let P2 be the family of all P(K) for
K € Crosss.

Now we are ready to state the regularity lemma for 3-graphs.

Theorem 2.1 (R6dl and Schacht [25], Theorem 17). For all 63 > 0,ty € N and
all functions r : N — N and § : N — (0, 1], there are da > 0 such that 1/ds € N
and integers T,ng such that the following holds for all n > ng that are divisible
by T!. Let H be a 3-graph of order n. Then there exists a family of partitions
P = {PW PP} of the vertex set V of H such that
(1) PY = {V1,...,Vi} is a partition of V into t clusters of equal size, where
to <t<T,
(2) PP is a partition of Crossy into at most T cells,
(8) for every K € Crosss, P(K) is (d2,d(T))-regular,
(4) S IKs(P)| < 85|V|3, where the summation is over all P € P® such that
H is not (d, 93, m(T"))-regular with respect to P for any d > 0.

2.3. The Reduced 3-graph and the Extension Lemma. Given ty € N and
d3 > 0, we choose functions r : N — N and § : N — (0, 1] such that the output of
Theorem 2] satisfies the following hierarchy:

1 1 1

n—0<<{;,5} < {63’d2’f}’ (2.1)
where r = 7(T') and 6 = §(T). Let H be a 3-graph on V of order n > ng such that
T! divides n. Suppose that P = {P(1) PP} satisfies Properties (1)-(4) given in
Theorem [Z1] For any d > 0, the reduced 3-graph R = R(H,P,d) is defined as the
3-graph whose vertices are clusters Vi,...,V; and three clusters V;, V;, Vi, form an
edge of R if there is some polyad P on V; UV; UV}, such that H is (d', ds, r)-regular
with respect to P for some d’ > d.

Fact 2.2. Let R = R(H,P,d) be the reduced 3-graph defined above. If V;V;V} €
E(R), then there exists a (3,3)-complex H* on V; UV; UV such that Hj is a
subhypergraph of H and H* is (d',ds, J3, 6, r)-regular for some d' > d.

Proof. Since V;V;Vi, € E(R), there exists a polyad P on V; U V; U Vi such that
H is (d', 03, r)-regular with respect to P for some d' > d. Let H5 = P and H} =
E(H)NK3(P). By Theorem 21l H* is a (d', ds, d3, d, r)-regular (3, 3)-complex. [
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The following lemma says that the reduced 3-graph almost inherits the minimum
degree condition from H. Its proof is almost identical to the one of [13, Lemma
4.3], which gives the corresponding result on co-degree. We thus omit the proof.

Lemma 2.3. In addition to 21I), suppose that
53, 1/tg < d <0< pu<l.

Let H be a 3-graph of order n > ng such that T! divides n and 61(H) > (u+0)(5).
Then in the reduced 3-graph R = R(H,P,d), all but at most 6t vertices v € V(R)

satisfy degp (v) > ,u(;)

Suppose that H is a (3, 3)-complex with vertex classes Vi, V5, V5, and G is a
(3,3)-complex with vertex classes X1, Xo, X3. A subcomplex H' of H is called a
partition-respecting copy of G if H' is isomorphic to G and for each i € [3] the
vertices corresponding to those in X; lie within V;. We write |G|y for the number
of (labeled) partition-respecting copies of G in H.

Roughly speaking, the Extension Lemma [3, Lemma 5] says that if G’ is an
induced subcomplex of G, and H is suitably regular, then almost all copies of G’ in
‘H can be extended to a large number of copies of G in H. Below we only state it
for (3, 3)-complexes.

Lemma 2.4 (Extension Lemma [3]). Let r,b,b,mqy be positive integers, where
b < b, and let ¢,0,ds, ds, 0,03 be positive constants such that 1/ds € N and

1/mo < {1/r,0} < ¢ € min{d3,d2} < d3 < 6,d3,1/b.

Then the following holds for all integers m > mq. Suppose that G is a (3, 3)-complex
on b vertices with vertex classes X1, Xo, X3 and let G' be an induced subcomplex of
G on b wvertices. Suppose also that H* is a (ds,ds, 83,8, 7)-regular (3,3)-complex
with vertex classes Vi, Va, Vs, all of size m and e(H*) > 0. Then all but at most
0|G’ |3+ labeled partition-respecting copies of G' in H* are extendible to at least
em®Y" labeled partition-respecting copies of G in H*.

3. PROOF OF LEMMA

In this section we prove Lemma [[.0 by using the lemmas introduced in Section 2.
We remark that the constant % in Lemma [[.6] is best possible because if H consists
of two disjoint cliques of order n/2 each, then 61 () is about (%) and any 4-vertex
set that intersects both cliques can not be absorbed.

For o > 0, i € N and two vertices u,v € V, we say that u is («, i)-reachable to
v if and only if there are at least an*~! (4i — 1)-sets W such that both H[u U W]
and H[v U W] contain C-factors. In this case, we call W a reachable set for u and

v. Similar definitions for absorbing method can be found in [I8 [T9]. Suppose that
1/no < {1/7,6} < ¢ < min {83, 1/T,dy} < 83,1/tg < d < 0 <1074,

and ng > 47T'!/6. Let H be a 3-graph on n > ng+T'! vertices with §;(H) > ($+6)(5).
We will prove that almost all pairs of vertices of H are (S, 2)-reachable to each
other, where 8y = ¢*/(517).

Claim 3.1. There are at most 40n? pairs u,v € (‘2/) such that u is not (Bo,2)-
reachable to v.
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Proof. Let n’ € N such that n —n’ < T! and T"! divides n’. Then n’ > ng > 47'!/6.
As 6 <1074, we have n’ > iggggn.
Let H' be an induced subhypergraph of H on any n' vertices. Since n > 4T/,

s (1) () men= (109 (3)

We apply Theorem [2.Ilto H’, and let P be the the family of partitions, with clusters
Vi,...,Vi. Let m = n//t be the size of each cluster. Define the reduced 3-graph
R =R(H',P,d) on these clusters as in Section 2.3.

Let I be the set of i € [t] such that deg (V;) < (3 + §)(%) and let V7 = U, Vi
By Lemma 23] we have |I| < 0t/4 and thus |V7| < (0t/4) - m = 6n'/4. Let N (i)
be the set of vertices V; € V(R) \ {Vi} such that {V;,V;} C e for some e € R. For

any i € [t]\ ], Nz IN(3)]
(3+5) (o) == (")

implies that |N(i)| > (3 + £)t. Thus [N (i) N N(j)| > ¢ for any i,j € [t] \ I.

Fix two not necessarily distinct 4,j ¢ I and Vi, € N (i) N N(j). We pick Vs and
Vjr such that V;V, Vi, V; V.V, € R. Note that it is possible to have i’ = j or i’ = j
or j' = i. Let H* be the (ds,ds,d3,d, r)-regular (3, 3)-complex with vertex classes
Vi, Vi, Vir provided by Fact [Z2] where d3 > d.

Let G be the (3,3)-complex on X7 = {z,u}, X2 = {y,v}, X3 = {w} such that
Gs = {xvw, uyw,uvw} and Gy is the family of all 2-subsets of the members of Gs.
Note that in G3 both {z,u,v,w} and {y,u,v,w} span copies of C. Let G’ be the
induced subcomplex of G on {u,v}. Since H3, the highest level of the complex H*,
is not empty, by Lemma 24 all but at most §m? ordered pairs (v;,vx) € Vi x Vi
are extendible to at least cm3 labeled copies of G in H*, which implies that v; is
(em3n=3,1)-reachable to v;. By averaging, all but at most 360m vertices v; € V; are
(em3n =3, 1)-reachable to at least %m vertices of V. We apply the same argument
on V;, Vi,V and obtain that for all but at most 36m vertices v; € Vj, v; is
(em3n =3, 1)-reachable to at least %m vertices of Vj,. Thus for those v; and v;, there
are $m vertices vy, € V; such that both v; and v; are (em3n~2,1)-reachable to vj.
Fix such v;,v;,v;. There are at least ecm?® — m? reachable 3-sets for v; and vy from
(Vi, Vir, Vi) avoiding vjﬁ Fix one such 3-set, the number of 3-sets from (V;, Vj/, V%)
intersecting its three vertices is at most 3m?. So the number of reachable 7-sets for
v3,v; is at least

2 2 /o0 2 7
% (em® —m?) - (em® — 3m?) > czm7 > Cz (%) > %% = Bon’,

which means that v; is (8o, 2)-reachable to v;, where the last inequality holds be-
cause (%)7 > (380%)7 > %. Note that this is true for all but at most 2-36m -m =
60m? pairs of vertices in (V;, V;). Since there are at most (;) +t choices for V; and

Vi, |Vi] < 0n'/4, and T! < On'/4, there are at most
2 ( (1 242 0, 2
66m o)t + (Vi + T (n —1) < 30m=*(t —|—t)—|—§n(n—1)§49n
pairs u,v in V(#H) such that u is not (8o, 2)-reachable to v. O

3Recall that it is possible to have vj € V; orv; € Vs (when j=1dorj=1).
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Proof of Lemmal[L@. Let 8 = 53°. Let V' be the set of vertices v € V such that at
least g4 vertices are not (fo, 2)-reachable to v. By Claim B.1] [V’ < 5120n.

There are two steps in our proof. In the first step, we build an absorbing family
F’ such that for any small portion of vertices in V(H) \ V', we can absorb them
using members of F’. In the second step, we put the vertices in V’ not covered by
any member of F’ into a set A of copies of C. Thus, the union of " and A gives
the desired absorbing set.

We say that a set A absorbs another set B if AN B = () and both H[A] and
H[A U B] contains C-factors. Fix any 4-set S = {v1,v2,v3,v4} € V \ V', we will
show that there are many 24-sets absorbing S. First, we find vertices uso, us, uy
such that

® vjususuy spans a copy of C,

e u; is (Bo, 2)-reachable to v;, for i = 2,3, 4.
For the first condition, consider the link graph H,, of v;, which contains at least
(3 +0)(5) edges. By convexity, the number of paths of length two in H,, is

3 <degﬂ2v1 (:v)) > (n— 1)(ﬁ > e for} 408, (x)>

zeV\{v1} 2

(X +0)n 1,
>(n—1)( 4 > —n°,

> ( ) ( 2 32
where the last inequality holds because 6n > 1. Since viususu4 spans a copy of C
if ugusuy is a path of length two in #,,, then there are at least 31—2713 choices for
such ususuy. Moreover, the number of triples violating the second condition is at
most 3- & . (g) < 13—8113. Thus, there are at least %rﬁ such ususuy satisfying both

of the conditions.
Second, we find reachable 7-sets C; for u; and v;, for ¢ = 2, 3,4, which is guar-
anteed by the second condition above. Since in each step we need to avoid at most
Bo

21 previously selected vertices, there are at least 7117 choices for each C;. In total,

we get 3gn® - (2n7)3 > Bin?t 24sets F = C1 U Ca U C3 U {ua, us, us} (because
Bo < ¢ < 1078). It is easy to see that F' absorbs S. Indeed, H[F] has a C-factor
since C; U {u;} spans two copies of C for i = 2,3,4. In addition, H[F U S] has a
C-factor since vyugusuy spans a copy of C and C; U {v;} spans two copies of C for
i=2,34.

Now we choose a family F C (;fl) of 24-sets by selecting each 24-set randomly
and independently with probability p = Sin~23. Then |F| follows the binomial
distribution B((,,),p) with expectation E(|F|) = p(,;). Furthermore, for every
4-set S, let f(S) denote the number of members of F that absorb S. Then f(S)
follows the binomial distribution B(N, p) with N > 83n?* by previous calculation.
Hence E(f(S)) > pBin*. Finally, since there are at most (g,) - 24 - (55) < 3n*
pairs of intersecting 24-sets, the expected number of the intersecting pairs of 24-sets
in F is at most p? - £n'7 = B{%n/2.

Applying Chernoff’s bound on the first two properties and Markov’s bound on
the last one, we know that, with positive probability, F satisfies the following
properties:

o |7 <2p(5,) < Bin,
e for any 4-set S, f(S) > § - Ban?t = Bn/2,
e the number of intersecting pairs of elements in F is at most 3i%n.
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Thus, by deleting one member from each intersecting pair and the non-absorbing
members from F, we obtain a family F' consisting of at most 3in 24-sets and for
each 4-set S, at least Bin/2 — B{%n > BL%n = Bn members in F’ absorb S.

At last, we will greedily build A, a collection of copies of C to cover the vertices
in V'’ not already covered by any member of . Indeed, assume that we have built
a < |V'| < 5120n copies of C. Together with the vertices in F’, there are at most
da + 24B3n < 20490n vertices already selected. Then at most 20490n? pairs of
vertices intersect these vertices. So for any remaining vertex v € V', there are at

least
n

1
deg(v) — 10250n* > (Z + 9) (2

edges containing v and not intersecting the existing vertices, where the last inequal-
ity follows from 6 < 10™%. So there is a path of length two in the link graph of v
not intersecting the existing vertices, which gives a copy of C containing v.
Combining the vertices covered by A and F’ together, we get the desired ab-
sorbing set W satisfying |W| < 4 - 5120n + 2435n < 20490n. O

) —20490n* > n/2

4. PROOF OF THEOREM [1.4]

In this section we prove Theorem [L4 Our proof is similar to the one of [4,
Theorem 1.4]. First let us start with some notation. Fix a 3-graph H = (V, E).
Recall that the link graph of a vertex v € V' is a 2-graph on V'\ {v}. Then for a set
& of pairs in (‘2/) (which can be viewed as a 2-graph), let degy, (v, ) = [Ny (v)NE|.
When & = ()2() for some X C V, we write degy (v, ()2()) as degy, (v, X) for short.
Let degy, (v,&) = |€N (V\Q{U})| —degy (v, ). Given not necessarily disjoint subsets
XY, Z of V, define

en(XYZ)={ayz€e E(H):z e X,yeY,ze€ Z}
en(XYZ) = {xyze <Z) \E(’H,):J:EX,yEY,zeZ}.

We often omit the subscript A if it is clear from the context.
The following fact is the only place where we need the exact degree condition

@I).

Fact 4.1. Let H be a 3-graph on n wvertices with n € 4N satisfying (LI)). If
S CV(H) spans no copy of C, then |S| < %n.

Proof. Assume to the contrary, that S C V() spans no copy of C and is of size
at least %n + 1. Take Sy C S with size exactly %n + 1. Then for any v € Sy,

deg(v, Sp) < % = 3n. We split into two cases.
Case 1. n € 8N.

In this case, for any v € Sy, since deg(v, Sp) < %n, we have that

deg(v) = deg(v, So) + deg (v, (‘2/) \ (i‘))) < gn—i- (”; 1) - (%”) < 61 (H),

contradicting (LTJ).
Case 2. n € 4N\ 8N.
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In this case, for any v € Sp, deg(v,Sy) < %n implies that deg(v,Sy) < %n —
because n € 4N\ 8N. So we have

3 1 3 n—4 3n+4
36(50) = Z deg(v, Sp) < (gn — 5) (Zn+ 1) = 3 . 1
vESH

1
2

3n—4
8

3”4+ 4 which implies that there exists vg € Sy such that deg(vo, Sp) <

Consequently,

deg(v) = deg(vo, So)-+deg <vo, <¥> \ (520)> <nog+ (" ) 1> - (%”) < 51(H),

contradicting (LI)). O

However, neither —3"8_4 or 3%t i a multiple of 3. Thus Y ves, deg(v, So) <
3
2n
8

N [=

Proof of Theorem[1.7]. Take ¢ = 107'® and let n be sufficiently large. We write
a=€/3 =106 Let # = (V,E) be a 3-graph of order n satisfying (II)) which
is e-extremal, namely, there exists a set S C V(#) such that |S| > (1 —€)2 and
H[S] is C-free.

Let C' C V be a maximum set for which H[C] is C-free. Define

A= {er\C’:deg(a:,C') > (1—a)<|§|>}, (4.1)

and B =V \ (AUC). We first claim the following bounds of |4, |B|, |C].
Claim 4.2. |A| > 2(1 —4a?),|B| < a®n and 22(1 —¢€) < |C| < 22.

Proof. The estimate on |C| follows from our hypothesis and Fact Il We now

estimate |B|. For any v € C, we have deg(v,C) < ‘0‘271, which gives deg(v, C) >

(5 - ‘C‘% By (1), deg(v) < (%') — 3n+ 1. Thus
aog (o (V) (€ ) 3 1 (lc-1)_ [C]-1
#\\2 2 2) 8 "2 2 2
3
i) _ (¢ -1 _3
( 9 > ( 5 because |C| < 1"
= (%n—ICIJrl) -%(Zn+|€|—2>.
The estimate on |C| gives 3n < EL < (1+26)(|C| —1). Hence

% (0 ()1 (2)

IA
N

IN

A

(Zn _ o)+ 1) - %((1 +20(IC] = 1)+ |C] 1)
3

(Zn— |+ 1) (L+e(C|-1) (4.2)

< <%en—|— 1) (1+(C|=1) <en-(C|-1).  (43)

Consequently €(CC(AUB)) < $|C|-en- (|IC| —1) =en- (‘g‘). Together with the
definition of A and B, we have

Gavs)-an(') <eccaom < a-a 'S )i+ ()
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so that |[AU B| — en < |A| + |B| — a|B|. Since A and B are disjoint, we get that

|B| < a’n. Finally, |A| =n— |B| — |C| > n—a’n— 3n = 2(1 — 4a?). O

In the rest of the section, we will build four vertex-disjoint C-tilings Q,R,S, T
whose union is a perfect C-tiling of H. In particular, when |A| = n/4, B = () and
|C| = 3n/4, we have Q = R = § = 0 and the perfect C-tiling 7 of H will be
provided by Lemma 4l The purpose of C-tilings Q,R,S is covering the vertices
of B and adjusting the sizes of A and C such that we can apply Lemma 4] after
Q,R,S are removed.

The C-tiling Q. Let Q be a largest C-tiling in H on BUC and ¢ = |Q|. We claim
that |B|/4 < ¢ < |BJ. Since C contains no copy of C, every element of Q contains
at least one vertex of B and consequently ¢ < |B|. On the other hand, suppose
that ¢ < |B|/4, then (B UC) \ V(Q) spans no copy of C and has order

|B| +|C| —4¢ > |B| + |C| = |B| = |C].
which contradicts the assumption that C' is a maximum C-free subset of V(H).
Claim 4.3. ¢+ |A| > &.

Proof. Let | = & — |A]. There is nothing to show if I < 0. If [ = 1, we have
|BUC| = 3n+ 1, and thus Fact Bl implies that H[B U C] contains a copy of C.
Thus ¢ > 1 =1 and we are done. We thus assume [ > 2 and [ > ¢ > |B|/4, which
implies that [B| < 4(I — 1). In this case |B| > 2 because |C| < 3n.

For any v € C, by [@2), we have deg(v, BC) < (3n —|C|+1) - (14 ¢€)(|C| - 1).
By definition, 2n — |C| = |A| + |B| — & = |B| — I. So we get

e(BCC) < %IOI Gn —1Cl+ 1> (L0 - 1) = (L+o)(B| -1+ 1)('2').

Together with |B| < 4(I — 1), this implies

e(BCC) > (IB| - (1+€)(|B| - 1+1)) (K;')

~ (-1 -dsh('3)

> (1+e)(1—1) - 4e(l — 1)) <|§|) —(1-3001-1) ('g'). (4.4)

On the other hand, we want to bound e(BCC) from above and then derive a
contradiction. Assume that Q' is the maximum C-tiling of size ¢’ such that each
element of Q' contains exactly one vertex in B and three vertices in C. Note that
q > 1 because C is a maximum C-free set and B # (). Write Bg/ for the set of
vertices of B covered by Q' and Cg for the set of vertices of C' covered by Q'.
Clearly, |Bo/| = ¢, |Co'| = 3¢’ and ¢’ < ¢ <1 —1. For any vertex v € B\ By,
deg(v,C) < 3¢'(|C| — 1) + 1|C| < 4¢'|C|. Together with the definition of B and
Claim [£2] we get

e(BCC) = ¢(Bo/CC) + ¢((B \ Bo/)CC)

C C
<qJ(1- a)(' 5 |> +|B|-4¢'|C] < ¢'(1 — ) (l 5 |) +4a’nd'|C|.  (4.5)
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Putting (@4)) and @3] together and using ¢’ <! —1 and |C| > n/2, we get

2

8
YN g _at16a®<1-2,

1-3a2=1-3e<1-— —_
o' € a+|C|_1 5

which is a contradiction since o = 1076. O

Let B; and Cj be the vertices in B and C' not covered by Q, respectively. By
Claim [4.2]

3 3
C1 2 |C =3¢ > |C] = 3|B| > In(1 =€) = 3a’n > n—da’n+ 1. (46)

The C-tiling R. Next we will build our C-tiling R which covers B; such that every
element in R contains one vertex from A, one vertex from B; and two vertices from
C1. Since Q is a maximum C-tiling on BUC, for every vertex v € B;, we have that
deg(v,C1) < ‘0—21‘ Together with (£.40), this implies that

G _ 1G] _ GG =2) (3 —4a’n)® —1

2 2 2 2 '
Together with (L)), we get that for every v € By,

3n —§n+1— (3n—4an)? -1
2 8 2 2

Jeg(v, C1) > (

Tox(v, ACH) < (

= % <gn - 4a2n) 40’n — gn +1 < 3a’n.
By Claim@.2and #8), we have that |A[|C1| > (1-4a?)%-(3—40%)n > s=n?. Thus,
deg(v, AC) < 3a?n? < 17a2|A||C1], equivalently, deg(v, ACy) > (1—17a2)|A||Cy].
For every v € By, we greedily pick a copy of C containing v by picking a path of
length two with center in A and two ends in Cy from the link graph of v. Suppose
we have found ¢ < |Bj| copies of C, then for any remaining vertex v € By, by Claim
[432] the number of pairs not intersecting the existing vertices is at least

deg(v, AC1) = 3i - (JA| + |C1]) > (1 = 17a?)|A[|C1| = 3| B1| - 2/C1| > | A],
which guarantees a path of length two centered at A, so a copy of C containing v.

Now all vertices of B are covered by Q or R. Let As denote the set of vertices of
A not covered by Q or R and define C5 similarly. By the definition of Q and R, we
have |Ag| = |A| — |B1| and |Co| = |B|+|C| —4q — 3| B1|. Define s = i(3|A2| —1Ca)).
Then

1 1 n
5= 76141 = 31B1] ~ |B = IC] + g + 3|B1]) = (4]A] - n+4g) = g + 4] - T.

Thus s € Z, and s > 0 by Claim 3] Since ¢ < |B|, by Claim 2]

n n 3 3
= ~I< ~r o 2h o)< Zen. .
s=gq+|4] 1 < |B|+ 4| 1= 1" |IC| < 1" (4.7)
The definition of Q@ and R also implies that |C'\ C3| < 3|B| and
|Co| > |C] = 3|B| > |C| = 3-2a%|C| = (1 - 62)|C], (4.8)

where the second inequality follows from |B| < o?n < 2a2|C|.
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The C-tiling S. Next we will build our C-tiling S of size s such that every element
of S contains two vertices in As and two vertices in Co. Note that for any vertex

v € Ay, by (1) and [,

_1
deg(v,Cy) < a('g') < a(l—ﬁa; |C2|> < 2a<|022|>.

Suppose that we have found i < s copies of C of the desired type. We next select
two vertices a1, as in Ay and note that they have at least (1 — 404)(‘6;2‘) common

neighbors in Cy. By ([@1) and (@8],
(1-4a) (|022|> —2s5Cs| = (1 - 4a)(|022|) — gen|02| > (1 —ba) (|022|> > 0.

So we can pick a common neighbor cjce of a1 and as from unused vertices of Cy
such that {a1,as, c1,ca} spans a copy of C.

Let A3 be the set of vertices of A not covered by @, R,S and define C5 similarly.
Then |A3| = |A2| — 25 = %(|CQ| — |A2|) and |03| = |02| — 25 = %(|02| — |A2|), SO
|C3] = 3|A3|. Furthermore, by (7)) and ([L8]), we have

|C3| = |Cy| — 25 > (1 — 6a%)|C| — gen > (1 —6a2)|C| — 3¢|C| > (1 — Ta?)|C].

Hence, for every vertex v € As,

_1
deg(v,Cy) < a('g') < a(1—7a22|03|> ) 2a(|023|>.

Since |C3| > (1 — 7a?)|C] > (1 — 7a®)(1 — €)3n, by ([@3), we know that for any
vertex v € Cs,

d_eg(U,A303) <en- (|C| — 1) < 2€|C3|2 = 6€|A3||Cg|

The C-tiling 7. Finally we use the following lemma to find a C-tiling 7 covering
As and C3 such that every element of T contains one vertex in As and three vertices
in C3. Note that in [4], this was done by applying a general theorem of Pikhurko [20,
Theorem 3] (but impossible here because we do not have the co-degree condition).

Lemma 4.4. Suppose that 0 < p < 2-107° and m 7 is sufficiently large. Let H be
a 8-graph on n > ngg) vertices with V(H) = XUZ such that |Z| = 3|X|. Further,
assume that for every vertex v € X, deg(v, Z) < p(lg‘) and for every vertex v € Z,

deg(v, XZ) < p|X||Z|. Then H contains a perfect C-tiling.

Applying Lemma @4 with X = A3, Z = C3, p = 2« finishes the proof of
Theorem [[4] O

Proof of Lemmal[{.4 Let us outline the proof first. Let X = {z1,...,2x}. Our
goal is to partition the vertices of Z into | X| triples {Q1,...,Q|x|} such that for
every i = 1,...,|X]|, {x;} U Q; spans a copy of C — in this case we say @; and
x; are suitable for each other. From our assumptions, every z € X is suitable
for most triples of C, and most triples of C are suitable for most vertices of X.
However, once we partition C into a particular set of triples {Q1,...,Q x|}, we
can not guarantee that every vertex in X is suitable for most @;’s. To handle this
difficulty, we use the absorbing method — first find a small number of triples that
can absorb any small(er) amount of vertices of X and then extend it to a partition
{Q1,...,Qx|} covering Z, and finally apply the greedy algorithm and the Marriage
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Theorem to find a perfect matching between X and {Q1,...,Qx|}. Note that a
similar approach was outlined in [10] to prove the extremal case.

We now start our proof. Let G be the graph of all pairs uv in Z such that
deg(uv, X) > (1 —/p)|X|. We claim that

5(G) = 12| - Vol Z| - 1. (4.9)

Otherwise, some vertex v € Z satisfies degg(v) < |Z] — /p|Z| — 1, equivalently,
deg(v) > /p|Z|. As each u & Ne(v) satisfies deg(uv, X) > \/p|X|, we have

deg(v, XZ) > \/p|Z| - /p| X| = p| Z]|X],
contradicting our assumption. We call a triple 212023 in Z good if G[z12223] contains

at least two edges, otherwise bad. Since a bad triple contains at least two non-edges
of G, by ([&9), the number of bad triples in Z is at most

deg Z Z

Z ega () <1z VAlZ| <3p |Z] '
2 2 3

rcZ
If 212023 is good, then by the definition of G, it is suitable for at least (1 —2,/p)|X|
vertices of X. On the other hand, for any « € X, consider the link graph H, of
2 on Z, which contains at least (1 — p)(lg‘) edges. By convexity, the number of
triples z1 2923 suitable for z is at least

%;Z <deg;§w(2)) > %|Z|<(1 —p)(2|Z| - 1)> S (- 2p)<|§|>7

where the last inequality holds because |Z| is large enough. Thus, the number of
good triples z; 2223 suitable for x is at least (1 —2p — 3p)(‘§|) =(1-5p) ('?).

Let Fy be the set of good triples in Z. We want to form a family of disjoint
good triples in Z such that for any x € X, many triples from this family are
suitable for . To achieve this, we choose a subfamily F from Fy by selecting
each member randomly and independently with probability p = 2p'/ 4Z|=2. Then
| 7| follows the binomial distribution B(|Fy|,p) with expectation E(|F|) = p|Fo| <
p(‘gl). Furthermore, for every x € X, let f(x) denote the number of members of F
that are suitable for . Then f(x) follows the binomial distribution B(N,p) with
N > (1-5p) (\?I) by previous calculation. Hence E(f(x)) > p(1—5p) (Ig‘). Finally,
since there are at most (‘?') -3 (‘lefl) < i|Z|5 pairs of intersecting triples, the
expected number of the intersecting triples in F is at most p? - 3|Z|> = p'/2|Z].

By applying Chernoff’s bound on the first two properties below and Markov’s
bound on the last one, we can find a family F C F; that satisfies

o |71 <2p(F)) < 302,

e for any vertex z € X, at least 1p- (1 —5p) ('?) > 1pV/4(1 - 6p)|Z| triples
in F are suitable for z,

e the number of intersecting pairs of triples in F is at most 2p'/?|Z|.

After deleting one triple from each of the intersecting pairs from F, we obtain a
subfamily F’ consisting of at most 2 p'/*|Z| disjoint good triples in Z and for each

x € X, at least
1/4 1/4
p p
T(l—ﬁp)|Z|—2pl/2|Z| > T|Z| (4.10)

members of F’ are suitable for 2, where the inequality holds because p < 21076,
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Denote F' by {Q1,...,Qq} for some q < 2p'/4|Z|. Let Z; be the set of vertices
of Z not in any element of F'. Define G’ = G[Z;]. Note that |Z;| = |Z| — 3q. For

every v € Z1, dege (v) < degg(v) < /p|Z| by (@&J). Thus
12|

5(&) 2 121 - VplZ| = |2 - 30— VplZ) > 21,

because p < 2-107%. By Dirac’s Theorem, G’ is Hamiltonian. We thus find
a Hamiltonian cycle of G’, denoted by b1bs - - bsb1, where m = |X| — g. Let
Qg+i = bzi—2b3i—1b3; for 1 <7 <m. Then Qg11,...,Q|x| are good triples.

Now consider the bipartite graph I between X and Q := {Q1,Q2,...,Q|x},
such that x € X and Q; € Q are adjacent if and only if @Q); is suitable for z. For
every @, since it is good, degp(Q;) > (1 —2/p)|X|. Let Qo = {Qq11,...,Q x|}
Let Xo be the set of z € X such that degp(z, Q2) < |Q2|/2. Then

Q
LXML§ﬂ

<er(X, Q2) <2/p|X]-[Qal,
which implies that | Xo| < 4,/p|X| = 3/0|Z|.
We now find a perfect matching between X and Q as follows.

Step 1. Each vertex x € X is matched to a different member of F’ that is suitable
for « — this is possible because of @I0) and |Xo| < 2/p|Z] < %p1/4|Z|
since p < 2 - 106,

Step 2. Each of the unused triples in Q1Q2 --- Q4 is matched to a suitable vertex
in X \ X — this is possible because degr(Q;) > (1 —2,/p)|X| > q.

Step 3. Let X; be the set of the remaining vertices in X. Then |X;| = |X|—¢ =
|Q2]. Now consider IV = T'[ X7, Qa]. It is easy to check that 6(T) > |X;]|/2
— thus I'V contains a perfect matching by the Marriage Theorem.

The perfect matching between X and Q gives rise to the desired perfect C-tiling of
‘H as outlined in the beginning of the proof. O
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