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HYPERGRAPH LIMITS: A REGULARITY APPROACH

YUFEI ZHAO

ABSTRACT. A sequence of k-uniform hypergraphs Hy, Ha, ... is convergent if the sequence of homo-
morphism densities t(F, H1),t(F, Hz), ... converges for every k-uniform hypergraph F. For graphs,
Lovéasz and Szegedy showed that every convergent sequence has a limit in the form of a symmetric
measurable function W: [0,1]%> — [0,1]. For hypergraphs, analogous limits W : [0, 1]21672 — [0,1]
were constructed by Elek and Szegedy using ultraproducts. These limits had also been studied
earlier by Hoover, Aldous, and Kallenberg in the setting of exchangeable random arrays.

In this paper, we give a new proof and construction of hypergraph limits. Our approach is
inspired by the original approach of Lovész and Szegedy, with the key ingredient being a weak
Frieze-Kannan type regularity lemma.

1. INTRODUCTION

One of the starting points in the theory of dense graph limits is the seminal paper by Lovasz and
Szegedy [13] where they constructed limit objects for convergent sequences of dense graphs. The
subject has grown enormously since then with many exciting developments (see Lovész’s recent
monograph [12]).

For any two graphs F' and G, let hom(F, G) denote the number of homomorphism from F' to G,
i.e.,, maps V(F) — V(G) that carry every edge of F to an edge of G. The homomorphism density
t(F, Q) is defined to be the probability that a random map V(F) — V(G) is a homomorphism, i.e.,

_ hom(F,QG)
t(F,Q) = W

A sequence of graphs G1, Ga, . .. is called convergent if the sequence t(F, G1),t(F,Gs), ... converges
for every graph F. Convergent graph sequences were defined and studied in [4, 5]. The main result
of Lovész and Szegedy [13] is that for every convergent graph sequence there is a limit object in the
form of a graphon, which is a symmetric measurable function W: [0,1]2> — [0,1] (here symmetric
means that W(z,y) = W(y,z)) such that ¢(F,G,) — t(F,W) as n — oo for all graphs F'. Here
t(F,W) is defined by

t(E,W) :=/ [T Wi 2)) dwrdasy - daypy
[0,1]V(E) .
ijeE(F)

The natural extension of these limits to hypergraphs was considered by Elek and Szegedy [7].
They constructed using ultraproducts an “ultralimit hypergraph” for any sequence of hypergraphs,
and established a correspondence principle which enabled them to convert statements about finite
hypergraphs, such as hypergraph regularity and removal lemmas [9, 15, 16], to measure-theoretic
claims about ultralimit spaces. One of the consequences of their work is the existence of a limit
object in the form of a measurable functions W: [0, 1]2k_2 — [0, 1] for any convergent sequence of
k-uniform hypergraphs.

These limit objects had actually appeared earlier in a different form, in the study of exchangeable
random arrays, initiated by Hoover [10], Aldous [1], and Kallenberg [11] during the 1980s, building
on the classic de Finnetti’s theorem on exchangeable random variables. This connection is explained
in the survey [3] by Austin, where he credits Tao [17] for initiating the link between exchangeable
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random variables and hypergraphs. These connections for graphs are also explained in the survey
by Diaconis and Janson [6] as well as Aldous’ ICM talk [2].

The purpose of this paper is to provide a new proof of the existence of hypergraph limits. Our
approach is based on weak Frieze-Kannan [8] type regularity partitions, in line with mainstream
perspectives on dense graph limits. The proof does not use any exchangeable random variables or
ultraproducts, and the construction of the limit is subjectively more concrete than earlier proofs.
Our proof is inspired by the original approach of Lovasz and Szegedy [13], and the paper is self-
contained other than an application of the Martingale Convergence Theorem.

1.1. Convergence and limit object. For any k-uniform hypergraphs F' and H, let hom(F, H)
denote the number of homomorphisms from F' to H, i.e., maps V(F) — V(H) that carry every
edge of F to an edge of H. Define ¢(F, H) := hom(F, H)/ |V (H)|!Y ). This is the probability that
a random map V (F) — V(H) is a homomorphism.

Definition 1.1 (Convergence). A sequence of k-uniform hypergraphs Hy, Ho, ... is called conver-
gent if the sequence t(F, Hy),t(F, Hy),... converges for every k-uniform hypergraph F'.

For any positive integer n, define [n] := {1,2,...,n}. For any set A, define r(A) to be the
collection of all nonempty subsets of A, and r-(A) to be collection of all nonempty proper subsets
of A. More generally, let (A, m) denote the collection of all nonempty subsets of A of size at most
m. So for instance, r<([k]) = r([k],k —1). We will also use the shorthand r[k] and r-[k] to mean
r([k]) and r-([k]) respectively.

Any permutation o of a set A induces a permutation on r(A,m). We say that a function
W [0,1]7Um) 5 [0,1] is symmetric if it remains invariant under any permutation of the coor-
dinates induced by any permutation of [k]. For example, W: [0,1]"<Il — [0, 1] being symmetric
means that

W(ZEl, T2,T3,T12,T13, 3323) = W(:Ecn yLags Loy Lojogs Loyogs xogo‘g) (1)
for any permutation o of {1,2,3}. Here we write x; for x(;; and x; for x(; jy.

Definition 1.2. A k-uniform hypergraphon is a symmetric measurable function W: [0, 1]"<([M) —
[0,1].

Example 1.3. A 3-uniform hypergraphon is a measurable function W: [0,1]® — [0, 1] satisfying
the symmetry condition (1).

For any k-uniform hypergraph F' and hypergraphon W, define the homomorphism density by

t F7W = W XT dx
( ) /[0,1]T(V(F>,k1) Ael;I(F) ( <(A))

Our convention throughout the paper is that if x = (x4 : A € A) € [0,1]" is a vector whose
coordinates are indexed by some set system A, and B C A is a subcollection, then we write
xg = (x5 : B € B) € [0,1]® to mean the restriction of the vector to the coordinates indexed by B.

Example 1.4. If Kf’) = {123,124,134,234} is the complete 3-uniform hypergraph on 4 vertices
and W is a 3-uniform hypergraphon, then

(3)
t(K,7 W) = . W(x1,x2,x3, 12, T13, T23) W (21, T2, T4, T12, T14, T2a) W (21, X3, T4, T13, T14, T34)-
[0,1]1

- W(xg, x3, T4, X23, 24, 34) dr1drodrsdrsdriadrizdrisdrozdrosdesy.
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Every k-uniform hypergraph H can be represented as a k-uniform hypergraphon W as follows:
divide [0, 1] into |V (H)| equal-length intervals {I1,Is, ..., I}y () }- For each x € [0,1]"< k] define

WH (x) = 1 ifaxy €1y, fori=1,...,k and {a1,a,...,a;} is an edge of H,
" 10 otherwise.

In particular, W# (x) depends only on the k coordinates of x corresponding to subsets of [k] of size
1. Tt can be alternatively described as transforming the adjacency array of H into a {0, 1}-valued
step function and then adding 2¥ — 2 — k extra free coordinates. Observe that t(F, H) = t(F, WH)
for every k-uniform hypergraph F.

The main purpose of this paper is to give a new proof of the following result [7, Thm. 7] on the
existence of hypergraph limits.

Theorem 1.5. If H, Ho,... is a convergent sequence of k-uniform hypergraphs, then there exists a
k-uniform hypergraphon W so that t(F, H,) — t(F,W) as n — oo for every k-uniform hypergraph
F.

1.2. Why are there so many coordinates? It may initially seem somewhat strange that we need
6 coordinates to describe the limit of 3-uniform hypergraphs, whereas every 3-uniform hypergraph
can be described in terms of a 3-dimensional adjacency array. These extra dimensions do not arise
for limits of graphs, but they are essential for hypergraphs. Here is a standard example illustrating
why functions of the form [0,1]*> — [0,1] cannot capture the richness of 3-uniform hypergraph
limits. Take G,, ~ G(n,1/2) to be a sequence of graphs on n vertices, where each edge is generated
with probability 1/2, and let H,, be the 3-uniform hypergraph whose edges are the triangles of G,.
Then with probability one, ¢(F, H,) — 2-19F for every 3-uniform hypergraph F, where dF is the
collection of unordered pairs of vertices of F' that are contained in some edge of F'. The limit of H,
is different from, say, the constant hypergraphon 1/2, which is the limit of a sequence of 3-uniform
hypergraphs where every triple of vertices is taken to be an edge independently with probability
1/2. To describe the limit of H,, we need to incorporate the limit of G,, into the data, and this
is achieved by the three extra coordinates. We know that the graph sequence G,, converges to the
constant graphon with value 1/2. To build the limit of H,,, we partition each of the last three
coordinates, 12,13, T23 into two intervals [0,1/2] U (1/2,1], corresponding to the limit of G,, and
the limit of its complement. The limiting hypergraphon has constant value 1 on [0,1]3 x [0,1/2]3
(as the edges of H,, are supported on G,) and 0 elsewhere. Intuitively, the first three coordinates
encode the vertex types, the last three coordinates encode the vertex-pair types. This hypergraphon
is {0, 1}-valued since it is deterministic once the vertex and vertex-pairs types are set. If we modify
the sequence H,, so that each triangle of G, is included as an edge of H, with some probability
p independently, then the limiting hypergraphon would be constant p on [0,1]? x [0,1/2]* and 0
elsewhere.

For k-uniform hypergraphs, we can similarly impose some structure at each level, corresponding
to j-element subsets of vertices, for every 1 < j < k. This is why we need a coordinate for every
proper subset of [k] to describe hypergraph limits.

1.3. Random hypergraph model. To further illustrate the involvement of the 2* —2 coordinates
in a hypergraphon, let us review the associated random hypergraph model.

Recall that if W: [0,1]? — [0, 1] is a graphon, then we have the following natural random graph
model G(n, W) on n vertices: choose i.i.d. uniform z1,zs9,...,z, € [0,1], and let there be an edge
between vertices i and j with probability W (x;,2;) independently. It was shown [13, Cor. 2.6]
using Azuma’s inequality that G(n, W) converges to the limit W almost surely.

Similarly, a k-uniform hypergraphon W gives a natural model G(n, W) of a random k-uniform
hypergraph on n vertices: choose a uniformly random x € [0,1]"("*=1) and add the edge B =
{i1, ... ik} C [n] with probability W (x,_(p)) independently. Essentially the same proof for graphs
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extend over to show [7, Thm. 11] that G(n, W) converges to W in the sense of Theorem 1.5, as
n — oo with probability one. Observe that the random hypergraphs H,, of triangles in G(n,1/2)
discussed earlier is a special case of this model.

1.4. Analytic version and compactness. It will be convenient to prove an analytic version of
Theorem 1.5. We say that a sequence of k-uniform hypergraphons Wy, Ws, ... is convergent if the
sequence t(F, Wh),t(F,Ws),... converges for every k-uniform hypergraph F'.

Theorem 1.6. If Wi, Ws,... is a convergent sequence of k-uniform hypergraphons, then there
exists a k-uniform hypergraphon W so that t(F,W,) — t(F,W) as n — oo for every k-uniform
hypergraph F'.

In this case we say that W,, converges to W. Here is an equivalent formulation of the theorem.

Theorem 1.7. Every sequence W1, Wa, ... of k-uniform hypergraphons contains a subsequence that
converges to some k-uniform hypergraphon W.

Theorem 1.7 implies Theorem 1.6 trivially since we can just take the limit W produced by
Theorem 1.7. The converse is true because [0, 1]V is sequentially compact, so we can restrict (W,,)
to some subsequence (W) so that t(F, W, ) converges as i — oo for every F.

We shall prove Theorem 1.7 with respect to another notion of convergence based on regular parti-
tions, which implies the convergence of homomorphism densities. The partition-based convergence
gives some structural insight into the convergence of hypergraphs.

There is a neat interpretation of Theorem 1.7 in terms of compactness, discovered by Lovész

and Szegedy [14] in the case of graphons. Let Wék) denote the set of k-uniform hypergraphons.

Give Wék) the weakest topology for which the functions ¢(F,-) are continuous for every k-uniform
hypergraph F. Identify W with W' if ¢t(F, W) = t(F, W) for every k-uniform hypergraph F. Call
this topology the left-convergence topology of Wék).

Corollary 1.8. The space Wék) with the left-convergence topology is compact.

Proof. The space is metrizable with the metric (W, W’) = >".o, 274 [t(F;, W) — t(F;, W')| where
(F;) is some enumeration of all isomorphism classes of k-uniform hypergraphs. We know that
compactness is equivalent to sequential compactness in metric spaces, and Theorem 1.7 shows that
the space is sequentially compact. |

When k = 2, Lovész and Szegedy [14] showed that W0(2) is compact under the cut metric
topology, and Borgs, Chayes, Lovasz, Sés, and Vesztergombi [4] showed that the cut metric topology
is equivalent to the left-convergence topology. Lovasz and Szegedy interpreted the compactness
with respect to the cut metric as an analytic form of the regularity lemma, and they showed
that the compactness of the space of graphons implies strong versions of the regularity lemma.
Unfortunately, for k& > 3, we do not know of a useful extension of the cut metric to hypergraphs
(and there may be some reasons to believe that such a natural metric might be too much to ask
for). This is one of the main obstacles in working with convergence of hypergraphs. It would be
nice to have a simple and useful description of distance between hypergraphs which agrees with the
topology induced by homomorphism densities.

1.5. Organization. In §2 we review the Lovasz-Szegedy construction of graph limits. In §3 we
give an informal sketch of the proof of the existence of 3-uniform hypergraph limits. Most of the
ideas, minus the technical hairiness, are contained in §3. The proof of the main result is contained
in §4-6. §4 collects some of the notation used in the proof. §5 contains the regularity and counting
lemmas central to the proof. In §6 we introduce branching partitions and formulate the notion of
partitionable convergence, which implies, via counting lemmas, the convergence of homomorphism
densities. We then prove the existence of limits with respect to partitionable convergence.
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2. LIMITS OF GRAPHONS

For any symmetric measurable function W: [0,1]?> — R, the cut norm is defined by

W(z,y) dzdy|,

HWHD ‘= Ssup
5,7C[0,1] |/SxT

where S and T range over all measurable subsets of [0,1]. We have the identity

Wio= s | [ W >dwdy\ 3)

u,v: [0,1]—[0,1]

where u and v range over all measurable functions [0, 1] — [0,1]. Indeed, since the integral in (3)
is linear in both u and v, one can restrict to {0, 1}-valued u and v, thereby reducing to (2).

Recall that a graphon is a symmetric measurable function W: [0,1]2 — [0, 1]. For any measure
preserving bijection ¢: [0,1] — [0, 1] and any graphon W, define W¢ by W¢(z,y) = W (é(z), ¢(y)).
We define the cut distance between graphons by

sa(U,W) = ingU‘b — W,
where the infimum is taken over all measure preserving bijections ¢: [0, 1] — [0, 1]. The cut distance

can be defined for pairs of graphs by considering their associated graphons. Graphs that are close
in cut distance are also close in homomorphism densities, by the following counting lemma.

Lemma 2.1 (Counting lemma). For any graphons U and W and any graph F', we have
[t(F,U) = t(F,W)| < e(F) |U = W|g
where e(F) is the number of edges of F.
We illustrate the proof through the example F = K3.
t(K3,U) — (K3, W)

_ /[0 V@A) = W)W (W (3, 2) dedyi:
_ /[0 UG = W)W ()W . 2) dedyd:
—I-/ U(z,y)(U(z,z) — W(x, 2))W(y, z) dedydz
0,1]3

—I—/ U(z,y)U(z,2)(U(y, z) — W(y, 2)) dedydz
[0,1]3

Each of the three terms in the final sum is bounded in absolute value by |[U — W||5. For example,
for the first term, for every fixed value of z, the integral has the form (3), and so it is bounded
in absolute value by ||[U — W/, and the same bound holds after integrating z by the triangle
inequality. It follows that |t(K3,U) — t(K3, W)| < 3||U — W||5.

For any graphon W and any partition Q of [0,1] into a finite collection of measurable subsets,
let Wg be a graphon which is the step function obtained from W by replacing its value at (x,y) €
Qi x Q; by the average value of W on Q; x Q;, for any Q;,Q; € Q, (if either @; or Q; has measure
zero, then assign value 0 on Q; x Q;). For graphs, think of Q as a partition of the vertex set, and
Wy as recording the edge densities between pairs of vertex subsets.

A key tool in the construction of graph limits is the following weak regularity lemma due to Frieze
and Kannan [8] (see also [14, Lem 3.1]). It can be proved by an L?-energy increment argument.



6 YUFEI ZHAO

Lemma 2.2 (Weak regularity lemma). For every € > 0 and every symmetric measurable func-
tion W: [0,1)2 — [0,1], there is some partition Q of [0,1] into at most 22/ parts such that
W —Wgllp <e.

Lovész and Szegedy [14] showed that with respect to the cut metric, after identifying graphons
with cut distance zero, the space of all graphons is compact. Equivalently:

Theorem 2.3 (Lovasz and Szegedy [14]). Every sequence Wi, Ws, ... of graphons contains a

subsequence converging to some graphon W in cut distance.

Let us recall the idea of the proof of Theorem 2.3. Let ¢ > 0. We apply the weak regularity
lemma to approximate every W, by some (W,,)o,. By replacing each W, by some Wy" for some
measure preserving bijection ¢,, we may assume that the partition Q,, divides [0, 1] into intervals.
Take a subsequence so that the lengths of the intervals converge, and the values of (W,,)g, inside
the boxes induced by the partition also converge, i.e., the value inside the (4, j)-th box of (W,)o,
converges to some value as n — oo (may be different limits for different (i,7)). Then in this
subsequence, (W,,)o, converges pointwise almost everywhere to some limit [71, which is also a step
function.

Now repeat the same procedure with a smaller ¢ < e. We obtain new partitions Q), which
are refinements of previous partitions. Call the resulting limit Uy. Note that steps of (Wh)g:, are
refinements of the steps of (W,,)g,,, and the values of the latter can be obtained from the former
by averaging over each step. Thus a similar relation holds for Us and U;.

Now we repeat this procedure for a sequence of €5 tending to zero. We obtain a sequence
U 1, [72, ... of step functions so that each U, s can be obtained from U, s+1 by average over each step. It
follows that if (X,Y’) is a uniform random point in [0, 1]2, then the sequence (U1 (X,Y), Us(X,Y),...)
is a martingale. Since every U, is bounded, the Martingale Convergence Theorem!® implies that the
martingale converges with probability 1, and hence there is some W: [0,1]2 — [0,1] which is the
pointwise almost everywhere limit of U s’s. One then checks that W is the desired limit.

In summary, the above proof consists of two main steps:

(1) For each error tolerance e, apply a weak regularity lemma to get a finite-dimensional step
function approximation of each graphon. Take a subsequence so that the step functions
converge.

(2) Take a decreasing sequence of ¢ tending to zero, we obtain refining chains of regularity
partitions, and the corresponding subsequential limits U, form a martingale. The existence
of the final limit graphon follows by the Martingale Convergence Theorem.

3. LIMITS OF 3-UNIFORM HYPERGRAPHS

In this section we sketch the idea for 3-uniform hypergraph limits. To keep things simple, consider
a sequence Hy, Hy, ... of 3-uniform hypergraphs (as opposed to hypergraphons).

We begin with an initial attempt that does not quite work. For a 3-variable function W: [0,1]3 —
R, we might extend the cut norm (5) as follows (assume everything is measurable from now on):

(bad cut norm) ||W|;= sup / Wz, y, z) dedydz| . (4)
RxSxT

R,5,TC[0,1]

For each hypergraph H, one can easily extend the weak regularity lemma, Lemma 2.2, to obtain
a partition Q of the vertex set of H into at most 23/¢? parts so that HWH — WgHD < ¢ (regard
WH as a 3-variable function for now, and Wg is derived from W by averaging over each cells

IThe Martingale Convergence Theorem (see [18, Thm. 11.5]) says that every L'-bounded martingale converges
almost surely. Our martingales are actually bounded uniformly within [0, 1].
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induced by Q). Theorem 2.3 also extends with virtually no change in the proof. That is, allowing
permutations of vertices, some subsequ/glce of H, converges with respect to the vertex-cut norm
(4) to a 3-variable symmetric function W: [0,1]3 — [0, 1].

Unfortunately, the vertex-cut norm (4) is not strong enough to guarantee a counting lemma.
We want to say that if H; and Ha are close with respect to some cut norm, then ¢(F, H;) and
t(F, Hy) are close. If we carry through the proof of Lemma 2.1, we find that |t(F, Hy) —t(F, Ha)| <
e(F)|WH: —WHz||5 holds when F is a linear hypergraph, i.e., where every two edges of F intersect in

at most one vertex. However, when F is not linear, say F' = K f’), then this claim is completely false,
as t(F, Hy) and t(F, Hy) can be separated even when ||[WH1 — W 2|5 is small. A counterexample
for 3-uniform hypergraphs can be built by taking triangles of the random graph G(n,p), and then
keeping each triangle as a 3-uniform edge with some probability g. With parameters (p,q) = (1/2,1)
and (1,1/8), we obtain 3-uniform hypergraphs that are close with respect to the vertex-cut norm,

and yet they have very different K f’) densities.
Now let us scrap the vertex-cut norm (4). The proof of the counting lemma, Lemma 2.1, extends
with respect to the following modified cut norm (again we use a 3-variable W for now):

(better cut norm)  [|[W/| = sup Wiz, y, z)u(z,y)v(z, 2)w(y, 2) dedydz| . (5)
w,w,w: [0,1]2—[0,1]

symmetric

[0,1]3

For this cut norm, the counting lemma [¢t(F, Hy)—t(F, Ho)| < e(F)||WH1 —WH2|| 52 holds. However,
like trying to fit a large rug in a small room, we quickly run into another issue: this norm is too
strong and we do not have the compactness result corresponding to Theorem 2.3. Indeed, taking
the sequence H,, of triangles of G(n,1/2) from §1.2, the two hypergraphs H, and H,, are typically
not close with respect to ||-||52, although they are close in homomorphism densities.

Even though we do not have compactness with respect to ||-|| 52, we can still hope for a slightly
weaker topology that gives convergence of homomorphism densities. We can extend the weak
regularity lemma, Lemma 2.2, to ||-|| 52, where now instead of partitioning the vertex set V =V (H),
we partition the edges of the underlying complete graph Ky = (‘2/), i.e., the collection of unordered
pairs of V. So now Q@ is a partition Ky = Gy U --- U G,, of the edges of Ky into m graphs. The
partition @ of Ky induces a partition Q* on triples of vertices:

(x7y7z) ~ox (x,7y,72/) g (‘Tvy) ~Q (‘Tlvy/)v (‘Tvz) ~Q (LE,,Z/), and (y,z) ~o (ylazl)’

Being somewhat sloppy with notation for the time being, we can form Wg by averaging W# inside
each cell of @*. Then the weak regularity lemma guarantees us a partition Q of Ky into at most
23/ parts so that [WH —WH||52 <e, and [t(F, WH)—t(F,W§)| < e(F)e by the counting lemma.

For each hypergraph in the sequence Hy, Ho, ..., apply the weak regularity lemma (for a uniform
€) to obtain a partition Q,, of the complete graph on V(H,) into m graphs: Ky g,y =GpaU---U
Gn,m, where m depends on € but not on n.

By applying Theorem 2.3 on the graph sequence (G, 1)n>1, we can find a graphon Yi: [0,1]% —
[0,1] so that Gj, 1 converges to Yi as n — 00 along some subsequence . By further restricting to
subsequences, we can find a }73 for each 1 < j < m so that G, ; converges to EN/] as n — oo along a
subsequence.

For each n, {Gy 1,...,Gnm} is a partition of Ky (g, ), so the same holds for the resulting limit?,
in the sense that Y; + - + Y, = 1 almost everywhere as functions [0, 1]2 — [0, 1]. Next we build a
partition @ of the cube [0,1]* = [0,1]" (coordinates indexed by z1,z2,212) by stacking together

2Provided that the limits of the various graph sequences are taken in a compatible way. This is a source of
technical /notational annoyance later on, and it is the reason for introducing branching partitions in §6.
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subsets whose heights are given by Y More precnsely, = {Ql, .. ,@m} where

Qj = {(z1,22,12) € 0,17 : Vi + -+ Yj 1) (w1, 29) S w1z < (Vi + -+ +Yj) (w1, 22)}.

This is the first place where the “extra” coordinates such as x1o arise even though we starteg with
hypergraphs not requiring these extra coordinates. They arise because the limit graphon Y; of a
sequence of graphs Gy, 1 is not always a {0, 1}-valued function.

The partition Q of [0,1]"2] induces a partition Q* of [0,1]6 = [0, 1]7<[2);
(21,22, T3, 12, T13, T23) ~ o (w7, 2%, T, 29, T3, 003) & (i, 25, 45) ~ 5] (33“96],33 ) V1<i<j<3.

The partition O* should not be viewed as a regularization partition for any H,, (indeed, the extra
coordinates do not even appear in H,). Instead, the partitions Q,, themselves become increas-
ing close to Q There is a correspondence of cells of Q,, with those of Q and this induces a
correspondence between cells of QF with those of Q*

Now we construct the first limiting hypergraphon U as a step function [0, 1] — [0,1] that is
constant on each part of Q*. On each part of Q* we assign to U, the limiting value of the average
of W, on the corresponding cell of O, limit taken as n — oo along a further restricted subsequence.
We have constructed 171, which plays a similar role as U, near the end of §2.

However, unlike §2, U} is not close in |-[|52 to Hy, for large n. It is a limit in the following sense:
we first e-regularized H,, and then took the graph limit of the partitions, created a new partition
of [0,1]% using these lower order limits, and then constructed a step-function U using this limiting
partition and the limiting values on the steps. We knew from the earlier counting lemma (referred
to later on as Counting Lemma I) that

[t(F, H) — t(F,W§ )| < e(F)e. (6)
By what we will call Counting Lemma II, we have (here n — oo along a subsequence)

lim ¢(F,Wg ) =t(F,U). (7)

n—oo

Here is some intuition why (7) holds. Both Wg and U, are step functions. We can split them up
into weighted sums of indicator functions, on which the claim reduces to checking homomorphism
densities for the graphons corresponding to parts of the partitions Q,, and Q. We know that the
graphs which are the parts of Q,, converge to the graphons from which Q is built. So the graph
homomorphism densities converge.

This shows that U; is a O(e(F)e)-approximation to a subsequence of H,, in terms of F-densities.
Now, take a smaller ¢’ < &, and build another [72, where the new partitions Q,, are refinements of
the previous ones. Continuing this process, we obtain a sequence 171, 172, .. which is a martingale
as before. The Martingale Convergence Theorem gives a pointwise almost everywhere limit W of
U s, S — 00, and W is the desired limit.

In proving 3-uniform hypergraph limits, we used the existence of graph limits. In general, we
prove the existence of k-uniform hypergraph limits by induction on k. There are a few further
technical difficulties. For example, we need to make sure that the limit of a sequence of partitions
remains a partition, so the limit needs to be taken in a compatible way. Since we are working with
multiple partitions, we will need to deal with homomorphisms from F' to a vector of hypergraphons,
where the edges of F' individually land in different hypergraphons. The details are addressed in
the rest of this paper.
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4. NOTATION

One (not so trivial) source of difficulty in working with hypergraphs is the complexity of notation.
This section collects some of the notation and conventions used in the rest of this paper. Some
notations were already introduced in §1.

We shall omit the word “measurable” as everything we consider is assumed to be measurable.
4.1. Hypergraphs. A k-uniform hypergraph F' is some finite collection of k-element subsets of

some ground set, which we denote by V(F'). So when we talk about an element of F'; we mean an
edge of F', and |F| means the number of edges of F.

4.2. Subsets, partitions, and hypergraphons.

Definition 4.1 (Symmetric sets and partitions). A symmetric (measurable) subset of [0, 1]"¥] is one
which is invariant under the action of all permutations of [k]. A symmetric (measurable) partition
of [0,1]"¥] is a partition of [0,1]"[¥] into a finite collection of symmetric subsets.

A symmetric subset P C [0,1]"*] is associated to a k-hypergraphon W¥: [0,1]"<[¥ — [0,1] by
integrating out the top coordinate:

1
WP (x,_) 12/0 Lp(Xy(x]) dopy- (8)

For example, for k = 3, we have P C [0,1]3, with coordinates indexed by r[2] = {1,2,12}, and

1
WP(:L"1,$2)=/ 1p(x1, 22, 212) d212.
0

This operation collapses the final coordinate in P. It will be helpful to think of P and W¥ as
representing the same object. For example, when k = 2 this means we do not care how P is
placed along the x12 coordinate, as we only care about how much P intersects line segments of
the form {z1} x {z2} x [0,1]. And conversely, for given a W: [0,1]> — [0,1], there are many
P C [0,1]? satisfying W¥ = W, e.g., any set of the form P = {(z,y,2) : a(z,y) < z < b(z,y)}
where b($7y) - a(x,y) = W(:Evy)

4.3. Homomorphism densities. For any tuple of k-uniform hypergraphons W = (W7y,..., W,,),
any k-uniform hypergraph F', and any map «: F' — [m], define the homomorphism density

ta(Fy W) 1= / H Wa(e) (Xr< (e)) dx.

[071}7~(V(F),k71) e F
Example 4.2. If k =2, F = K3 = {12,13,23}, a = (12— 1,13 — 2,23+ 3), then

ta(F, W) = o %] (l’l, l’Q)Wg(l’l, :Eg)Wg(:Eg, l’3) dxridrodxs
0,1]
For any symmetric partition P = (Py, ..., P,) of [0,1]"[¥ define
WP = Wh . wPn)y  and o (F,P) :=to(F,W7). (9)
4.4. Quotient and stepping operators. Let W : [0,1]"</*] — [0,1] be a k-uniform hypergraphon
and Q a symmetric partition of [0, 1]"*~1 into ¢ parts Q1,Qs, .. Q4 C 10, 1]"k=1. The quotient

W/Q is a 2¢*-tuple of numbers in [0, 1] defined by assigning to each k-tuple f = (f1,..., fx) € [q]*
a pair (vy,wy), referred to as (volume, average), as follows:

e Volume: vy equals the integral

vf = / Lo, (Xruviy g, (r@nizn) g, (e ) 4. (10)
xe[0,1]7<¥]
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e Average: If vy = 0, then we set w; = 0. Otherwise, w; is defined to be
1

wf = —
Vf Jxelo,1]7<[¥]

W)Ly, (o )ley, (@) - 1oy, Krery) dx - (11)
Intuitively, the partition Q induces a partition Q* of [0,1]"(¥] into parts enumerated by f € [q]*.
Each cell of Q* has a volume v; and an average value wy of W on the cell.

If we have another k-uniform hypergraphon W', and a symmetric partition Q' of [0, 1] into
q parts (Q and Q' have the same number of parts) with volumes and weights (v}, w}), we define

rlk—1]

d(W/QW'/Q) =" (juy = vl + [ojwy — vfw}). (12)
felgl®
For any symmetric subset P C [0, 1]"[¥, we write
P/Q:=wt/Q.

A Q-step function U: [0,1]"<I¥) — R is a function of the form

Ux) = >, uple, (Keginun)len Krganizn) 1oy, (e ) (13)
F=(f1,fr)E€la]”
for some real values uy. Since Q is a partition, the indicator functions in (13) all have disjoint
support, which together partition the domain [0, 1]"< (K], Usually U is a symmetric function, which
is equivalent to having an additional symmetry constraint on uy, namely that u; = us whenever
f! is obtained from f’ by a permutation of the coordinates.
The O-stepping operator, denoted by a subscript Q, turns a k-uniform hypergraphon W into a
symmetric Q-step function Wg by averaging over each induced cell of Q*. More precisely, we define
Wo: [0,1]"<*¥] — [0,1] to be (using vy and w; from W/Q defined earlier)

Wo(x) := > wlq,, Xeeniin) ey, Krqrnizn) - 1oy, Frn )
F=(f1,-fr)€ldl®

We can also apply the stepping operator to a tuple of hypergraphons. If W = (Wy,...,W,,),
then

Wo = ((WM)a, -, (Wn)o)
In particular, if P = {P,..., Py} is a partition of [0,1]"%, then we write

WG = (WMo, (W) = (WG ..., W)
4.5. Cut norm.

Definition 4.3. For any symmetric function W: [0,1]"</¥l — R, define

k
Wllqe=-1 = sup / W (x, ui (%, ) dx| . 14
W [l o e ( <[k})i1;[1 (e in) (14)
symmetric

Note that by linearity of the expression inside the absolute value in (14), it suffices to consider
functions w;’s which are indicator functions 1p, of symmetric subsets B; C [0, 1]”'{_1}
cut norm corresponds to the case kK = 2. The following example shows k = 3.

. The usual

Example 4.4. For any symmetric function W: [0,1]"<I¥l — R, [|[IW|52 equals to

sup
u1,u2,u3

W (x1,x2,x3, 12, 13, T23)u1 (T2, T3, T23)u2 (21, T3, T13)uz(T1, T2, T12) dr1dradrsdriadrizdras
[0,1]6

where uq, ug, ug vary over all symmetric functions [0, 1]”2} — 10, 1].
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5. REGULARITY AND COUNTING LEMMAS

Definition 5.1. Let W be a k-uniform hypergraphon and Q a symmetric partition of [0, l]r[k_l].
We say that (W, Q) is weakly e-regular if |W — Wol|qk-1 <e.
For a symmetric subset P C [0,1]"*]| we say that (P, Q) is weakly e-regular if (WF, Q) is.

Lemma 5.2 (Weak regularity lemma). Let k > 2 and ¢ > 0. Let W = (Wy,...,W,,) be a tuple
of k-uniform hypergraphons. Let Q be a symmetric partition of [0, 1]’"““_1}. Then there exists a

partition Q' refining Q so that every part of Q s refined into exactly (2’“"”/ 52] parts (allowing
empty parts) so that (W;, Q) is weakly e-reqular for every 1 <i < m.

Proof. We build the partition incrementally, starting with Q. At a given stage, suppose the partition
is R. If (W;,R) is weakly e-regular for every ¢ then we stop. Otherwise there is some i with
Wi — (Wi)R|lgr—1 > €, so there exists symmetric subsets By, ..., By C [0,1]"(*=1) such that

k
/[0 1<k (Wi = (W) (e i) ] 1 koo x| > - (15)

=1

Let B: [0,1]"<!¥] — [0,1] be the function (not necessarily symmetric)

H L, (Xr(\ i) 4%
For two functions U, U’: [0,1]"<[*l — [0, 1], define the inner product

(U, U") = Ux)U'(x) dx.
[071}T<[k]

We will use the following easy fact: if U’ is a Q-step function, then (U,U’) = (Ug,U’).
Now let R’ be the the minimal partition refining R and By, ..., Bg. Since (W;)r/)r = (Wi)r,
applying the fact above, we obtain

(Wi)rr, Wi)r) = (Wi)w, (Wi)r) (16)
Since B is an R’-step function, we have ((W;)xs, B) = (W;, B). So by (15)
(Wi — (Wi)w, B)| = [(Wi — (Wi)r, B)| > e. (17)
Since ||U||5 = (U,U) for any U, we obtain by (16), the Cauchy-Schwarz inequality, and (17)
IWre I3 = I(Wa)rllz = |(Wir: — (Walrllz = (Wi)r: — (Wi, B)[* > €%, (18)
Furthermore, for every 1 < j < m, [[(W. )72’”2 > (W, )RH2 by convexity since (W;)r/)r = (W;)r.
The quantity H(Wl)'RHQ A (W)= 3 i at most m, and each iteration above increases the

sum by at least £2. So there can be at most m/e? iterations. At the end we obtain a partition Q'
so that (W;, Q') is weakly e-regular for every 1 < i < m. Each time we introduced at most k new
sets to refine the partition, so R’ refines each part of R into at most 2¥ subparts. After at most
m/e? iterations, each part of the original partition Q is refined into at most okm/e? parts. We can
throw in some empty parts so that each part of Q is refined into exactly (2’“"”/ 62] parts. |

Lemma 5.3 (Counting lemmaI). Let U = (Uy,...,Up) and W = (Wq,..., W,,) be two m-tuple of
k-uniform hypergraphons and Q a symmetric partition of [0, 1]"*=1) . Suppose that |W; — Us||gr—r <
e for each i. Then for any k-uniform hypergraph F and any map o: F — [m], we have
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Proof. Let V.= V(F) and F' = {e1,...,e|p }. Write as a telescoping sum

to(F,U) — to(F, W)
|F| |F|
= /[(]’I]T(V’kl) E Ua(ei) (XT< (61)) - E Wa(ei)(xr< (61)) dXT‘(V,k—l)

|F| j—1 |F|
= Z / D) <H Ua(ei)(xwei))) (Uate;) = Wee)) Xr(e;)) H Waien Xr_(en) | dx.
j=1 [0, i=1 i=j+1

The j-th term in the final sum is bounded by HUa(ej) — Wa(ej)H,:,kq < e. Indeed, if we fix all
variables other than x,_), then all the factors except for (Uy(e;) — Wa(e,)) (X7 (¢;)) have the form
u(x,(p)) for some f C e;, where f is the intersection of e; with another edge e;. So the the integral
can be bounded by the (k — 1)-cut norm, as claimed. |

Lemma 5.4 (Counting lemma II). Let U = (Uy,...,Uy,) and W = (Wy, ..., W,,) be two m-tuples
of k-uniform hypergraphons. Let Q = {Q1,...,Qq} and R ={R1,..., Ry} be symmetric partitions
of [0, 1]"+=1. Suppose that dy(U;/Q, W;/R) < § for each i. Then for any k-uniform hypergraph F
and any map o: F — [m],

ta(F,Ug) — ta(F,Wr)| < |F[5+ Y [ts(F, Q) — tg(dF, R)|,
B: OF—[q]

where the sum is taken over all maps f: OF — [q], and OF is the (k — 1)-uniform hypergraph on
V(F) consisting of (k — 1)-element subsets of V(F') that are contained in some edge of F'.

Proof. We can replace each U; by (U;)g as this does not change U;/Q or t,(F,Ug). So we may
assume that every U; is a symmetric Q-step function, i.e., Ug = U. Similarly, assume that every
W; is a symmetric R-step function.

For each f € [¢]*, let (v; f,w; ;) denote the volume and average corresponding to f in U;/Q, and
let (v; ;,w; ;) denote the same for W;/R.

For each 1 <14 < m, construct a symmetric Q-step function U] from U; by changing its value on
the step corresponding to f from w; f to w;f. So U!/Q has (v; ¢, w;f) as its volumes and averages.
In other words,

Ui(Xr ) = > wirley, Gqepnay) - Loy, erpirn)i (19)
f:(fl 7"'7fq)€[q]k

Ui (Xy k) = Do wh oy, Gaqnay) Loy, (erirn)i (20)
f:(fl 7"'7fq)€[q]k

Wi(xr_ (k) = D Wilry, (Kenay) e LRy, (e (21)

f:(flv"'va)e[q]k
Write U’ = (U7, ...,U’ ). We have
1 m

U =Ulll, = > wiglwig—wi ;| < > (i gwig — ) pwi |+ w) o] — vig])

felgl® felgl®
< Y (vipwi g — vf gw) gl + [y — vigl) = di(U;/Q, Wi/R) < 6.
felgl®

So ||U; = U!||; <6 for each 4. It follows that
|ta(F7 U) - ta(F7 U/)| < |F| d. (22)
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(This follows from Counting Lemma I, but it’s in fact even easier.) From (20) we have

t“(F’U/):/omm o 1 > heslen i) 1o (i) | dx
[ ’ ] ' e:{jlv"wjk}eF f:(flr"’fq)e[q}k

- > (lea(e),ﬁ(ae)> t(OF, Q). (23)

B: dF—[q] \e€F

Here 8(de) = (B(e\ {j1}),...,B8(e\ {ix})) € [q]F when e = {j1,...,jr}. The last equality above

needs some pondering. Essentially we expand the product of sums in the previous line and note

that since Q is a partition, the nonzero terms in the expansion correspond to assigning an f to

every e in a compatible way: if two edges e = {j1,..., i} and ¢’ = eU{j} \ {/i} intersect in exactly

k — 1 vertices, and f is assigned to e, and f’ is assigned to €/, then f; = f/. These assignments are

in bijection with 8: OF — [q], where [ corresponds to the assignment assigning e to 5(de).
Similar to (23) we have

ta(F, W) = ) <H w:x(e),ﬁ(ﬁe)> tOF,R). (24)

B: OF—[q) \e€F

Combing (23) and (24) using the triangle inequality and noting that 0 < w s <1, we have

ta(F,U) —to(F,W)| < ) [t3(0F, Q) — t3(0F, R)|. (25)
B: OF—[q]
The lemma follows from combining (22) and (25) using the triangle inequality. |

6. BRANCHING PARTITIONS

Now we are almost ready to build the limiting object. We will proceed by induction on k (for k-
uniform hypergraphons). The situation is very simple when k = 1, since in this case a hypergraphon
is simply a number between 0 and 1. To build the limiting hypergraphon in general, we will need to
repeatedly apply the weak regularity lemma to obtain a refining chain of partitions. Since we need
to apply induction on k, we need to have a stronger induction hypothesis that involves a sequence
of not just single hypergraphons, but refining chains of partitions. This motivates the following
definition of a branching partition, which is a special case a filtration, in the language of probability.
See Figure 1.

Definition 6.1. A degree p = (p1,pa,...) € NN (symmetric) branching partition & of [0,1]"l¥]
is a collection of symmetric subsets P; of [0, 1]T[k], collected into levels, where each level P; is a
symmetric partition of [0, 1]"*:

e Level 0: Py = {[0,1]"]}

e Level 1: Py = {Py,P,,..., P, } is a symmetric partition of [0, 1]7*,

e Level [ (I > 2): Py is a refinement of P;_1, where each part of P;_; gets further refined into

exactly p; parts.

An indez at level [ is a tuple ¢ = (i1, 49, ...,4) € [p1] X [p2] X - - - X [p], which points to the symmetric
subset P; = P;, . ;, € P; at level [, where P is the 7;-th part in the refinement of the part B, . ;
at level [ — 1, whenever [ > 2 (all partitions are ordered).

-1

Font convention. &2 is a branching partition, P is a partition, and P is a subset of [0, 1]T[k].

Example 6.2. A symmetric subset P C [0,1]"¥] or a k-uniform hypergraphon W (related by
(8)) can be thought of as a degree (2,1,1,1,...) branching partition: level 1 is P and P° (the
complement of P in [0, 1]"*]) and all subsequent levels are trivial refinements.
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Level 0: Py [0, 1]T[k]

Level 1: 7)1 P1 P2 s P

Level 2: Py P Py,

F1cURE 1. A branching partition

We can generalize the notion of regularity from Definition 5.1 to branching partitions as follows.

Definition 6.3. Let &7 be a branching partition of [0, 1]T[k] and 2 a branching partition of
[0,1]+=1. We say that (£,2) is weakly (e1,¢€9,...)-regular if for every s > 1, whenever P C
[0,1]"¥] is a member of 2 of level at most s, and Q, is the level s partition of [0, 1]~ in 2, the
pair (P, Q) is weakly es-regular.

Lemma 6.4 (Weak regularity lemma for branching partitions). For everyk > 2, p = (p1,p2,...) €

NN and e = (e1,e2,...) € RY(, we can find a ¢ = (q1,q2,...) € NN so that the following holds: for

every degree p branching partition & of [0, 1]’"[“, there exists a degree q branching partition 2 of
[0,1]"F=Y 50 that (22, 2) is weakly e-regular.

Proof. Take qy = [2F(P1+pip2t-+p1p2p:)/e3] We build 2 successively by level. To obtain the level s
partition in 2, applying Lemma 5.2 with ¢ = &5, W the collection of hypergraphons corresponding
to all members of & of level at most s, and Q the level s — 1 partition in 2. |

Now we introduce two notions of convergence for branching partitions. The first notion, called
left-convergence, is based on convergence of homomorphism densities. The second notion, called
partitionable convergence, is based on convergence of regularity partitions. We will show, using our
counting lemmas, that partitionable convergence implies left-convergence.

Notation. Given degree p = (p1,p2,...) branching partitions &1, %, ... and P of [0,1]"F and
degree ¢ = (q1,q2,...) branching partitions 21, Zs,... and 9 of [0,1]"F=1 | we use the following
notation to refer to the partitions and parts in these branching partitions.
e For each [ > 1, P, is the level [ partition in &, and 771 is the level [ partition in 2.
e For each s > 1, Q,, 5 is the level s partition in 2,,, and Qs is the level s partition in 2.
e For each index i = (i, ig,...,i;) € [p1] X - -+ X [p], P is the index i element of 22, and P
is the index i element of 2.

Definition 6.5 (Left-convergence: &, — % We say that a sequence &1, P, ... of degree p
branching partitions of [0, 1]"[¥] left-converges to another degree p branching partition P of [0, 1)7%],
written &, — L@/, if
lm to(F, Pny) = to(F,P;)  forall Fl,a (26)
n—oo
where F' ranges over all k-uniform hypergraphs, [ ranges over all positive integers, and a ranges
over all maps F' — [p1---p]. Recall from (9) that to(F,P) := to(F, W) for a partition P.

Definition 6.6 (Partitionable convergence: &, --» @'7) We say that a sequence &y, P, ... of
degree p = (p1,p2, - - ) branching partitions of [0, 1]’"[]“} partitionably converges to another degree p
branching partition 2 of [0,1]"F written 22, --» 2, if the following is satisfied (the definition is
inductive on k).
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When k = 1, for every index i = (i1,...,4) € [p1] X -+ x [p;], we have limy, oo A(P,,;) = A(P),
where X is the Lebesgue measure on [0, 1].
When k > 2, there exists some ¢ € NN and degree ¢ branching partitions 21, Z,, ... and 9 of
[0, 1]"F=1) satisfying:
(a) (Pn,2p) is weakly (1,1/2,1/3,... )-regular for every n;
(b) 2, --» 2 as n — oo (defined inductively)'
(c) For every s > 1 and every index i € [pl] - [py], one has limy,, o0 d1(Pyi/ On,s» P;/Q,) = 0;
(d) For every member P C [0, 1]"M of 2, one has (WP )3, — WP pointwise almost everywhere
as s — 00.

Lemma 6.7 (Partitionable convergence implies left-convergence). If &, --» P then P, — P,

Proof. We use induction on k. When k = 1, the claim is trivial. Now assume k£ > 2.
We need to show that (26) holds. Fix F,[, «. Letln = p1---ps. Let 2, and 2 be as in
Definition 6.6, and let ¢ = (¢1, g2, - - . )~be the degree of 2.

Let € > 0. By Definition 6.6(d), Wg converges pointwise almost everywhere in each coordinate

to WP as s — 00, 80 limg_y o0 to(F), ngs) = to(F, Wﬁl). We can find an s > max{l, |F'| /e} so that
lta(F, ngs) — t4(F,P})| < e. Fix this value of s.
By Definition 6.6(b) we have 2,, --» 2, so Z,, - 2 by the induction hypothesis. Thus
lim t5(0F, Qns) = t5(OF, Q,) (27)
for all B: OF — [q1q2 - - - qs|. See Lemma 5.4 for the definition of OF. We have
lta(F, Poi) = ta(F, )|
< [ta(F, Pag) = tal Fs WOt )| + ol F, WGt ) — ol B, W )|+ [ta(FWE ) — to(F,P)| - (28)

As n — oo, the first term on the right hand side of (28) has a limsup of at most |F|/s < ¢
by Counting Lemma I (Lemma 5.3) since (P, Q) is 1/s-regular for every P € P, ; by Defini-
tion 6.6(a). The second term on the RHS of (28) goes to zero by Counting Lemma II (Lemma 5.4),
Definition 6.6(c), and (27). The third term on the RHS of (28) is at most ¢ using our choice of s.
It follows that limsup,, ., [ta(F, Pni) — ta(F, P))| < 2e. Since € can be made arbitarily small, we
obtain limy, e to(F, Pni) = ta(F, 751) as desired. [ |

Proposition 6.8. Let p € NN, Let Py, Py--- be a sequence of degree p branching partitions of
[0,1]"(F]. Then there exists another degree p branching partition 2 of [0,1]"%) so that &2, --» P
as n — oo along some infinite subsequence.

Proof. We use induction on k. The claim is easy when k = 1, since we can pick a subsequence so
that for each index 4, the measure A\(P, ;) converges to some value a; as n — oo, and we can take

the limit 2 to be a branching partition where P is an interval with length a;.

Now assume k > 2. By Lemma 6.4, there exists a ¢ € NV so that for every n we can find a degree
¢ branching partition 2, of [0, 1]”'{_1} so that (#,, 2,,) is weakly (1,1/2,1/3,...)-regular, thereby
satisfying (a) in Definition 6.6. Applying the induction hypothesis, we can restrict to a subsequence
so that 2, --» 2 for some branching partition 2 of [0,1]"*~1 (here and onwards in this proof
we abuse notation by only considering convergence as n — oo along some subsequence. We will
be repeatedly taking subsequences, and the conclusion will follow by a standard diagonalization
argument). So (b) is satisfied.

By further restricting to a subsequence, we may assume that for each s > 1 and each index 7, the
quotient P, ;/Q, s converges coordinate-wise as n — oco. Let W, ; := Wni be the hypergraphon
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associated to P, ;. Let VVZ st [0 1]T< L QN [0,1] be a symmetric O, -step function, with values

assigned so that dy(Wy,;/Qn.s, Wis/ QS) — 0 as n — oo. This is possible since we previously
assumed that P, ;/Q, s converges coordinatewise as n — 0o, so that are now simply putting in the
limiting values of the “average” coordinates into a template for a symmetric és—step function in
order to construct WZS To see that the “volume” coordinates (10) of Q, s converge to those of
@s, note that this amount to the claim that lim,,_,o tB(Klgk_l), Qns) = tB(Klgk_l), @s) for every
IoF K,gk_l) — [q], where K,gk_l) is the (k — 1)-uniform simplex, i.e., the collection of all (k — 1)-
element subsets of [k]. The convergence of these homomorphism densities follows from 2, — 2
which in turn follows from 2,, --» 9 and Lemma 6.7.

Claim 1. (Wi,5+1)és = vaLs.
Proof of Claim 1. We have

nh—>n;o dl(Wn,i/Qn,& Wi,s/és) =0 (29)
and
nh—>nolo dl( n Z/Qn s+1, VW4 8+1/Q5+1) 0 (30)

Since és+1 is a refinement of @s, by merging together parts in W, ;/Qsy1 and Wi’s+1/és+1, we
deduce from (30)

nll—{godl( nz/QnSa zs+1/QS)_ (31)

From (29) and (31) we obtain Wi75+1/é8 = Wi,s/és, which implies (Wi75+1)és = W, s since both

sides are és—step functions [

It follows that WZ 1,W12,WZ~,3, ... is a martingale with respect to the filtration® induced by
Ql, Qg, .... By the Martingale Convergence Theorem, there exists some W;, so that W; , — W;
pointwise almost everywhere as s — co. Furthermore (Wl)és =W, .

Claim 2. Let | > 1, and let ¢ = (i1,...,9-1) € [p1] X -+ X [p—1] an index at level [ — 1, which
points to a part in P; that splits into indices {j1,...,Jp, } =@ % [pi] at level I. Then

le +---+ ij — W, almost everywhere.
Proof of Claim 2. Since P, j,, ..., Py, j,. is a partition of P, ;, we have
Wi+ + W, = Wi
Taking the Q, s quotient of both sides and then take the limit as n — oo, we find the following

7.]PS

equality for these és—step functions.

Wi oo Wiy = Wi

Taking s — oo and using the pointwise almost everywhere convergence of WLS — Wj as § — 00
for every index j, we obtain Claim 2. [

Claim 2 tells us that we can find a branching partition P of [0,1]"% so that the part P; satisfies
wh = W Vlsually we can build the level s of &2 by stacking together subsets of [0, 1]’"[]“} that
correspond to WJ, ranged over all indices j at level s. Then P, ;/Qp s = Whi/Qns —a, Wi S/Qs =

3To be more precise, let [0, 1]T[k] be the probability space equipped with the uniform Lebesgue measure. For each
s > 1 let Bs be the minimal J-algebra on [0,1]"™! generated by functions of the form 1Q(XT([k]\{J})) ranged over

Q € Qs and j € [k]. Then WZ s is a Bs-measurable random variable, and Claim 1 implies that WZ 17WZ 2,-++ 18 a
martingale adapted to the filtration B; C Bz C
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/VIV/Z/QS = E/st, so (c) is satisfied. Also (d) is satisfied since Wg = /VIV/Z-’s — WZ — Wk pointwise
almost everywhere as s — oo (from our application of the Martingale Convergence Theorem). W

Proof of Theorem 1.6. Let &, be the degree (2,1,1,1,...) branching partition | built from W,, as in
Example 6.2. Proposition 6.8 implies that there exists a branching partition P so that P, —-» P
along a subsequence and hence &, — P along a subsequence by Lemma 6.7. Let P be the index
(1) element of 2. The associated hypergraphon W = WP is the desired limit of W,,. By applying
(26) with I =1 and o = 1, we see that t(F, W,) — t(F, W,) along the subsequence. |

We conclude the paper with a conjecture that partitionable convergence is equivalent to left-
convergence, thereby proposing a converse to Lemma 6.7.

Conjecture 6.9. &, — ﬁz’f and only if &y, --» 2.
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