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Abstract In this paper, we study the joint effects of timing offset (TO), carrier frequency offset
(CFO), nonlinear power amplifier distortion, and phase noise (PN) on generalized frequency divi-
sion multiplexing (GFDM) system. Closed form expressions for signal-to-interference ratio (SIR) at
GFDM receiver with synchronization errors and PN using a nonlinear power amplifier is derived.
Then, we have been conducted simulation studies to compare the performance of GFDM systems
with orthogonal frequency division multiplexing (OFDM) systems using matched filter (MF) and
zero forcing (ZF), in presence of these impairments. The results show that GFDM systems are
more robust against TO and PN while they are more sensitive to CFO and nonlinear distortion
compared to OFDM systems.

Keywords Timing offset - Carrier frequency offset - Nonlinear power amplifier distortion - phase
noise - OFDM - GFDM

1 Introduction

The fifth generation of mobile communications (5G) includes a variety of applications such as
machine-to-machine (M2M) communication, internet of things (IoT), and cognitive radio. The
higher data rate, lower out-of-band (OOB) emission, low peak-to-average power ratio (PAPR),
and higher spectral efficiency are vital to the implementing of these applications. [IL2,[3] Orthogonal
frequency division multiplexing (OFDM) is the most common multicarrier technique utilized in
modern communication systems. Despite OFDM’s numerous advantages, it has critical problems
such as sensitivity to synchronization errors and high OOB emissions. Therefore, the use of OFDM
for 5G needs to be reconsidered.[4l[5] Generalized frequency division multiplexing (GFDM)[d] is a
promising candidate waveform for 5G. In this paper, we consider the GFDM waveform, which is
based on the modulation of independent blocks and offers a highly flexible time-frequency structure.
Since GFDM is flexible in pulse shaping, its out-of-band emission and interference can be less than
OFDM.[]] Moreover, GFDM has better spectral efficiency than OFDM. GFDM utilizes only one
cyclic prefix for each block[6].

Phase noise (PN), timing offset (TO), carrier frequency offset (CFO), and nonlinear power
amplifier cause inter subcarrier interference (ICI), inter subsymbol interference (ISI), and nonlinear
distortion, which are produced by symbol starting point estimation, Doppler shift, non-ideal and
mismatched oscillators, and nonlinear power amplifier, respectively, which reduce the signal to
interference ratio (SIR) of the system.[d] In[I0], the SIR for OFDM systems with TO is presented
while the authors in[I1] derive closed-form expressions for SIR with PN, CFO, and doubly selective
fading. Also, authors in[I2] provide SIR for uplink orthogonal frequency division multiple access
(OFDMA) with large timing/carrier frequency offsets. The SIR of the output signal of non-linear
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power amplifier for OFDMA is derived in[I3], considering a non-uniform power distribution in
subcarriers. In recent years, the impacts of some RF impairments on the GFDM waveforms have
been studied. In[I4], the SIR performance of GFDM and OFDM systems are compared with
frequency and timing errors. Also, the SIR for OFDM and GFDM signals with PN, CFO, and
TO is analyzed in[15]. In[I6] SINR of GFDM Systems under I/Q imbalance is provided while the
analysis of SIR with PN, CFO, and I/Q imbalance is investigated in[I7]. The author in[I8] derives
the optimal filter for a GFDM system with CFO. For a third-order nonlinear power amplifier, the
signal-to interference-plus noise ratio (SINR) for GFDM signal is studied in[19]. Despite all these
efforts, however, the joint impact of TO, CFO, nonlinear power amplifier distortion, and PN on the
performance of GFDM systems has not been investigated. Therefore, in this paper, joint impact of
TO, CFO, nonlinear power amplifier distortion, and PN on the performance of GFDM waveform
is analyzed. Assuming a polynomial model for the nonlinear behavior of power amplifier we derive
closed-form expressions for SIR of GFDM signal under these impairments.

The rest of this paper is organized as follows. The GFDM system model is given in Section
II. The SIR of GFDM signal with nonlinear power amplifier with synchronization errors and PN
is obtained in Section III. Simulation results are presented in Section IV. Finally, this paper is
concluded in Section V.

Notations: Vectors and matrices are represented by lower and upper case fonts (e.g. & and X ),
respectively. E [-], ()7, (~)H, (~)T, and (-)_1 are the expectation, conjugate, Hermitian, transpose,
and inverse operator, respectively. diag (X) represents a column vector of the main diagonal ele-
ments of the matrix X. ® and o are convolution and Hadamard operators. The N x N identity
matrix, N x N zero matrix, m X n zero matrix, and all one column vector of size N are denoted
by In, On, Omxn, and 1y, respectively.

G H
b z > =
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Source Modulator Prefix Model Channel
-1
. - .G H
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I I

Channel Estimation
and Synchronization

Fig. 1 A GFDM communication system.

2 SIGNAL AND SYSTEM MODEL

Fig. 1 depicts different parts of a GFDM system. A binary source provides the binary data vector
b to produce the encoded data vector b by the encoder. A mapper, (e.g., PSK) maps the encoded

T
bits to symbols. After mapping, we obtain vector d = (JOT . Jﬂ 1) , which contains N =

MK independent and identically distributed (i.i.d) complex data symbols, where M denotes the

- T -
number of subsymbols, K denotes the number of subcarriers, dy = (Jg_o, e ,JIT(_LO) ,and d,, =
T
do o d}@ 1 m) . Therefore, dj ., is the transmitted data on the k-th subcarrier and m-th

subsymbol, which is transmitted with a pulse shaping filter as follows

(1)

g1 ] = (0 = mE) mod Mexp |~ 7" .
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where g ., [n] represents the circularly shifted version of prototype pulse shaping filter g [n]. The
transmitted samples are

—
—

x[n]zz ng,m[n]dk,m, 0<n<N-1 (2)

K—-1M-—
k=0 m=0

The matrix form of the equation above is

= Gd, (3)

81

where G is an N x N matrix, which can be expressed as
G = (Jo,o " grx-1,0 " Go1 - " GrK—1,M—1) - (4)

Finally, after adding a cyclic prefix to the GFDM signal to prevent ISI, the transmitting signal
can be expressed as . With the assumption of linear power amplifier, perfect synchronization, and
removing the cyclic prefix the received signal can be written as

j=HZ+d, (5)

where 7 is the transmitted signal, i/ is the received signal, H is the N x N channel matrix, and o
is additive white Gaussian noise (AWGN) with zero mean and variance 2. Assuming zero forcing
equalization, the detected received signal is

7=H 'HGd+ H %

The estimated data, after GFDM demodulation, can be represented as

i=a,z, (7)

where G, is the N x N GFDM demodulation matrix. In this paper, we consider both matched
filter (MF) receiver G, = GH and zero-forcing (ZF) receiver G, = G~!. Finally, the estimated

transmitted signal after demapping and decoding is expressed as b,

3 SIR ANALYSIS IN GFDM

In this section we derive the SIR expression for GFDM signal by considering RF impairments,
namely TO, CFO, nonlinear distortion, and PN. We use m as TO, L as normalized maximum
channel delay spread, V¢, as the length of CP, ¢ as normalized CFO, and ¢,, as PN. Also to model
the PN, discrete Brownian motion is considered, i.e., [#[n] — #[n — 1]] ~ N(0,273T}), where T; is
the symbol period and 3 is 3-dB bandwidth.

Also, the transmitted signal with the baseband polynomial model for a memoryless nonlinear
power amplifier could be expressed as[19]

2l =3 assrfe b o) ®

where z [n] is the baseband power amplifier output signal, « [n] is the power amplifier input signal,
a2i+1 is the complex polynomial coefficient, and 2/V,, 41 is the nonlinearity order. Since distortion
due to even terms can be easily removed by filters, only odd terms are considered. Here we consider
N, = 1 because the third-order polynomial is enough to model the power amplifier in most practical
cases[19]. Then, the power amplifier output is as follows

2N, +1

z[n] = Z asiti|e [n][*'z [n] = arz [n] + aslz [n]|*z [n] = ar @[] + ag wn], (9)
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Fig. 2 Four cases of timing offset.|[I5]

where w [n] is the nonlinear term.

As shown in Fig. 2, TO can be divided into four cases depending on symbol starting point
estimation. Therefore, these cases are: symbol starting point estimation after the actual starting
point (m > 0) and symbol starting point estimation before the actual starting point, which include
L — N <m <0, =Nep <m < L — Ngp, and m < —Ng,. Also, we assume that phase noise, TO,
and CFO occur at the receiver.

3.1 Symbol starting point estimation after the actual starting point (m > 0):

The received GFDM signal with perfect time and frequency synchronization and a linear power
amplifier, can be written as (5). We first consider the case that the symbol starting point estimation
is after the actual starting point with m > 0 as depicted in Fig. 2-(a). Then, by extending (5) to
consider the synchronization errors, phase noise, and the power amplifier distortion model of (9),
the received signal in vector form can be expressed as

next
r = CP <R1H(O¢1Gd) + R2 [Hl HQ:I |:alacjé§l2d :| +H(043W)> +n, (10)

where C' € CV*V is the CFO matrix, d"°*? is the vector of the next GFDM symbol, P € CN*¥
is the PN matrix, Ry, Ry € CV*N are TO matrices, G; € CV-LXN and Gy € CEXN are
submatrices of G, and W is the vector of nonlinear distortion. These matrices can be expressed as

C:diag([le = ...eﬂ“(#}), P =diag ([ €% 79 . efoN-1]),

Ry — |:O(N0m)><m . Iiv—m) } Ry — [O(Nlm)Xm OO(me) 7
m mx(N—m) m mx(N—m)
(11)

G — [G((N—Ncp+1):N,:)
' |G(1:(N—-N,—1L),)

W=[wlo] --- WIN-1]]"

], Go=G(N—L+1:N),:),

Using (10), after zero forcing equalization and GFDM demodulation, the estimated data d becomes
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d= G, H1r
= alGTH_lCP (RlHGd + RQHlGldnext + R2H2G2d) + agGTH_lCPHW + GTH_ln (12)
= Bid + Byd™*t + BsW + 7,

where Hy € CVX(N=L) and Hy, € CV*L are the submatrices of H = [Hl Hg}, and By, By, B,

and 7 are given respectively as

By = GTH‘lCP (RlHG + RQHQGQ) ,
By = GTHflCPRngGl,

By — G,H-'CPH, (13)
A =G, H n.
We can rewrite By, By, B3, and d as
By =BLPB,,, Bo=B.PB,,, Bs=BLPB,,, (14)

a? = alBLPBrld + OélBLPBrzdnext + OngLP B’I‘3W + n.

where By, = G, H'C, B,, = RiHG + RyH>G>, B,, = RyH\G1, and B,, = H.

Theorem 1: The SIR for GFDM by considering RF impairments, namely TO, CFO, nonlinear
distortion, and PN for the case of m > 0 can be obtained as follows

N-1N-1 _ xpTg|i—j|
N

> = X e xag jar 15
F(m,e,ﬂTS) = = I ’ ( )
with
N—-1N-1
2 _ mBTs|i—j| T % * H
I = || e N (IR (A0 AL s+ Ao AL VI —all jar, )
i=0 j=0
N-1N-1 o N-1
_ mBTs|i—J
Haal? - Y TEF T (1% (Ao A7) In) D (08),
i=0 j=0 k=0

where A, i =bp b} ;, ar,i = diag (bribF, ;), bri—1 is the ** column vector of By, bl ;_, is
the i*" row vector of B,,.

Proof: The proof is provided in Appendix.

3.2 Symbol starting point estimation before the actual starting point ((L — N,p) < m < 0):

We first consider the case that the symbol starting point estimation is before the actual starting
point with (L — N,,) < m < 0. As depicted in Fig. 2-(b), TO does not occur in this case, however,
IST and ICT are created due to non-orthogonal waveform of GFDM. Then, by extending (5) to
consider the synchronization errors, phase noise, and the power amplifier distortion model of (9),
the received signal in vector form is obtained as follows

r=CP[(R\H + R,HMy,,) 01Gd + as HW] +n, (16)

where R} and R, € CV*Y are TO matrices and My, is the matrix that shifts the elements of Gd
circularly, which are given as
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O (N 0

| _ |m|x(N—|m m

Rl[ Jeipm O }
N=tml OV ={mi)x|m|

Om —|m Im Om — N,
Réz[ i (Nep—lml) Tim Omix (v N.p>}7

O(N—|m)xN (17)
Mo — ON., % (N=Nep) In,,
Nep In-n., O(N—Ncp[)XNcp

Using (16), after zero forcing equalization and GFDM demodulation, the estimated data d is

d=G.H'CP[(R\H + RyHMy,,) a1Gd + a3 HW] + i
= ay\BLPB;,d + a3 B, PB,,W + i,

where B;, = (RYH + RyHMpy.,) G and By, = H.
Theorem 2: The SIR for GFDM by considering RF impairments, namely TO, CFO, nonlinear
distortion, and PN for the case of (L — N¢p) < m < 0 can be obtained as follows

(18)

N-1N—-1 _ #fTsli—j|
N

la|? S e Xaﬁ,jalhi 19
I (m,e, fT) = ———"=— ; 19)
with
N—1N-1 somgps
_ mBTsli—j
I, = \a1|2 e (1T (Ai,i0 Af J) 1y — af’jall’i)
i=0 =0
N—1N-1 somps N— 1
9  mBTalie
+|as] Z Z e lT (Al2 i 0A12g lN
=0 j= k=0

where Ay i =br bz s @iy, = diag (bL i b11 l), bri—1 is the i'" column vector of By, blj;_ i1 18

the i*" row vector of By;.
Proof: The proof is similar to that of Theorem 1.

3.3 Symbol starting point estimation before the actual starting point (—N¢, < m < (L — Ngp)):

We first consider the case that the symbol starting point estimation is before the actual starting
point with —N,, < m < (L — N,p). As depicted in Fig. 2-(c), ISI and ICI exist in this case due
to the missing samples of the current GFDM symbol. Then, by extending (5) to consider the
synchronization errors, phase noise, and the power amplifier distortion model of (9), the received
signal in vector form in this case is obtained as follows

a1G1d
r=CP ((RQH + RLHMNy,,) a1Gd + RyH |:051Glgd110mv:| + agHW> +n, (20)
where R} and R} € CV*Y are TO matrices given as
[ O(L—Nep+im))xN
Ry = | On,,—1)xr INy—1) O(Nup—L)x (N—Nop) | »
I O —|ml)x N (21)
Rl — [ 0w (Nop—fm)) Lo Owx (N=N.,)

O(v—wyxN
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Using (20), the estimated data d after zero forcing equalization is

" _ OélGld
d = GTH 1CP ((RéH + RéHMNCP) alGd + RZ‘H l:alGdere'u

= Oz1BLPBl3d + alBLPBl4deev + a3BLPBl5W + 7,

} —I—a;»,HW) +7n (22)

where By, = (R{HG + R5HMy.,G + RYH,G1), Bi, = R, H>G>, and By, = H. Since the equation
above is similar to (14), its SIR expression is obtained in a similar manner to (15) as:

N-1N=1 _7pTsli—jl

la? = X e N xaf jaig 23
F(m,e,ﬁTs) = =0 J=0 T ) ( )
with
N—1N-1 rgic
BT limj
I3 = |O‘1|2 e (1T (Asy.i 0 AL, j T Ao Ay, ]) alfi,jal?ni)
i=0 j=0
N—-1N-1 ﬁT‘ | N-— 1
_ mBTslij
+‘043|2 € (1T (Al”oAl“ 1N
i=0 j=0 k:0

where A;, ; = br; b;*’; s Oly,i = diag (bL,i bng.i)» br i—1 is the i*" column vector of By, bg ;1 is the

it" row vector of By,.

3.4 Symbol starting point estimation before the actual starting point (m < —Ncp):

We first consider the case that the symbol starting point estimation is before the actual starting
point with m < —N,,. As depicted in Fig. 2-(d), ISI exist in this case due to TO choosing some
samples of the previous GFDM symbol. Then, by extending (5) to consider the synchronization
errors, phase noise, and the power amplifier distortion model of (9), the received signal in vector
form is obtained as follows

OélGld

r=CP <(R§H + RyHMy,,) enGd + Ry H {angdmeU

} + REHoy GdP™” + aBHW> +n,(24)

where RS and Ry € CV*N are TO matrices given as

[ Qamiee <
Ry = | I Opx(n-1) | -
O(N—w)xN (25)
R = [ Ottmi=Nep) x(V=pml+8ey) pm=vcy) } .
O(N—|m|+Nep)x N

Using (23), the estimated data dafter zero forcing equalization is

. B OzlGld
d=G.H CcpP ((RllH + RyHMy,,) a1Gd + RLH [QIGderev

= quLPBlGd + alBLPBl7dp7’€v + OégBLPBZSW + N,

[ prev ~
] + RLHon GdPrey + agHW> )

where By, = (R{HG + RYHMy,,G + RLH,G1), Bi, = REH2Go + RLHG, and By, = H. SIR in
this case is similar to (15).
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o NSUN=Z1 7T li—j|
laa|® 322 X e N

= Xajg jaig,; (27)
F(ma575Ts) = N

Iy ’

with

N—-1N-1

2 _ mBTs|i—j| T * * H
Iy = |ou | E E e N (1N (Ala,z' 0 Ale,j + A0 Azm‘) Iy — alg,jale,i)
i=0 ;=0

N—-1N-1 N

Hasl” S0 3" e T (1 (A0 47 ) 1) Y (o),

i=0 j=0 k=0

[

where A;, ; = br; b;"; 5 Qi = diag (bL,i blj; 7:)» br,i—1 is the i*" column vector of By, bg ;1 is the

it" row vector of By,.

4 SIMULATION RESULTS

We compare the effects of synchronization errors, PN, and nonlinear distortion on SIR of GFDM
and OFDM systems. In our simulations, we consider K = 32, M =5, N, = 24, and for GFDM, a
pulse shaping filter of root raised cosine with roll-off factor of 0.1. We use also 32-point fast fourier
transform (FFT) and N,, = 24 for OFDM to ensure a fair comparison with GFDM. The Rayleigh

fading channel is assumed with 10 channel taps and exponential power delay profile with fe~t/L
L
for 0 <1 < L where 8 is 3 (Be "/%)? = 1. Also, to place the transmitter in the nonlinear region,

we considered the maximwlur?l input power of the PA to be 2.5 dB less than the saturation point of
the nonlinear PA model.

We use ¢ = 0.1, 815, = 0.01, m = 1, oy = 1.0108 + 0.0858j, az= 0.0879 — 0.1583]j, also we
consider both matched filter (MF) receiver G, = GH and zero-forcing (ZF) receiver G, = G~! for
our simulations. As mentioned in [15] and can be seen in our simulation results, GFDM is most
sensitive to CFO, while it is robust to TO and PN.

Fig. 3 shows SIR versus TO. As can be seen, OFDM performs better than GFDM for low TOs,
since TO in addition to ICI and ISI creates inter-subsymbol interference in GFDM. However, for
high TOs, the OFDM performance decreases since its symbol length is less than that of GFDM,
which in turn increases the interference with the next symbol.

In Fig. 4, the effects of CFO on SIR is analyzed. In Equation (11), CFO matrix in GFDM
shows, as the symbol length increases, the phase shift of data caused by CFO increases which leads
to inferior performance of GFDM compared to OFDM.

The SIR versus PN variance is presented in Fig. 5. The GFDM performance is better with PN
compared to OFDM since the symbol period, Ts of OFDM is longer than that of GFDM. It can be
observed from the PN model introduced in Section III that the phase noise impact on the OFDM
signal is enhanced by the relatively long symbol period of Ty compared with GFDM signal.

Fig. 6 represents the SIR versus nonlinear distortion. High PAPR degrades the performance of
communication systems. As mentioned in [3], a lower PAPR is achieved employing GFDM com-
pared to OFDM, assuming linear power amplifiers. However, as shown in [20,21], GFDM systems
have high PAPR with nonlinear amplifiers, which leads to an inferior performance compared to
the OFDM system, which is also observed in Fig. 6.This increase in PAPR (hence decrease in
performance) can be due to larger symbol length of GFDM compared to OFDM.

Note that here we have just analyzed the GFDM performance for two common receiver filters,
namely MF and ZF. However, by designing a SIR maximizing filter (obtaining the filter by solving
an optimization with the objective of SIR), GFDM can outperform OFDM, though with higher
computational complexity.
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5 CONCLUSION

In this paper, we have derived close-form expressions of the SIR for GFDM waveforms by consid-
ering RF impairments, namely TO, CFO, PN, and nonlinear distortion and analyzed the effects
of synchronization errors, PN, and nonlinear distortion for GFDM and OFDM systems. Based on
the simulations, GFDM based systems are more sensitive to CFO and nonlinear distortion than
OFDM based systems, while the GFDM based systems are more robust to TO and PN. Therefore,
the results presented in this paper can be a good guideline for waveform design in the next genera-
tion of communication systems. An extension of this work can include the comparison of combined
effects of TO, CFO, PN and non-linearity with the common additive aggregate linear models for
hardware impairments.

APPENDIX

The estimated data for I** symbol in (12) is

N-1 N—-1 N-1
dy=on[Bi] di+ o1 Y (B di+ar Y [Bal di +as Y [Bsl (W), +iu,  (28)
— k=0 k=0 k=0
Si k#l
P, N,
I

where dg is the zero-mean i.i.d. data symbol with unit variance on the K-th symbol and S; is the
desired signal term, I;, and P, are unwanted signals, which represent the ISI and ICI introduced
by synchronization errors and PN, and N; is the nonlinear distortion noise due to the nonlinearity
of the power amplifier.

E[15:17]
|12 ]+E[| P 2]+ E[ V2]

n (m,€7ﬂT9) = E[

B o1 PE[[[B1],,|] (29)
N—1 5 N—1 2 N—1 21 N—1 ’
lal?’E| 3 “Bl]hk| +‘041|2E|: > |[B2]z,k| :|+|0‘3|2E|: > |[B3]L,k| :| > (U‘z/v)k

where B1 = BLPBT“ BQ = BLPBm, Bg = BLPBT‘;;, BL = GTH*IC’, BT1 = RlHG+ RQHQGQ,
B,, = RyH1G4, and By, = (R; + R2) H. Then, By can be written as

By = BLPB,,

bT
o

= [brob bun_1]P i

- L,O L,l st L,N—l (30)

br, N1
N—-1
= ,Z:O ej<z>ibL,ibTThi7

where by, ;1 is the it" column vector of By, and bTTM-_1 is the " row vector of B,,. Using (28),
the power of S in (27) can be written as
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B [15if] = s |21, |

S N=1N-1 , .
=l %, % B[/ @) E [[brbT, ], [bos85 1) ]

p NSIN-L

Oc _‘"ﬂTs\l Jl H
2. Z Xy Gy iy
i=0 j=

where a,, ; = diag (bL lbr1 z) The power of I; by using (28) can be written as

9 9 N—-1 2
B[] = JorPE | 3 1B

kAl
N-1N-1

77\'[3Ts|1 gl * *
=la* £ % (z [[Ars il (Al ] = B [[Ariy [Ar ],
1=0 g= k=0
a2 NSNS rprgiog) .
=D X e TN (R (Ao 4 ) Ly o jan).
& &

where A, ; = by ;bL .. The power of P, by using (28) can be calculated as

7"1’L

L [N=1
B (1R = e [ |12, ]
k=0
a2 NSNS rprgiog)
= | Nl Z:O 2 e N (1,11\} (Arz,i 014742 J) 1N)
1= j=

where A4,, ; = bL’zb The power of N; can be calculated as

7"22

EIN[*] = lasE

bl \[Bsb,k<w>k\2]

N-1

kz:_:o (Ji%v) k

7BTs|i—j]
N

2| X [l |

—1N-1

sl z e

N-1
(1% (AT:s i© Arg ]) lN) kZ—:O (O—IQ/V)k’

where A, ; = bp;bl, ;. Also, the power of the nonlinear distortion is

N-1 N-1 N—
Z 2 2
E Wk Wk = {ka| Tk ‘.Z‘k| xk]
k=0 k=0 k=0
Lemma: Suppose z, for n =1,2,--- | N are zero-mean complex Gaussian RVs.

a) If n # m, then
Elorz, o i 2l o 28] =0, mm=1,2-- N

b) If n = m, then

Elz12z9, o y2n 2725, ooy 20] = ZE [zﬂ(l)zﬂ E [zﬂ(Q)zg] yoo B [zﬁ(n)z,’;],

™

where 7 is a permutation of {1,2,3,--- ,m} (a set of integers).

(31)

D (32)
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Proof: By utilizing moments of complex Gaussian random variable (RV) z, the Lemma is given
in[22).
By considering (2), z [n] is a summation of MK ii.d. RVs. Due to central limit theorem[23] as
MK gets large, the distributions of z [n] tends to Gaussian. Due to Gaussian distribution of z [n],
above Lemma can be used to further simplify (33) as follows

B [(a ) el @* ) > o] =

S E [:E,r(l):v* [n]] ,o.. E [x,r(il):c* [n]] E [xﬂ(il_,_l)m* [nH ,o.., F [:cﬂ(i1+i2+1)a:* [n]]

us

(38)

where n = m =4 + i+ 1 and ; = z[n] for i = 1,...,4; + i2 + 1. Using (36) and After some
calculations, we obtain

E (@ ) afn)* (o )+ ()" | =

) (D))
(p+ 1! (p)! (i2 — p)! (i1 — P)!(Raa (0))P T (RE, (0) (Raa (0)) 72727,

By considering the third order nonlinearity, (33) can be written as

E (@ )z ln] (@ [a)*a" (0] = 4 [(Re 0)°] + 2 [ (Rea [0))* R, [0]] (40)

By using (2), the autocorrelation function is written as follows

Rap [0] = Efx [n] 2" [n]]

K—1K—1 M—1 M—1 ok By (41)
= X ¥ X X E|dendi| g 0] gl ] x e2mRnemi2nEn,
k1=0 ko=0 m1=0 my=0 ’
Since data symbol dy, ,, is an i.i.d. RV, we have
E [d}g,mdzﬁm} = 5 (kl — kig) (5 (m1 — mg) 5 (42)
By considering (39), (38) has nonzero value for k1 = ko = k, m; = ms = m. Thus, we have
K—1M-1 M—1 M—1
* * 2
Reo[0] =Y Y gmlnlgm[n) =K Y gmnlgnn] =K > |gm[n]]” (43)
k=0 m=0 m=0 m=0

Substituting (29), (30), (31), and (32) into (27), we can obtain SIR as given by (15).
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