Document downloaded from:

http://hdl.handle.net/10251/84780
This paper must be cited as:

Singh, S.; Gupta, D.; Martinez Molada, E.; Hueso Pagoaga, JL. (2016). Semilocal and local
convergence of a fifth order iteration with Frechet derivative satisfying Holder condition.
Applied Mathematics and Computation. 276:266-277. doi:10.1016/j.amc.2015.11.062.

The final publication is available at

http://doi.org/10.1016/j.amc.2015.11.062

Copyright E|sevier

Additional Information



Semilocal and local convergence of a fifth order iteration with Fréchet
derivative satisfying Holder condition

Sukhjit Singh ! and Dharmendra Kumar Gupta 2
Department of Mathematics, I.I.T. Kharagpur
E. Martinez, Instituto de Matematica Pura y Aplicada,® and
José L. Hueso, Instituto de Matematica Multidisciplinar 4,

Universitat Politecnica de Valencia

Abstract

The semilocal and local convergence in Banach spaces is described for a fifth order iteration for the
solutions of nonlinear equations when the Fréchet derivative satisfies the Holder condition. The Holder
condition generalizes the Lipschtiz condition. The importance of our work lies in the fact that many
examples are available which fail to satisfy the Lipschtiz condition but satisfy the Holder condition. The
existence and uniqueness theorem is established with error bounds for the solution. The convergence
analysis is finally worked out on different examples and convergence balls for each of them are obtained.
These examples include nonlinear Hammerstein and Fredholm integral equations and a boundary value
problem. It is found that the larger radius of convergence balls are obtained for all the examples in

comparison to existing methods using stronger conditions.
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1. Introduction

Nonlinear equations and their methods for solutions in Banach space setting are extensively studied
problems in numerical analysis and scientific computing. It is found that many real life problems arising
in science and engineering [3, 4] are reduced to find solutions of such equations. It is because their math-
ematical models involve scaler equations, system of equations, differential equations, integral equations,
etc. whose solutions require solving thousands of such equations. The dynamical systems represented by
differential equations also lead to solve these equations. Generally, iterative methods with convergence
analysis including semilocal and local are used for solving these equations. The semilocal convergence
[7, 9] uses information given at initial point whereas local convergence [6, 8, 10] uses information around
the solution. Another important problem which is to be considered for these iterative methods is the
domains of convergence balls. In general, the convergence domain of an iterative method is small and

one always tries to enlarge it by considering additional hypothesis.
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Let S and T are Banach spaces. Consider solving nonlinear equations
Gx)=0 (1.1)

where, G : D C S — T be twice Fréchet differentiable in open convex region Dy C D with values in T'.

Here, we consider the semilocal and local convergence of iteration [1] given by

Yn = Tn — FnG(xn)v
Zn = Yn — DG (Yn), (1.2)

1

where, I', = G (r,)"! and zq is the starting point. Let G’ satisfies the Holder condition given by
|G (z) — G ()| < K|z —y||9,z,y € D,q € (0,1]. It is worth mentioning that higher order convergence
requires computation of derivatives of higher order which are very expansive in general. For example,
the third order Chebyshev-Halley type methods [16] require evaluation of G" which either does not
exist or computationally difficult to evaluate. But higher order methods have their importance as in
some applications involving stiff system of equations require faster convergence. Also, it is found that
many integral equations involve G" which is inexpensive and diagonal by blocks[12]. The semilocal
convergence using recurrence relations in [19] and the local convergence in [6] are discussed for a family
of iterative methods of order three under Lipschitz condition on G Argyros et al. [13] considered
parametric Chebyshev-Halley-type methods with multipoints having high order of convergence with G
satisfying Lipschitz condition for their local convergence analysis. The convergence of a modified Halley-
like method of high convergence order uses Lipschtiz condition in [14]. A study on the local convergence
analysis and the dynamics of Chebyshev-Halley-type methods of convergence order at least five free from
second derivative under Lipschitz condition is studied in [15]. The semilocal convergence using recurrence
relations in [2] and the local convergence in [5] are studied for (1.2) under Lipschitz condition on G .
It is to be noted that the the Lipschitz condition is a particular case of Holder condition. Moreover,
examples for which G’ satisfy Holder condition but fail to satisfy Lipschitz condition can be constructed.

Example 1.1. Consider an integral equation given by

G(x)(s) = x(s) — 1 — 3/0 G (s, u)z(u)® Adu,

with x(s) € C[0,1] and G1(s,u) denotes the Green function.

Therefore,
’ ’ 15
|6’ @) -6 W) < 35 o=yl

where, ||G1(s,u)| = 1/8. Clearly G satisfies Holder condition for ¢ = 1 where as Lipschitz condition
fails.

Example 1.2. Consider the Fredholm integral equation

x(u) Tdu,

G(2)(s) = (s) — () — A /

S+ u

with s € [0,1], ¢ € (0,1], x, f € C[0,1] and X is a real number.



Therefore,
|¢'@-cw|<ma+ag2lz -y, zyeD.

Clearly, Lipschitz condition fails and Holder condition holds on G for q e (0,1).

Using recurrence relations, Ezquerro et al. [17] and Parida and Gupta [18] developed the semilocal
convergence analysis of Newton-like methods of order three with G and G” satisfying the Holder condi-
tion. Recently, Argyros and George [11] established the convergence of deformed Halley method of third
order locally under Hélder condition on G'. It is defined by

Yn = Tn — FnG(wn)v

Zn = Tp + al',G(z,),

Ly = 3T0l6 (o + Mz = 20)) = G ()
1

Ln) (Yn — Tpn),n >0 (1.3)

1
n = Yn 7Ln I -
Tntl =Yn T3 < 5

where, I', = G (x,)7 1, A€ (0,1], @ € R and zq is the starting point. This method does not require the
computation of expensive G .

In this paper, the semilocal and local convergence in Banach spaces is described for a fifth order iter-
ation for the solutions of nonlinear equations when the Fréchet derivative satisfies the Hoélder condition.
The Holder condition generalizes the Lipschtiz condition. The importance of our work lies in the fact
that many examples are available which fail to satisfy the Lipschtiz condition but satisfy the Holder
condition. The existence and uniqueness theorem is established with error bounds for the solution. The
convergence analysis is finally worked out on different examples and convergence balls for each of them
are obtained. These examples include nonlinear Hammerstein and Fredholm integral equations and a
boundary value problem. It is found that the larger radius of convergence balls are obtained for all the
examples in comparison to existing methods using stronger conditions.

This paper is arranged in the following manner. Introduction forms section 1. The semilocal con-
vergence of an iteration of fifth order under Holder condition on G’ is established in Banach spaces in
section 2. A theorem for the existence and uniqueness for the solution is given. A number of different
numerical examples including a nonlinear Hammerstein and Fredholm integral equations are worked out.
The local convergence analysis of fifth order iteration is established in section 3. Here also, a theorem
for the existence and uniqueness for the solution is given. The efficacy of our work is demonstrated
by working out a number of different numerical examples including a nonlinear Hammerstein integral
equation. All the numerical examples are worked out by using high level language MATLAB R2012b on
an CPU 3.20GHz with 4GB of RAM running on the windows 7 Professional version 2009 Service Pack
1 on Intel(R) core (TM) i5-3470. Finally, conclusions are included in Section 4.

2. Semilocal convergence

In this Section, the semilocal convergence analysis on the iterative method (1.2) for solving (1.1) in
Banach spaces is established. First of all, some properties of the sequence {c¢, } used for this purpose are
studied. Next recurrence relations are established. An existence and uniqueness theorem for the solution

with error bounds is derived. Finally, our approach is validated by solving some numerical examples.



2.1. Property of the sequence {c,}

In this subsection, we shall describe the preliminary results for the convergence of method (1.2) for (1.1).
Let £(T, S), B(v, p) and B(v, p) are the set of bounded linear operators from T to S, the open and closed
ball in S with center v and radius p > 0, respectively. Let Ty = G (x0)~! € £(T,S) exists at o € D
and the conditions given below are satisfied.
(1) ol <p
(2)  ToG(zo)ll <n
(3) G (@) =G W < K|z —y|*z,y € D.q e (0,1].

Let ¢co = Kn4, and define a real sequence for n € Z, given by

Cng1 = car(cn) T s(c,), (2.1)
where,
= 1 2.2
") = T ) (22
s(z) = (116] + (z+ Di(z) + (1 i q) t(x)1+q> , (2.3)
and

t(x) ( AR AT e kN ikl ) (2.4)
Xr) = . .
I+q (1+4+¢)? (I+gtt?  (1+4¢)*Te

We will now prove the following lemmas to study the properties of the sequence {c, }.

Lemma 2.1. Let functions r(z),s(z) and t(z) be defined by (2.2)-(2.4) and 79 is the minimum root of
v(z) =x(1 +¢(x))? — 1 in the interval (0,1). Then
(i) r(x) is increasing and r(x) > 1 for x € (0,79),

(i1) s(x) and t(x) are also increasing functions for x € (0,7).
Proof. The proof is trivial. O

Consider the auxiliary function

T x t(x)tHe
w(z) = (+(x+1)t(x)+t()+

q l4a
T i >(1ﬂ1+d@))

Clearly, w(0) < 0, w(rp) > 0 and w' () > 0. Thus, w(z) is an increasing function and has a root 7, in
(0, 7’0).

Lemma 2.2. Let r(z), s(z) and t(x) be the functions defined by (2.2)-(2.4) respectively. If co € (0,71),
then

(i) m(co)tts(co)? < 1,

(i) m(co)s(co) < 1,

(iii) The sequence {c,} is decreasing and ¢, < 11 for alln >0,

(iv) ¢n(1+1t(cy))? < 1.

Proof. Taking x = co in w(x), we get 7(co) T%s(cp)? < 1 for all ¢g € (0,71). Since r(co) > 1, this gives
(r(co)s(cp))? < 1, and hence (r(cg)s(cp)) < 1. (iii) can be proved by using mathematical induction on

(2.1). Forn = 0, this gives ¢; = cor(co) Ts(co)? < co. Assume that ¢, < ¢j_1 for k < n. Since r and s are



increasing functions, we get ¢, 11 = c,7(cn) Ts(cn)? < cpo17(cn) T 95(cn)? < cp_17r(cn_1)tt9s(ch_1)? =
¢n. Hence, the sequence {c,} is decreasing and ¢, < 7 for all n > 0. Since, ¢, < ¢,—1 and t(x) is an
increasing function, we get ¢, (1+1t(cn))? < cn—1(1+t(cn-1))? < co(1+t(co))? <1 V ¢y € (0,71). This
proves (iv) as ¢, (1 +t(c,))? < 1 for all n > 0 and ¢ € (0,71). O

2.2. Recurrence relations

In this subsection, the recurrence relations for (1.2) is established under the assumptions considered
in the earlier subsection. Now, yo exits since I’y exists and hence K||To||||yo — zo]|? < Kn? = ¢p. Taking
n =0, in (1.2), we get

Z0—xo = Yo —xo— LG (yo)

1
Yo — Xo —5F0/ (G ($0+9(y0 —.’L'())) -G
0

’

($o)) (Yo — xo)d6.

5K

Taking norm on both sides, we get ||zg — x| < (1 + g

o = woll*) llyo — woll. This impies [|20 o <

(1 + fﬂ;) llyo — @o||. Similarly, ||z0 — ol < fﬂ;”yo — 2¢||. Now

9 1
Tr1 — Ty — —FQG(JJQ) - EFOG(yO) - groG(ZO)
Using Taylor’s series expansion of F'(zp) and taking norm both sides, we get

4 Y ,
for =20l < [TaGlao)l+ 5 Toll [ ]|6" 20+ 60 ~ z0)) ~ 6 (w0)|| I — ot
0

1 Yy ,
+ g0l [ ]}6 o + 000 20)) — 6 (a0)| 20 — olla0
0
4 KB 14q , I K3 1
< — —— |y — 74 = — +a, 2.5
< o = oll + 537 llvo = 2ol + 3= llz0 — o (2.5)
As,
1 Kp l4q co ct 501y 59cata
= 20— < + - 2.6
so, putting (2.6) in (2.5) and simplifying, we get
ller = ol < (1+t(co))llyo — ol (2.7)

The inequalities given below are proved using mathematical induction for n > 1.
@O Tl < r(en—1)Tr-all;

(D) Nlyn — @all < [Ir(en—1)s(cn—1)l|yn—1 — Tn-1ll,

(HI) ”Zn - ynH < %qanyn—l - xn—l“a

V) K|Lallllyn — znll? < cn,

(V) Mlzn —znall < 4 ten-1))lyn—1 — zn-

Assume that z1,y1,21 € D and ¢y < 79. We now have

I =ToG (z1)] = [ITo(G (1) = G (zo)) | < [Tolll|G (1) = G (o)l < KB[lar — o] *.
Using (2.7), this gives ||[I — ToG (x1)|| < KB(1 + t(co))™? < co(1 + t(co))? < 1. From Banach Lemma,
we get I'y = G (z1)~! and

1

ITall < 7= co(1 +t(co))

7 IToll = r(co)[[Toll- (2.8)



Expanding G(z) using Taylor’s formula, we get

Now,

since

9

and

Gln) = Glw) + G () —0) + | (6 (@) - & (o) (2.9)
1Gwo)ll < l—qunyo — zo|"1, (2.10)

)

16/ e =m0l < (et 1) 3600 + 36Go)

5
co+1
< X veln L (211)
1 1 ¢ 2 501yt 59ca
ZGly) + =G - + + + — a0,
260+ 36| < 5<1+q T 2 B o —
1
< Bt(CO)H?Jo—@”OH-
Xy , , K 1+q 1+q
(6 (@) — G (yo))da|| < ——t(co)*lgo — ol| . (2.12)
Yo 1+C]

Taking norm on both sides of (2.9) and using (2.10),(2.11) and (2.12), we get

1 Co Cot(00)1+q
< (= 1 Z0M\R0) - _
Gl < g (12, + (et Do) + ) g —
1
< ES(CO)HyO_xOH' (2.13)
Using (2.8) and (2.13), we get
lys = 21l < ITLIG@D] < (o) [Tol[G ]| < rleo)s(eo)llyo = zoll. (2.14)
Now
1 , ,
2=l < SITIGEIN <50l |6 G+ 600 = 20)) = 6 )] o — 1
0
K
< _ 1+q
> 5T(CO)||F0||1+qHy1 31
oK
< 2B o) o)) (5(c0)) o — ol — ]
+4q
< eolr{ea)) M (s(e0)) o~ |
Therefore

21 — ol < cillyr — |- (2.15)

1+g¢



Using (2.8) and (2.14), we get

K|yllllyr =zl < Kr(eo)lTollr(co))?(s(co))?llyo — ol
< KpBn'r(c)) T (s(co))?,
< cor(eo)) T(s(e0))? = er.
Therefore,
KT llys — 2117 < ex. (2.16)

For n = 1, the recurrence relations (I)-(IV) follows from Egs. (2.8), (2.14), (2.15) and (2.16) respectively.
The recurrence relation (V) is already proved in (2.7) for n = 1. Assuming that (I)-(V) holds for n = k
and zk, Yk, 2k € 1, following in a similar manner given above, it can easily be proved that (I)-(V) holds
for n = k + 1. Hence recurrence relations hold for n > 1.

2.3. Convergence Theorem

In this subsection, a convergence theorem for {z,} is derived from (1.2) for solving (1.1). This will
require use of Lemma 1, Lemma 2 and the recurrence relations established in the earlier subsection under

the assumption given in (1),(2) and (3).

Theorem 2.1. Let Ty = G (z) "' € L(T, S) exists at xg € D and the inequalities (1) (2) and (3) hold.
Suppose co = KPn? < 11 and B(xo, Rn) = {x € X : ||x—x0|| < Rn} C D, where R = 1+q 0+1(1:E+§0)()00)
Now, starting with xo, {x,} derived by (1.2) converges to the solution x*. In that case, Ty, Yn, zn lies in

B(xo, Rn), and z* is the only solution of (1.1) in B (z¢,7) N D where, r = (% — Rq)%n

Proof. To prove the Theorem 2.1, first, we show that y,, and z, € B(xg, Rn) C D. Clearly, I',, exists for

all n > 1, since, ¢ < 71. Using recurrence relation (V), we get

Jon = 3oll < 2n = Znotll + 01 — n_zll + [2n_2 = Tnsll + ... + 21 — 3ol
< T+ ten—1)"lyn—1 — Tn-all + (L4 tlen—2))||yn—2 — Tn—2||
+ (T4 t(en-3)llyn—s — @n—sll + - + (1 +(c0))?llyo — woll- (2.17)

Since, t(x) is an increasing function and {¢,} is a decreasing sequence, this gives,

[z — ol < (14 t(co)) Z )*llyo — wol- (2.18)



Now, using recurrence relation (II) and (2.18), we get

[yn — ol < llyn — znll + [lzn — 20l

i
L

< (r(en-1)s(en-1)[gn—1 = Ta—all + (1 +t(c0))? Y (r(co)s(co))*[lyo — zoll

k=0
< (r(co)s(co))"lyo — @oll + (1 + t(co))? ) (r(co)s(c0))*lyo — woll,
k=0
< (T+t(co))(r(co)s(co))" lyo — @oll + (L +t(co)) i ) llyo — oll;
k=0
< (U te)? S (r(eo)seo)) o — aoll
k=0
< (1t o)) 1“(20)‘8(23) lyo — o]l < Rn. (2.19)
Using recurrence relation (IIT) and (2.19), we get
[2n — 2ol < llzn — yull + lyn — zol|
— (r(co)s(co))™ L
< o pealrleals(ea))" o = ol + (1 -+ tlen))E DOV
ey
(g o SR ) o =l
( (co)s(co))"
(1+q00+( ) ) <

Hence y,, and z, € Q. Now

[znt1 —znll < (1 +t(en)lyn — nll
< 1+ f(Cn))qT(Cnfl)S(Cnfl)||yn71 — Tn—1|
< (1 +t(cn)) Hr (¢)s(¢;) | llyo — zol|

For the convergence of {z,}, we have to show that {z, } is a cauchy sequence. For this, consider

lZntm = Zull < N%n4m = Tongm—tll + |Tntm—1 = Tonym—2ll + |Tntm—2 = Tngm-sll + .-+ + [[Tns1 — 4]
n+m-—2 n+m-—3
< (1+tlensm-1))? H r(cj)s(ci) | n+ (1 +t(cnpm—2))? H r(c;)s(c;) | n
=0 =0
n+m—4 _
+ (1 + t(cn+m—3))q H T‘(Cj)S(Cj) n+. 1 + t CTL H
j=0 §=0
This gives
m—1 [n4+il-1
||xn+m - an S (1 + t(CO))q T(Cj)S(Cj) n
=0 \ j=0
m—1
< (L+t(c)? Y (r(eo)s(co) ™ n
=0



Therefore

1 —(r(co)s(co))™
1 —7r(co)s(co)

Hence {z,} is a cauchy sequence if 7(cp)s(co) < 1 and hence convergent.

[Zn+m — Tall < (1 +t(co))?

(r(co)s(c0))™ -

For n =0 and m > 1, we get

1 — (r(co)s(co))™

|2m — zol] < (14 t(co))? 1 —17(co)s(co)

< Ry. (2.20)

Hence z,,, € B(xo, Rn). Taking m — oo in (2.20), we get z* € B(xo, Rn). Now, it is to be shown that
x* is a solution of (1.1). From (1.2), we have y, = 2, — I',G(x,,). This gives

IG(za) < NG (@n)llllyn — za]
< G (@) 7 (cn-1)s(cn-1)|¥n—1 — Tn_1]
< G (@) (7(co)s(co))™ lyo — @o]- (2.21)
Now,
IG (@)l < NG (2n) = G (@o)l| + IG” (o)
< K|zn — ol + |G (20|
< KR+ |G (0]

Therefore, |G (2,)| is bounded. Hence from (2.21), we obtain that ||G(x,)|| = 0 as n — co. Thus by
the continuity of G in D, we get G(z*) = 0. For the uniqueness, let there exists z* € B(xo,r) such that
G(z*) =0, 2" # z*. Then
1 ’
0=G(z")—G(z") = / G (z" 4+ 0(z" —x%))di(z" — ") = P(z* —z™)
0

Now, we have to show that the inverse of P = fol G (z* 4 0(z* — x*))d0 exists and z* = z*. Consider

1
=Tl < 0l [ ][(6 @ + 0" =) = 6 an) | a0
1
< Kﬁ/ |l + 6(z" —x™) — x0]|%dO
0
1
< Kﬁ/ 11— 0) (@™ — 20) + 0(=" — z0)7d0
0
K
< £ (e =zl + [~ aol?)
Kp
< 4 pa
< (R )
=1
Thus, ||[I — ToP|| < 1. Therefore, P~1 exists and hence 2* = z*. O

2.4. Numerical examples

In this subsection, a number of numerical examples are solved to demonstrate the efficacy of our
semilocal convergence analysis.



Example 2.1. Consider G(x) =0, where

Gla)(s) = a(s) — 1 — % /0 G (s, 0) (o)) O, (2.22)

s €[0,1], g € (0,1] and = € C[0,1] be an integral equation. The continuous and nonnegative kernel G1
in [0,1] x [0,1] is given by

1-— t
Gl(S,U,) _ ( 5)”7 u,
s(1 —w), s<u
Using sup-norm, we get
! ! l+gq ! q q
IG () =G Wl < —5= max | | Gi(s,u)du| [|lz(u)? = y(u)?]
s€[0,1] | Jo
1+g¢
< 7z _ q
< Ayl

Thus, the Lipschitz condition for G fails for ¢ € (0,1). Now, ||G(z0)|| < |lzo — 1] + Lllzo [+ and
11— G (zo)]| < Sha|zo|9. If LE2||20]|? < 1 then by Banach Lemma, we obtain
1

IToll = G (o) M| < — 77— = 8
1 — Szl

Hence,

o — 1| 4 55 lzoll*+7
T'yG(x < 24 =
[ToG (o) < 1~ T50 [ U]

Now for ¢ = 0.85 and z¢ = z(s) = 1 in [0, 1], we get ¢o = Kn? = 0.00600 < 71 = 0.27523. Therefore,
conditions of Lemma 1, Lemma 2 and Theorem 1 are satisfied. Hence the existence of * is guaranteed
in B(x0,0.04630) and the uniqueness in B(xq,38.25348). It is to be noted that if we consider ¢ = 1 in
(2.22), we get

1t
Gla)(s) = 2(5) ~ 1= 5 | Gals,u)(aw)Pdu,
0
Therefore,
, / 1
16 (2) = & Wl < llz —yl

Again, starting with zo = xo(s) = 1 in [0, 1], we get ag = 0.00413 < 71 = 0.29314. Therefore, condi-
tions of Lemma 1, Lemma 2 and Theorem 1 are satisfied. Hence the existence of x* is guaranteed in

B(z0,0.04620) and the uniqueness in B(xq,21.99790). Thus, improved existence and uniqueness domains

of convergence balls are obtained under Holder condition in comparison to the Lipschitz condition.

Example 2.2. Consider G(x) =0, where

G2)(s) = a(s) — 1+ / 5 (o(u)) Hdu, (2.23)

s €[0,1], ¢ € (0,1] and = € C[0,1] be the integral equation.

10



Using sup-norm, we get

’ ’ ]_+q 1 S
_ < 2 d q _ q
6@ -Gl < S e | [ e - )
1+g¢q
< D ligalo—ype

Thus, the Lipschitz condition for G fails for ¢ € (0,1). Now, ||G(xz0)| < ||lzo — 1| + “’T-‘72||$0H1+q and
11 = G (wo)|| < Hlog2||zo]|?. If 410g2|jzo||7 < 1 then by Banach Lemma, we obtain
1

Lol = |G (z0) 7} < -
[Toll = |G (o) ”—1_1%1092”900”" ’

Hence,

0 — 1] +Log2]aro [+
LG (o)l < -
IToG(zo)]| < 1 — H90g2| |27 !

Now, for ¢ = 0.7 and xg = z¢(s) = 1 in [0, 1], we get ¢o = Kpn? = 0.15631 < 71 = 0.25510. Therefore,
conditions of Lemma 1, Lemma 2 and Theorem 1 are satisfied. Hence the existence of z* is guaranteed
in B(w,0.47873) and the uniqueness in B(x,6.85383). It is to be noted that if we consider ¢ = 1 in
(2.23), we get

S
S+ u

(z(u))*du,

1 1
G2)(s) = a(s) — 1 — 1/0

Therefore,
, / 1
G (2) = G (W)l < 5log2z —yll

Again, starting with xo = zo(s) = 1 in [0,1], we get ¢y = 0.14066 < 71 = 0.29314. Therefore, con-
ditions of Lemma 1, Lemma 2 and Theorem 1 are satisfied. Hence the existence of x* is guaranteed
in B(x,0.44916) and the uniqueness in B(zg, 3.65166). Here also, improved existence and uniqueness
domains of convergence balls are obtained under Holder condition in comparison to the Lipschitz condi-

tion.

Example 2.3. Consider the following nonlinear BVP
2 42t =0, qe(0,1), z(0)==z(1)=0. (2.24)

The interval [0, 1] is divided into N subintervals with points t; = ih,i = 0,1,..., N where h =

N.
. . .. . . " i1 —2@ 41y .
Approximating the second derivative by central difference scheme given by z; ~ Zi=1=2ZitZit1

1,2,...,N —1in (2.24), we get

— iy +2a — g1 — W2z T =0. (2.25)
This can be expressed as G(z) = Hz — h%l(z) = 0, where, G : RN "1 = RN~ o = (2, 29,...,251)°,
I(z) = (x1 T 2y ™ . 2y %)t and the matrix H is given by
2 -1 0 0
-1 2 -1 0
H—| 0 -1 2 0
: 0
0 0 0 2
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Here G'(z) = H — (1 4 q)h®M(z) where, M(z) = diag{z?,z%,...,2%_,} and |G (z) — G (y)| <
(14 q)h?||z — y||?. Choosing h = &, ¢ = 3 and

zo = (33.5739,65.2025, 91.566, 109.168, 115.363, 109.168, 91.566, 65.2025, 33.5739)",

we get K = 0.015, 3 = 26.5888 and 1 = 3.7570 x 10~%. Hence ¢y = Kﬁn% = 0.0077 < 11 = 0.2234.
Therefore, conditions of Lemma 1, Lemma 2 and Theorem 1 are satisfied. Hence the existence of z*
is guaranteed in B(z¢,0.00039) and the uniqueness in B(zg,13.99678). The domains of existence and
unique balls obtained in [17] are B(zq,0.0000247488) and B(zg, 3.51756) respectively which are inferior
to those obtained by us under similar conditions.

3. Local convergence analysis

In this Section, the local convergence analysis of a fifth order iteration (1.2) for (1.1) in the Banach
space setting under Hélder condition on G’ is studied. Let Ky >0, K1 >0, g € (0,1] and the following
assumptions hold when z,y € D.

G(z*) =0, G (z*)'eL(T,S)
IG' (a*)"H(G (z) — G (")) < Kol — z*|| (3.1)
IG' (2*) "G (z) = G (W)l < K1z — y]|°. (3.2)

The local convergence analysis in [11] uses an additional condition |G’ (z*)~ G (z)|| < M for M > 0

and remarked that this can be dropped. This condition is not used in our work.

Lemma 3.1. If G satisfies (3.1)-(3.2) then the inequalities given below hold for x € Dy and 0 € [0, 1]

IG' (%) 7' G (@) < 1+ Kollw — 2*°, (3.3)

IG' (@) (G (2" + 6(z — a"))|| < 1+ Kol|lz — ", (3.4)

IG (@) ' G(@)]| < (1 + Kollw — 2™ )|z — . (3.5)

Proof. The proof is trivial. O

The following theorem describes the convergence analysis locally of (1.2).

Theorem 3.1. Suppose z* € Dy such that (3.1) and (3.2) hold. Then, {x,} given by (1.2) is defined,
remains in B(x*, p) for xo € B(z*, p) with appropriate p and converges to x*. Also, the estimates given
below hold for all n > 0.

Iy 2"l < (e - Dlien — ]| < p, (3.6)
lzn —2*ll < valllan — 2" len — 2]l < p, (3.7)
lenis— 2" < valllan —a* e — ] < p. (3.8)

where v1, Y2 and 3 are the functions to be defined. Furthermore, if 3 R € [p, 1Ki0q) such that B(z*, R) C
Dy, then x* is unique in B(x*, R).

Proof. Using xy € Qo and (3.1), we get

11 = G (a*)71G (o)l < G (") "G (o) — G (a*))|] < Kollwo — 2|7 < 1

12



for ||zo — x*||? < %0 Therefore, by Banach Lemma, I'y exists and

!’ 1
oG ()| < ) 3.9
Therefore, yq is well defined and hence zy and x; are well defined.
From (1.2) for n = 0, this gives
yo—ax* = =T (G(azo) el (o) (20 — :E*))
1
= —-IWG (x*)/ G ()G (2 4+ 0(zg — %)) — G (20)](z0 — x*)db
0
Taking norm on both sides and using (3.2) and (3.9), we get
* K1||f£0 - Z*Hq *
- < To— X
||y0 || = (1 — KOH-/L'O — LIZ’*Hq)(l + q) H 0 ||
< mlzo —z*[)llzo — ™|, (3.10)

where,
K01

0) = .
O = TR+ g
Consider 7 (#) = ~1(f) — 1. Since 71 (0) = —1 < 0 and m ((& )1/q) — +00. Therefore, by intermediate

value theorem, 7;(0) has at least one root in (O, (70)1/‘1). Let r1 be the smallest root of 1;(0) in this
1/q
interval. Then, we get 0 < r; < (K%]) ,and 0 <y (0) <1, V 0 €[0,r1). Thus, we have
lyo — 2" < mllwo — 2*[)]xo — 2¥[| <[lwo — =]
Again, from (1.2) for n = 0, and by using (3.5) and (3.9), we get

lz0 — 2" < lyo — 2" + 5[IToG(yo)l
< llyo — 2™ +5lIToG (@G ()~ G(yo) I,

1+ Kollyo — =*[|4
< 1+5 —z*
< [* (1—K0||930—$*||q o ="

1+ Ko (1 (llwo — 2*|))? [lwo — 2*||) ) )
< [1+5 _ _
B [ - ( 1 — Kollzo — (| (o ="} lzo =7}
< 2 (lwo — 7)) [lzo — 27, (3.11)

where,

7 (0) = [1 +5 (1 * ﬁ(;észz)wq)] n(6).
LK

Consider n3(6) = ¥2(0) — 1. Then 72(0) = —1 < 0 and 72(r1) =5 (1 Kot ) > 0. Therefore, 12(6) has at
least one root in (0,71). Let r5 be the smallest root of 72() in this interval. Therefore, 0 < ro < ry and
0<7(0) <1,V 0€[0,r2). Thus, we get

20 — 2% < y2(llxo — " [)lzo — 27| < [z — =7|].

13



Again, from (1.2) for n = 0, and by using (3.5) and (3.9), we get

* * 1
lzy —2*|| < 2o — 2| + gHFo(*mG(ZJO) + G(20))|l

<z -2+ NG @) (1616 (@) Gl + 16 @) G
* * 1 1 * q *||q
< alllno = Dlleo = 2"l + 31— (1601 + Kot (oo = ")l = 2°1)
iz — o Dlizo - 2l + (1 + Kolvelllzn - 2 1))z - a*[a(llzo =)o — 1)
< alllzn - a* Do — 2°]. (3.12)
where,
0(0) = |3206) + 57— g (1604 Kalm(O)0)m(6) + (14 Kota(6)"6")a(6)

Consider 7n3(6) = v3(0) — 1. Since 13(0) = —1 < 0 and

ma(r2) = (1601 + Ko(a(ra)) ) (r2) + (1 + Ko (3 (r2))"r5) ) > 0.

5(1 - K()Tg)

Therefore, n3(6) has atleast one root in (0,72). Let p be the smallest root of 13(6) in this interval and
1/q

we get 0 < p<re<ry < (K%)) and 0 < ~v3(0) <1,V 6 €[0,p). Thus, we get

lzr = 2| <s(llzo — 2" [)llwo — 2| < [lzo — 27| < p-

Therefore, theorem holds for n = 0. Changing xg, Yo, 20 and x1 by pn,¥Yn, 2n, n+1 in the preceding
way, we get the inequalities (3.6)-(3.8). Using the estimate ||z,+1 — z*|| < ||zn — 2*| < p, we get
Znt1 € B(z*, p). Obviously the function 73 is increasing in its domain, so we have

[#nt1 = 2% < v3(0)[lzn — 27| <3(0)s(2n—1 — 27| [[2n—1 — 27|
<305 (lzn—2 — 2" [llzn-2 — 2" < ... < 73(0)" " |lwo — 27

nt1 — 0. For the uniqueness, let

Since v3(0) < 1V 6 € [0,p). Then lim z, = z* as lim ~3(0)
n— oo n—oo
z* € B(z*, p), 2* # «* with G(z*) = 0.

1
Take the integral operator Q = / G (2" + 6(z* — 2*))df. Then by using (3.1), we have
0

1
’ _ ’ KO KO
G (z*)"HQ -G (z* </K 4 Q(xt — 2%) — 2|98 < = R<1,
G (=)~ ( (@) < ; ollz (a" = 2") — | _Hq\lx 2| T+ 4

therefore, by Banach Lemma Q' exists. Then, from the identity
0=G(z") = G(z") = Qz" — =27,
we obtain z* = z*. O

3.1. Numerical examples

In this subsection, a number of examples are solved to demonstrate the efficacy of our approach.
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Example 3.1. Consider the function G defined on Dy = [—3, 2] by

22nz?+25 -2, x#0

0, z=0

G(z) =

The unique solution is * = 1. The successive derivatives of f are

G (x) = 3az?lna’® 452t —42® + 222
G" (z) = 6xlnz?+ 202> — 1222 + 10z,
G (z) = 6lnz®+602° — 242 + 22.

It can be easily observed that G is unbounded on Dy. However, all the conditions of the iterative
method (1.2) are satisfied and hence applying Theorem (3.1) with * = 1, we obtained Ky = K; =
96.6628. Taking ¢ = 0.4, we get

p=37Tx108<r,=11x10"" <7 =28 x 1075,

Example 3.2. Consider the function G defined on Dy = [1,3] by

For z* = %, we obtained Ky = K; = 1. Taking g = 0.5, we get
p = 0.012069 < ro = 0.028479 < r; = 0.36100.

Example 3.3. Consider the function G defined on Dg = B(0,1) for x = (z1,%2,73)" by

-1 t
G(:E) = <e$1 -1, eTxg + 2, $3> .
For z* = (0,0,0), we obtained Ky = e — 1 and K; = e. Taking ¢ = 0.7, we get
p =0.013577 < ro = 0.026019 < r; = 0.180313.

Example 3.4. Consider the Hammerstein integral equation given by

1
Gla(s)) = a(s) — 5/ suz(u)du, (3.13)
0
with z(s) in C[0, 1].
So, we obtained Ky = 7.5 and K7 = 15. Taking ¢ = 0.5, we get
p=68x10"%<ry =1.8x107% < r; = 0.003265.

We have also compared the radius of convergence ball for ¢ = 0.5 obtained by method (1.2) with
existing method (1.3) in Table 2. It can be easily observed that the present method gives large radius

of convergence ball as compared to method (1.3).
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Table 1: Values of parameters

Examples | ¢ A o
3.1 0.4 1 -1
3.2 0.510.05|-1.5
3.3 071 02 | -1
34 05| 0.1 -1

Table 2: Comparison of radius of convergence ball

Examples Method (1.2) Method (1.3)
3.1 1.2 x 1076 4.0 x 1079
3.2 6.8 x 10~° 6.6 x 10~°
3.3 0.012069 0.009001
3.4 0.001945 0.001801

4. Conclusions

A fifth order iteration is used for solving nonlinear equations in Banach spaces and its semilocal and
local convergence analysis is established under Holder condition on Fréchet derivative. The existence and
uniqueness theorem and error bounds for the solution are established. Both the convergence analysis are
then verified on different examples including a nonlinear Hammerstein equation and convergence balls
for each of them are derived. On comparing with an existing method, the larger convergence balls are

obtained for all the examples.
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