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Abstract. A system of diffusion-reaction equations coupled with a dissolution-precipitation
model is discussed. We start by introducing a microscale model together with its homoge-
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1 Introduction

Modeling crystal dissolution and precipitation through a porous medium is a topic of interest
for a wide range of science fields, including chemical and tissue engineering. Examples include
oil reservoir flow, groundwater flow and concrete carbonation, see for instance [13, 14, 17,
20, 23, 24] and references therein. More recently, modeling of transportation of chemical
species received an increasing attention, cf. [22, 26, 19, 21]. Moreover, a porous medium is
the union of the pore space and the solid parts. So we can view it in two different scales: one
is the microscale which depicts the heterogeneities inside the medium but is not suited for
numerical simulations, another one is the macroscale which describes the global behavior of
the medium and is numerically efficient. The microscopic model serves as the starting point
for the analysis. We then perform an upscaling based on two-scale convergence[2, 3, 15] and
boundary unfolding operator [8, 4] in order to derive the macroscopic model. We restrict our
analysis to the case of periodic homogenization only. However, in this paper, we are mainly
focused on performing numerical simulations supported by the corrector result to investigate
how well the upscaled equations approximate the original microscopic model.

The main motivation of homogenization comes from the numerical point of view. The
microscale model describes the physical and chemical phenomena at the pore scale. However,
its numerical calculations seem very difficult, if not impossible. The numerical derivation of
such a system will lead to a complicated analysis as the size of the step length should be
chosen so small that it can catch the micro heterogeneities. That will result in enormous
time consumption by the computer and a huge computational cost. Further, in real-world
situations where numerous parameters are involved, the numerical computations do not seem
to fit well. Therefore we require a homogeneous averaged model to perform simulations at a
reasonable computational cost and at a convenient time. So basically, homogenization is a
limiting procedure from a mathematical point of view. Here we look for a function ug such
that u. — ug as € — 0. Naturally, some questions arise such as

e What is the guaranty of existing such ug?



e If it exists, in which sense the ‘limit’ is taken and what is the function space for the
limit function?

e What can we say about its uniqueness?

e Does ug solve some limit boundary value problem?

e Are then the coefficients of the limit problem constant?

e Is ug is a good approximation of u.?

e Finally, Do the upscaled model better suited for numerical simulations?

We already answered the first five questions in our previous work [12]. However, this paper
is devoted to address the rest questions by conducting simulations and finding error bounds.

To be more specific, we now describe our main physical assumptions. We consider a pore-
scale model for reactive flows. The void space is occupied by a fluid that contains two mobile
species of different diffusion coefficients. Reactions are happening at the pore space and
produce an immobile species which precipitate on the grain boundary. The reverse reaction
of dissolution also occurs. Several articles are exists on the derivation of corrector estimates
for different classes of systems [15, 7, 5, 6, 8, 11, 18, 4]. Numerical results in this direction
can be found in [25, 16] and references therein. The main difficulty to derive the corrector
result is to deal with the perforated porous medium.

This paper is organized as follows: In Section 2, We discuss the periodic setting of the
domain and the microscale model is introduced. In section 3, we first propose the technical
assumptions needed for analysis. Later, we state and prove our main result on the corrector
estimate. The main ingredients of the proof include integral estimates for oscillation functions
and energy bounds. In section 4, we present and compare the numerical results for both the
microscopic equations and the effective equations.

2 The model

Let 2 C R™»>2 be a periodic bounded domain such that Q := QPUQ* and Q°*NOP = ¢, where
QP and €2° denotes the pore space and the union of the disconnected solid parts, respectively.
00 and I'} are the outer boundary of the domain and the union of boundaries of the solid
parts. The unit representative cell Y := (0,1)" C R™ is the union of a solid part Y with
boundary I' and the pore part Y? such that Y = Y*UYP?, Y* CY and Y*NY? =T. The
shifted set Y}” is defined by V" := Y? + > i1 ejkj, for k = (ki, ko, -+ kn) € Z", where ¢;
is the jth unit vector. The union of all shifted subsets ¥” multiplied by & (and confined
within ) defined the perforated porous medium Qf := Ugezn {eV : €Y C Q}. Similarly,
(2 and I'} denote the union of the shifted subsets Y}’ and I';. The boundary of the pore
space O0F := 9QUTE. We make the following geometric assumptions: (a) solid parts do not
touch each other. They are distributed periodically in the porous medium, (b) solid parts
do not touch the boundary of Y, (¢) solid parts do not touch the outer boundary 92. For
T > 0,5 := [0,T) denotes the time interval. We define the volume elements in 2 and Y
as dr and dy and the surface elements on I';,I" by do,, doy, respectively. The characteristic

function of Qf in € is given by
(2) = 1 ifx e QF
= Yo itz e\ o

According to our consideration, two mobile species M7 and M, are present in QF. They
are reacting reversibly and forming an immobile species Mjs which is accumulating on the



QP E a0
Type | mobile Yp
species /

O ® 4

@ L-T
o ® 00 .<
® _0°
@

O i

Immobile @0 e
species =
Y= §Puy=ur
Type Il mobile
species

Figure 1: Mobile species in P with crystal dissolution and precipitation on I'*.

interface between the pore space and the solid parts. The reaction amongst the mobile and
immobile species is given by

My + My < Mo on F: (21)

We choose the forward reaction rate term as the Langmuir Isotherm and the dissolution rate
term is taken as Rj(we) € kqip(w;), cf. [14, 23, 24|, where

{0} ifec<O,
P(e) = <[0,1] ife=0, (2.2)
{1} ife>0.

We consider the same model as is described in [12]. We denote the concentrations of My, My
and Mio by u.,v. and we, respectively. All these unknowns are dimensionless. Then the
mass-balance equations for My, My and Mio are given by

Oug

5 T V.(=D1Vu:) =0 in S x QP, (2.3a)
—D1Vu.. =0 on S x 09, (2.3b)
—D1Vue.i = 6% on S x I'Z, (2.3¢)

ue(0,2) = ure(x) in QF, (2.3d)

(?;f +V.(=DyVu.) =0 in S x QF, (2.3¢)
—DyVve.ii =0 on S x 99, (2.3f)
—DoVv..lt = eagf on S x I', (2.3g)

ve(0,2) = vre(x) in QF, (2.3h)

8(;125 = kq(R(ug,ve) — zz) on S x I'Z, (2.31)

ze € P(wes) on S x T, (2.3))
we(0,z) = wre(x) on 'L, (2.3k)



where R : R? — [0, 00) is defined by

klusk‘gvs
for u. > 0,v. > 0,
R(ue,v:) = { (14 kiue + kove)? : : (2.4)

0 otherwise

and k = ’;—2. k1 and ko are the Langmuir parameters for the mobile species My and Ms. The
rate of dissolution is given by Ry = kqi)(w.). Also, k¢ is the forward reaction rate constant

for precipitation and k4 denotes the dissolution rate constant. We denote this problem/model
(2.3a) — (2.3k) by (Ps).

3 Corrector estimate

Let 6 € [0,1] and r,s € R be such that 1 + 1 = 1. Suppose that = € {Q,QF}, then L"(E),
H'"(2), 0%(3), (,-)o, and [-,-]p are the Lebesgue, Sobolev, Hélder, real- and complex-
interpolation spaces respectively endowed with their standard norms. We define | f|z =
JzfI"dw and || f[{z)e = [gy= |fI" dzdt. The symbols —, << and 4 denote the continuous,

compact and dense embeddings, respectively. We denote L"(Z) — H$(Z)* as

(fivymsEyrxmsE = (HLo)rrExieE) = / fvdz for f € L"(Z), ve H(E).

We also introduce the L"(I'}) — L*(I'?) duality as
<C1,§2> = 6/ (1(odoy for (4 € LT(F:), (€ LS(FE)
Iz
and the space L"(S x I'}) is equipped with the norm

5/ |C(t,x)|" doy dt for 1 <r < oo,
ICllipeye = § 75X
ess sup |¢(t,x)] for r = oo.
(t,x)eSxT':

For more details about the choice of the function spaces and the definition of the function
spaces and embedding theorems for the problem (P;) look into the work [12]. We impose the
following assumptions for the sake of analysis:

Al. up(z),v5-(2), wie(z) > 0. A2, R(ue,v:) = 0 for all u. < 0,v. < 0. A3. R: R? —
[0,00) is Locally Lipschitz in R?, as

Rl ve) = R(ul?, ve)| < Lplul? —u)],

where Lg > 0 is a constant. Lp = sup Lp(ue,v:) where Lp(ue,v:) = kkika|ve|(1 + kove)? +
kjugl)ugz”. A4 up, v € L2(QF) and wy. € L>(T%). A5. Dy = diag(D1, Dy, ..., D1) and
Dy = diag(Ds2, D, ..., D3), where Dy, Dy are positive constants.

3.1 Existence and Homogenization

Theorem 3.1. Suppose the assumptions (Al.) — (A5.) hold true, then there exists a unique
positive weak solution (ug, Ve, We, z:) of (Pe) which satisfies

0 < flue(t)llgr < Mu,0 < [Jv(t)[[qp < My a.e. in S x QF, (3.1a)
0 < flwe(t)|lrr < My,0< 2. <1 ae. onSxT} and (3.1b)
[ue(@)llgr + DillVuell ey + [10ctell 25,1122y + [0 () lgr + D2l Vel ey +

||8tvs||L2(S;H1a2(Q£)*) + [we (?)] =t Hatwsn(rg)t <C, (3.1c)

for a.e. t € S, where C is a generic constant independent of €.



Proof. We employ Banach’s fixed point theorem to establish the existence of the weak solu-
tion. The proof is done in [12]. O

Theorem 3.2. Under the assumptions (A1.)—(AB.), there exist (ug, v, wo, 20) € L*(S; HY2(Q)) x
L2(S; HY2(Q)) x L2(S; L2(Q2 x ) x L®(8S x Q x T') such that (ug,vo,wo, 20) is the unique
solution of the problem

% —V.(AVuy) + P(t,z) =0 in SxQ, (3.2a)
—AVup.i=0 on S x990, (3.2b)

5 uo(0,x) =upo(x) in Q, (3.2¢)
% —V.(BVuv)+ P(t,z) =0 in S5 xQ, (3.3a)
—BVuvy.i=0 on S x0Q, (3.3b)

5 vo(0,z) =vro(x) in €, (3.3c)
% = kd(R(UQ,’Uo) — Z()) m S xQx F, (3.4&)
where zg € P(wg) n S x QA xT, (3.4b)
wo(0,z,y) = wro(x,y) on QxT, (3.4¢)

satisfying the a-priori bound

lwolly: + IVuoll): + 10kuoll 2 (s;m12(0)+) + lvoll ) + IVvolly + [|0rvoll L2 (s:m1.2 ()%
+ [lwoll(xryt + [9cwollxrye + 1Pl < C < oo, (3.5)
where
1 8’LUO
Ptz = | -2y
(t,2) /F e[ ot ©7
and the elliptic homogenized matriz A = (a;j)1<i j<n and B = (bij)i<ij<n are defined by

Dy "L 0l Dy "L 0l
= = |6 I dy, b= [ — |6 7| dy.
i /YP v\ 520 b /YP ol (%0 i1 Y

Moreover, 1; € H;&%(Yp) are the solutions of the cell problems
Vy(Vyli +e;) =0 forall yeYP,
(Vylj + €j).ﬁ =0 on T, (3.6)
y = 1i(y) is Y — periodic,

for 3 =1,2,--- 'n and for almost every x € ().

Proof. We prove the theorem by using homogenization techniques such as two-scale conver-
gence and boundary unfolding operator in [12]. O

The main result of this paper is stated in the next Theorem.

Theorem 3.3. Suppose that
(a)ure € HY?(OP), (3.7)

: 2 _ 2
(b) ;1_%5/11; wi.doy —/Q/meda:doy. (3.8)

Now let ug,ve,we be the solution of the micro problem (2.3a) — (2.3k) and ug, v, wy are the
solutions of the macro problem (3.2a) — (3.4c) then the following convergence holds
() l|ue — wollcqoyrzryy = 0, (i0)[[Vue — CVuoll r20,7;22(02)) — 0,
(ZZZ)HUE — UOHC([O,T};LQ(QE)) — 0, (i’U)HV’US — C€VUOHL2(O7T;L2(95)) — 0. (3.9)
(v)[lwe — wOHC([o,T};m(F;)) — 0.



3.2 Convergence of the energy

We define the energies associated with the mobile species M7 of the micromodel and the
macromodel as

¢
E.(t) = 1/ ul(t)dx +/ D1 Vu(t,2)Vue(r, x)dzdr, (3.10)
2 Jar 0 Jar
YL [ '
Ey(t) = 5 ug(t)dx + |YP AVuo (T, 2)Vug (T, x)dxdr. (3.11)
Q 0 Jo

We choose uc(t, z),up(t, z) as the test functions in the equations (2.3a) and (3.2a) and see
that the energy terms can be expressed as

1 =
E.(t) = 3 /gp u? dr — / / w (T, z)us (1, x)dogdr, (3.12)

P
Y ’/ulod / //awo (1,2, y)uo (7, z)dxdoydr. (3.13)

The following convergence holds true for the energies:
Lemma 3.4. E.(t) — Ey(t) strongly C([0,T]) under the condition (3.7).

Proof. We have to show that F.(t) € C[0,T]. As a consequence of Arzela-Ascoli theorem, it
is equivalent to establish the followings:

(i)| B-(t)| < C for all t € [0,T).

(13)|Ec(t + h) — E<(t)| < 0(h) uniformly with respect to € for all t € [0, — h) for all h > 0
and 0(h) — 0 as h — 0.

We use Theorem 3.1 to estimate E.(t) and obtain

k2 k T\FHQ\

1
0] < gllurellge + 50+ D= 4 5 [Ielogye + 1 Vuelgy ] = €

Hence (i) proved. Next, to show (ii) we consider (3.12) and utilize the a-priori bounds of
Theorem 3.1 and deduce

t+h b
|E.(t+h) — B.(t)| = |e / weugdUIdT

l_‘*

ow,
ot

— C41h3.

1
< Ch2|uel| poo s;11.2(02)) H 2(SxT)
L2(SxT:

Therefore upto a subsequence E.(t) — £ strongly in C[0,7]. It remains to prove that { =
Ey(t). To do so we pass the limit in E.(t) and by Lemma 6.2 of [12], we get

1
lim E,(t) = - lim uledx - hms/ / awE (1, 2)ue (1, x)dodr

e—0 2 e—0 e—0
|YP |
= umda: (1,2, y)uo(T, x)dxdoydr
= EO



3.3 Derivation of the corrector estimate

The corrector matrix C° = (Cf;)1<i,j<n is defined by

C
ol Oht
Cij(y) = 6ij + lgﬁ) = - (y) a.e. on Y7,
where [; is given by (3.6) and k5 = e;.y +1;(y) € H;éz(Yp) is Y —periodic and satisfies
Vy.(Vyh5) =0 forall yeY?,

Vyhiii=0 on T, (3.14)
(h —ej.y) is Y — periodic,

forj=1,2,--- ,n.

Lemma 3.5. The sequence {h5} is weakly convergent to h; in Hp2(YP), where hj is the
solution of

Vy.(Vyhi) =0 forall yeYP?,
Vyhjii=0 on T, (3.15)
(hj —ej.y) is Y — periodic,

forj=1,2,--- n.

Proof. We can see that [|h5|| ;1,2 (yry < €, where C'is a constant independent of e. Therefore,
per

we can extract a subsequence(denoted by the same notation) such that hs — hj weakly in
Hp2(Y'P). O

Next, we set
R x
aj(z) = ej.x + 5(@]’@]’))(;),
where the extension operators (); are defined in Lemma 3.1 of [10] and [; are the solutions

of the cell problems. Then we have by standard arguments (see for instance, [9])

{a§ — ¢j.x weakly in HY2(Q), (3.16)

a5 — ej.x strongly in L3(9),

due to the periodicity of these functions. We can derive that C* — I weakly in (L?(£2))™*™.
Now, we denote

A das das das .
n, = Dlaixl,DlaixQ,"' 7D187 :D1Vaj. (317)

Lemma 3.6. Let 05 be as (3.17) and 17;’3 denotes the zero extension to the whole domain Q.
Then n; = [y, D1Vhjdy = A|YP|ej weakly in (L*(€))".

Proof. Since 75 is bounded in L?(9F) and 77~j‘E = Dlhji and D1h~§ is Y — periodic so 777; —
My(D1h~§) weakly in (L?(£2))". We now apply Lemma 3.4 of [10] and conclude that

My (Dyhe) = My (D1hy) weakly in (L*(2))".



Moreover, it can be seen that 7} satisfies the system

V.5 =0in QF, (3.18)
n5.i=0onI7%. '
Lemma 3.7. Under the assumptions of Theorem 3.3, for any ® € C*°([0,T]; D(Q?)), set

pe(t) = %Hua(t) — @(t)”?zg —i—/o /Qp Dy (Vu, — C°V®)(1,2)(Vu. — C°V®) (7, x)dzdr.

Then p:(t) — po(t) strongly C[0,T], where

Y7
—

po(t) = ot) — @)% +/0 /Q [YP|A(Vug — V) (7, 2)(Vug — V@) (7, x)dzdr.

Proof. We can write p.(t) as
pe(t) = pi(t) + p2(t) — p2(1),
where
1 1 2 !
pa(t) = §||u€(t) ||Q‘Ej + or DIVUE(Tv x)qu(Ta l‘)dl’dT,
0 e

1 t
@@—2M@%gﬂ//g%wW@wﬂwmmﬂ
0 JQf

¢ ¢
@@:/uﬁﬁ@m+/ DN%@W@MM+/ D1(C°V®)Vucdzdr.
QF 0 JOk 0 JOk
We now pass the limits to each term separately. Lemma 3.4 implies
YP
pL(t) = E.(t) — Eo(t) = ) /uo t)dx + |Yp|/ / AV (T, 2)Vug (T, x)dxdr in C[0,T].
(3.19)
We first establish the point-wise convergence of p2. So basically we need to show the point-

wise convergent of the second term of p2. That means, we have to calculate

t n t
' e e _ E i AW
il_r% o Dy (C°VO)(1,2)(C°VO) (7, x)dxdr = 2 ;1_%/0 /Qx(s)mVaj@M(I)xjdxdT

hm/ / V(a5;®y, @y, )drdr — hm// n; a5V (®y, @y )dxdr.
e—0 J e—0

i,j=1 t,j=1

Using (3.16), (3.18) and Lemma 3.6, we obtain
‘ ‘Hq)( 1A + |Yp|/ / AVOVPdxdr, for any t € [0,T). (3.20)

Next we need to show p? belongs to a compact set in C[0,T]. Due to the compact injection
HY°(0,T) << C([0,T)), it is equivalent to prove

1921l Lo 0,7y + || 0% (0 Miwor <G

where C is a constant independent of €. This follows immediately due to the weak convergence
of C¢ and the fact that ® is regular and independent of . This in combination with (3.20)
implies that

2o X H@HMYHYH/L/AV®V@MMwnﬂOﬂ (3.21)



We proceed similarly for p2. Mainly, we have to show the point-wise convergence of the
second and third term of p3. We start with the second term and get

lim D1V (CEV®)ddr = th / / i D1Vu.Vaid,,dudr

e—0 QF e—0

gl_l’)%// —)D1Vu.V(a§ dmdr—;%Z// —)D1Vua; VO, dxdr.

We now choose a$®,, as a test function in the variational formulation of (2.3a) and pass the
homogenization limit to zero. Consequently, using the convergence results of Lemma 6.2 of
[12] and (3.16), we obtain

t t
/ D1\ Vu (C°V®)dxdr — |Yp|/ /AVUOV(I)da:dT.
0 JQF 0 JQ

We do the same calculation for the third term of p? just like we did for the second term of
p? and combining all the terms we are led to

t t
P2 — ]Yp]/ u0®dx+|Yp|/ /AVuOVq)da:dT+]Yp]/ /AV(DVuoda:dT,
Q 0 JQ 0 JQ

for any t € [0,T]. We now prove that p2 is bounded in H2(0,T), that is
1021 oo 0.7) + Hat(pg)HL2(O,T) <C.

This comes from the the a-priori estimates of Theorem 3.1, weak convergence of C* and the
regularity of ®. Further, due to the compact injection H%2?(0,T) <+ C[0,T], we can write
t t
P2 — V7P| / ug®dx + |Y?| / / AVugVodxdr + |Y7P| / / AVOVugdrdr in C[0,T].

Q 0 Ja 0 Ja
(3.22)

Finally recalling that p.(t) = pl(t) + p2(t) — p3(t) and the convergences (3.19), (3.21) and
(3.22) gives the desired result. O

Proof of Theorem 3.3. As ug € L*(S; HY2(Q)) N C([0,T); L*(2)), so by density argu-
ments(see [7]), for any ¢ > 0, there exists & € C°°([0,T]; D(€2)) such that

(Z)HUO - (I)CH%‘([oj (L2(Q) S ¢, (3.23)
(22) | Vuo — <.
()
We now use (3.23) and get
2 2 2
e = wollpo,zy;L2q0my) = 2l = Pelleypo,ryiraany +2luo = Sclicqoryzecar)
Then we need to evaluate ||ue. — <I><||QC([O’T];L2(Q£)). For that, we set
1 t
pS(t) = §Hu€(t) — ‘I)C(t)H?zg’ —i—/o /Qp Di(Vu. — C°VO:)(7,2)(Vue, — CVO) (7, x)dxdr.
(3.25)

By Lemma 3.7, we obtain

. 1.
1Pl cpo,r1 = limsup [|p¢ [l o, > 5 limsup [Jue(t) — O (Bl
e—0 e—0



where

¢ = ¥? |||u0( t) — @c(t)]o —I—/O /Q |YP|A(Vug — V) (71, 2)(Vug — V) (T, z)dxdr.

Next we apply (3.23) and the fact that A is bounded to derive the estimate

cly?
I etoar < S 4 ayPIC = CyPI(ar + ) (3.26)
Therefore, (3.24) takes the form

limsup [Jue — UOH%’([QT];L?(Q’;)) < 4||/)C||C’[O,T] +2¢ < 2¢(1+ [YP[(2M +1)).

e—0

This implies (i) of (3.9) since ( is arbitrary. We now write
Vue — C*Vug = (V’U,E — CEV<I><) + CE(V@C — VUO)

Then due to the weak convergence of C¢ and (3.23), we have

T
lim [ [|Vue(t) — C*Vuo(t)||3pdt
e—0 0 &
T T
< QIimsup/ Ve () — C€v¢<(t)\|gpdt+2limsup/ 1C= Nz |V — Vg2t
e—0 0 € e—0 0 N
T
< 2lim Sup/ | Vue(t) — CV O (t)||Bpdt + 201¢. (3.27)
e—0 0 €

To find out the estimate for the integral form in the right hand side, we first rewritten (3.25)
for t = T. Then application of the Lemma 3.7 and the inequality (3.26) leads to

Ly = P onr 1),

T

1
1 f— € 2 < —1i C e
hmsup/o [Vue(t) = C°Ve(1)[|grdt < D, i%pE(T) D, 2D,

e—0
After that, we substitute this in (3.27) and obtain (i7) of (3.9). We can establish (ii7) and (iv)
of (3.9) by taking the corresponding microscopic and macroscopic equations for the mobile
species My and following the same line of arguments. For the case of immobile species, we

first subtract (2.31) from (3.4a). Then multiplication by (w.(¢) —wo(t)) and integration over
S x I’} yields

Lo
| gilhoets) = unts

Since zg, zp is monotone with respect to w,, wp, so we can write

t
)| %;ds = des/o /*(R(us, ve) — R(ug, vo) — ze + 20)(wes — wo)dodt.

(22 — 20) (we — wo) = 0.

Therefore, we obtain the inequality

lwe () = wo(®) IR < llwre — wrollfs + K3l R(us, ve) — R(uo,vo))[[7 + / lwe(s) — wo(s) [ ds.
We now use Lemma 6.3 of [12] and Gronwall’s inequality to get
lwe (t) = wo ()1 < llwre —wrol|Bze”

Consequently, (3.8) gives the desired convergence (v). This concludes the proof. O

10



4 Numerical simulation

The physics setting: In this section we compare the numerical solutions of the microscopic
equations (2.3a) — (2.3k) with the numerical solutions of the macroscopic equations (3.2a) —
(3.4¢) in order to see how well the homogenized equations approximate the averaged behavior
of the original model. To achieve this goal, we start with the domain as © := [0,1.2] x [0, 1]
in R2. The unit representative cell is denoted by Y = [0,1] x [0,1] C R? which consist the
solid part Y* = B((0.5,0.5),0.25). We choose the scaling parameter ¢ = 0.2. We perform
numerical experiments by using COMSOL[1]. Further, two mobile species M; and M, are
present in Qf and one immobile species M2 is present on the interface I'*. They are connected

via the reversible reaction
My + My < Mo on F:, (41)

where the reaction rate term is given by (2.4).

4.1 Simulation of the micromodel

Let the molar concentrations of My, Ms and Mo are given by ue, v. and w,, respectively. We
choose the parameter values and the regularization parameter as

Dy =1,Dy=2k; =18 kg=22k =1,ky =1,6 =0.01 (4.2)

and for the initial conditions we use u.(0,z,y) = 5(z + y), v:(0,z) = 8x + 2y and w.(0,z) =
3x +1y. We choose “Normal” mesh available in COMSOL to discretize the domain QF. We
solve the system for ¢t = 20s.

A 1.03

A 1.03

1.03 1 1.03

0.9+
0.8
0.7~
0.6
0.5~
0.4
0.3
0.2

0.1~

1.03 L L L L 1.03
0 0.2 0.4 0.6 0.8 1 1.2 v 1.03 0 0.2 0.4 0.6 0.8 1 1.2 Vv 1.03

(a) Concentration of M; for t = 5s (b) Concentration of M; for ¢ = 10s

A 103 : . . . . A103
1.03

1.03

0.9~

0.8 -

0.7 -

0.6

0.5+~

0.4 -

0.3

0.2

0.1+

L L L L L 1.03 L L L ! ! 1.03
0 0.2 0.4 0.6 0.8 1 1.2 v 1.03 0 0.2 0.4 0.6 0.8 1 1.2 v 1.03

(c) Concentration of M; for ¢ = 15s (d) Concentration of M; for ¢ = 20s

Figure 2: Concentration of the first mobile species M7 in QF for different time.
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Figure 3: Concentration of M; at the point (0.6,0.5) in QF in 20s.

We notice that the time taken by the solver is 10s. The concentration of M; for t = 5s,t =
10s,t = 15s and t = 20s is depicted in Figure 2. We also plotted the change of concentration
of M at (0.6,0.5) for 20s in Figure 3. We can see that there is a jump in concentration at
t = 0s and it attains the value 5.5. Whereas at ¢t = 0.1s it became 1.03 so the reaction tries
to stabilize it.

A133 : : : . T T . A133
133 1 133

) N i ) 133 L L L L L L 133
o 02 . Yy Y B 12 w133 0 02 0.4 0.6 0.8 1 12 w133
(a) Concentration of M for t = 5s (b) Concentration of M, for ¢ = 10s
T T T T A 133 T T T T A 133

133 L ] 133

0.9~ 0.9+

0.8 0.8 -

0.7 0.7 -

061 0.6 '

051 0.5 -

0.4+ 0.4 -

0.3 03}

021 0.2+

01~ 01

. . . . 133 ] ; ; i 133
0 0.2 0.4 0.6 0.8 1 12 v133 0 0.2 0.4 06 08 1 12 V133

(c) Concentration of M, for t = 15s (d) Concentration of M, for ¢ = 20s

Figure 4: Concentration of the second mobile species M in 2 for different time.

Similarly, the molar concentrations of My for different time is plotted in Figure 4 and the
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Figure 5: Concentration of Ms at the point (0.6,0.5) in QF in 20s.

change of concentration can be seen in the Figure 5. Just like M1, here is also a jump in the
concentration at ¢ = Os and the concentration became 5.8. While at ¢ = 0.1s it takes the
value 1.33.

4.2 Solution of the Cell problems

In order to simulate the upscaled equations, we need to evaluate the effective diffusion tensors
for the two mobile species M; and Ms. We commence by solving the cell problems (3.6) and
the solutions is shown in Figure 6 for j =1, 2.

N . : : T i | A0.16 L ! i : A0.16
ool ] 0.15 0.9 0.15
0.8 0.8
0.1 01
0.7 0.7+
061 0.05 o6l 1 0.05
0.5 05
o 0
0.4 0.4+
031 0.05 03+ f1-0.05
0.2 02
0.1 0.1
0.1 B 01+
0 -0.15 or 1 -0.15
0 0.2 0.4 0.6 08 1 v -0.16 0 0.2 0.4 0.6 08 1 v-0.16
(a) For j =1 (b) For j =2

Figure 6: Solution of the cell problems

We compute the effective tensors with the help of “Derived values” feature available in
COMSOL. Thus we obtain

0.8358 —2.91316 x 10712

A= (ayhsigse = [—2.91334 x 10712 0.8358 ] ’ (4.3)
1.67161 —5.82632 x 10712

B = (ihsigsz = [—5.82667 x 10712 1.67161 ] (4.4)

13



4.3 Simulation of the macromodel

We employ the idea of [25] for the simulation of the homogenized equations. We kept the
same parameter values and the regularized parameter used for the micromodel as in (4.2).
The effective homogenized matrices A and B are given by (4.3) and (4.4). Again we choose
the “Normal” mesh to discretize the domain {2 and solve the system for ¢ = 20s.

A1l

T A1l
ir 1.1 11
0.9
0.8
0.7
0.6 -
0.5
0.4
0.3
0.2
0.1
ol
L L L L L 1.1 L L L L L 11
0 0.2 0.4 0.6 0.8 & 1.2 vil 0 0.2 0.4 0.6 0.8 1 1.2 V1l
(a) Concentration of M for t = 5s (b) Concentration of M; for ¢ = 10s
! , ! A1l . . . . 1 ALl
1- 11 1F 11
0.9 0.9
0.8 0.8
0.7 - 0.7
0.6 - 0.6
0.5 0.5+
0.4 - 0.4}
03 03
0.2 0.2+
01 01r
N 0
, , , . . 11 - . : : : 1.1
0 02 0.4 0.6 0.8 1 12 V1l 0 02 0.4 0.6 08 1 12 vii
(c) Concentration of M; for ¢t = 15s (d) Concentration of M; for ¢ = 20s

Figure 7: Concentration of the first mobile species M in €2 for different time.
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Figure 8: Concentration of Mj at the point (0.6,0.5) in © in 20s.
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Figure 9: Concentration of the second mobile species My in ) for different time.
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Figure 10: Concentration of My at the point (0.6,0.5) in §2 in 20s.

In this case, the time taken by the solver is 1s. We repeat the similar computation for M;

and

M> in the macro model. The results are shown in Figure 7 —10. However, the noticeable

points are as follows: (i) We use the same mesh to simulate the micro and macro system.

Although the solver takes very little time to solve the macro problem in comparison to the
micro problem. Hence the upscaled model is computationally efficient, (ii) There is no such
jump in concentration in the graph Figure 8 and Figure 10. By comparing Figure 2 and 7,
we can conclude that the solutions of the homogenized equations agree very well with the
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solutions of the original micro-scale model. It can also be understandable by comparing Figure
3 and 8. Therefore the upscaled equations describe the behavior of the microscale model very
well. Thus, homogenization proved to be an efficient tool to deal with the problems arising
from the microscopically heterogeneous medium.

5 Conclusion

We study crystal dissolution and precipitation in the context of a porous medium. The
model takes care of the accumulation of the immobile species on the grain boundary. Using
the homogenization technique, we derive the macroscopic model. In this article, we wish to
understand the error caused by replacing a heterogeneous solution with a homogenization
one together with numerical experiments. We observe that the macro model is advantageous
for numerical simulations. Since it takes less time compared to the micromodel, it will reduce
the computational cost for real-world applications. Furthermore, the numerical simulation
for a test problem shows that the solution of the homogenized equation approximates the
solution of the microscopic model very well. In this way, we validate the homogenization
procedure and establish that it’s an efficient tool to deal with such heterogeneous problems.
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