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Erdos-Gallai-type problems for

distance-edge-monitoring numbers *

Zhen Ji | Ralf Klasing ! Wen Li I Yaping Mao § Xiaoyan Zhang?

Abstract

Foucaud et al. recently introduced and initiated the study of a new graph-theoretic con-
cept in the area of network monitoring. For every edge e of G and a set M C V(G), M is a
distance-edge-monitoring (DEM for short) set if there are a vertex x of M and a vertex y of
G such that e belongs to all shortest paths between x and y. The DEM number dem(G) is
the smallest size of such a set in G. The vertices of M represent distance probes in a network
modeled by G; when the edge e fails, the distance from x to y increases, and thus we are able
to detect the failure. In this paper, we study Erdés-Gallai-type problems for DEM numbers of
general graphs. The exact values or bounds of dem(G) for radix n-triangular mesh networks

and hexagonal networks are also given.

Keywords: Distance; Distance-edge-monitoring number; Hexagonal network; Radix n-

triangular mesh network

AMS subject classification 2020: 05C12; 05C35; 05C82.

1 Introduction

In 2022, Foucaud et al. [11] introduced a new graph-theoretic concept called distance-edge-
monitoring set, which means network monitoring using distance probes. Networks are natural-

ly modeled by finite undirected simple connected graphs, whose vertices represent computers and
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whose edges represent connections between them. When a connection (an edge) fails in the net-
work, we can detect this failure, and thus achieve the purpose of monitoring the network. Probes
are made up of vertices we choose in the network. At any given moment, a probe of the network
can measure its graph distance to any other vertex of the network. Whenever an edge of the
network fails, one of the measured distances changes, so the probes are able to detect the failure
of any edge. Probes that measure distances in graphs are present in real-life networks. They are
e.g. useful in the fundamental task of routing [12, 10] and are also frequently used for problems

concerning network verification [2, 3, 5.

1.1 Distance-edge-monitoring numbers

We now proceed with the formal definition of our main concept.

All graphs considered in this paper are undirected, finite and simple. We refer to the book
[7] for graph theoretical notation and terminology not described here. Let G = (V(G), E(G)) be
a graph with vertex set V(G) and edge set E(G), respectively. And we use e(G) to express the
number of edges in G, that is e(G) = |F(G)|. Let K, be the complete graph of order n. In this
paper, for a graph G and x,y € V(G), we denote by dg(x,y) the shortest distance between two
vertices x and y in a graph G. If there is no path between the vertices u and v in G, then let
dg(u,v) = oo. For an edge set Y of G, we denote by G — Y the graph obtained by deleting all
edges in Y from G. If Y = {e}, we simply write G — e for G — Y. We use X \ S to denote the
vertex subset of X obtained by removing all the vertices of S from X and Y — W to denote the
edge subset of Y obtained by removing all the edges of W from Y. If S = {v}, we simply write
X \vfor X\S.

Definition 1. For a set M of vertices and an edge e of a graph G, let P(M,e) be the set of pairs
(x,y) with x a vertex of M and y a vertex of V(G) such that dg(z,y) # da—e(x,y). In other words,

e belongs to all shortest paths between x and y in G.

Definition 2. For a vertex x, let EM (x) be the set of edges e such that there exists a vertex v in
G with (x,v) € P({x},e). If e € EM(z), we say that e is monitored by z.

Definition 3. A set M of vertices of a graph G is distance-edge-monitoring (DEM for short)

set if every edge e of G is monitored by some vertex of M, that is, the set P(M,e) is nonempty.
Equivalently, | J, e EM(z) = E(G).

Definition 4. The DEM number dem(G) of a graph G is defined as the smallest size of DEM
sets of G.

For the convenience of readers’ understanding, we give the following example.

Example 1. Let the vertex set M = {vi,v3} and e = vqvs be an edge of G, where the graph G
is shown in Figure 1. Then P(M,e) = {(vs,vs), (vs,v3), (v3,v6), (vs,v3)}. For a vertex vy, we
have EM (vy) = {v1vyg, Vovy, U304, 0405, 506 . Let My = {v; | 1 < i < 4}, My = {vy,v9,v4} and
M3 = {vy,vs5,06}. Then My and My are DEM sets of the graph G, but Ms is not.
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Figure 1: The graph G in Example 1.

For a graph G, the vertex set V(G) is always a DEM set of GG, and hence dem(G) is well-defined.
However, the vertex set V(G) is bad as DEM set in GG, and hence people are always looking for k
such that dem(G) < k (k > 0), normally, we build the smallest possible DEM set of G.

In the recent years, Bampas et al. [2] and Beerliova et al. [3] studied a weaker model as a
network discovery problem, that is, where we seek a set U of vertices such that for each edge e,
there exist a vertex x of U and a vertex y of G such that e belongs to some shortest path from x
to y. In [4], Bejeranoa et al. studied a different and weaker model as the link monitoring problem.
One seeks to monitor the edges of a graph network by selecting vertices to act as probes. To
each probe is assigned a routing tree (a DFS tree spanning the whole graph), and it is essentially
required that each edge of the graph belongs to one of the trees. For more results on the DEM
set, we can refer to the papers [13, 15, 16, 20, 23].

1.2 Recent progress and our results

A vertex set U is a vertex cover of G if every edge of G has one of its endpoints in U, and the
smallest size of a vertex cover of G is denoted by ve(G).

Foucaud et al. [11] derived the following result for complete graphs.

Theorem 1.1. [11] In any graph G of order n, any vertex cover ve(G) is a DEM set, and thus
dem(G) < ve(G) < n— 1. Moreover, dem(G) = n — 1 if and only if G is the complete graph of
order n.

Given a vertex z of a graph G and an integer 7, we let 7;(x) denote the set of vertices at distance

1of z in G.

Lemma 1.1. [11] Let x be a vertex of a connected graph G. Then, an edge uv belongs to EM (x)

if and only if u € r;(x) and v is the only neighbor of u in r;_1(x).

Lemma 1.2. [11] Let G be a graph and x a vertex of G. Then, for any edge e incident with x,
ee€ EM(x).

Foucaud et al. [11] gave the DEM number of a complete bipartite graph, the grid and the
hypercube.



Theorem 1.2. [11] For a complete bipartite graph K,;, with parts of sizes a and b, dem(K, ;) =
min{a, b}.

Theorem 1.3. [11] Let G,; denote the grid of dimension a x b for a,b > 2. Then dem(G,,) =
max{a, b}.
Theorem 1.4. [11] For the hypercube @Q,, of dimension n, dem(Q,,) = 2" 1.

Let t(G) be a graph parameter of G. The Erdos-Gallai-type problems are stated as follows.

Problem 1. Given two positive integers n and k, compute the minimum integer f(n, k) such that
for every connected graph G of order n, if e(G) > f(n, k) then t(G) > k.

Problem 2. Given two positive integers n and k, compute the mazximum integer g(n, k) such that
for every connected graph G of order n, if e(G) < g(n, k) then t(G) < k.

In recent years, Wang et al. [21] investigated some extremal problems on matching preclusion
number mp(G). In 2019, Jiang et al. [14] obtained Erdés-Gallai-type results for total monochro-
matic connection tmc(G) of graphs. In 2022, Li and Li [17] solved the Erdés-Gallai-type problems
for the monochromatic disconnection md(G). For more results on Erdos-Gallai-type problems, we
refer to [1, §J.

In this paper, we consider Erdds-Gallai-type problems for the DEM numbers, where ¢(G) =

dem(@) in the problems. In Section 2, we derive the following results for Problems 1 and 2.

Theorem 1.5. Let n, k be two positive integers withn > 6, 4 < k <n —2. Then

n+2< flnk) < (Z) _ (”;k)

In addition, f(n,1)=n—1; f(n,2) =n;n+1< f(n,3) <2n—2 forn >6; f(n,n—1) = ().

Moreover, the bounds are sharp.
Theorem 1.6. Let n, k be two positive integers with n > 9. Then
(k+1)(n—-1)—1, if4<k<|(n—1)/2J;
™) - (",  if[n/2]<k<n-2

In addition, g(n,1) =n—1,n<gn,2) <2n—4 forn >5 n+1<g(n,3) <3n—=06 forn > 6;

gn,n—1)= (Z) Moreover, the bounds are sharp.

n+2<g(n, k) <

A radiz n-triangular mesh network, denoted by T,,, is the graph with V(T,) = {(x,y)|0 <
r+y < n— 1} in which any two vertices (x1,y1) and (22, y2) are connected by an edge if and only
if |2y — x|+ |y —y2l =1, orze =21+ 1and yo =y — 1, or 9 = 21 — 1 and y2 = 3, + 1, and we
write an edge as ((z1,41), (2, y2))*; see [22] for more details. The number of vertices and edges in
T, is equal to n(n +1)/2 and 3n(n — 1)/2, respectively; see Figure 2.

In Section 3, we get the DEM numbers of radix n-triangular mesh networks.
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Theorem 1.7. For a radiz n-triangular mesh network T, with n > 2 , we have

2, n =2,

3, n = 3;
(3n—6)/2, n>2andn is even,
(3n—5)/2, n> 3 and n is odd.

dem(7),) =

The following corollary shows the relation between the size and DEM numbers of a radix

n-triangular mesh network.

Corollary 1.8. For a radix n-triangular mesh network T,,, if n > 4, then

dom(T,) = { (VT 20e(T,) —9)/4, nis cven:

(/9 +24e(T,,) —7)/4, nis odd.

It is known that there exist three regular plane tessellations, composed of the same kind of
regular polygons: triangular, square, and hexagonal. The triangular tessellation is used to define
Hexagonal networks [9)].

A hezagonal network H X (n) of dimension n has 3n* — 3n + 1 vertices and 9n? — 15n + 6 edges,
where n (n > 2) is the number of vertices on one side of the hexagon [9, 18]. There are six vertices
of degree three which we call as corner vertices a,b, c,d, f, g; see Figure 3. There is exactly one
vertex v at distance n — 1 from each of the corner vertices. This vertex is called the centre of
H X (n) and is represented by o.

In Section 4, we give the results about DEM numbers of hexagonal networks.
Theorem 1.9. For a hexagonal network HX (n) (n > 2), we have 2n—1 < dem(H X (n)) < 3n—3.

The following corollary shows the relation between the size and DEM numbers of a hexagonal

network.

Corollary 1.10. For a hexagonal network HX(n) (n > 2), let t = e(HX(n)). Then we have

(VI+4t+2)/3 <dem(HX(n)) < (VT +4t—1)/2.
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2 Erdos-Gallai-type problems for general graphs

Foucaud et al. [11] obtained the following results.
Theorem 2.1. [11] For any graph G of order n > 4 and size m, dem(G) > -=5.

Theorem 2.2. [11] Let G be a connected graph with at least one edge. We have dem(G) = 1 if
and only if G is a tree.

The following corollary is immediate.

Corollary 2.3. Let G be a connected graph with |V(G)| = n and e(G) > n. Then we have
dem(G) > 2.

Proposition 2.1. Let K,, be a complete graph and e € E(K,,). Then dem(K, —e) =n — 2.

Proof. Let the graph G = K,, — e and the edge e = uv. From Theorem 1.1, we have dem(K,, —e) <
n — 2. To show dem(K,, —e) >n—2, let V(K,) = {v; | 1 <i <n}. Suppose that the vertex set
U C V(G) with |[U| = n—3is a DEM set. Without loss of generality, let U = {v; | 1 <i <n—3}.
Since e is incident to at most two vertices in {v,—a, Up—1, 0}, say v,—o € {u,v} UU, it follows that
de(vi, vp—2) = dg(vi, v,—1) for each 1 < i < n — 3, and hence the edge v, _ov,—1 ¢ Upep EM (),
and so dem(K,, —e) >n — 2. O

Lemma 2.1. For a connected graph G, if G contains a subgraph K, (r > 2), then dem(G) > r—1.

Proof. Let G' = K, be a complete graph with vertex set V/(G’") = {v; | 1 <i < r}. Suppose that the
vertex set @ with |Q| = r—2 is a DEM set of the graph G. If |QNV(G")| = r—2, then Q@ C V(G').
From Theorem 1.1, there exists an edge e € E(G’) such that e ¢ U,eqEM (z), a contradiction. If
|Q NV (G")| < r — 2, then let the vertex set U = Q \ V(G’). For each vertex u € U, there exists
a vertex v; € V(G'), where 1 <4 < r, such that de_pe(u,vj) > de—pey(u,v;) = k > 1 for any
1 <j <rwith j #i. If dg_p)(u,v;) > k+2, then the edge set {v;v, | 1 <t #i <r} C EM(u),
which implies that EM(u) N E(G') = EM(v;)) N E(G'). If dg_pry(u,v;) =k for 1 < j #i <,
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then it follows from Definition 1 and Lemma 1.1 that F(G') € EM (u). If dg_pey(u,v;) =k +1
for 1 < j # i <r, then it follows from Definition 1 and Lemma 1.1 that the edge set {v;u; | 1 <
t#1i<r}—{vv;} € EM(u), which implies that EM (u) N E(G') C EM (v;) N E(G’). Therefore,
the vertex set () can monitor at most (}) — 1 edges of E(G'), which contradicts the fact that
(G) = (). m
Lemma 2.2. Let n, k be two positive integers with n > 2. Then

(1) f(n,1)=n—1;

(2) f(n,2) =n;

B)n+1< f(n,3) <2n—2 forn>6;

(4) f(n,n—1) = (3) forn > 4.

Proof. (1) Let G be a connected graph with order n. Then f(n,1) > n — 1. If G is a tree, then
it follows from Theorem 2.2 that dem(G;) = 1, and hence f(n,1) <n—1, and so f(n,1) =n—1.

(2) Let G5 be a connected graph with n vertices such that e(Gy) > n. It follows from Corollary
2.3 that dem(G3) > 2, and so f(n,2) < n. To show f(n,2) > n, we let G be a connected graph of
order n and size n — 1. From Theorem 2.2, we have dem(G) = 1 < 2, and hence f(n,2) > n, and
so f(n,2) =n.

(3) Let G3 be a connected graph with order n and e¢(G3) < n. Clearly, dem(G3) < 2. Let Fy be
a connected graph of order n > 6. We construct a graph F; as follows: F5 is the base graph grid
Ga3 of Fi. Note that the base graph of a graph Fj is the graph obtained from F} by iteratively
removing vertices of degree 1. One can easily check that e(F7) = n+1 and dem(F;) = 3, and hence
f(n,3) > n+ 1, which shows that the lower bound is sharp. To show the upper bound, we let F3
be the graph obtained from t (¢ > 2) triangles with unique common edge e, by adding the edge
wywe, where e = uv and wy, wo, ..., w; are the vertices except u and v in ¢ triangles. Let Fj be
the graph obtained from F3 by adding all possible edges between the vertices in {w; | 1 <1 < t},
besides the edge wjwy. Then, there exists a clique K, induced by the vertices in {u,v,wy, ws},
then it follows from Lemma 2.1 that dem(F,) > 3, and hence f(n,3) < e(F3) = 2n — 2. Moreover,
F3 can reach a graph whose upper bound is sharp.

(4) Let G4 be a connected graph with order n. Since dem(G4) = n— 1, it follows from Theorem
1.1 that G4 is a complete graphK,,, and hence f(n,n — 1) < (g) For a connected graph G’ with
order n and e(G') = (3) — 1, by Proposition 2.1, we have dem(G') = n — 2 < n — 1, and hence

f(n,n—1)> (3), and so f(n,n—1) = (}). O

A feedback edge set of a graph G is a set of edges such that removing them from G leaves a
forest. The smallest size of a feedback edge set of G is denoted by fes(G).

In Figure 4, let two edge sets Ey = {v1vg, o0y, V405, 305, U506 } and By = {vavy, 0905, v405, V305 }
in H. Then, the graphs H; and H, obtained by removing F; and FE, from H are two forests,
respectively. Therefore, F; and FE, are two feedback edge sets of H.

Theorem 2.4. [11] If fes(G) < 2, then dem(G) < fes(G) + 1. Moreover, if fes(G) < 1, then the
equality holds.
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Figure 4: The graphs as an example of feedback edge set.

The following corollary is immediate.
Corollary 2.5. For a connected graph G, if e(G) <n+k —2 (k= 2,3), then dem(G) < k.
The DEM number of complete multipartite graph is given below.

Proposition 2.2. Let r be an integer with r > 3. For a complete multipartite graph Ky, n,... n.,

r—1
ny <ng <--- < n,, we have dem(Kp, g ny) = 2 M-

Proof. Let G = Ky, ..., and A; be the vertex set of the part ¢ in G with |4;| =n;, 1 <i <.
Note that V(G) = A; U Ay U---U A,. Let the vertex set U = U/_{ A;. For each vertex v € U,
it follows from Lemma 1.2 that v can monitor all the edges incident with v, and so EM(U) =

E(G). Since EM(U) represents the union of edge sets monitored by each v € U, it follows that
dem(G) < gnz

To shovzf:éhe lower bound, we arbitrarily choose a Vertex set M C V(G) as a DEM set with
M| = Z n,— 1. f|MN(AlUAU---UA_)| = Z n; — 1, then there exists a vertex v such

=

that v € A but M, 1 < i <r —1. Then for a VerteX u € A, and any vertex w of M, we have
deg(w,v) = dg(w,u) = 1if w € A, j # i; there exist two shortest paths from w tou if w € A;, and

hence the edge uv cannot be monitored by M. If |[MN(A1UAU---UA, )| < Z n;—1, then we take
IMNA | =t>1. Let MNA, = {uj,ug,...,u;} and (A UAU---UA, _ 1)\M {v1,v9, ..., V11 }.

Suppose that the vertices vy, vs, ..., v,41 are not in the same part of G. Without loss of generality,
let v; € A; and vy € As. Then dG(wl,vl) = dg(wy,vq) for any vertex w; € M N (U]_3A;). For any
vertex wy € M N (A3 UA,), says we € Ay, we can obtain the two shortest paths wovev; and wewszvy

from w, to vy, and hence the edge v;vy cannot be monitored by M, where w3 € U]_;A;. Otherwise,

the vertices vy, vs, ..., v are all in one part of G, says V,._;. Obviously, since ny < ng < --- < n,,

then |A,| >t + 1, note that u;.; ¢ M. From Definition 1 and Lemma 1.1, the edge viu;11 cannot
r—1 r—1

be monitored by M, and hence dem(G) > > n;, and so dem(G) = >_ n,. O
i=1 =1

We are now in a position to give the proof of the upper and lower bounds for f(n, k).

+1, it follows

Proof of Theorem 1.5: For any connected graph G with order n > 6 and e¢(G) < n
f(n,4) >n+2

<
from Corollary 2.5 that dem(G) < 3, and hence f(n,4) > n+ 2, and so f(n,k) >

8



for 4 <k <n—2. Now we construct a connected graph F’ whose the base graph is grid G5 4, then
e(F) =n+ 2. By Theorem 1.3, dem(F') = 4, and hence the lower bound is sharp.

Let H be the connected graph of order n obtained from K, ,, . . by adding the all edges

,,,,,

formed by every two pairs of vertices in V; for each 1 < ¢ < r — 1, where V] is the vertex set of

part @ in Ky, pny.m,, and |V;| =n; for 1 <i <randny <ng <--- <mn,. Let Z n; = k, where

4 < k <n — 2, which implies that n, > 2. Let the vertex set ) = V; UV, U U V} 1, and hence
EM(Q) = E(H). Since EM(Q) represents the union of edge sets monitored by each vertex of @,

it follows from Proposition 2.2 that dem(H) < Z n; = k. But adding all possible edges formed
by every two pairs of vertices in V,., we can obtaln a new graph H' and the following claim holds.

Claim 1. dem(H') > k + 1.

Proof. We arbitrarily choose a vertex set M in V(H') as a DEM set with |M| = k. Let |[M NV, | =
t>0and |MN(UZV)| =k—t Ift =0, then we take uy,uy € V, and ujup, € E(H'), and
hence dy/(w,u;) = dg(w,us) for any vertex w € M, and so the edge ujus cannot monitored
by M. If t = n,, then there exist two vertices v; and v, in H’ such that vy, v, € U;:_ﬁ/; but
M, and dy/(w,v1) = dg(w,vy) for any vertex w € M, and so the edge v1v, cannot monitored
by M. If 1 < t < n,, then assume that ug € V, v € U;-";llVi but ug,vs ¢ M. Therefore,
dp(wy,v3) = dg(wy,uz) for any vertex wy; € M N (U;Z}V;). For any vertex wy € M NV, let
vy € U1V (vq # v3). If wy and wy are not adjacent, then there are two shortest paths wovsus
and wyvyug from wy to us. Otherwise, dy:(wsy, v3) = dy/(we, u3), and hence the edge uzvs cannot

be monitored by M, a contradiction. O]

Therefore, g(n, k) < e(H) = (2) = (%) = (3) — (*;") for 4 <k <n—2and n > 6. In addition,
by Lemma 2.2, we have f(n,1) =n —1and f(n,2) =nforn>2 n+1< f(n,3) <2n—2 for

n>6and f(n,n—1) = (}) for n > 4. O

Lemma 2.3. Let n, k be two positive integers with n > 2. Then
(1) g(n,1) =n—1;
(2) n<g(n,2) <2n—4 forn>25;
B)n+1 <g(n,3) <3n—6 forn>6;
(4) g(n,n—1) = (3)-

Proof. By Theorems 1.1 and 2.2, we have g(n,1) = n — 1 and g(n,n — 1) = (}), and so (1) and
(4) hold. By Corollary 2.5, dem(G) < 2, for a connected graph G with e(G) < n, and hence
g(n,2) > n. Moreover, let R be a connected graph with order n such that the base graph of
R is a cycle. Then g(n,2) = n for the graph R, and hence the lower bound is sharp. To show
g(n,2) < 2n — 4, where n > 5, let G be the graph obtained from ¢ (¢ > 1) triangles with unique
common edge uv, suspending a new triangle on an endpoint v of uv, where wy,ws, ..., w; are

the vertices except u,v in the ¢ triangles and x,y are the vertices except v in the new triangle.

9



Obviously, we have dem(G;1) = 2. Let G be the graph obtained from G by adding an edge e

which is not in E(G;). Now we give the following claim.

Claim 2. dem(G)) > 3.

Proof. Let the vertex set X be a DEM set of G} with |X| = 2. If the edge e = w;w;, where
1 <i4,j <tandi # j, then the graph induced by the vertex set {u,v,w;,w;} is a complete
graph K, and hence from Lemma 2.1, dem(G}) > 3, a contradiction. If the edge e = uy or yws,
1 < s <t, then the edges in {uw; | 1 <i <t} U {zy} only can be monitored by its endpoints. If
X CH{w; | 1 <i < t}, then the edge uv cannot be monitored by X, and hence u € X. Similarly,
if X = {x,y}, then the edges in {uw; | 1 <7 <t} cannot be monitored, and hence z or y € X,

and so vy cannot be monitored if x € X; vws cannot be monitored if y € X, a contradiction. [

Therefore, we have g(n,2) < 2n — 4 for the graph G; with |V (G1)| = n and e(G,) = 2t + 4,
where n > 5, and hence (2) holds. Moreover, g(n,2) = 2n — 4 for graph G, and hence the upper
bound is sharp.

For a connected graph G with e(G) < n + 1, it follows from Corollary 2.5 that dem(G) < 3,
and hence g(n,3) > n + 1. Moreover, for a connected graph H of order n, where the base graph
of H is a grid Go 3, we have g(n,3) = n + 1, and hence the lower bound is sharp.

We now show the upper bound of (3). Let G5 be the graph obtained from a complete bipartite
graph K3, _3, where n > 6, by adding all edges in {v,v; | 1 < i # j < 3}. Note that V(Kj3,_3) =
AUB, A={v;|1<i<3}and B = {u; | 1 <i<n-3}, where A and B are the vertex sets of the
two parts in K3,_3. By Theorem 1.2, we have dem(G3) = 3. Let G be the graph obtained from
G+ by adding one edge between the vertices in {u; | 1 <i < n —3}. Now we give the following

claim.

Claim 3. dem(G}%) > 4.

Proof. Assume, to the contrary, that dem(GY%) < 3. Arbitrarily choose a vertex set U in G} as a
DEM set with |U| = 3. If [UNA| = 3, then for any edge u;uy, of the added edges, 1 < j # k < n—3,
we can get that dg, (vi,u;) = day (vi, ux), and hence the edge ujuy, cannot be monitored by U. If
[UNA| =2, then let UN A = {v1,v9} and U N B = {u;}, without loss of generality. From
Definition 1 and Lemma 1.1, the edge vsus cannot be monitored by U. If [U N A| < 1, then there

exist two vertices in A but U, says v; and vy. Obviously, the edge v;v, cannot be monitored by U,

a contradiction. ]
Therefore, we have g(n,3) < e(G%) < 3n — 6, and hence (3) holds. O
Theorem 2.6. [11] For a graph G, if fes(G) =t (t > 3), then dem(G) < 2t — 2.
We first give the corollary of Theorem 2.6 as follows.

Corollary 2.7. For a connected graph G with order n, if e(G) < n+|k/2], k > 4, then dem(G) <
k.
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Proof. For a connected graph G with order n, if fes(G) = t, then e(G) = n+t— 1. Let t =
|(k +2)/2|. Then e(G) = n + |k/2|, where k > 4. From Theorem 2.6, we have dem(G) < k.
Let G’ be the connected graph obtained from G by deleting some edges. Therefore, e(G') =
n+ K /2] <n+ |k/2] =e(G), where k' < k, and hence dem(G’) < k. O

Proof of Theorem 1.6: We now give the lower bound. Let G be a connected graph with order
n>9. For4 <k <n—2 it follows from Corollary 2.7 that g(n,k) > n+ |k/2] > n + 2.
Moreover, let H be a connected graph with order n, where the base graph of H is a grid Gag4.
Then, g(n,k) = n + 2 for the graph H, and hence the lower bound is sharp.

To show the upper bound, for a connected graph H; with order n and e(H;) = (k+1)(n—1)—1,
it follows from Theorem 2.1 that dem(H;) > (kﬂ)rf%)_l > k. However, for any connected
graph H, with order n, if e(Hy) > (k+ 1)(n — 1), then dem(Hs) > k + 1, and hence g(n, k) <
(k+1)(n—1)—1for4 <k < |(n—1)/2]|. Now we give the upper bound for [n/2] < k < n—2. Let

Hj3 be the connected graph obtained from K, ., », by adding the all edges formed by every pair of

.....

vertices in V; for each 1 <7 < r—1. Note that V; is the vertex set of part ¢ in a complete multipartite
graph Ky, ny o, and |Vi| = n;, 1 <@ < r. Let Tz_jlnz = k, where [n/2] < k < n— 2, and the
vertex set U = V1 U Vo U---UV,_;. Then, we haif:e1 EM(U) = E(Hs). Since EM(U) represents
the union of edge sets monitored by each vertex of U, it follows that dem(Hs) < ril n;, = k. But
adding one edge formed by every pair of vertices in V., we can obtain a new grapleé such that

dem(Hj) > k + 1, and hence g(n, k) < e(Hs) = (5) — () = (5) — ("_k), which implies that the

2 2
In addition, by Lemma 2.3, we have g(n,1) = n — 1 and g(n,n — 1) = (g) forn >2 n <
gn,2)<2n—4forn>5andn+1<g(n,3) <3n—06forn>6. O

upper bound is sharp.

3 Results for radix n-triangular mesh networks

For an integer ¢ (1 <t < n—1) and any two edges ((x1,41), (x2,v2))* and ((z3,y3), (x4, y4))* of the
radix n-triangular mesh networks 7,,, we call ((z1,v1), (z2,y2))* and ((x3,y3), (x4,y4))* the linear

edges if the two edges satisfied one of the following cases
(1) o, =2;=t—1(i,j =1,2,3,4);
(2) yi=y;j=t—1(i,7=1,2,3,4);
B) mi+yi=x;+y; =t (i,j=1,2,3,4).

Otherwise, the nonlinear edges. Let M be the edge set satisfying the case (i) for each 1 <t <
n — 1 and V;' be the endpoint set of all edges in the edge set M/, where 1 < i < 3. Note that
MY =n—t, |[MZ|=n—t |[M}=t|Vl=n—t+1,|V}]=n—t+1and |V3 =t+1

Theorem 3.1. For any vertex v = (x,y) € V(T,,), EM(v) = My, UM} UM, .
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Proof. For any uw € M, with d, (v,u) > dr, (v, w), since there exists only one shortest path P,
from v to w in the graph T,,, where E(P,,) C M}, ,, it follows that dp, (v, u) # dr, —uw(v,u), and

T

hence uw € EM (v), and so all edges in M}, | can be monitored by v. Similarly, the all edges in

M, and M}, can be monitored by v. For any edge uw € E(T,)—M,, UM} UM,

from Definition 1 and Lemma 1.1 that the vertex v cannot monitor the edge uw, and hence v cannot

monitor all edges in E(T,) — My, UM} UM}, . Therefore, EM(v) = M, UM, UM, . O

it follows

Since |M, | =n—(x+1), M) | =n—(y+1) and |[M} | = z+y for any vertex v = (z,y) €
V(T,), it follows that |[EM (v)| = 2(n — 1), and hence the following corollary holds.

Corollary 3.2. Let T,, be a radiz n-triangular mesh network. Then we have |EM (v)| = 2(n — 1)
for any vertex v € V(T,).

Proposition 3.1. [23] Let G be a connected graph and My, My C V(G). For any e € E(G), if
M, C My, then P(M,,e) C P(Ms,e).

Proposition 3.2. For v € M C V(T,) and e € E(T,), we have |P(M \ v,e)| < |P(M,e)|.
Moreover, if v € M C Vi and e € M}, then P(M \ v,e) C P(M,e); if e € M}, then P(M,e) =
P(M NV e), where 1 <i<3.

Proof. By Proposition 3.1, we have P(M \ v,e) C P(M,e), and hence |P(M \ v,e)| < |P(M,e)].
For 1 <i <3, let v €V and e = uw € M. Without loss of generality, we assume dr, (v, w) <
dr, (v,u), then there exists the unique shortest path P,, from v to u such that vw € E(P,,), and
hence dr, (v,w) # dr,_.(v,w) and so the vertex pair (v,w) € P(M,e) and (v,w) ¢ P(M \ v,e).
Therefore, P(M \ v,e) C P(M,e).

For any v € V(T,,) \ V" and e € M/, then there exists a shortest path P,, from v to y such
that E(P,,) N M} =0 for any y € V(T,,), and hence dr, (v,y) = dr, _(v,y), and so P({v},e) = 0.
Therefore, P(M,e) = P(M \ v,e), and so P(M,e) = P(M \ (V(T;,) \ V{}),e) = P(M NV} e). O

Theorem 3.3. For a radiz n-triangular mesh network T,, (n > 2), let M C V(T,,) and e € E(T,,).
Then we have 0 < |P(M,e)| < 2[n/2][n/2].

Proof. By Definition 1, we have |P(M,e)| > 0. For any edge e = uv € E(T,,), there exists a M}
such that e € M{. Let M C V(T,) \ V;'. Since there exists a shortest path P,, from z to y such
that F(P,,) N M} = for any z € M and y € V(T,), it follows that dr, (x,y) = dr, _.(z,y), and
hence |P(M,e)| = 0, and so the lower bound is sharp.

For any edge e = uwv € E(T,), there exists a M; such that e € M{. For any M C V(T,,),
from Proposition 3.2, we have P(M,e) = P(M NV} e), and hence |P(M,e)| = |[P(M NV} e)| <
|P(Vie)|. Let X C V/ be the vertex set such that dr, (u,z) < df,(v,z) for any z € X, and
Y C V; be the vertex set such that dr, (u,z) > dg, (v,z) for any y € Y. Then, X UY = V}'. Since
dr, (z,y) # dr, _o(z,y), it follows that (z,v), (y,z) € P(V},e), and hence |P(V/ e)| = 2|X|- [V].
Since |V!|=n—t+1, V2 =n—t+1and |V3 =t+1, it follows that |V}}| < n, where 1 < i < 3,
and hence |P(V{, e)| = 2|X||Y| < 2[n/2][n/2]. O
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The following example shows the upper bound in Theorem 3.3 is sharp.

2 2
Theorem 3.1, we have P(M, er) = {((0,4), (0,1)), ((0,1), (0,4)) | 0 < i < 253,281 < j <n — 1},
and hence |P(M,e;)| = "22_1. For the even n > 2, let e = ((0,252),(0,%2))*. By Theorem 3.1,
we have P(M,e;) = {((0,4),(0,7)),((0,7),(0,4)) | 0 < i < 2522 < j < n — 1}, and hence

|P(M,er)| = ”72, which implies that the upper bound is sharp.

Example 2. For the oddn > 3, let e; = ((0, %52), (0, )" and M = {(0,4) | 0

We are now in a position to give the proof of Theorem 1.7 by the following two propositions.

Proposition 3.3. Let T}, be a radixz n-triangular mesh network, where n is even. Then, we have

2 n =2,

dem(T) = { (3n—6)/2 n> 2.

Proof. 1f n = 2, then T, is a complete graph K3 of order 3. From Theorem 1.1, we have dem(75) =
2. Forn > 2, welet My = {(0,v) |1 <ov < 22}, My = {(u,0) | 2 <u<n—2}and
Ms={(u,v) |[u+v=n—-1,1<u<222<y<n-—2}

Let M = M; U My U Mjs. Then, |M| = (3n — 6)/2. For each vertex (0,v) € M, by Theorem
3.1, we have EM((0,v)) = {((0,4)(0,i +1))* |0 < i <n—=2}U{((7,0)(j +Lv)*|0<j <
n—2-v}U{((J,)(G+1,i-1))|0<j<v—1,j+i=0}

Similarly, we have EM ((u,0)) = {((4,0)(¢ + 1,0))* | 0 <i<n —2} U{((u,5)(u,j+1))" | 0 <
j<n—-2—-utU{((J,))J+1,i—-1)"]10<j <u-—1j+1i = u} for each (u,0) of Mo,
and EM((u,v)) = {((5,v)(i + 1,v))" [0 <4 < n =2 -0} U{((v,)(w,j +1))" | 0 <j <
n—2-—utU{((t,7)i+1,j-1)"10<i<u+v—1,i+j=u+ v} for each (u,v) of M. Since
(Uo,0ern, EM((0,0))) U (Ug0yenss EM (1, 0))) U (Uwyers EM ((u,v))) = E(T,,), it follows that
dem(7,) < (3n —6)/2 for n > 2.

To show dem(7},) > (3n—6)/2 for n > 2, let the vertex set @ C V(7},) with |Q| = (3n—6)/2—1
be a DEM set of T},. Choose the edge set I = (U;:f/zMilel) U (U?;2/2Mj2+1) U (Uggi_lg)/zM,?) and
the vertex set R = (UiZ?, Vi) U (U2, VA ) U (U P2V3). For any edge e € M? C I, where
1 <i<n-—1land 1l <j <3, from Proposition 3.2, we have P(M,e) = P(M NV/, e) for any
M C V(T,), and hence P({u},e) = 0 for any u € V(T},) \ V/, and so e can only be monitored by
some vertex v in V7 € R. Thus, QN V7 # B, for any V/ C R, and so |Q| > (3n — 6)/2, which
contradicts the fact that |Q| = (3n — 6)/2 — 1. Therefore, we have dem(7},) > (3n — 6)/2, and
hence dem(7},) = (3n — 6)/2. O

Proposition 3.4. For a radix n-triangular mesh network T,, with n odd, we have

3, n=3;

dem(Tn) = { (3n—5)/2, n>3.
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Proof. For n = 3, we choose the vertex set M = {(0,1),(1,0),(1,1)} in 75. By Theorem 3.1, we

have

EM((0,1)) = {((0,0)(0,1))", ((0,2)(0,1))", ((1,0)(0,1))"},
EM((1,0)) = {((0,0)(1,0))", ((2,0)(1,0))", ((1,0)(1, 1))},
EM((1,1)) = {((0,)(1,1))" ((2,0)(1,1))", ((0,2)(1, 1))"}-

Since EM((0,1)) U EM((1,0)) U EM((1,1)) = E(T3), it follows that dem(73) < 3. To show
dem(7T3) > 3, let the vertex set @ C V(T3) with |@Q| = 2 be a DEM set of T5. For any vertex
v € V(T3), from Theorem 3.2, |[EM (v)| = 2(n—1) = 4, and hence |U,eq EM (z)] < 8 < e(T3) =9,
and so @ is not a DEM set of T5. Therefore, dem(7%3) > 3, and so dem(73) = 3.

For n > 3, let My = {(0,v) | 1 < v < 253}, My = {(v,0) | 25+ < u < n—2} and M =
{(u,v) [1 <u <2522 <o <n—2u+v=n—1}. Choose the vertex set M = M; UM, U M;
with |M| = (3n — 5)/2 in T,,. For each vertex (0,v) € M;, by Lemma 3.1, we have EM((0,v)) =
{((0,8)(0,i1))7 [0 < i < n—2}U{((G, ) (i+1,0))° |0 < j < n—2—0}U{((G, ) (j+1,i—1))* |0 <
j<v—1,74+1i=v}.

Similarly, we have EM ((u,0)) = {((4,0)(i + 1,0))* | 0 <i <n —2} U{((u,5)(u,j+ 1)) | 0 <
J<n—-2—-utU{((Ji)J+1,i—1)"]0<j <u-—17+1i= u} for each (u,0) of My,
and EM((1,0)) = {((0)(i + 1,0)* | 0 < i < n—2— v} U{((wi)(wj+ 1) |0<j<
n—2—u}U{(( Ne+1,j-1)"|0<i<u+v—1k+j = u+v} for each (u,v) of

. Since (Uqowyerr, EM((0,v))) U (Ugoyer, EM ((1,0))) U (Uwyers EM ((w,v))), it follows that
dem( n) < |M| = (3n—5)/2 for n > 3.

To show dem(7},) > (3n—>5)/2 for n > 3, let the vertex set Q C V(T,,) with |Q| = (3n—5)/2—1
be a DEM set of T;,. Choose the edge set I = (U (i+1)/2le+1) (U2 (2n+1)/2Mj2+1) (Uél;l)/ZMg)
and the vertex set R = (U} (n+1 /2‘/11“) (U2 (2n+1)/2Vf+1) (Uk L /2Vk,) For any edge e € MJ C I,
where 1 <i<n-—1and 1< j <3, from Proposition 3.2, we have P(M,e) = P(M NV e) for any
M C V(T,), and hence P(u,e) = () for any u € V(T},)\V/, and so e can only be monitored by some
vertex v in V7 C R. Thus, QNV? # 0, for any V7 C R, and so |QNR| > (3n—5)/2—2. In fact, there
exist three edge sets M, , 1) 9, MZ, 1) /o and M, ;o such that (M, , ) o UM, s UME, ) 0)N =
(). Similarly, from Proposition 3.2, the edge ¢ € M(n )
v E V(n+1)/2, where 1 < j < 2, and the edge e € M(Thl)/2 can only be monitored by some vertex
v e ‘/(nfl)/Z Since V(h+1)/2 N V(i+1)/2 # 0, V&LH)/z N ‘/(?171)/2 # () and V(%wl)/z N Vv(?;zfl)/Z # 0, it
follows that |Q N (V(T,,) \ R)| > 2, and hence |Q| > (3n — 5)/2, which contradicts the fact that
|Q| = (3n — 5)/2 — 1. Therefore, dem(7,,) = (3n — 5)/2. O

Jo Can only be monitored by some vertex

4 Results for hexagonal networks

Now, we construct a coordinate system for HX(n). Let a,b,c,d, f,g be the corner vertices of
HX (n); see Figure 3. In this scheme, the three axes, X, Y and Z parallel to three edge directions

14



and at mutual angle of 120 degrees between any two of them are introduced, where the directions
from a to d, b to f and ¢ to g are the directions of X,Y and Z, respectively. We call lines parallel
to the coordinate axes as X-lines, Y-lines and Z-lines. Further, we use X;-line to denote a line
of X-lines with the distance of ¢ from the X-axis for 1 —n < i < n — 1. Note that X,-line is
the X-axis, Xj-line lies in upper side of X-axis, and X _j-line lies in under side of X-axis, where
1<k<n-—1. Let X, )?l be the edge set and the vertex set of X;-line, respectively; similarly, we
define Yi,?i, Z; and Z, where 1 —n <i<n-—1.

For each vertex v of HX (n), we can always use z;y;zj to express v, where )A(zﬂ}?j ﬂZk = {@y;21 },
where 1—n <14, j,k < n—1. Note that k = j—i for any vertex z;y;2;. Foru,v € V(HX(n)), if uv is
an edge of HX (n), then we use (u, v)* to represent it. For example, the corner vertex d can be repre-
sented as Toy1_n21-n, and the edges associated with d can be written as (zoy1-n21-n, ToY2—n2z2-n),
(ToY1-nZ1—n, T1Y1-nZ2—n)* and (Toy1_n21-n, T1Y2-nz1-n)"- These definitions will help us to prove

the following results.

Lemma 4.1. For a vertex v = x;y;2,, of HX(n), we have EM(v) = X; UY; U Z;,, where 1 —n <
i k<n—1.

Proof. For any uw € X; UY; U Z; with dyxm)(v,u) > dgxm)(v, w), since there exists only one
shortest path P,, from v to w in the graph HX(n), where E(P,,) C X; UY; U Z, it follows that
duxm)(v,u) # dgxm)—uw(v,u), and hence uw € EM(v), and so X; UY; U Z, € EM(v). For
any edge uw € E(HX(n)) — X; UY; U Zy, it follows from Definition 1 and Lemma 1.1 that the
edge uw ¢ EM(v), and hence EM(v) N (E(HX(n)) — X; UY; U Z) = 0. Therefore, we have
EM(v) = X; UY; U Z, where v = 2;y,;2, and 1 —n <4,5,k <n— 1 O

Proposition 4.1. Let M CV(HX(n)). Forv e M and e € E(HX(n)), we have |P(M \ v,e)| <
|P(M,e)|. Moreover, if v € M C X, and e € X;, then P(M \ v,e) C P(M,e); if e € Xy, then
P(M,e)=P(MNX;,e), wherel —n <t <n—1. (The cases of Y; and Z; are symmetric.)

Proof. By Proposition 3.1, we have P(M \ v,e) C P(M,e), and hence |P(M \ v,e)| < |P(M,e).
Without loss of generality, let dyx ) (v, w) < dgx@m)(v,u). Since v € M C )?t and e = uw € Xy,
where 1 —n < t < n — 1, it follows that there exists the unique shortest path P,, from v
to u such that uvw € FE(P,,), and hence dgx(n)(v,w) # dyxm)—(v,w), and so the vertex pair
(v,w) € P(M,e) and (v,w) ¢ P(M \ v,e). Therefore, P(M \ v,e) C P(M,e).

Fore € X, andv € M\)?t, there exists a shortest path P,, from v to y such that E(P,,)NX; =0
for any y € V(HX(n)), and hence dpx(n)(v,y) = dux(n)—e(v,y), and so P({v}, e) = . Therefore,
P(M,e) = P(M\ v,e), and so P(M,e) = P(M\ (V(HX(n))\ X,),e) = P(M N X,,e). O

Theorem 4.1. For a hexagonal network HX (n), let M C V(HX(n)) and e € E(HX(n)). Then
we have 0 < |P(M,e)| < 2n(n —1).

Proof. By Definition 1, we have |P(M,e)| > 0. For any edge e € E(HX(n)), there exists a X,
such that e € Xy, where 1 —n <t <n—1. Let M CV(HX(n)) \)?t Since there exists a shortest
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path P,, from x to y such that E(P,,) N X; =0 for any x € M and y € V(HX(n)), it follows that
duxm)(®,y) = duxm)—c(x,y), and hence |P(M,e)| = 0, and so the lower bound is sharp.

For any edge e = uv € E(HX(n)), there exists a X; such that e € X;, where 1 —n <t <n-—1.
For any M C V(HX(n)), from Proposition 4.1, we have P(M,e) = P(M N X,,¢), and hence
|P(M,e)| = |P(M N )?t,e)| < |P(X,,¢e)|. Let A C X, be the vertex set such that duxm)(u, v) <
duxmy(v,z) for any x € A, and B C )?t be the vertex set such that dr, (u,z) > dr, (v, z) for any
y € B. Then, AUB = X,. Since dux)(®,y) # duxm)—e(z,y), it follows that (z,y), (y,z) €
P(X,,e), and hence |P(X,,¢)| = 2|A| - |B|. Since |X,| = 2n — 1 — ||, it follows that | X,| < 2n —1,
and hence |P(X;, e)| = 2|A| - |B| < 2n(n — 1). O

Example 3. Choose the edge e = (xoy121, ToYozo)* and the vertex set M = {xoy;z; | 1 —n <
i < n —1}. By Proposition 4.1, we have P(M,e) = {(zoyizi, xoy;2;) | 1 —n <i<0,1 <j <
n— 1} U {(zoyizi, voyjz) | 1 <i<n—1,1—n<j <0}, then |P(M,e)| = 2n(n — 1), and hence
the upper bound s sharp.

Theorem 4.2. For a hexagonal network HX (n), we have 4(n—1) < |EM(v)| < 6(n —1) for any
vertex v € V(HX(n)).

Proof. Let v = x;y;2x, where 1 —n <14, j, k <n—1. By Lemma 4.1, we have EM (v) = X;UY,;UZj.
Since X;NY; =0, X;NZ, = 0 and Y;NZ;, = 0, it follows that |[EM (v)| = | X;|+1Y;|+|Zx|. Clearly,
| X3, Y], | Zk| < 2(n—1), and hence we have |[EM (v)| < 6(n —1). Now we proof the lower bound.
Since k = j —1 for any vertex v = x;y;2, it follows from Lemma 4.1 that EM (v) = X; UY,; U Z;_,.
Then |EM (0)] = | Xi|+1Y; |15 4] = (2(n—1)—|il) + 2(n—1)—|j]) + (2(n—1)—|j — ]}, and hence
|[EM(v)| = 6(n—1)—(|i| +|j|+ |7 —1i|), where 1 —n < i,j < n—1. Since |i|+|j|+]j—1] < 2(n—1)
it follows that |EM (v)| > 4(n — 1). O

To show the sharpness of the bounds of Theorem 4.2, we give the following example.

Example 4. For the verter uw = Toyn_12n—_1, from Lemma 4.1, EM(u) = XoUY,, 1 U Z,_1, then
|[EM(u)] =2(n—1)4+ (n—1)+ (n—1) = 4(n — 1). For the vertex o of HX(n), it follows from
Lemma 4.1 that EM (o) = EM (xoyoz0) = Xo U Yo U Zy. Clearly, | Xo| = |Yo| = |Zo] = 2(n — 1),
then |EM (0)| = 6(n — 1). Therefore, the bounds are sharp.

Proof of Theorem 1.9: To show the upper bound, let M; = {zoy;z; | 1 <i <n—1}, My =
{ziyoz—i |1 <i<n—1}, M3 ={z_;y_iz0| 1 <i<n—1}. Choose the vertex set M = M;UMyUMj3
with |[M|=3n—3in HX(n). From Lemma 4.1, we let

& = U EM(v) = Xo U (UY;) U (U Z)),
& = UenEM(v) = (U51X) UYy U (U Z2y),
& = U EM(v) = (U2 X ) U (UYL U Z,.

Since & U & U &3 = E(HX (n)), it follows that dem(H X (n)) < |M| = 3n — 3.

16



We now prove the lower bound. Let @ C V(H X (n)) be a DEM set of HX (n) with |Q| = 2n—2.
By Proposition 4.1, we have P(M,e) = P(M N X, e) for any M C V(HX(n)) and e € X,, and
hence P({u},e) = 0 for any u € V(HX(n))\ X;, and so X; can only be monitored by the vertices
in X; for each t (1 —n <t < n—1). Therefore, |Q| > 2n — 1, which contradicts the fact that
Q| = 2n — 2, 0

5 Concluding remark

In this paper, we studied some extremal problems for DEM numbers. For Problems 1 and 2, it is
natural to improve and get some better bounds for 3 < k < n — 2.

For further future work, it would be interesting to study DEM sets in further standard graph
classes, including pyramids, Sierpinki-type graphs, circulant graphs, graph products, or line graphs.
In addition, it would be of interest to characterize the graphs with dem(G) = n — 2, as well as
clarifying further the relation of the parameter dem(G) to other standard graph parameters, such

as arboricity, vertex cover number and feedback edge set number.

Acknowledgement. We would like to thank the anonymous referees for a number of helpful
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