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ABSTRACT. The paper is a continuation of the research on a one-to-one correspondence between n-
dimensional spectral resolutions and n-dimensional observables on lexicographic types of quantum struc-
tures which started in [DvLad]. In Part I, we presented the main properties of n-dimensional spectral
resolutions and observables, and we deeply studied characteristic points which are crucial for our study.
In present Part II, there is a main body of our research. We investigate a one-to-one correspondence
between n-dimensional observables and n-dimensional spectral resolutions with values in a kind of a
lexicographic form of quantum structures like perfect MV-algebras or perfect effect algebras. The mul-
tidimensional version of this problem is more complicated than a one-dimensional one because if our
algebraic structure is k-perfect for k > 1, then even for the two-dimensional case of spectral resolutions we
have more characteristic points. The obtained results are applied to existence of an n-dimensional meet
joint observable of n one-dimensional observables on a perfect MV-algebra and a sum of n-dimensional
observables.

INTRODUCTION

In this paper we continue the research from [DvLad], where we have introduced n-dimensional ob-
servables and n-dimensional spectral resolutions defined on k-perfect effect algebras and k-perfect MV-
algebras. In the first part, we have presented basic properties of observables and of spectral resolutions
and we have concentrated to characteristic points of n-dimensional spectral resolutions which are im-
portant for the study of spectral resolutions. We underline that characteristic points are appearing only
when the algebraic structure is of a lexicographic form. We note that an n-dimensional spectral resolution
is a mapping F' : R® — T, (H;> G, (u,0)), where (H,u) is a unital po-group with interpolation and G is
a directed Dedekind o-complete po-group with interpolation.

In the second part, we present the main results of our research which deal with establishing a one-to-one
correspondence between n-dimensional spectral resolutions and n-dimensional observables showing that
every n-dimensional spectral resolution can be uniquely extended to a unique n-dimensional observable.
In addition, we apply the results to show existence of a kind of a joint n-dimensional observable of n
one-dimensional observables and to show how we can define a sum of n-dimensional observables.
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Sections, theorems, propositions, lemmas, examples, and equations are numbered in continuation of
[DvLad], where there are basic notions used also in this part.

5. GENERAL SPECTRAL RESOLUTIONS AND TWO-DIMENSIONAL ONES

In the section, we present a strengthened definition of an n-dimensional spectral resolution and of an
n-dimensional pseudo spectral resolution valid for both MV-algebras as well as for effect algebras. This
new definition will be sufficient in the next sections in order to extend an n-dimensional spectral resolution
on a perfect MV-algebra to an n-dimensional observable x such that F' = F,. First, the extension will
be done for n = 2 and then for general n > 1 for perfect MV-algebras and perfect effect algebras, and
later also for k-perfect ones.

It is important to note that if M is a o-complete MV-algebra or a Dedekind monotone o-complete
effect algebra with (RDP), to show a one-to-one relationship between n-dimensional spectral resolutions
and n-dimensional observables, the definition of a spectral resolution using (3.3)—(3.7) was sufficient, see
[DvKul DvLa2l [DvLa3]. However, if M is perfect or k-perfect, that was not sufficient, see [DDLL [DvLal,
DvLal]. Therefore, the definition of an n-dimensional spectral resolution for k-perfect MV-algebras has
to be strengthened and in this paper we need the following definition. The same is true for effect algebras.
We note that every F' = F,, where x is an n-dimensional observable does satisfy this new definition.

Definition 5.1. A mapping F' : R®" — M is said to be an n-dimensional spectral resolution if the
following conditions hold

(i) the volume condition,
(ii)
\/ F(Sl,...,sn):F(tl,...,tn),
(51,...,Sn)<<(t1,...,tn)
(iil) A, F(s15---58i-1,ti; Sit1,---,8n) =0 for each i =1,...,n,
(V) Voo Fs15-0580) =1,
(v) If (8, ... tP) is a characteristic point of F' corresponding to a block B, then the element

ag = /\{F(sl, R EN C TR I (= S 8] (5.1)
exists in M (and it belongs to B).
If a mapping F': R™ — M satisfies (i)—(iv), where instead of (iv) we have
(V)" Visy,sm) F'(81, -+ 8n) = uo and uo is not necessarily 1, F' is said to be an n-dimensional pseudo
spectral resolution.

It is necessary to notify that according to Propositions 3.3-3.4, property (v) of Definition Bl is a
necessary condition for existence of an n-dimensional observable x such that F' = F}.

We note that for an n-dimensional pseudo spectral resolution, it can happen that F' has no charac-
teristic point. Indeed, this can happen if M is a perfect MV-algebra and uy € Rad(M). For example,
if F'is an n + 1-dimensional spectral resolution on a l"(Z;> G,(1,0)), n > 1. Given fixed ¢t € R, the
mapping F; : R” — M defined by Fi(t1,...,tn) := F(t1,...,tn,t), t1,...,tn € R, is an n-dimensional
pseudo spectral resolution, for more info see Lemma 6.4l If ug = F(oo,...,00,t) € Rad(M), then F; has
no characteristic point. This can happen always ¢ < t2_ |, where (¢9,...,t%, ) is a unique characteristic
point of F.

It is important to notify that the characteristic points of n-dimensional pseudo spectral resolutions are
evaluated in the same way as ones for F' with (i)—(iv) if they exist.

Moreover, if ug € Rad(M), M =T'(ZxZ,(1,0)), then the n-dimensional pseudo spectral resolution F is
in fact an n-dimensional spectral resolution on the interval o-complete MV-algebra (monotone o-complete
effect algebra) [0,uo] C Rad(M). If up € Rad(M)’, then F is an n-dimensional spectral resolution on
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the interval algebra [0, ug] = F(Z?Z, (1,—go0)), where (1,—go) = uo, go € G, satisfying (i)—(v) and
it is “almost close” to a perfect MV-algebra, with Rad ([0, uo]) = Rad(M) = {(0,9): g € G} which is
a Dedekind o-complete poset. The “almost close” means that F' has a (unique) characteristic point on
[0,up]. Then our task is to find an n-dimensional observable x on [0, ug] such that z((—oo,t1) X - -+ X
(—OO,tn)) = F(tl,...,tn), t1,...,th €R.

A one-to-one correspondence between n-dimensional spectral resolutions and n-dimensional observ-
ables for o-complete MV-algebras and for Dedekind o-complete effect algebras with the Riesz Decompo-
sition property was established in [DvLa3l Thm 5.1, Thm 5.2]. Therefore, in what follows, we concentrate
to n-dimensional spectral resolutions on lexicographic MV-algebras T'( H B4 G, (u,0)) or on lexicographic
effect algebras Ty, (H B4 G, (u,0)), where in the first case (H,u) is a unital linearly ordered group and G
is a Dedekind o-complete ¢-group, and in the second case (H,u) is a unital po-group with interpolation
and G is a directed Dedekind monotone o-complete po-group with interpolation.

If M =T(G,u), where (G, u) is a Dedekind o-complete £-group, then (iv) and (v) are superfluous and
F can be extended to an n-dimensional observable, see [DvLa2] for n = 2 and [DvLa3| for any n > 1. The
same holds for a perfect effect algebra I'c,(Z 4 G, (1,0)), where G is a directed Dedekind monotone o-
complete po-group with interpolation, and for I'c, (G, u), where (G, u) is a monotone Dedekind o-complete
unital po-group with interpolation, (iv) and (v) are also superfluous.

In what follows, we will use the lexicographic product Z X G, where G is an Abelian directed po-group
with interpolation or G is an Abelian ¢-group. Then due to [Gal, Cor 2.12], Z X G is with interpolation.
Consequently, the effect algebra T, (Z?G, (n,—go)), where go € GT, is an effect algebra with (RDP),
and I‘ea(Z§> G, (n,—go)) is an MV-effect algebra if G is an ¢-group.

We establish an important corollary of the definition of spectral resolutions holding for lexicographic
effect algebras.

Lemma 5.2. Let F' be an n-dimensional spectral resolution with the finiteness property on an effect
algebra E = I‘ea(H?G, (u,0)), where G is a directed Dedekind monotone o-complete po-group with
interpolation and (H,u) is a unital po-group with interpolation. If iy < --- < i; is any non-empty subset
of {1,...,n}, then the element \/Sil,~~~7sz'j F(s1,...,8,) exists in M and we denote

F(s1,....80) = \/  F(s1,-..,5n),

SigyeesSiy
where §; = +00 if i = ig for some k=1,...,5 and §; = s; otherwise.

Proof. Due to [Gd, Cor 2.12], the po-group H % G has the interpolation property. Let t, = (¢¥,...,t%)
be a unique characteristic point of Ti, = {(t1,...,tn): F(t1,...,tn) € E,}. We will establish that

\/ F(Sla'"asjatj+la"'atn)a

S15.-4585

exists in E for all fixed ¢j41,...,t, €R.

There are two cases. Case (i): There are s7,...,s} € R such that F(sy,...,sj,tj41,...,tn) € By =
{(u,9): g€ G} for all 51,...5; € R with 51 > s9,...,5; > s7; then the statement trivially holds.

Case (ii): Case (i) does not hold. Since F has the finiteness property, we can assume that there
are s7,...,5) € R and h € [0,u)y such that (s1,...,85,tj11,...,tn) € Ty for all s1 > s,...,s; > sJ.
Without loss of generality, we can assume that s >t ..., sjo- > tY.

We denote by i the number of t3’s below ¢!, k =j+1,...,n. Then ¢ > 1.

We prove the statement using induction on ¢ and j. Assume that i = 1 and let k = j + 1 be such that
tr = thrl < t?—l—l and F(Sl, ceey Sj,thrl, Ce ,tn) e by
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For every € > 0, we have the following volume condition

F(s1,.-0,85-1,85,tj11, o tn)=F(s15- 851,15 + 6, L1, tn)
SF(815000585-1,85, U501 F 6 stn)=F(s1,. .., 85 1,15 + 6,15 +6,...,tn).
So
F(S1y--,8j21,8j,tjt1, - tn) (5.2)
has an upper bound

F(Sl,...,Sj_l,t}}'+€,tj+1,...,tn)+[F(Sl,...,Sj_l,Sj,t?_i_l —I—E,...,Ifn)
= F(s1,. 0,851,150 +6ti g + 6. 1)

Since we have finitely many blocks, we can choose h,h’ € [0,u]y, € > 0, and sufficiently large variables
S1y--+,85 € R such that F(Sl, e 75j7175j;tj+1; e ,tn) € Ey, F(Sl, ceey ijl,t;l + G,tj+1, C ,tn) € Ey,
and F(s1,...,8j-1,8;,t8 1 +€...,tp) and F(s1,...,8j-1,t% + €% 1 +€,...,t,) belong to Ep.

Now, we follow the induction with respect to ¢ with fixed j = 1. Then

F(Sl,tQ,...,tn) SF(t?—FE,tQ,...,tn)—I—[F(Sl,tg—FE,tg,...,tn)—F(flf—|—€,t12}’—|—€,t3,...,tn)]. (53)

Since i = 1, then b/ = u, E, > F(s1,t4 + €,t3,...,tn) < 1 and Ey > F(s1,t§ + €,t3,...,tn) — F(t} +
68 + etz .. ty) <1 —F(Y + €, t% + €,t3,...,1,) € Ey which shows that {F(s1,t2,...,t,): 51 € R}
has an upper bound in Ej.

Now, assume that ¢ > 1. Due to the induction hypothesis, we assume that the lemma holds for j =1
and every 1 < i’ <. From (&3) we conclude by induction that \/ F(s1,t5 + €,t3,...,t,) exists in
E and it belongs to Ejs. Therefore, \/, [F(s1,t5 + ¢€,t3,...,tn) — F(t] + €, 8 + ¢,t3,...,t,)] € Eo and
\/SI{F(sl, to,...,ty): $1 € R} has the supremum in E},.

Consequently, \/ F(s1,t2,...,t,) exists in By, for all t2,...,¢, € R.

Now, we assume that the lemma holds for each j' with 1 < 5/ < 5. We use an upper bound for (5.2))
that is just after (5.2]). Due to the induction hypothesis,

ay = \/{F(Sl,...,Sj_l,ty+€,tj+1,...,tn)l S1y-++585—1 ER}

exists in E and it belongs to Ej. Since F(s1,...,sj-1,t] + €,t% | +¢€,...,t,) belongs to Ej for suf-

ficiently large sq,...,sj_1, it belongs to some block B C Ej/. Using definition of spectral resolutions,
the element ag = A{F(u1,...,un): (u1,...,u,) € B} exists in E and it belongs to Ej . Finally,
as in the previous case for j = 1, we can show {F(sl,...,sj_l,sj,t}‘+1 +6..,ty): S1,...,8; € R}
has an upper bound, say ae, in Ej/: First we show it for ¢ = 1 and then for ¢ > 1. Altogether,
{F(s1,--,8j,tj41,.--,tn): S1,...,8; € R} has an upper bound in E}, namely a; + a2 — ap, which
finishes the proof. O

If F is two-dimensional, then, in particular, we have F(s,t5) := A,., F(s,t) exists in M and

F(s,tf) € Rad(M) if s < sp and F(s,t]) € Rad(M)’ if s > so. Dually, F(s{,t) € Rad(M) if t < t, and,
F(sg,t) € Rad(M) if t > to.

Lemma 5.3. Let G be a directed monotone o-complete unital po-group with interpolation, firx go € G,
and let (a;)i, (bi)is (¢i)i, (di); be sequences from E = Fea(Z?G, (n,—go)), n > 1.

(1) If (a3)i, (b3)i, (¢i)i, (di)i are non-decreasing with suprema a, b, ¢, d, such that (a; +d; — b; — ¢;); s
non-decreasing and from E. Then \/,(a;+d; —b;i—c;) and a+b—b—c exist in E and \/,(a;+d; —b;—¢;) =
a+d—b—c.

(2) If (a;)i, (b3)i, (¢i)is (dy); are mon-increasing with infima a, b, ¢, d, such that (a; + d; — b; — ¢;); is
non-increasing and from E. Then \,(a;+d;—b;—c;) and a+b—b—c exist in E and \,(a;+d; —bi—c;) =
a+d—b—c.
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(3) If (a;)i, (bi)i, (¢i)i, (di); are non-decreasing with suprema a, b, ¢, d, such that (a; +d; —b; — ¢;); is
non-increasing and from E. Then \,(a;+d; —b;—c¢;) and a+b—b—c exist in E and \,(a;+di—b;—c¢;) =
a+d—b—c.

(4) If (ai)is (b3)i, (¢i)i, (d;)i are non-increasing with infima a, b, ¢, d, such that (a; +d; — b; — ¢;); is
non-decreasing and from E. Then \/,(a;+d; —b;i—c;) and a+b—b—c exist in E and \/,(a;+d; —b;j—¢;) =
a+d—b—c.

In particular, these hold when c;,d; equal constantly zero.

Moreover, the statements hold also for E =T.o(G,u), if u is a strong unit for G.

Proof. First we note that a sequence (e;); of elements of F = l"ea(Z?G, (n,—go)) has a supremum
(infimum) in E iff there are k = 0,...,n, igc > 1, and a,b € G such that (k,a) <e; = (k,¢g;) < (k,b) for
each i > ig. Moreover, the supremum/infimum of (e;); taken in E and in Z X G exists simultaneously
and then they are the same.

Therefore, we can without loss of generality assume the four sequences are constant in the first compo-
nent, and hence so is the fifth one. More concretely, there is some k = 1,...,n—1 such that a;+d; —b; —¢;
belong to {k} x G (respectively {0} x GT or {n} x {—g: g > go,g € G*} in the case k =0 or k = n) for
each 7 > 1. This sequence is monotone and bounded in {k} x G (respectively {0} x GT or {n} x G7):
In the case of (1) it has an upper bound a + d — b; — ¢; (respective (n,—gg) in the case k = n) and
similarly one can find an upper bound in the case (3) and a lower bound in the cases (2) and (4). By the
assumptions on G, we see, that S = \/,(a; + d; — b; — ¢;) (vespectively S = A,(a; + d; — by — ¢;)) exists
in E.

It remains to prove, for each of the four cases, the desired equality (the existence of a+d—b—cin F
is then a consequence, as it exists in the po-group A G).

(1) Denote S =\, (a;+d; —b; —¢;), then for each i, we have a; +d; < S+b;+c¢;, hence a+d < S+b+c
which gives us one inequality. To prove the second one, we have to verify that for each ¢ we have the
inequality

a;+di—b;—ci<a+d—b—ec.
Equivalently, a; + d; + b+ ¢ < b; + ¢; + a + d. But due to monotonicity of (a; + b; — ¢; — d;);, for each
j >4, Wehaveai—l—di—i—bj—i—cj gbi—l—ci—i-aj—i—dj.

(2) The proof is dual to (1).

(3) The proof is similar to (1). Denote S = A;(a; +d; — b; — ¢;). We have a; +d; > S+ b; + ¢; for each
i, which givesus a+d—b—¢> 5. And for each i, a —b—c+d < a; — b; — ¢; + d;, as this is equivalent
toa+d+b;+c¢; <b+c+ a; +d;, which follows from:

Vj >i,a;+dj +bi+ci <bj+cj+a;+d;.
The last case (4) is dual to (3). O

To lighten the notation, we will write F(s*,¢) in place of A, ., F(s',t) and F(s,t) in place of
Ves F(s',t) and similarly for the second coordinate.

Lemma 5.4. For each t1 € RU{—00}, s1 € RU{+0o0}, and for each two-dimensional spectral resolution

F(s,t), we have
V A Fes= N\ Fstb), (5.4)

s<sy t>t1 t>t1 s<s1
provided the infima exist. Consequently F(s—,tT) is well defined.

Proof. Let si,t1 € R. We are going to prove that the left hand side of (5.4) equals A,., F(s1,t). We
can deduce from the volume condition

0< /\ F(s1,t) — /\ F(s,t) < F(s1,t') — F(s,t")

t>tq t>tq
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for each ' > t; and each s < s1. But F(s1,t") — F(s,t') \y0 as s /" s1, hence
0= AIA FGsi,t) = N\ Fis,t)l = N\ F(si.t) = \/ )\ Fis,t),
s<s1 t>11 >t >t s<s1 t>t

which is the desired equation. The case s; = +00 proceed in almost the same way and the case t; = —o0
is trivial. g

The last two lemmas will be frequently used.
Now, we present the first basic result on a one-to-one correspondence between spectral resolutions and
observables for n = 2.

Theorem 5.5. Let M = F(Z?G, (1,0)) be a perfect MV-algebra, where G is a Dedekind o-complete
L-group. If F is a two-dimensional spectral resolution on M, then there is a unique two-dimensional
observable x on M such that x((—00,s) X (—0o,t)) = F(s,t) for each (s,t) € R2.

Proof. Denote by (sg,ty) € R? the characteristic point of F. We divide the plane R? into four blocks
by cutting R? in each coordinate of the characteristic point. Denote Boo = {(s,t): (s,t) < (s0,%0)},
By = {(s,t): s < s0,t0 < t}, B1o = {(s,t): s0 < s,t < to} and B11 = {(s,¢): (s0,t0) < (s,t)}. For
each block we define a spectral resolution which encodes what is the essential increase on the block. The
case of By is trivial: Define

Foo(s,t) := F(s',t'), where s’ = min{sp, s} and ¢' = min{to, t}.
In the case of By, 1, we define

Foi(s,t) = {

Similarly, we define

F(s',t) — F(s',t§) ift > tg, where s’ = min{so, s},
0 if t < to.

F(s,t') — F(sg,t") if s > so, where t' = min{to, 1},
Fl,o(&t):{ ()( ) (0 ) 1f5<sg' {0 }

The most important is of course F} ; which is defined as follows

Fl 1(8 t) _ F(Su t) - /\s’>so F(Slat) - /\t’>t0 F(S,tl) + /\S/>507t/>t0 F(S/, t/), if s > So,t > to,
AT 0, otherwise.
Using the above notation, Fi,; can be rewritten
Fl,l(svt) = F(Svt) - F(S(;rv ) - F(Sat(J)r) + F(S(J)rvtBL)v (Sat) € Bl,l-
From the volume condition we conclude that Fj 1(s,t) > 0 and Fy1(s,t) € Rad(M) for each s,t € R:
Indeed, let (s,t) € By,1 and take s',t' such that sp < s’ < s and t9 < ' < ¢t. Then the volume condition
yields F(s',t') + F(s,t) > F(s,t') + F(s,t), so that F(sg,t$) + F(s,t) > F(s,t§) + F(s§,t).

Just defined F; ;’s are two-dimensional pseudo spectral resolutions. Pseudo means that the top element
for Fij, wij ==\, Fi;(st), is defined in M and Fj; is in fact a two-dimensional observable in the
interval [0,u; ;]. Indeed, the first three F;; are evidently so, because due to the volume condition and
Lemma [5.3] each of them is monotone in each variable.

The volume condition for Fy 1: Let (s1,t1), (s2,%2) € By with (s1,%1) < (s2,t2) be given, then the
volume condition for F' gives

F(Sz,tg) + F(Sl, tl) > F(Sl,tz) + F(Sg, tl).
Adding to both sides —F(sq,t5) — F(s¢,t2) + F(s¢,tg) — F(s1,td) — F(sg,t1) + F(sg,ts), we obtain
F171(82,t2) + Fl,l(slatl) Z F1,1(517t2) —+ F1,1(527t1)- The other possibilities Of (Sl,tl), (SQ,tQ) S ]R2 are
trivial. In addition, Flyl(Sl,t) S Flyl(SQ,t) and Flyl(S,tl) S FLl(S,tQ) whenever S1 S S92, tl S tQ,
s,t € R: Take sg < s’ < 51 < sy and to >t > t' > t5. Then from the volume conditions for F' on
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semi-closed rectangles Ay = [s',s1) X [t/,t) and Ay = [¢/, s2) X [t/, ), we have V(F, A1) < V(F, A3), which
entails

F(so,t)+ F(s',t') — F(s',t) — F(sa,t') > F(s1,t) + F(s',t') — F(s',t) — F(s1,t)
F(527t)+F(S(-)‘r?t(—)i_)_F(SO’t) F(SQ’tO) F( ) F(Sa_’t;’)_) F(Sovt) F(Slvt(—)i_)
Fi1(s2,t) > F1,1(s1,1).

Similarly for the second coordinate.

The continuity A, Fi1(s,t) = 0 = A, Fi,1(s,t) is trivial due to definition of F; because, for each
s < sport<ty, we have Fy1(s,t) = 0.

The continuity \/(,, ;)< (s Fr1(s1,81) = F11(s, t) follows from Lemma [5.3(1) and Lemma [5.41

Then all four mappings take values in the radical Rad(M). Denote u;; =V, Fi;(s,t). We have
uO10 = F(So,to), U071 = F(So,OO) — F(So,tg_), Fl,O = F(OO,to) — F(Sa_,to), and U171 = Uu— F(SS_, OO) —
F(oo,ty) + F(sg,ty) = F(oo,00) — F(sg,0) — F(oo,td) + F(s¢,td). Therefore, each F;; is a two-
dimensional spectral resolution on the o-complete interval MV-algebra [0, u; ;] C Rad(M), and so they
could be extended to two-dimensional observables z; ;, 4,7 = 0,1, on [0,u; ], see [DvLa2], such that
z; ;((—00,8) X (—00,t)) = F; j(s,t), s,t € R. In addition, z; ;(A) = x; ;(AN B, ), A € B(R?).

We would like to glue the observables, but obviously the four observables does not take care of what
is happening on the characteristic point and rays going through the characteristic point. So we have to
define, in addition, two one-dimensional spectral resolutions:

= /\ F(s,t) — F(s,to) = F(s,ty) — F(s,t0), s€R,
Fi(t)= J\ F(s,t) = F(so,t) = F(s3,t) — F(s0,t), t€R.

$>So

Claim: Fy and Fy are two-dimensional pseudo spectral resolutions.

Proof. We prove the case of Fy. Monotonicity of Fy: For each ¢ > ¢y and $1 < s2, we have F(s1,t) —
F(s1,tg) < F(sa,t) — F(s2,tp) (by the volume condition). Denote F(s,tf) = A¢siy F(s,t). Then
F(s,td) € Rad(M) if s < sg, otherwise F(s,tJ) € Rad(M)'. Clearly the mapping s — F(s,tJ) is
monotone and bounded, so there is F(oo,tj) € Rad(M)’. The same holds for s — F(s,to): It is
surely monotone and it is bounded as, for each real s > so + 1, we have F(s,tg) — F(so + 1,t9) <
F(s,td) — F(so + 1,t) < F(oo,ty) — F(so + 1,t5) € Rad(M). So we can define F(co,tg). Using
Lemma [5.3] we observe that \/ (F(s,td) — F(s,to)) = F(oo,td) — F(co,tp). In the opposite case, we
get 0 < A, (F(s,td) — F(s,t9)) < F(—o0,td) = 0. An application of the special case in Lemma [5.3|(1)
together with Lemma [5.4] gives us for each ¢; € R:

\ Fot) = \/ (F(s{.t) = F(so,t)) = \/ F(s{,t) = \/ Fls0.1)

t<t1 t<t1 t<t1 t<t1

= \/ /\ F(S,t) — \/ F(So,t) = /\ F(S,fl) —F(So,tl) :Fo(lfl).

t<t1 s>sgo t<ty $>50

Now, we show that A, Fy(t) = 0: Using monotonicity of Fy and Lemma [5.3/(2), we have
/\Fo(S):/\(F(S,ta_) F(s,tp)) /\Fst+ /\Fsto </\ F(s,td +1)—0)=0-0=0.

Then Fp is a one-dimensional spectral resolution on a lexicographic MV-algebra I‘(Z G,(1,—g0)) =
[0, up], with go € GT such that (1, —go) = ug, where ug = F(co,t{) — F(co,t9) € Rad(M)'.
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Similarly, F} is a one-dimensional spectral resolution on a 1ex1c0graphlc MV-algebra I‘(Z X G, (1,—g1)) =
[0,u1], where g1 € G7 is such that (1,—g1) = w1 and uwy = V, Fo(t) = F(sg,00) — F(s9,00) €
Rad(M)'. O

Now, we continue in the proof of Theorem The result [DDL, Thm 4.8], which holds also for our
lexicographic MV-algebras, gives us an existence of one-dimensional observables xg and 1 on [0, ug] and
[0, u1], respectively, extending the spectral resolutions Fy and F;.

Finally, we can glue the above observables to define an observable z on M by the prescription:

2(A) = D @i (A + Y i(mi(A\{(50,10)}) + X(souto) (A) - 70({50}), A € B(R?), (5.5)
i,j=0,1 i=0
or, equivalently,

2(A)= D @iy (A) + Y wi(mi(A)) = X(soto) (A) - 0({s0}), A € B(R?), (5.6)

i,j=0,1 i=0

where T and m; are projections from R? onto R such that mo(s,t) = s, m1(s,t) = ¢, (s,t) € R% One can
verify

({80} /\ /\ F S t S to /\ F SQ, So,to))

= /\ [(F(Svt) - F(SvtO)) - (F(Sf)vt) + F(S(JvtO))]

:F(Sg_vtar)_F(SOvtO) F(S(Jvt(—Ji_)'i_F(SOvtO)
= z1({to})-
Moreover, zo({so}) = z1({to}) € Rad(M)'.

We need to verify z is really a two-dimensional observable on M. See that (what should be the
“measure” of the upper half-plane)

= [F(s0,00) = F(s0,17)]
+ [F(sd,00) — F(s0,00) — F(sg,tg) + F(so0,td)]
+ [F(00,00) — F(oo,td) — F(sg,00) + F(sg, tg)]

Similarly (the “measure” of the lower half-plane), x(Bg o U B1,0) = x0,0(R?) + z1((—00,t0)) + z1,0(R?) +
70(R) = F(00,t9) +x0(R). Now putting all the pieces together we obtain z(R?) = F (00, 00) — F(c0,td) +
F(00,t0) + 20(R) = F(00,00) = u. Since 0 < x(A4) < z(R?) = u, we see that #(A) is correctly defined by
(5.8) and it belongs to M for every A € B(R?). Moreover, (i) z is monotone (see ([5.5))), (i) if A; and Ay
are disjoint Borel sets in R?, then z(A; U As) = (A1) + 2(A2), and (iii) if A = (J,; A;, where (4;); is a
sequence of non-decreasing Borel sets from B(R?), then z(A) = \/,; z(4;).
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It is tedious but straightforward to check the equality F'(s,t) = z((—o0, s) x (—o0,t)). For example, if
(S,t) S Bl,la then

z((—00,8) X (—o0,t)) = F1.1(s,t) + Fo,1(s0,t) + Fo,0(s0,t0) + F1,0(s,t0) + Fo(s) + Fi(t) — zo({so})
= [F(s,t) = F(sg,t) = F(s,tg) + F(sg , tg )]
+ [F(s0,t) — F(s0,t3)] + F(s0, t0) + [F(s,t0) — F(sg , to)]
+[F(s,tg) — F(s,to)] + [F(sq ,t) — F(s0,t)]
—[F(sq,tg) = F(sq ,to) = F(s0,t5) + F(so, to)]

Uniqueness: Let y be a two-dimensional observable on M such that F(s,t) = y((—o0, s) x (—o0,t)),
s,t € R? and let K = {A € B(R?): y(A) = x(A)}. Then K contains R?, all intervals of the form
(—00, 8) X (—00,t), and is closed under complements and unions of disjoint sequences, i.e. K is a Dynkin
system and by the Sierpifiski Theorem, [Kal, Thm 1.1], K = B(R?), i.e. # = y. Hence, z is a unique
two-dimensional observable on M in question. O

The following second basic theorem for perfect effect algebras with (RDP) follows the same proof
as that of Theorem We notify that perfect effect algebras are categorically equivalent to Abelian
directed po-group with interpolation, see [Dvull Thm 5.7], and one-dimensional spectral resolutions on
perfect effect algebras were studied in [Dvud, [DvLal].

Theorem 5.6. If £ = I‘ea(Z?G, (1,0)) is a perfect effect algebra, where G is a directed monotone
o-complete po-group with interpolation, then every two-dimensional spectral resolution can be extended to
a unique two-dimensional observable on E.

6. n-DIMENSIONAL SPECTRAL RESOLUTIONS

Now, we deal w1th the general case of n-dimensional spectral resolutions for general lexicographic effect
algebras E =Tq(H 4 G, (u,0)).

The following lemma describes what does happen with monotone sequences appearing in the volume
condition:

Lemma 6.1. Suppose we have a non-decreasing sequence (a%); of elements of an effect algebra E, such
that all the sequences are non-decreasing (non-increasing, respectively) for each 6 € {0,1}"™. Moreover,
suppose (3_5(—1)"Dak); is non-decreasing or non-increasing. Then

\/Z(— ”(‘s)az = Z(—l)’r(‘s) \/af;, (respectively, \/ Z(—l)w(é)afg = Z(—l)ﬂ([s) /\afg),
i 6 i i s 5 i

)

AT O = 1O o Grspectiets, AT (-1 af = 317 A,
i s i i s 5 i
where w(§) = [{d;: 6 = (01,...,0n)}| is the number of zero coordinates in 6 = (d1,...,0,) € {0,1}"™
The appropriate version of the equation holds in each of the four combinations in the following sense:
(a})i’s are non-decreasing/non-increasing and (Y ;sgn(8)al); is non-decreasing/non-increasing.

or

Proof. The proof proceeds in a similar way as that for Lemma 5.3 only more sequences are involved. [

Lemma 6.2. The value F(tlAl, . ,tﬁ”), where A\; € {4, —} is well defined. That is, whenever we have
an expression of the form =1 -+ E,F(s1,. .., 8,), where each Z; is either \/, . or \, _, , we may change
an order of the =;’s without changing the value of the expression.
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Proof. Tt holds in the case n = 2 by Lemma 4l If we fix any coordinate in F, we get an (n — 1)-
dimensional pseudo spectral resolution, so we can freely permute the =, ..., =, by the induction. Using
this and some re-indexing, it is enough to prove for each ¢ € (R U {£oc0})™ the equation

V-V A A FGuwsa)= A - N V-V Flsronsn).

s1<ti1 Sk<tp Sk41<tp41 Sn<tn Sk+1<lk41 S <tn s1<t1 sk <tk

Let us rewrite it in an easier form: For each 5 € (R U {400})* and t € (RU {£o0})"F,
V A Far = \FGir).
G5 >t >t
(We have used the continuity property.) For each § < 5 and 7 > ¢, we shall prove the second inequality
(the first one is trivial) in

0< /\7F(§, F) — /\7F((j, F) < F(5,7) — F(g,7). (6.1)
>t >t

If we prove (G.I)), we are done, as the last expression clearly goes to 0 as g goes to §. We prove

A FGr) - N\ F@r) = \IFGT) - F(a.7)] (6.2)

P>t > P>t
which is clearly enough for us. We would like to apply the special case of Lemma [5.3] but the infima are
not taken over countable non-increasing sequences. The two infima on the left hand side may be in the
obvious way (using monotony of F') rewritten to be taken over countable monotone sequences. In the case
of right hand infimum, we have to verify that whenever 7o < 7 then F'(8,7)—F(q, 7o) < F(5,71)—F (g, ™)
(which in fact proves the infimum is well defined). To achieve this, we cannot use the volume condition
directly (as the occurring points of R™ are generally not vertices of some rectangle with edges parallel to
axis), we have to find a sequence § = 5y > §; > --- > 5§, = ¢ such that two consecutive elements differ at
most in one coordinate. Then we can write

F(5,70) — F(q,70) = (F(50,70) — F($1,70)) + -+ + (F(Sk—1,70) — F(5k,70))
and
F(5,7) — F(q,71) = (F(50,71) — F($1,71)) + - - - + (F(S)—1,71) — F(5,,71))-
Now (F'(5;,70) — F(541,70)) < (F(3;,71) — F(8;41,71)), this could be proved finding another sequence

7o < --- <7 similar to (§;); and using the volume condition in each step.
Hence, we can apply the particular case of Lemma B3] to prove ([6.2) and so to finish the whole

proof. O
Using Lemma [6.2] we can extend the notion of the difference operators A; for i = 1,...,n as follows.
Let 0,7 € {+,—,0} fori=1,...,n. Weset —0o = —cot = —00?, 00 = 0o~ = o0?, moreover —oo~ and

oo™ are not defined. For each t € RU {40}, we put t? = t. We linearly order these symbols as follows:
If s <t then s° <¢". If s =¢, we assume s~ < s = s < gt.

Lemma shows that we can define unambiguously expressions of the form F(s¥, ¢~ u,w™,00),
etc. Therefore, we can extend the domain of F' in the following sense. Let R = {r, ror e e
R}U{—00,00}. Then we use the same symbol F also for expressions F(uy, ..., u,), where uy, ..., u, € @,
that is, ' will be a function from (@)" into the MV-algebra M or into an effect algebra E. Hence, let
i=1,...,nbegiven. We extend formally A; in the following way: Let s,t € RU{*o0}, 04,73 € {—, +, 0},
s% < t7, Then

Ai(sgivtn)F(ulv"'aun) = F(ula'"7ui717tnvui+17"'7un) _F(ula'"7ui71550i7ui+17"'7un)a
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where uy,...,u, € I/Eé, assuming that s? and t™ are defined. Whence
Ai(s7, 17 (A (87,17 F) = Aj(s7,87) (Ai(s7,t7)F) (6.3)
for each i < j. More generally, let (i1,...,%,) be any permutation of (1,...,n), s; < t; from RU {£o0}
be such that s7* < t7" are defined.
Then
Ar(sT ) (- (An(spm i) F) o) = Agy (sp ot ) (- (A (s77 5 ) F) -+ ). (6.4)

Therefore, we can put unambiguously
Ar(S7 ) - A (87 5V F 1= Ar(s7 1) (- (An (557 47 F) ).
If s<t<w, 04,7 € {+,—,0} such that s7* <t™ < o™, then
A (s 0 F = Aj(s7 Lt F 4+ Ay (87, 0™) F. (6.5)

We note that if s < ¢, then A;(s7,t™) = A;(s,t™) and A;(s7%,t7) = A;(s7,t). Therefore, we have
the following lemma.

Lemma 6.3. Ifi; < --- <ig are elements of {1,...,n}, 1 <k <mn, then
A'L'l (Sgil tTIl) e AZk (ScrilC tﬂk )F(vlv ey Un) Z Oa (vlv ey Un) € Rn? (66)

i1 0 Vi ik ) ik

where o;, and T;, satisfy conditions to be the left hand side defined.

Proof. Due to (63]), we can assume that ¢; = [ for each | = 1,...,k. Choose sequences (s]")m \ S
and (£")m N\t for 1 = 1,...,k, s < /" such that s]* = s; if 0y € {—,0} and ¢/ = ¢; if , € {—,0},
m > 1. Due to the volume condition, Ay (s7,¢7") - - - Ag(sp", t7")(v1, . . ., vn) > 0. Expanding the left hand
side and putting on the left hand side all members with the negative sign and on the right hand side all
members with the positive sign. Let Y, 4(m) and Y po(m) be their sums. Then Y, (m) < 37 pg(m)
for each m > 1 which yields A,, >, s(m) < A,, > rgs(m). So we obtain on the left hand side the sum of
all members of (6.6) with the negative sign and on the right hand we get the sum of all members of (G.6l)
with the positive sign which establishes (6.0)). O

Lemma 6.4. Let F' be an n-dimensional spectral resolution on a lexicographic effect algebra E, n > 1,4 =
1,...,mn, andlet t; < to be from RU{xoo}. Then F'(s1,...,8i—1,Si+1,---,5n) = D;(t7,t5)F(s1,...,8n),
S1yenvy8i 1,811,558, € R, where o; and 1; satisfy conditions to be F' defined, is an n — 1-dimensional
pseudo spectral resolution.

Let E = 1"6,1(Z§> G, (1,0)) be perfect and t1 < ta, where t1,ta € R. Then

(i) F' = Ai(t1,t2)F has a characteristic point if and only if t1 < t? and t2 > t9;
(ii) F' = Ai(t1,t5)F has a characteristic point if and only if t1 < t9 and ta > t9;
iii = A (17, as a characteristic point if and only if t1 < t] and ta > t;
i) F' = A;(t,t3)F h haracteristic point if and only if t1 < t9 and ty > t?
iv = A;(—00,ts as a characteristic point if and only if to > t9;
iv) F' = A t2)F h haracteristic point if and only if ta > t?
v = A;(—o0, as a characteristic point if and only if to > t3;
F'=A tHF h haracteristic point if and only if ta > t9
(vi) F' = Ai(t1,00)F has a characteristic point if and only if t; < t9;
(vii) F' = A;(t],00)F has a characteristic point if and only if t; < t9;
viii = A;(—00, 00 as always a characteristic point.
(viii)) F' = Aj(—00,00)F has alway haracteristic point
In either case, if (1Y,...,t0) is a unique characteristic point of F, then (19,...,t9 1t 1,...,t0) is a
unique characteristic point of F'. Moreover, F' satisfies (v) of Definition 5.1l
In particular, A;(tY, t?+)F has a unique characteristic point, namely (t9,...,t2_1 ¢ ,,... 9).

Proof. Without loss of generality, we can assume that ¢ = 1.
(1) First we deal with F' := Aq(t1,t2)F. The volume condition is trivially satisfied, and using Lemma
B3] we see that F” satisfies conditions (ii), (iii), and (iv’).
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(vi). Assume that E is perfect and let (9,...,t) be the unique characteristic point of F. We note
that F'(vh,...,v),) € Rad( ) iff F(to,vh, ..., n) € Rad( ) and F(t1,v5,...,v},) € Rad(E). The first
condition entails (ta, v, ..., v}) > (t9,...,t9) ie. to > t9 and (vh,...,v)) > (13,...,t2), and therefore,

from the second condition we conclude #; < #. In other words, F’ has a characteristic point iff ¢; < ¢{
and to > t9. Put Ty (F') == {(v2,...,v,) € R"71: F'(vg,...,v,) € Rad(E)} # 0. Let (vh,...,v,) €

r n

T1(F'). Then F(ta,v5,...,v),) € Rad(E)" and F(t1,v},...,v),) € Rad(E). Whence (t2,vh,...,v)) >
(9, t9) and (vh,...,v0) > (89,...,t%). Then F(ta,vh,...,v0) > N{F(t1,... tn): F(t1,...,t,) €
Rad(E)'}, so that ag := A{F(t2,v},...,v)): F'(v},...,v),) € Rad(E)'} exists in E and it belongs also
to Rad(E)’. Since {F(t1,v5,...,v},) € Rad(E)} has a lower bound in Rad(E), the element a; :=
NF(t1,v5,...,v),) € Rad(E)} exists in E and it belongs to Rad(E). Applying Lemma 53 we see
az —ay = N{F'(vh,...,v}): F'(v},...,v]) € Rad(E)'} and, consequently, (vi) holds for F’. In addition,
N (W, .. vl): F(vh, ... 0h) € Rad( )} = (9,...,t%), so that (9,...,t%) is a unique characteristic

point of F’ and it exists iff ¢; < t{ and t5 > #9.

(2) Let F' = Aq(t,t3)F. Using Lemmas [£3] [6.2] [6.3] we can follow basic ideas of part (1).

(i) If F' = Aq(t1,t2)F, the unique characteristic point was described in (1).

(ii) Let F = Aq(t1,t5)F. Then we have (u,...,ul) € Ti(F') iff F(t,u),...,u)) € Rad(E)
and F(t1,ub,... ,u;l) € Rad(FE). Take a sequence of real numbers (t™),, \, t2 and t"™ > ty for each
m > 1. Then F(t5,ub,...,u)) < F(t™ ub,...,ul,) € Rad(E) for each m > 1. Therefore, t™ > t9,
(uhyoooyul)) > (19,...,19), and to = lim, t™ > t9. In addition, F(t1,ub,...,u,,) € Rad(E) entails

t; < t9. This implies that (t3,...,t9) is a characteristic point of F’ and it exists iff ¢; < t{ and to > #9.
In addition,

as = /\ F(t5,ub,...,ul) = /\ /\F(tg”,ug,...,u;l)ERad(E)',

(ud,5up,) (uly,..ul,) m
a1 = /\ (tlaum'--,’u;) ERad(E),
a=az—a; = /\ F'(uY,...,u.) € Rad(E)".

(iii) Let F' = Ay (t],t5)F. Then we conclude (ub,...,ul) € Ti(F') iff F(t], ub,...,u!) € Rad(E)’

and F(t],ub,...,u,) € Rad(E). The first condition entails by (i) to > 9, (ub,...,ul,) > (tg, oY),
Let (™), \  t1. The second condition gets there is mg such that F(t],ub, ..., ul) < F(t™, ub,...,u)) €
Rad(E) for each m > mg. Hence, t,,, <t for m > my, so that t; = lim,, t,,, < t{ which entalls (t2, o t?)

is a characteristic point. Moreover,

ag = /\ N\ F(t5, v, ..., u},) € Rad(E),

(u27 un)

a; = /\ F(ty,uy, ... ul,) = /\ /\F(tm,ué,...,u;)eRad(E),
(u) 'y m

(u27 un)

a:=az—a; = /\ F'(uf,...,u]) € Rad(E)".

In a similar way we proceed in cases (iv)—(viii), so that condition (vi) holds also in (2).

The last statement on A, (t?,t97)F follows from (2)(ii). O
Remark 6.5. The latter result can be extended: Let i; < --- < iy, be integers from {1,...,n}. If F is an
n-dimensional (pseudo) spectral resolution, then the left hand side of (G.6]) defines an (n — k)-dimensional

pseudo spectral resolution. In particular, A;, (t?1 , t?f) A (t?k , t?+)F has a unique characteristic point



n-DIMENSIONAL OBSERVABLES ON k-PERFECT MV-ALGEBRAS AND k-PERFECT EFFECT ALGEBRAS. II 13

(t9,,...,t ), where j; < --- < jn_j is the natural ordering of the set {ji,...,jn—r} = {1,...,n}\

{i1,...,ik}, whenever 1 < k < n.

Suppose we have an n-dimensional spectral resolution F’ on a lexicographic effect algebra E with only
finitely many characteristic points. We will construct an n-dimensional observable x extending F. We
will use the abbreviation for points in R™ in the form of vectors, so that ¢ = (¢1,...,¢,), § = (s1,---, Sn),
and 7 = (r1,...,7y,), etc. In analogy with the case of perfect MV-algebras, lets chop R™ by hyperplanes
{t € R": t; = s} whenever s is the i-th coordinate of some characteristic point. So we obtain a cover of
R™ by a collection of cells By, j € J, where each By is of the form H?Zl(tg ) sf |, where some sg may equals
00, in which case we, of course, replace the bracket | by ), and similarly some tg can be also —oo.

Now, for each B; we define an n-dimensional pseudo spectral resolution F; which has its support on
B;. To avoid to many indexes, let B = (¢, §] be one of the blocks B;’s (we will leave the index j): Let us
define

Sl

Fp(ri,..

=E

) = { Al(tf,min{sl, r1}) - Ap(th, min{s,, r, })F , (6.7)

ift <
0 if £ £

Lemma [6.1] guarantees that, for ¢ < 7, the value Fp(7) equals infimum from VI (F), where t < #; and
(t;); \yt. Then Fp is monotone.

The volume condition: Take real numbers a; < b; for i = 1,...,n. If b; < t;r for some i, then
A;(a;,b;))Fp =0, so that Aj(a1,b1) - Ap(an,b,)Fs = 0. So let tj < b; for eachi =1,...,n. Then it is
possible to show Aj(a1,b1) -+ Ap(an, bn)Fs = Al(a1,b1) -+ - Al (an, by)F, where

Az(tj_, min{si, bl}) if a; < tj,

A;(min{s;, a;}, min{s;,b;}) if t;r < a;,
which entails Aj(a1,b1) - Ap(an,bn)Fs > 0.

Ai(ai, b;) =

7. n-DIMENSIONAL SPECTRAL RESOLUTIONS ON A PERFECT MV-ALGEBRA

If n = 1, then F can be extended to a one-dimensional observable due to [DDL, Thm 4.8], and if n = 2,
it was proved in Theorem 5.5 The same is true also if F' is a pseudo spectral resolution, then we can find

an observable on [0,ul], n = 1,2, where u? = F(c0,...,00). We will suppose that every i-dimensional

n .
pseudo spectral resolution, where 1 < ¢ < n—1, can be extended to an i-dimensional observable on [0, uf].
Our aim is to show that then this is true also for i = n.

Let to = (9,...,t) be a unique characteristic point of an n-dimensional spectral resolution F. We

divide R™ by hyper-planes going through ty whose normals are parallel with the main axes. We obtain

2" blocks. For any n-tuple (i1,...,i,) € {0,1}", we define B;, . ;. asfollows B;, . ;. = A; X - xXA; ,
where o
Cf (oo, 9] ifd; =0,
Aiy —{ (10 ,00) ifi;=1. (7.1)
Then we define new difference operators A;j, i;j €{0,1},7=1,...,n,as
i Aj(—o00,t?) ifi; =0
o J L] J ’
A = { Aj(t9F,00) ifij = 1. (72)
In addition, we set ‘ ‘
WUiy,... in :’U,?l VVVVV in :A?AZLF

Due to Lemma[6.4] w,, ... ;, € Rad(M). Let F;, . ;. be a function defined by (6.7) for B = B;, ... ;,, then
i1.....in, 1s an n-dimensional pseudo spectral resolution on [0, u;, ... ;] € Rad(M).

Let n; < --- < ng be any system of k integers from {1,...,n}, where 0 < k < n, {m1,...,mp_} =
{1,...,n}\ {n1,...,nk}, and my < --- < my_i. Let us determine a k-dimensional subspace going

.....
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through the characteristic point ty and determined by vectors parallel with axes x,,,,...,zy,. For every
fixed ny < -+ < ng, we put

Fryng (b tny) = Dy (80, 800 oA (80 100 VF(t, .. tn),  (tnys. .-y tn,) € RY

mi’7ma n—k’ Mnp_k

According to Lemma and Remark [65 F,,, ., is a k-dimensional pseudo spectral resolution. If
we set

n _
Uny,..ng, = \/ F"17~~-,nk (tnw s 7tnk)7

tn17~~~;tnk
then
Up oy = Al(ny,...,ng) - Al(ny, ..., ng)F,

where

~ A, (—o00,00) ifi=n; for some j=1,...,k )

n — nj ) 7 ) s vy _

Af(na,- . ne) { A, ( %j,t?,;;) if i = m; for some j =1,...,n —k, t=1...,m.
Due to Lemma [64, F,,, . .. is a k-dimensional spectral resolution with a unique characteristic point
(9, ,t%k) on the interval MV-algebra [0, un, .. n,] = F(Z?G, (1,—g0)), where (1,—go) = Un,....np,
with wp, .. n, € Rad(M)" which is “almost close” to be a perfect MV-algebra for all ny < -+ < ny, where

where i1,...,i, € {0,1}, is in fact an n-dimensional spectral resolution on
. € Rad(M). Due to [DvLa3, Thm 5.1],
in] which is an extension of F;, . ;. . Moreover,
_____ (R™) = wy,,...i,- On the other hand,
_____ ne D€ a k-dimensional observable uniquely determined by the k-dimensional pseudo spectral
resolution Fy,,  n., n1 < -+ < ng, k = 1,...,n — 1, on the interval algebra [0, up,,...,ng], see the
induction assumption from the beginning of the section. In addition, @y, ... n, (R*) = u?

“The mapping F, ...,
the o-complete interval MV-algebra [0, w;, ... ;] with w;, .
on [0,u,

.....

,,,,,,,,,, in

»»»»»»»»»» ng
It is possible to show that
Tny,...ng ({tgzlv s 7t91k}) = A1(15(1% tgH_) T An(tgu t701+)F = u8 (7'3)
for all ny,...,n, € {1,...,n}. We notify uj € Rad(M)". We assert
n—1
L= >l AU Y g )+ (D) g (74)
Tlyeney ine{O,l} k=1 ny<---<np<n

We prove (C4). If n = 1, the formula follows from [DDL, Thm 4.8], and if n = 2, it was proved
in Theorem We denote A;(t9) := A;(t9, %), i = 1,...,n. If we fix the last coordinate, we have

2 1771

the n-dimensional pseudo observable Fy(ty,...,t,) = F(t1,...,tn,t), (t1,...,t,) € R™, so for it we have
formula (74) with uzt

p = . . .
i, and wpr o If we put ¢ = oo, then Fi is also an n-dimensional spectral
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resolution. Using the induction holding for F,, we have

1=A1(—00,00) - Ap(—00,00)A 41 (—00,00)F = A1 (—00,00) - - Ap, (—00, 00) Frro
n—1

= > W AT ST ) (D)

i1,ein€{0,1} k=1 ny<--<np<n
n—1
:{ Z A“ AZ" ( 1)71*]64’1( Z 31(”15 ank) 3’n.(nla 7nk))
i1yemin k=1 n1<-<np<n
+ ()" AL) - An(th) }
n—1
_{ Z AP AR DS Ar(na, ) A ng))
,,,,, k=1 n1<--<np<n
+ (— )”+1A1(t(1))' n(tn) } Ans1 (=00, 00) F

n—1
:{ Z A§1A2n+2(_1)nik+l( Z 31(”15'"ank)'"ﬁn(nla'"7”]6))
) k=1

ny<--<np<n

+ (_1)n+1A1 (t(lJ) T An(tgl)) } (An+1(—oo, t?wrl) + An-i-l (trohtlv t?zil) + An-i-l (t’rOlil? OO))F

n—1
_{ Z AP AR DR ST Ar(na, ) A ng))
..... k=1 ny<---<np<n

+(_ )n+1A1(tO)"'A (t ))}(AOH+An+1(t2+1)+An+1)
:{ Z A AR AT Z AV AR A () 41)

n—1
+Z(—1)n7k+1( Z Ar(na,. .o ng) o Dp(na, ... ) Agg (—00,00))
k=1 ni<<ng<n

+ (—1)n+1A1 (t(lJ) s An(tO)An_H( (0.¢] OO)}F
=(A)+B)+(C)+ (D),

where

(A) =i i Al Al AV E,
(B) = i AT AR AL () F
= (Ai(—00,00) = A1(1])) -+ (An(—00,00) = Ap(t])) Apta (t 1) F
= ZZ:l(_l)n_k Zn1< <np<n u:llj_,l, nk + (_1)n+2u8+17
(€) Z—l( 1)n7k+1(2n1<,,,<nk§n 31(”17 ) 'ﬁn(nla ooy i) Ap g (=00 OO)F)

= Z;ll(_l)n . En1<m<nk§n uzi»l»wnkynJrl’

and

(D) = (=)™ AL(t)) -+ An(t) Anga (—00,00)F = (=1)" lupTy.

15
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Then

SED DR ASERIE) B C Vil (D DR B G D

n—1
(A= > (A DY e (7 (A)
D1 eeny in€{0,1} k=1 np<---<np<n (7 5)

+ (1) ufx e, 0)(A), A€ BR"Y),

where 72 . is the projection from R™ onto R¥ given by 772 . (t1,....tn) = (tn;,...,tn,) for each
(t1,...,tn) € R™. We note that the latter expression generalizes (5.0 for n = 2 and n = 1 from [DDL]
Thm 4.8].

We assert that x can be expressed as the sum of positive elements of M as follows.
Lemma 7.1. The function = defined by (TH]) takes positive values on each A € B(R™).

Proof. Define H;,i=1,...,n, to be the hyperplane passing through the characteristic point and orthog-
onal to the x;-th axis.

CL‘(A) = Z «Til,...,in(A)+12,...,71((773)”,)”(14ﬁHl))) +551,3,...,71(7?73,,”7”(140 (Hg \Hl)))

(7.6)
oot ag na (L (AN (H N\ (| H)))), A€ BRY.
j<n
Let A € B(R") be fixed. Denote by 2(B) := &1, i—1it1,..n(7" i 1441...n(ANB)), B € B(R"). Then
2" is additive and subtractive on M i.e. By C By yields 2%(Bg \ B1) = 2(Ba) — 2°(B1). Hence, we have

i—1
o (H\ | JH)) =2'(H;NH{N---NHf ) =2'(H)+> (-8 > 2'(Hn () Ha),
k=1

7<i ny< - <np<t 1<k

where ¢ denotes the set complement. Let {m1,...,mp—x—1} ={1,...,n}\{i,n1,...,nptand my < --- <
Mpy—k—i. Lhen

and
; Ty yeey Mg — o (7Tn (A)) ifk<n-— 1,
Tt H; N H, )= Lo lim—k 711 MLy M —k—1 ]
( l@c l) { Xt? ..... 9 (A)u@ ifk=n-—1.
Therefore, both right hand sides of formulas (.3) and (7.6) for z(A) are identical and xz(A4) > 0. O

Now, we see that the mapping « takes values in M, it is additive, monotone, and z(R"™) = 1 due to
(Z4). In addition, similarly as for n = 2, we can show that (z(A;)), /* z(A) whenever (4;); /* A. In
other words, = is an n-dimensional observable on M.

In what follows, we show that x is an extension of F, that is, x((—o00,t1) X -+ X (—00,t,)) =
F(tl,...,tn), t1,...,t, € R.

Lemma 7.2. If © is determined by ([TH), then = is an extension of F.
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Proof. Assume that x is defined by (3. We show that x is an extension of F. Due to [DDL, Thm 4.8]
and Theorem 5.5 the statement is true for n =1 and n = 2. So let n > 2.
If (ki,..., k) is any permutation of (1,...,n), then F'(t1,...,tn) := F(tg,, .. tk, ), t1,...,tn € R, is

an n-dimensional spectral resolution whose characteristic point is (7 ,...,t} ).

It is evident that if (t1,...,t,) € Bo,....0, then x((—00,t1) X -+ X (—00,tp)) = F(t1,...,tn).

Now, let 41,...,%, € {0,1}. Assume that some i; = 0 and ix, = 1. Let (j1,...,Jjn) be a permutation
of {1,...,n} such that ij, = --- =5, = L and i5,,, = --- =45, = 0. If (t1,...,tn) € Biy,. i,

then due to (1), we have (t;,,...,t;,) € Bi, Therefore, if (tjis---»tj,) € Bij, .., implies
F'(tj,,...,t5,) =x((—00,t;,) X --- x (—00,tj,)), then F(tl, cetn) = x(( 00,t1) X -+ X (—00,ty)).
Let B = (—OO,tl) X e X (—OO,tn) Assume (tl, ey ) € By 0

2(B) = Fo,..ot ta, ... tn) + Fro,..o(tt, ... tn) + Fo.nlta, ... tn)
= A1(—00,t9)As(—00,t2) -+ Ay (=00, tn)F + Ay (t]F, 1) Ao (=00, t2) -+ - Ay (—00, t,) F
+ A1 (19,89 Ag (=00, ta) - - Ay (—00, ) F
=A1(—00,t1) - Ap(—00,tn)F = F(t1,...,tn).
Due to the previous paragraph, if (¢1,...,¢,) € By, ..i,, where iy, = 1 and i; = 0 for j # k, then

x(B) = F(t1,...,ty); this holds for each k =1,...,n
Take (tl, . ,tn) S BLLO’___’O and denote A3 = Ag(—OO,tg) Ay, (—OO t ) Then

2(B) = Fooo. 0%,t5,t3,...,tn) (=) Ap(—00,19)Ag(—o00,t9)A*F
+ For0..00 tats, .. tn) (=) Ar(—00, ) As(t5T, 1) AP F
+ Froo...0t, 19,3, ... 1) (=) AL (89T, t1) Ag(—o00, 1) A3 F
+ Fiio.. 0t tats, ... tn) (=) A (0 1) Ag (15T 1) AP F
+ Fiaa.. n(ti,ta ta, ... tn) (=) Ay(—o00,t1)Ax(t9, 19 AF
+ Foza.. nlta,ts ta, ... tn) (=) AL (1), 197) Ag(—o00, t2) AP F

— Py n(tsita, ... ty) (=) — AL, 9N A (3, 51 APF
= Al(—OO, tl)Ag(—OO,tz)AgF = F(tl, e ,lfn).

Finally, let A = (—o0,t1) X -+ X (—00,t,). Due to the last paragraphs, we can assume that if
(t1,..-ytn) € Biy .. ix.0,....0, then x(A) = F(t1,...,t,), where 1 < k < n. Without loss of generality and
for simplicity, we assume that k =n — 1. Whence, if (¢1,...,t,) € B1,... 1,0, then 2(A) = F(t1,...,tn).

Now, take (t1,...,t,) € By 1. Thus, let t; > t9 for each i = 1,...,n. Express A = (—o0,1) X

- X (—oo,tn) in the form A = Ay U Ay, where Ag = (—00,t1) X -++ X (—00,t,_1) X (—00,t%] and
Ay = (—o0 tl) X (=00, tp—1) X (t9,t,). We have 2(Ag) = x((—00,t1) X - X (=00, t,_1) X (—00,t2))+

2((—00,t1) X+ X (=00, t,—1) x {t9}). Due to the assumption, we have
LL‘((—OO,tl) X oo X (—OO,tn_l) X ( o to)) F(tl, e ,tn_l,tg)
and

.I((—Oo,t1> X o+ X (—OO, tnfl) X {t%}) = F1 vvvvv nfl(tl, I ,tnfl)
= Ay(—00,t1) - Ap_1 (=00, tn—1)An(ty, th)F,

so that
LL‘(AQ) = F(tl, . ,tn_l,tg) + Fl,...,n—l(tlu “ee utn—l) = F(tl, e ,tn_l,thr).
To calculate (A1), we use ((2) and (TH): Let 1 <nj < --- <nkp <nand my; < -+ < My_k, where
{mi,. .. ompo1—kr={1,...,n—1}\ {n1,...,ne}, we get
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(A1) = Z Ty i 1.0((=00,t1) X - X (=00, 1) X (12, t,))

i1,..,0n—1€{0,1}

E DY (=00t X X (00, ) X (£9,8))
k=0

ny<-<np<n
= S Al ANIAS )F

i1,eenyin_1€{0,1}

n—2
DR N A @, ) A (8, AL ) F)
k=0

ny<---<np<n

(% arears o
U1 yeens in,le{o,l} k=1
( Z Aml (tg)nlvt?nt) "Amn,k(t%n717k7t?yjnflfk)))An(thrutn)F
ny<---<np<n
=Aq(—00,t1)  Ap_1(—00,tn 1) An (0Tt )F = F(t1,...,tn) — F(t1,. .. tn_1,t27).

Whence, I(A) = .I(Ao) + I(Al) = F(tl, RPN ,tnfl, tn) O
In the following result, we define an n-dimensional observable on M which is an extension of F in

another way as in formula (T3)).
On A;’s operators we define addition + usually as (A;(t,t') + Ai(s, ")) F = Ai(t, t')F + Ai(s,s')F.

Lemma 7.3. Let F' be an n-dimensional spectral resolution on E = Fea(Z?G, (1,0)), where G is a

directed Dedekind monotone o-complete po-group with interpolation. For each g € {—1,0, 1}{1""’"}, we
define

Fyltr,...otn) = [ Ad—comin{td,t:}) [ Ai(min{e?,t:}, min{t?",¢;})
)

i€g—1(—1 i€g=1(0)
[T Amin{e?" ¢}, t)F,
i€g=1(1)
where (89,...,t%) is the characteristic point of F. Then the mapping F, is an n-dimensional pseudo

spectral resolution. Unless the case g equals constantly zero, F, has its range included in Rad(E).

Proof. First of all, we establish the following useful Claim.

Claim. Let F' : R™ — E be an n-dimensional pseudo spectral resolution on E. For everyi =1,...,n,
each of the mappings

F'(t1, .. tn) == Ay(—oco, min{t), t; N F'(t1, ..., tn),
Fl(tr, .. tn) o= Ag(min{t0, £;}, min{tO" ;D) F (tr, ... tn), (t1,... tn) € R,
Fl(ty, .. tn) = Ag(min{t" £}, ) F (t1, ... 1),

is an n-dimensional pseudo spectral resolution. Moreover, if (t9,...,t0) is the characteristic point of F',
then F'y and F| have no characteristic but F, has a unique characteristic point, namely (t3,...,t9).

Indeed, let s; < s} for each i =1,...,n.
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(1) Then
Ai(si, s))F' | = Ay(s4,8) A (=00, min{t;, V1) F' = A;(min{s;, 10}, min{s}, t9}) F’. (7.7)
Therefore,
Aq(s1,8)) - Ap(sn,80)F. 1 = A1(s1,87) - A1 (si—1, 8,1 )Ai(min{s;, t7}, min{s}, t7})
Aiv1(8ig1, 8i41) - An(sn, 50 F' > 0.
(2)
Ai(si,s))F = Aq(si, ) Ay (minf{t;, 19"}, ;) F' = Ay(max{s;, 1) }, max{s}, )" })F", (7.8)
which yields as in (1) Ay(s1,8)) - Apn(sn, s, F] > 0.
(3) There are two cases: (i) t? € [s;, s}) which implies
Ay (s, 8 F = Ai(si, 80 Ay(min{t2, ;}, min{t?" ;N F' = A;(t9, 497 F'.
(i) t9 ¢ [s, i) which implies
A(si, 80 F = Ag(si, $) A (min{t?, ;}, min{t? " ;1) F' = 0.
In either case, we have Aj(s1,s]) - An(sn, s,)F > 0.
Altogether (1)-(3) show that every Fj for j = —1,0, 1 satisfies the volume condition.

Applying Lemma[5.3], we see that every F} satisfies conditions (ii), (iii), (iv)” of Definition 5.1l so that
F is an n-dimensional pseudo spectral resolution. In addition, from the form of F ; and F] we see that

they have no characteristic point, whereas, F; does have it, namely (¢{,...,t%), which finishes the proof
of Claim.
Now, let g : {1,...,n} — {-1,0,1} be non-zero. Claim shows that F, can be obtained from an

appropriate sequence of n operators A’s applied to a sequence of n appropriate functions of type F” , F{,
and FY, consequently, Fj is an n-dimensional pseudo spectral resolution from R™ into Rad(E) whenever

g#0.

If g = 0, then Fy(t1,...,t,) = Ay(min{t9, ¢}, min{t9" #1}) - An (min{t0, ¢, }, min{t2 ", t, ) F is a
two-valued mapping from R™ into {0, uf}, where u = Ay (t 1,t0+) ALY, t?f)F € Rad(E)’, see (T3).
Hence, Fj is an n-dimensional pseudo spectral resolution from R™ into {0, u@} Its characteristic point
s (t9,... ,t%) and F, fulfils (v) of Definition 5.1 O

Using ideas of the present section, we establish one of the main results of the paper.

Theorem 7.4. Let M = F(Z?G, (1,0)), where G is a Dedekind o-complete (-group and let F' be an
n-dimensional spectral resolution. Then there is a unique n-dimensional observable x on M such that
2((—00,t1) X -+ X (—00,tn)) = F(t1,...,tn), (t1,...,t,) € R™.

Proof. We present two different proofs of the statement
Proof 1.
Take z determined by (TH). Lemma[T2]says « is an extension of F.
Proof 2. Take the family {F},: g € {—1,0,1}{}"}} of n-dimensional pseudo spectral resolutions on M
defined by Lemma [[.3l Therefore, F' can be decomposed as follows
Pty ta) = (As(=oo,min{t], t1}) + Ax (min{tf, 1}, min{t) ", 1)) + Aa (min{tf 1}, 1)) -+
(An(—oo, min{t, £, }) + An(min{t®, £, min{2 ", £, }) + A (min{2 ", ¢, }, tn)) F (79

= Fyltr,... tn)
g
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Equation (79) holds thanks to two points: (a) For each i = 1,...,n, we have
(Ai(—00, mingtd, t1}) + Ay (min{t), £}, min{t) ", 41}) + As(min{td ™, 1}, 81) ) F = Ag(=00,t1)F.
(b) We are using several identities: commutativity (G.4]) and distributivity of A;’s operators: For each
1# jandreals t <t <t” and s < s’ < s’ we have
(As(t, ) + At 1) Aj (s, 8"V F = Ay(t, 1) A (s, 8"V F + Ay (', 1) Aj(s,8')F, (7.10)
Ai(t, 1) (Aj(s,8") + Aj(s", ")) F = Ni(t, 1) Aj(s, 8" ) F + Ai(t, 1) A (s, s") F. (7.11)

Equation (ZI0) holds immediately by definition and the equation (ZII)) follows from (TI0) and the
commutativity (G.3]).
Unless the case g equals constantly 0, Fy is an n-dimensional pseudo spectral resolution with support

included in 4, := Af(l) X oo X Aﬁ(n), where

(—00,t9) if j = —1,

Al=q {0y ifi=0,
(9, 00) if j =1,
and Fy(R™) C Rad(M). Let ug = Fy(oo,...,00). Then Fj is an n-dimensional spectral resolution on

the interval algebra [0, ug] which is a o-complete MV-algebra. So we may apply the result from [DvLa3]
Thm 5.1] and extend each F, with g # 0 to an n-dimensional observable x, on [0, ug]. In the case of
g equals constantly zero, F, trivially extends to an unique n-dimensional observable z, with support
{@,...,t)}, that is, z4(A) = uf if (19,...,1)) € A, otherwise z,(A) =0, A € B(R™). Finally, we define

=)z, (7.12)

From formula ([Z.9) all the conditions on x to be an observable immediately follow. From the construction
of all F,’s, we see that z((—00,t1) X -+ X (—00,tp)) = F(t1,...,tn), (t1,...,t,) € R™
Using the Sierpiriski Theorem, [Kal, Thm 1.1], we have the uniqueness of x in both proofs. O

We note that x’s defined by (5]) or by (I2) or by (Z.6) are the same, compare with Theorem [5.6]
The following theorem follows the same proof as that of Theorem [T.4l

Theorem 7.5. If £ = I‘ea(Z;)G, (1,0)) is a perfect effect algebra, where G is a directed monotone
o-complete po-group with interpolation, then every n-dimensional spectral resolution can be extended to
a unique n-dimensional observable on E.

8. N-DIMENSIONAL SPECTRAL RESOLUTIONS ON k-PERFECT MV-ALGEBRAS AND k-PERFECT EFFECT
ALGEBRAS

Let M =T(Z 4 G, (k,0)) and E =T, (Z 4 G, (k,0)) be a k-perfect MV-algebra and a k-perfect effect
algebra, respectively. We will suppose that G is a Dedekind o-complete ¢-group in the first case and a
directed Dedekind monotone o-complete po-group with interpolation in the second case. We say that an
n-dimensional spectral resolution F' has the ordering property if (1) every non-empty Ty, kj = 1,...,k,
has at most one characteristic point t; = (#J°,...,#°), and (2) if t; and t; are characteristic points of
Ty, and Ty, then t; < t; whenever 0 < k; < k;j < k. We remind that My = {0} x G, M; = {j} x G if
0<j<k,and My, ={k} x G™.

First, we establish an analogous result as Claim of Lemma The ordering property gives for each
i=1,...,n

—00 < t70 < min{t"*" ;) < min{>°, ;) < min{2°" 6} < - < min{t?°, 6} < min{t7°" 1}

4 , " (8.1)
< min{tt0 4} < min{t 0T 4} < < minft0, ) < min{t0 ") <t
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The last chain of inequalities suggests the following Lemma.

Lemma 8.1. Let F’ be an n-dimensional pseudo spectral resolution on M = F(Z X G, (k,0)) with the
ordering property. Let t1 < --- < t; be all the characteristic points of F' and let t; = ( ’J, oo, 109,
j=1,...,1. Assumel > 1. We define the following functions from R™ into M

Fli(t1,. .. ty) = Ay(—oo,min{t; ", t:})F/(t1, ..., tn),

. i . 0t .
Floi(t, .. tn) = Ay(min{t?° t;}, min{t?°" L VF (4, .. t), j=1,...,1,

(

i 2J+1(t17 cee 7tn) = Ai(min{tg)OJra ti}vmin{thrl’Ovti})F/(tlv ) tn)a .] = 15 s 7l - 15
. +

Vorer (te oo tn) = Ag(min{ty 6}, ) F (b, tn)

for all (t1,...,tn) € R™ andi=1,...,n. Then every F?,/_] 18 an n-dimensional pseudo spectral resolution
on M. In addition, each of F'2 has the same characteristic points as F', on the other side, all other
functions F; ; ! . have no characteristic point.

Proof. The volume condition: Let s; < s be real numbers for i = 1,...,n.
(1) Then Aq(si, s))F; = Ai(si, s;)Ai(—oo, min{t;", t;})F" = A;j(minf{t;*, s;}, min{t;°, s})F', so
that

Ai(s1,87) - An(sn, 8, F = Ax(s1,8) - Aia(sio1, 8)_ ) As(min{t}°, s}, min{t; 0, 5}})
Ait1(Sit158i41) An(sn, s3,)F > 0.
(2) We have
A(si,8)Fl oy = Ay(min{t]°, ¢;}, mln{t]’ A F = Ai(max{tg’o,ti},max{tg’0+,ti})F',
which yields

Ar(s1,87) An(sn, 80 F o5 = A1(s1,84) - Aio1(si—1, 8i_1) As(max{t]”, ¢}, max{tg’OJra ti})
Ait1(Sit1,8541) - An(sn, s7,) F > 0.

(3) There are six cases: (i) s; < 70 < #7t1° < /. Then A;(s;, s z)Fz_]—i-l = A (t]’0+ HHEOEL (i)
0 < sy < 8 < 770 Then Ay(si,s z)‘lej+1 = Ai(si, sH)F. (i) #2° < 7 < s, < s}, Then

Ai(si, sF, 1 = 0. (iv) 7 < s; < 6710 < sl Then Ai(si, ) Flg;41 = Di(si, t]7)F. (v) s

0 < s < 70 Then A(si,s))F 4 = A»(tq’o s)F, and (vi) s; < &, < t° < 770 Then
A (i, Z)F j+1 = 0. In either case, Ai(s1,57) - A (sn, $u)F] 41 > 0.

1,
1,0

(4) There are two cases: (i) ¢; :

€ [si, 8;) which implies

1 7

Ai(sq, S/i)Fi/,l+1 = A;(sq, sg)Ai(min{té’o,ti}, min{tli’OJr,ti})F' = A, (tl 0 4l 0+)F )
(i) t4° ¢ [s;, s}) which implies
Ai(siy S FL o1 = Ai(s6, 55 A (min{t20, 1}, min{t20 " 4 }) F/ = 0.

In either case, we have Aj(s1,8]) -+ An(sn, SQ)F;%H > 0.

Altogether (1)—(4) entail that every above defined function satisfies the volume condition.

Applying Lemma B3] we see that the above defined functions satisfy condition (ii), (iii), (iv)’ of
Definition 511 so that they are n-dimensional pseudo spectral resolutions.

Moreover, every F;(t1,...,tn) € Mo, F}o;1(t1,...,tn) € Mo, and Fj 5, (t1,...,tn) € Mo for each
t=1,...,nand all (¢1,...,t,) € R".
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Suppose that t; = (¢t%9,...,t%") is a characteristic point of F’ for a fixed j = 1,...,k. Take
(t1,...,tk) € Th, = {(s1,....8n) € R": F'(s1,...,8,) € My, }. Then (t1,....t,) > (t5°,...,4°)
which gives

. + .
Floi(te, ooty = F'(tr,. . t00 ty) = F (b, 800, ) € Mg —i,_ s
and kj — kj,1 > 0, moreover, Eﬁgj(tjl-’o, Ce ,t%’o) = 0 and Fi72j(t{70+, e ,tgl’OJr) = F(t{’OJr, C ,tgl’OJr) —

F° 100 7t£0+) € My, _k,_,, claiming t; is a characteristic point of F; O

S 25

Theorem 8.2. Let M =T'(Z B4 G, (1,k)) be a k-perfect MV-algebra, where G is a Dedekind o-complete
L-group and let F' be an n-dimensional spectral resolution on M with the ordering property. Then there
is a unique n-dimensional observable x on M which is an extension of F'.

Proof. First of all, for each i = 1,...,n, we set
A} = Ay(—o0, min{t, 1)),
AP = Ai(min{t, t:}, min{t] 07 4}), j=1,..0,
A?jJrl = Ai(min{tg’0+,ti}, Hlin{terLOa ti}), j=1,....1-1,
A2+ Ai(min{tli’OJr, ti}, ti).
For any (j1,-..,7n) € {1,...,2l + 1}", we define
Fjy . =A - AIRF.

Thanks to Lemma B, every Fj, . ;. is an n-dimensional pseudo spectral resolution such that it has
no characteristic point whenever (j1,...,Jn) # (2k1,...,2k,), where k; = 1,...,l fori = 1,...,n. In
such a case, applying [DvLa3, Thm 5.1], on the interval [0, F}, .. ;. (00,...,00)], which is a o-complete
MV-algebra, there is an n-dimensional observable x;, . ;. which is an extension of Fj, . ;..

On the other hand, due to Lemma B1], we have that Fa, ok, has the same characteristic points as

F' and it is concentrated in the point (t(f’kl, ... ,to’k“). Therefore, it is trivial to extend Foy, ... 2k, to an
n-dimensional observable o, .. 2k, . If we define a mapping z : B(R") — M by

2(A) = {aj, g (A (roeoodn) € {1,204 13"}, A€ BR™),

then it is an n-dimensional observable on M. If we express F' in the form

F(tl, e ,tn) = Al(—OO,tl) e An(—OO,tn)F,
and using the chain of inequalities (8] and additivity and multiplication of differences, we get

F(tla"'atn): Z FJl »»»»» jn(t:l?""tn)’ (tla"'atn)Ean
(j1)~~~)jn)
showing that x is an extension of F'. The Sierpiriski Theorem, [Kal, Thm 1.1] guarantees the uniqueness
of x. 0
As in Theorem [.5] we can establish the following Theorem using ideas from Theorem

Theorem 8.3. If £ = Fea(Z;}G, (k,0)) is a k-perfect effect algebra, where G is a directed monotone
o-complete po-group with interpolation, then every n-dimensional spectral resolution with the ordering
property can be extended to a unique n-dimensional observable on E.

Now, we present a result generalizing Theorem and Theorem [8.3 where the increasing property is
not more assumed. However, the proof depends in the ideas from Theorem [8.21
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Theorem 8.4. Let F' be an n-dimensional spectral resolution on E = Fea(H?G, (u,0)), where G is a
directed Dedekind monotone o-complete po-group with interpolation and (H,w) is a unital po-group with
interpolation. Moreover, suppose F' has only finitely many characteristic points. Then F can be extended
to an n-dimensional observable x on E such that ' = F,,.

Proof. The proof is rather a direct generalization of the ideas of the second proof of Theorem [7.4] and
Theorem Let t; = (t]°,...,t5%), j = 1,...,k, be all the characteristic points of F. For each

i=1,...,n,let my = |{t§’0, . ,tf’0}|, that is m; is the number of mutually different i-th coordinates of
the characteristic points. We rewrite and order all the elements of the set {t;*o, e ,tf’o} as follows
) < <t (8.2)
Then
n
F(tla s 7tn) = H |:Ai(—OO, min{tiv t?,l}) + Al(mln{tlv t?,l}a min{tia t?,le}) +
i=1
+ Ay(minfty, 1}, minft, 22, }) + A, (mindt,, 0, ), minft,, 14 1)+
-+ A (min{t;, mi b min{tl,t?j—m )+ Ai(min{tl,t?fn L) | F
According to Lemma [B7] we can establish the following claim:
Claim. Let F' be an n-dimensional pseudo spectral resolution on E. Let t1,...,t; be the system

of characteristic points of F'. Use m; defined at the beginning of the proof and the orderings (82) for
i=1,...,n
We define the following functions from R™ into E

Fiy(t1,. .. tn) = Ag(—oo,minf{t;, t7, })F'(t, ..., tn),
oty tn) = Ag(min{t;, ¢}, min{t;, 605 F/(t, .. t), 5 =1,...,ma
Pt tn) = (min{tz,t?;'} min{t,, ti7j+1})F'(t1, contn), F=1,000,m; — 1,
Ff o (tr - tn) = Ag(min{t;, 08 1 6)F/ (t1, .. tn)
for all (t1,...,t,) € R™ and z' =1,...,n. Then every F’ . is an n-dimensional pseudo spectral resolution

on E. In addition, each of F, 2J has the same chamctemstzc points as F' (F! o shares with F' only those
characteristic points, which lie on the hyperplane x; = tm)’ on the other side, all other functions FZ’J
have no characteristic point.

Now, using the distributivity of A;’s operators, we get F' as a sum of [],(2m; + 1) n-dimensional
pseudo spectral resolutions that are generated by the claim. Similarly as in the proof of Theorem 2]
we can conclude that every summand either has no characteristic point, so due to [DvLa3, Thm 5.1] it
can be extended to an n-dimensional observable on an appropriate interval in Ey, or it is concentrated
in a unique characteristic point. In the second case it can be trivially extended to some n-dimensional
observable.

As we can extend all the summands to observables, we can extend F' to an observable as well. ]

We say that an effect algebra E possesses the Observable Existence Property (OEP, for short) if every
n-dimensional spectral resolution con F can be extended to an observable and we denote by OEP(EA)
the class of effect algebras with (OEP).

The class OEP(EA) contains these effect algebras (MV-algebras):

(i) o-complete MV-algebras, [DvKu, Thm 3.2] for n = 1.
(ii) o-complete lattice effect algebras, [DvKul Thm 3.5] for n = 1.
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) Boolean o-algebras, [DvKul Thm 3.6] for n = 1.
) o-orthocomplete orthomodular posets, [DvKu, Thm 3.8] for n = 1.
) Monotone o-complete effect algebras with (RDP), [DvKu, Thm 3.9] for n = 1.
) E(H), [DvKu, Thm 3.10] for n = 1.
) Effect-tribes, [DvKul, Thm 3.11] for n = 1.
iii) Monotone o-complete effect algebras with RIP and DMP, [Dvu2, Thm 4.3] for n = 1.
) Every representable monotone o-complete effect algebra, [Dvu2l Thm 3.3] for n = 1.
) Every perfect MV-algebra, [DDL Thm 4.8] for n = 1.
) Every n-perfect MV-algebra, [DvLal Thm 3.8], for n = 1.
) Every lexicographic effect algebra, [DvLall Thm 3.8] for n = 1.
) Every o-complete MV-algebra and every Dedekind o-complete effect algebra, [DvLa3l Thm 5.1,
Thm 5.2] for general n > 1.
(xiv) Every perfect MV-algebra and every perfect effect algebra, Theorems for n > 1.
(xv) Every k-perfect MV-algebra and every k-perfect effect algebra, Theorem B4

9. APPLICATIONS

The aim of the section is to apply the previous results to show the existence of an n-dimensional meet
joint observable of n one-dimensional observables and the existence of a sum of n-dimensional observables
on perfect MV-algebras.

9.1. n-dimensional meet joint observables. We show that given n one-dimensional observables

T1,...,T, on an appropriate lexicographic MV-algebra M, there is an n-dimensional observable x on
M such that
2((=00,51) X -+ x (=00,5n)) = N @i((—00,5:)), s1,...,50 ER. (9.1)
i=1

First we remind that the following forms of distributive laws hold also in lexicographic MV-algebras.

Lemma 9.1. Let {x;: i € I} be a system of elements of an MV-algebra M.
(1) Let \/,c; x; exist in M, and let x be any element of M. Then \/,c;(x A x;) exists in M and

\/(:E/\;vi):x/\\/xi.

i€l icl

(2) If N\;cp i emists in M, then for each x € M, the element N\, ;(x V x;) exists in M and

/\(:E\/;vi)::t\//\xi.

icl el

Theorem 9.2. Let x1,...,z, be one-dimensional observables on a Rad-Dedekind o-complete perfect
MV-algebra. Then there is a unique n-dimensional observable x on M such that @) holds.

Proof. Let F;(s) = z;((—00,5)), s € R, be a one-dimensional spectral resolution corresponding to the
observable x; for ¢ = 1,...,n. We are claiming that F' is an n-dimensional spectral resolution on M.

Clearly, F, defined by F(s1,...,8,) = Niq F(8:), $1,-..,5, € R, is monotone and it satisfies (3.4)—
(3.6). We show that it satisfies also the volume condition. Due to [DiLel Thm 5.1], it is sufficient to
prove the volume condition for linearly ordered perfect MV-algebra. The following claim was established
in [DvLa3l Thm 6.2]:

Claim. Let Fy, ..., F,, n > 2, be functions from R into a linearly ordered MV-algebra M such that each
F; satisfies the volume condition. Then F(s1,...,8,) = Ni_y Fi(8:), 81,...,5, € R, satisfies the volume
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condition. If, given A = [a1,b1) X -+« X [an, by), we can assume that Fi(a1) < Fy(ag) < -+ < Fy(ay),
then

Aq(ag,b1) - Ap(an, bp)F(s1,...,8n) = A (Fi(bi) A\ Fy(by)) — A (F; (b)) A Fy(ap)). (9.2)

Therefore, F' satisfies the volume condition.

Now, we show that F satisfies (v) of Definition (.1l For every i = 1,...,n, let T = {s € R: F;(s) €
My}, and let at = A{Fi(s): s € T{}. Put 1 = {(s1,...,8,) € R": F(s1,...,8,) € My}. Then
every ai € M. Since F(s1,...,8,) € My iff Fi(s;) € My for each i = 1,...,n, then the element
a= A\i_,a} € My and it is a lower bound from M; for {F(s1,...,s,): F(s1,...,8,) € M;i}. In view of
the countability and density of rational numbers and applying Lemma 2.1(2), we see that the element
A F(s1,---,8n): F(s1,...,8,) € M1} exists in M and it belongs to Mj.

Therefore, F' is an n-dimensional spectral resolution. Due to Theorem [[4] there is a unique n-

dimensional observable 2z on M such that (@) holds which finishes the proof. ]
The observable = from Theorem [0.2]is said to be an n-dimensional meet joint observable of x1,. .., x,.

We note that using the Sierpiriski Theorem, we can show

z(r;H(A) = 2i(A), AcBR), i=1,...,n, (9.3)

where 7; : R™ — R is the i-th projection.
In addition, from ([@.3]), we can prove

2(Ay x - x Ap) < N\ wi(Ai),  Ai,... A, € B(R), (9.4)
i=1

and, in general, it can happen that in (@4) we have strict inequality. Indeed, let x and y be one-
dimensional observables on F(Z?R, (1,0)) such that z({2}) = (0,3), z({3}) = (1,-3), y({1}) = (0,4)
and y({5}) = (1,—4). For the two-dimensional meet joint observable z determined by one-dimensional
spectral resolutions F, and F,, we can show that that in (@.4) can be proper inequalities. Otherwise,
we have (1,0) = (z({2}) Ay({1})) + (@({2}) Ay({5})) + (=({3}) Ay({1})) + (z({3}) A w({5})) = (0,3) A
(0,4) + (0,3) A (1, —4) + (1,-3) A (0,4) + (1,-3) A (1,—4) = (0,3) + (0,3) + (0,4) + (1,—4) = (1,6), a
contradiction.

9.2. Sum of n-dimensional observables. Let ({2,S) be a measurable space and let f,g: 2 — R be
S-measurable functions. It is well-known that f + g is also S-measurable. The proof of this fact is based
on the simple property

{weQ: flw)+glw) <th= U({wGQ:f(w)<r}ﬂ{w€ﬂ:g(w)<t—r}) (9.5)

reQ
which holds for each t € R, where Q is the set of rational numbers, see e.g. [Hal, Thm 19.A]. This equality
was used in [DvLal Thm 4.5] to define the sum of two one-dimensional observables on a k-perfect MV-
algebra M = l"(Z§> G, (k,0)), where G is a Dedekind o-complete ¢-group. More precisely, if 2 and y

are one-dimensional observables on M with spectral resolutions F,(t) = z((—00,t)), Fy(t) = y((—o0,1)),
t € R, we define

Foyy(t) == \/ (Fa(r) AFy(t—1)), teR.
reQ
Then F,, is a spectral resolution of an observable z = x + y, called the sum of z and y. Moreover,
rt+y=y+zx.
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Similarly, if Th, T :  — R™ are two n-dimensional measurable vectors, then T3 (w) = (f1(w), ..., fn(w))
and Th(w) = (g1(w),...,gn(w)), w € Q, for unique S-measurable functions fi,..., fn,g1,--.,gn on .
The sum T' = T} + T3 is S-measurable thanks to a generalization of (0.5

{w: Th(w) + Ta(w) € (—o0,t1) X -+ X (—00,t,)} = ﬂ U ({w: filw) <ri} N{w: gi(w) < t; —ri})

i=17r;€Q
= ﬂ{w: fi(w) + gi(w) < ti},
i=1

which holds for all ¢1,...,t, € R. Inspired by this we have the following result.

Theorem 9.3. Let z1, 22 be n-dimensional observables on a perfect MV-algebra M = I‘(Z;> G, (1,0)),
where G is a Dedekind o-complete £-group. Let w; : R™ — R be the i-th projection, i = 1,...,n. Define
one-dimensional observables x;(A) = 2 (m; 1(A)) and yi(A) = z2(7; 1 (A)) for A€ B(R) andi=1,...,n.
Then there is an n-dimensional observable z = z1 + zo such that

n
Fopgo(ttyoootn) = \ Faopu(t),  ti,... b €R,
1=1

is an n-dimensional spectral resolution on M which corresponds to z.

If O(M),, is the system of n-dimensional observables on M, then O(M),, is a commutative semigroup
with respect to the binary operation + on O(M),, with the neutral element o : B(R™) — M which is
defined by o(A) = 1 whenever the null vector (0,...,0) belongs to A, otherwise o(A) = 0.

Proof. Due to [DvLal Thm 4.5], every Fg, 4, is a one-dimensional spectral resolution on M which
is the sum of one-dimensional observables z; and y; Applying Theorem 0.2 we see that F,, 4., is
an n-dimensional spectral resolution corresponding to an n-dimensional meet joint observable of z; +
ylu---uxn"i_yn-

Since Fy, 1y, = Fy,+,, we see that F, ., = F,, ., and the operation + is commutative.

We show that + is associative. Let z1, 22, 23 € O(M),,. First, we establish a claim:

Claim. Let zj;(A) = zj(m; ' (A)), (21 + 22)i(A) = (21 + 22)(7; 1(A)), A€ BR), j =1,2,i=1,...,n,
then

(21 + 22)i = 21 + 224, =1,...,n.

Indeed, let ¢ = 1,...,n, be fixed and t; € R. We have
Flartz), (i) = (21 + 22)i((—00,t:)) = (21 + 22)(R X -+ x (—00,¢;) x -+ x R)
= Lz1422 (007 s 7ti7 cety OO) = le,i+22,i (ti)7
which proves the claim.
The associativity of +: Let ¢1,...,t, € R. Using the claim and associativity of 4+ for one-dimensional
observables, we have

F(21+Z2)+23 (tl? s 7tn) F(Z1+Z2)i+23,i (tl) = /\ F(Zl,i+z2,i)+z3,i (tl)

i=1

|

@
Il
—

le,i+(22,i+z3,i)(ti) = /\ FZl,i+(Z2+ZS)'L (tl)
=1

Il
)
>

21+(22+23)(t1’ s 7tn)'
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Whence, (z1 + z2) + 23 = 21 + (22 + 23).
The null observable o is evidently a neutral element of the semigroup O(M),,. O

10. CONCLUSION

Any measurement of n observables in quantum structures is modeled by an n-dimensional observable
which is a kind of a o-homomorphism from the Borel o-algebra B(R™) into a quantum structure which
is a monotone o-complete effect algebra or a o-complete MV-algebra. Every observable x restricted
to n-dimensional infinite intervals of the form (—oo,t1) X -+ x (—=00,tp), t1,...,tn € R, defines an n-
dimensional spectral resolution which is characterized as a mapping from R"™ into the quantum structure
that is monotone, with non-negative increments, and is going to 0 if one variable goes to —oo and going
to 1 if all variables go to +o0.

In our case we are concentrated to perfect and k-perfect MV-algebras and k-perfect effect algebras,
and generally to lexicographic quantum structures. Our main ask was to show when we have a one-to-one
relationship between n-dimensional observables and n-dimensional spectral resolutions. In such a case,
it was necessary to strengthen the definition of an n-dimensional spectral resolution. This model entails
a more sophisticated analysis of the problem than in the case of o-complete MV-algebras or monotone
o-complete effect algebras with (RDP), when & > 1 because in such a case there are appearing more
characteristic points than in the case of n =1 or in the case n > 1 and k > 1.

Therefore, Section 4 is devoted to analysis of characteristic points namely for a two-dimensional case,
when it is shown that we have only finitely many characteristic points, see Theorem 4.4. In Theorem 4.6 it
was shown that for a general lexicographic MV-algebra a two-dimensional spectral resolution extendable
to a two-dimensional observable has to have finitely many characteristic points. On the other hand,
every two-dimensional spectral resolution satisfying (3.3)—(3.7) has at most countably many characteristic
points, see Theorem 4.8. This is the main content of Part I.

The main body of the paper is in present Part II. We started with interesting Lemma which
shows that elements of the form F(co,...,00,¢41,...,t,) are defined in the quantum structure for all
tit1,--.,tn € R. In Theorems B.EH5.6 we established that in the case of perfect MV-algebras and
perfect effect algebras, there is a one-to-one correspondence between two-dimensional observables and
two-dimensional spectral resolutions. The generalization for n > 1 is given in Theorems [[4H84l For
k > 1 analogous results have been established for observables with the increasing property, see Theorems
Finally, we have applied our results to show that there is an n-dimensional meet joint observable
of n one-dimensional observables on a perfect MV-algebra, see Theorem [9.2] and we have showed how to
define a sum of two n-dimensional observables on perfect MV-algebras, Theorem

The paper is illustrated by some interesting examples.

We note that still there is open a complete characterization of characteristic points for n-dimensional
spectral resolutions in k-perfect MV-algebras.
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