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Selecting Inputs for Modeling Using Normalized Higher Order Statistics and
Independent Component Analysis

Andrew D. Back and Thomas P. Trappenberg

Abstract—The problem of input variable selection is wellknown component analysis (PCA) have also been proposed. eeen

in the task of modeling real-world data. In this paper, we propose a g, [15], [16] investigated the idea of using PCA to remove
novel model-free algorithm for input variable selection using inde- variables which have the lowest variance.

pendent component analysis and higher order cross statistics. Ex- ) o
perimental results are given which indicate that the method is ca-  Model-free methods are based on performing a statistical

pable of giving reliable performance and that it outperforms other  test between the subsets of input variable(s) and the desired
approaches when the inputs are dependent. output(s) from the model. A very good example of a model-free
Index Terms—Higher order statistics, independent component VS method based omutual informationis given in [1]. In

analysis, input variable selection. contrast to other model-based methods, the idea in this case
was to develop a framework for selecting inputs which was
|. INTRODUCTION not based on a particular model. Relevant inputs are found by

N manv real-world modelina problems. for examole in thestimating the mutual information between the inputs and the
y 9p : P Gesired outputs. This approach requires the numerical estima-

context of biomedical, industrial, or environmental system - . I
. s 1on of the joint and marginal densities. A measure of mutual
a problem can occur when developing multivariate models an O . : }
ormation is obtained by calculating the Kullback-Leibler

the best set of inputs to use are not known. This is particularl X ; h timated densities. Th K ti
true when using neural networks. In this case, unrequired inp gtance Irom the estimated densities. The work we present in

can significantly increase learning complexity. Input variabl&llS Paper follows along similar lines and we also present a
selection (IVS) is aimed at determining which input variablg®0del-free method.
are required for a model. The task is to determine a set of inputdNVe follow the convention adopted previously, of using the
which will lead to an optimal model in some sense. Problenterm “model-free,” even though for the method we present here,
which can occur due to poor selection of inputs include the fdlere are a few parameters left to estimate. The terminology
lowing. comes from the idea that model-based methods implement a full
« As the input dimensionality increases, the computationgfediction/classification model in order to select the input vari-
complexity and memory requirements of the model irables, while model-free methods refer to techniques that have ei-

crease. ther no parameters or only a small number in comparison to the
 Learning is more difficult with unrequired inputs. intended model [1]. Moreover, model-free methods can often be
» Misconvergence and poor model accuracy may result fromewed as having the express purpose of selecting the input vari-
additional unrequired inputs. ables (or groups of variables) to which some observed output
+ Understanding complex models is more difficult thawariable is causally related. Model-based methods are, on the
simple models which give comparable results. other hand, methods which select inputs based on how well they

Methods of input variable selection can be categorizesn lead to some model meeting a performance criterion. These
into model-basedand model-freemethods [1].Model-based differences have lead to the commonly used convention of ter-
methods typically involve selecting a model, choosing th@inologies which we continue to use here.

inputs to use, optimizing the parameters, and then measuringy, this paper we address the issue of possible dependence be-
some cost function. The inputs are changed and then the praggsen observed input variables. Dependent inputs usually leads
dure is repeated. A test is used to choose which inputs 0 Yg&n gverestimation of the number of inputs required, which,
based on these results. Model-based input variable selecigpneyral network models is not desirable. We propose the use
schemes are often linked to the idea miuning networks  otingependent component analysis (ICA) as a technique for de-
[2]-{11]. Neural-network pruning methods based on prinCipgl;ing effective model-free input variable selection algorithms.
In order to assess the dependence between inputs and the desired
system output, we use a method based on higher order cross cor-
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[I. ICAIVS—AN ICA INPUT VARIABLE SELECTION measurements has been solved. A family of mathematical
ALGORITHM techniques known as ICA or blind source separation has been
shown to give exactly the solution we require [12], [13]. Based

) ) on the assumption of either temporal or spatial independence
The usual IVS problem can be described mathematically gsthe channels, ICA estimates a demixing matrix and the input

A. Assumptions

follows. A syst/emFo receives input from the variablegt) =  signals. One ICA method is to estimate the mutual information
[21(2) - - - 2p(¢)]" and produces an outpytt) between the signals and adjust the estimated m3¥fiio give
outputs which are maximally independent. We consider this
u(t) = Fo(a(t). (1 2P y e

approach below as a means of providing an improved method
It is assumed that the systelfp can be approximated arbitrarily of input variable selection.
well by a linear or nonlinear functional map. To estim#&tg o o
measurements(t) = [z (¢)---zn(t)] are taken with the as- B. Determining Statistical Dependence
sumption that We propose to use ICA to make the input variables as mu-
tually independent as possible. Moreover, using ICA allows us
z(t) € x(t). @ to derive model-free IVS algorithms based on statistical depen-
The usual model building approach is to apply an input va/fl€nce tests. The basic strategy we suggest is to apply ICA to
able selection procedure to obtain a set of model inpyts) C ~ €Stimate the independent inpatérom x and then derive a sta-
x(t) where ideallyx, (t) = z(t). Hence a model can be writtentistical test to determine the desired subset of input variahles

as One approach for determining statistical dependence is to
estimate the mutual information between two signaksnd
9(t) = F(xa(t);0) (3) given by
whereF is a functional map parametrized By L plz,y)
However, it is clear that the above assumptions may not be l@y) = [ pley)los p(x)p(y) ddy ®

valid in practice. Itis likely that the measuremer(g) are not a
strict superset of actual input$t) to the system. It seems likely b
that we would more often observe data which has figeredin

This is also known as the cross-entropy or the Kull-
ack—Leibler divergence between the joint probability density

some manner, relative to the true inputs. For example, supp waction (pdf) of (x, y) given by p(z,y) and the product of

there existz,(t) : z(t) C z(t), then the observed data ma)} € marginal pdfqo(g:), p(y). This may be implemeqted by
be written as estimating the pdfs in terms of the cumulants of the signals, for

example, using the Gram-Charlier expansion.
x = A(2)zr, (4) Estimating mutual information is difficult however, due to
the large amount of data that may be required and not knowing
WhereA(Z) is a multivariate filter. A Simplel’ variation of this is the order Of Cumulants to use. Fourth_order Cumu'ants are com-
where no temporal filtering of the signals is involved, giving  monly used, but this may not be sufficient to form an accurate
) approximation. Indeed, to approximate a pdf far from gaussian,
it is probable that a very large number of terms will be required

where in this casd is a mixture matrix containing scalar termd14].
only. Since we only require a relatively simple binary decision to

In this situation, it is important to recognize that there dod¥ made about the dependence or otherwise of signals, it is not
not exist any subset,(t) C x(t) such thatx,(t) = z(t). hecessaryto compute a precise value for the mutual information.
Moreover, due to the components #(ft) appearing inx due Instead, the higher order cross cumulamtsmultiple variables
to A, there will tend to be an overestimation of the number ¢fn be used directly up to some suitable order, to determine the
inputs required. statistical dependence of the signals.

To avoid this overestimation problem the observed signals ] ) )
need to be inverse filtered or demixed, so as to obtain an estimateNormalized Higher Order Cross Correlations
of the postulated ,. This will then allow an input variable se- We propose to determine the input variables required for a
lection method to be applied with less chance of overestimatigiyen modeling problem using the simple approach of:
the number of signals. Thus we have 1) making the inputs as independent as possible;

2; =Wx ©6) 2) te;ting all possibke input combinations to find the re-
quired subset.

z =Gz, () The method used to find the required inputs uses higher order
! andG is a sparse matrix which cross cumulants, up to a specified order among the individual

x= Az,

whereW is an estimate oA~
selects the desired subset of inputs to the model according to @ contrast to the often quoted first-order cross cumulant measure
particular algorithm. Cay-wy (T1,...,Tyn), Of n variables or thenth-order cumulant of a single

. . . .. variable. Since we are seeking to determine the statistical dependence between
However, while we reql‘”ré_)V’ we may ha_v_e no eXplICIt variables not just the correlation between variables, it is necessary to use higher
knowledge ofA. Recently, this seemingly difficult problem order cross cumulants.

of estimatingA and hencez;, from only the observed output 20r as many input combinations as required.
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terms. This statistical measure can be used to establish the inDoing these normalizations will allow us to combine various
dependence or otherwise of non-Gaussian signals. These cuowmulant estimators for the decision function.

lants are defined as
D. The ICAIVS Algorithm

Coy(k) =[cary(k), - oy ()]F Based on the above results, it is now possible to derive an al-
: gorithm for selecting the desired inputs to a given model. Inputs
Cory(k) =[cgry (B), ..., con, (k)T can be selected based on the prespecified level of dependence

allowed between input subsets and the desired output.

Coraoy(k) =[Cnroay (K): Carasy (k) - - Coroy (F) The algorithm can be described as follows.

T
Cazaay () - Co, 1o,y ()] 1) For each cross-cumulant statistic, determine the average
level of dependence implied by the magnitude of the
Cl"fﬂ‘;y(k) :[Cm;’m;y(k)v Cr’l’mgy(k)v ceey CTlleﬁy(/%) statistic. . . .
& PN 2) Compare each input in turn to this average.
Cagaty(R)s oo ear_ aty(F)] 3) Inputs which are significantly different from the average
value are candidates for inputs to the model.
Coizozsu(k) =[Corzozsy(B); Corzoasu (), o5 Corzoanu(E) Hence, for ICA transformed inputg; « = 1,..,n, consid-
cwlwmy(k)___7%”72%71%31(/@]T ering the subsets of input& = [z1,...,2,, 212223, ..,
TRERY . wherex; is the jth element ofk,, hence we obtain
the rule
waa;ga;gy(k) :[cwfa;gazgy(k)’ caﬂl’a}gaziy(k)’ ) cmfa;ga;ﬂy(k) .
T Swy(zv k)
cazpacpazpy(k) <oy CgP o gP a:ﬂy(k)] . . .
pee {1 ZiICay (i) E[T: [CGL R > Ko 6:6)
where the cross cumulant vectors are between the inputs 0 otherwise 9)
1,2,..., %, attimet — k and the outpuy. For convenience, _ (i, k)
xa I[’?

we will use the notatioiw;,,(k) = C,, . ,(k). There are two .
broad cases that can be considered at this point: - 8‘("7 k) (?ﬁy(k)_ V Saay (k) V Sagay(k) .. Jin =1
1) models with only instantaneous inputs. In this case we use ofherwise (10)
C,,.(0);
2) models with delayed inputs. Here we test input variabhere . . . _
{zi(t—k)Yk = 0,....,p,i = 1,...,n against the Cay;(i,k) jthelementofC,,(i,k) attimet — k;

— =

system outputy(¢), by examining the points in the vV logical OR function;
cross-cumulant space given by elements of the vectorfzy (i, k)  threshold value chosen for each subset.
Co(k). Selection ofk,, is aimed at choosing subsets of input vari-

Our aim is to combine various cumulant measurements aﬂales that are indicated as Statistica”y different from the other
thereby apply a decision function to determine the relative diéput variable subsets. Hence one method of doing this is to use
pendence of each input subset on the model output(s). Nt usual” test.
however, that if we wish to combine the cumulant measures, itisThis rule means that if any of the cross cumulants for any
necessary to normalize them first. The reason for this is that {i&€n input subset are above a set threshold level, that particular
numerical scale between cumulants of different order are untePut subset is deemed to be required for the model. The test
lated. Only the relative values between the cumulants within tifeapplied across all subsets of inputs, however in the equations
same order are essential to determine their importance. ~ above, only one input is actually shown.

Hence we normaliZeeach of the cumulants in order to com-
pare and combine them in a reasonable manner. The followfag Computational Complexity

normalization steps are applied to the cumulants: For cross cumulants betwegrnvariables, we normally need

1) Zero mean signalsy; = x; — E[z,]. to test for all cross-orders of cumulants up to the second power,

2) For cumulants using second and higher even cross-orddrich would be2? tests. Forn input variables, this implies
terms, normalize ag?" = x?" — E[z?"]---n = 1,2,... testing all possible subsets up to the setofariables which

3) Sign of datax; = sgn(x;) leads to a total number of tests given by

4) Renormalize individual cumulants. This step is nec- n ‘
essary in order to compare the cumulants with Nt = Z <n> 2 (12)
each other. In the same manner as normalizing i=1
autocorrelations, we may use the normalization: =3" -1 (12)
Coyz. (k) = C(R)ayz /C(k)zza.. While the test scales poorly, in practice, we may not need to

test all possible combinations of inputs to establish whether a
3For example, correlation functions normalized to a maximum value of OR@ariable is required or not. Low cross-order terms can be tested

are independent of the actual magnitude scaling of the input variables. Similaﬁ{i iall d high d b icted iabl
we would like to normalize the cumulants such that the cumulant slices will ntitially and higher cross-orders can be restricted to variables

change if the input variables are scaled in a similar manner. found to be not required by the lower order tests. If the tests
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of the lower orders suggest thatariables are not required we

have only to test those cross cumulants in the next order in which
these variables are involved. In other words, we can reduce all
the tests which consists only of variables already known to be
required. If we restrict the test to cumulants with second-order
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tests in the order of cross cumulants. The tergi+! is the
number of cross cumulants to reach the second power.

Remarks:

1) The proposed algorithm relies on the existence of a statis-
tically observable dependency between the true input vari- 1
ables and the output of the system.

2) One example of variables which may be observable
through mixtures is noise. ICA has been shown to be in
particular suitable for demixing noise from measurements.
Our method is therefore very suitable for noisy data. We
therefore expect this method to be useful in a wide domain
of practical applications. :

3) PCA is often used to select inputs, but this is not always [
useful, since the variance of a signal is not necessarily re- :
lated to the importance of the variable. The features selected Inputs
may have nothing to do with the problem.

4) In contrast to the use of PCA for input variable selection (b)

[15], [16], the variables we remove are those which are in-
dependent of the output, which is quite different from reEig. 1. Input variable selection Experiment 1 results: (a) without using ICA,
) . . seven inputs were selected, (b) using ICA the required inputs 2, 6, and 9 are
moving those with low variance. correctly selected.
5) Nonlinear functions may show zero second-order correla-
tions and so it is necessary to use higher order statistics o inputs to a system with outpyt The nonlinear model is
estimate the dependence between variables. Hence, WeSscriped by
sume non-Gaussian signals in order for the higher order cu-

mulants to be nonzero.
6) The proposed algorithm is closed form and is guaranteed tol he input signalg are not observable directly, but passed

give the dependence or otherwise of the input signals on thgough a random mixing matriA, such that we can observe
output variable. x = Az. We apply the proposed algorithm for input variable
7) Spurious correlations or dependencies may exist betwesgiection to the observed variableand to the signals recovered

unrelated variables and hence could lead to falsely includatier application of ICA.
inputs, e.g., generated by coupled systems. In Fig. 1(a), the results are shown for the case in which only

8) It is important to distinguish between a nonlinear mixinghe higher order statistics of cross-cumulants are used to deter-
process and a nonlinear model. The method proposed herige the relevance of the inputs without first demixing the in-
assumes linear mixing and hence it will not be strictly vali@uts. Itis clear that when ICA is not used, the number of inputs

for the difficult case of nonlinear mixing. However, in manyare overestimated, viz., seven inputs were found to be relevant
practical situations, linear mixing appears to be a reasde-the model.

able approximation to what is observed. While the former In Fig. 1(b), the results are shown for the case of including the
presents some difficulties, the latter situation can be adéemixing before applying the statistical tests. Here, when ICA

quately dealt with by the model and is demonstrated througghused, the number and rank of inputs are estimated correctly.
Examination of the normalized cross cumulants shows that the

dependent inputs have markedly higher values than those which

are independent of the outpt
These results are as expected. The first case has dependencies

A. Example 1 randomly spread across all observed inputs. Hence the number
In this example, we show the effect of using higher order cros§inputs are overestimated. Note that the ranking can not be di-
cumulants as a means of detecting dependence among varialoéedly compared to the true rank which is obtained in the second

Here 15 mutually independent binary independent, identicaltase.
distributed (i.i.d.) signals were generated. Some of these inputdt is especially interesting to observe that the dependence

can be regarded as noise. Three signals;s andzg were used is not always obvious with the second-order statistics, but the

Degend
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y = 75 + cos(zg) + 0.3 sin(zg) (14)

examples in Section IlI.

I1l. SIMULATION EXAMPLES
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IV. CONCLUSION

To effectively model and predict multivariate time series data
it is important to use only inputs actually required and remove
those inputs not required. If unrequired inputs are used signif-
icant problems can occur, especially in problems of high input
dimensionality. Invariably it will be considerably more difficult
to estimate a given model and the accuracy of the model will
also suffer. Computational burden will also be increased dramat-
ically due to the increased difficulty in learning. The problem of
input variable selection normally assumes that it is possible to
select the required optimal set of inputs directly from the set of
measured data. However we have shown that this assumption is
easily violated. In this case, overestimation of the number of in-
puts typically occurs [1].

In this paper, we proposed a new method for performing input
variable selection which helps to solve the above problem. The
method is based on the recently introduced method of inde-
pendent component analysis. This approach permits a relatively
straightforward statistical test to be derived for model free input
variable selection. We applied the proposed algorithm to some
examples which showed that it is capable of successfully iso-
lating the inputs required for a model, even when the measured

(b) data itself is mixed and would normally lead to overestimating
the number of inputs required. It is apparent that ICA provides
Fig. 2. Results for Experiment 2 on input variable selection. Here the yseful tool for accurately estimating the inputs required in

cumulants are shown after thresholding according to the test described in
text. Shown are the thresholded cumulants ¢a)(k) and (b)c..,(0,k),
k =1,....p, respectively.

higher order cumulants serve a role in identifying all the re-
quired inputs. [1]

B. Example 2

Suppose we observe a multivariate time sends) — [2]

[x1(t) ...z, (¢)] consisting of dependent variablgs;(¢)}, and
an outputy(t) from a system to be identified. For the purposes [3]
of this example, suppose= 15 and the output is the result of

a functional model given by [4]

U(t) = Fy(za(t), 27t — 5),z0(t — 11)).  (15)
whereF,(a, b, c) is defined in this example, as [5]
y =(2a — 1.6)> — 2a + (3b — 3.5)* [6]

—3b— (0.5¢ — 0.8)> — 1.2¢ + 4.

[71

The input dependencies ta arise due to some true signals
z(t) = [21(¢) .. . z,(t)] becoming mixed, according to (8]
x = Az. (16) ]

The results from this experiment are observed in Fig. 2 where
the necessary inputs to the model are easily selected. Althougto]
not shown here, when ICA is not useal| inputs were identi-
fied in this case as being required. Thus, the algorithm success-
fully identified just the inputs required from the measured dataj11]
As indicated in Section II-E, when ICA is employed, it is often
possible to reduce the number of tests required in terms of CLEZ]
mulant orders by first testing low cross-order terms initially.

Hﬂﬁlding complex models, particularly with noisy input data as
observed in many practical situations.

REFERENCES

B. V. Bonnlander and A. S. Weigend, “Selecting input variables
using mutual information and nonparamteric density estimation,” in
Proc. 1994 Int. Symp. Artificial Neural Networks (ISANN'9%ainan,
Taiwan, 1994, pp. 42-50.

D. DeMers and G. Cottrell, “Nonlinear dimensionality reduction,” in
Advances in Neural Information Processing Systen&an Mateo, CA:
Morgan Kaufmann, 1993, pp. 580-587.

Y. Le Cun, J. S. Denker, and S. A. Solla, “Optimal brain damage,” in
Advances in Neural Information Processing Systenis &. Touretzky,
Ed. San Mateo, CA: Morgan Kaufmann, 1990, pp. 598—-605.

B. Hassibi and D. G. Stork, “Second-order derivatives for network
pruning: Optimal brain surgeon,” iAdvances in Neural Information
Processing Systems 5. J. Hanson, J. D. Cowan, and C. L. Giles,
Eds. San Mateo, CA: Morgan Kaufmann, 1993, pp. 164-171.

E. D. Karnin, “A simple procedure for pruning backpropagation trained
neural networks,'|EEE Trans. Neural Networksol. 1, pp. 239-242,
1990.

L. K. Hansen and C. E. Rasmussen, “Pruning from adaptive regulariza-
tion,” Neural Comput.vol. 6, no. 6, pp. 1223-1232, 1994.

C. Molina and M. Niranjan, “Pruning with replacement on limited re-
source allocating networks bf-projections,”Neural Comput.vol. 8,

no. 4, pp. 855-868, 1996.

C. L. Giles and C. W. Omlin, “Pruning recurrent neural networks for
improved generalization performanceéZEE Trans. Neural Networks
vol. 5, pp. 848-851, Sept. 1994.

G. Castellano, A. M. Fanelli, and M. Pelillo, “An iterative pruning algo-
rithm for feedforward neural networkslEEE Trans. Neural Networks
vol. 8, pp. 519-531, May 1997.

M. Girolami, “A comparison of pruning techniques to enhance network
generalization performance,” Proc. 2nd NSYSN Workshop, Advanced
Techniques, The Practical Applications of Neural Netwpfl&96, pp.
163-188.

R. Reed, “Pruning algorithms — a surveyPEE Trans. Neural Net-
works vol. 4, pp. 740-747, Sept. 1993.

C. Jutten and J. Herault, “Blind separation of sources, Part I: An adaptive
algorithm based on neuromimetic architectu&ignal Processingvol.

24, pp. 1-10, 1991.



IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 12, NO. 3, MAY 2001

(13]
(14]

(18]

[16]

S. Amari and A. Cichocki, “Blind signal processing: Neural-network
approaches,Proc. IEEE, 1998.

A. Stuart and K. OrdKendall's Advanced Theory of Statistics: Distri-
bution Theory6th ed. New York: Edward Arnold, 1994, vol. 1.

A. U. Leen, T. K. Lenn, and J. E. Moody, “Fast pruning using principal
components,” iAdvances in Neural Information Processing Systeins
D. Cowan, G. Tesauro, and J. Alspector, Eds. San Mateo, CA: Morgan
Kaufmann, 1994, vol. 6, pp. 35—42.

N. Kambhatla and T. K. Leen, “Dimension reduction by local principal
component analysis,Neural Comput.vol. 9, no. 7, pp. 1493-1516,
1997.

617



