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Abstract

CafeOBJis a wide spectrumformal specificationlan-
guage basedon multiple logical foundations: mainly ini-
tial and hiddenalgebra. A wide range of systemgan be
specifiedn CafeOBJhanksto its multiple logical founda-
tions. However, distributedreal-timesystemdiappento be
excludedfromtargetsof CafeOBJIn this paperwepropose
a methodof modelingand verifying suc systemeasedon
CafeOBJ togetherwith timedevolution of UNITY compu-
tational models.
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1. Intr oduction

CafeOBJ[2,4] is a wide spectrumformal specification
languagdasedn multiple logical foundationsmainly ini-
tial and hiddenalgebra. A wide rangeof systemscan be
specifiedin CafeOBJthanksto its multiple logical founda-
tions. Not only are static aspectsof systemsspecifiedin
termsof initial algebraput dynamicaspect®f systemsare
alsospecifiedn termsof hiddenalgebra.

BesidesCafeOBJcanbe appliedto distributedsystems.

We have donesomecasestudies[1011, 12]. In the case
studiesdistributedsystemsaremodeledasUNITY[3] com-
putationamodelsandthemodelsaredescribedn CafeOBJ.
Sincethe CafeOBJsystemcan be usedas an interactve
theoremprover, we have verified that the distributed sys-
temshave somedesirablepropertieswith the help of the
CafeOBJsystem.

However, distributedreal-timesystemshapperto be ex-
cludedfrom targetsof CafeOBJ.Most of the crucial sys-
temsfieldedin therealworld aredistributedreal-timesys-
temssuchasflight control systemsandpatientmonitoring
systems. Henceit is very importantto include suchsys-
temsastargetsof CafeOBJ.On the otherhand,distributed
real-timesystemsvould be specifiedrom variouspointsof

view in CafeOBJwhichwebelieve is alsovery meaningful.

In this paperwe proposea methodof modelingandver
ifying distributedreal-timesystemshasedon CafeOBJo-
gethemwith timedevolution of UNITY computationamod-
els called TBCMS. In the method,suchsystemsare mod-
eledasTBCcMs, themodelsaredescribedn CafeOBJandit
is verified that the systemshave somedesirableproperties
with the help of the CafeOBJsystems.Two examplesare
usedto presenthemethod.

Therestof the paperis organizedasfollows. In Sect2,
UNITY computationamodelsarereformulatedn thesame
mannerasthe definition of fair transitionsystems[R The
reformulatecbnesarecalledscMs. Wealsodescribenow to
specifyBcMsin CafeOBJusinganexample(asynchronous
datasendingproblem).In Sect.3, timedevolution of BCMs
called TBCMs is described. The example constrainedoby
timing is modeledas a TBCM, the TBCM is describedin
CafeOBJ,andit is verified that the systemhasa property
with the help of the CafeOBJsystem. Sectior4 describes
anotherexample(Fischers protocol). Sectiorb finally con-
cludesthe paper

2. Description of distributed systems in
CafeOBJ

2.1 Basic computational models: transition sys-
tems

UNITY computationalmodelsare reformulatedin the
samemannerasthe definition of fair transitionsystemg9].
Thereformulatecbnesarecalledbasiccomputationamod-
els,orecms. A BcM S = (V,Z, T) consistof:

e V: A setof variables.Thevariables(or their possible
values)form the statespaceX of S, andastateof S is
apoint,or anelementbf 3.

e 7: Theinitial condition. It specifiesthe initial val-
uesof the variables.Sincesomevariablesmay not be
specifiedby Z, S mayhave morethanoneinitial state.



e 7T : A setof transitionrules.Eachtransitionruler € T
isafunctionr : ¥ — ¥ mappingeachstates € ¥ into
asuccessostater(s) € X. Transitionrulesaregen-
erally definedtogetherwith conditionson which the
transitionrulesare effectivelyexecuted. If the condi-
tion of atransitionrule is falsein a stateof S, namely
that the transitionrule is not effectivein the state,its
executiondoesnotchangehe stateat all.

An executionstartsfrom one initial stateand goeson
forever; in eachstepof executionsometransitionrule is se-
lectednondeterministicallandexecuted Nondeterministic
selectionis constrainedy the following fairnessrule: ev-
erytransitionrule is selectednfinitely often. GivenaBCm,
a setof infinite sequencesf statesis obtainedfrom exe-
cution, constrainedy the fairnessrule, of the Bcm. Such
aninfinite sequencef statess calleda computatiorof the
BCM. More specifically a computationof aBcm S is an
infinite sequenceay, s1, . . . of statessatisfying:

o |nitiation: For eachv € V, v satisfiesl in sq.

e Consecution For eachi € {0,1,...}, s;iy1 = 7(s;)
for somer € T.

e Fairness For eachr € T, thereexist infinite number
of indexesi € {0,1,...} suchthats; 1 = 7(s;).

A stateof S is calledreacableif it appearsn a computa-
tion of S.

2.2 How to specifydistrib uted systemsin CafeOBJ

CafeOBJ[2,4] is mainly basedon two logical founda-
tions: initial and hiddenalgebra. Initial algebrais usedto
specifyabstractatatypes,andhiddenalgebra[$ to specify
objectsin object-orientation.Therearetwo kinds of sorts
in CafeOBJ.visibleandhiddensorts. A visible sortrepre-
sentsanabstractatatype,andahiddensortthe statespace
of an object. Thereare basicallytwo kinds of operations
to hiddensorts: action andobservationoperations.An ac-
tion operationor anactioncanchangea stateof anobject.
An obsenationoperationor anobsenationcanbe usedto
obsene the value of a datacomponenin an object. Both
actionsandobsenationsaredefinedwith equations.

Declaration=of visible sortsareenclosedvith [ and] ,
andthoseof hiddenoneswith *[ and] *. Declarationof
obsenationsandactionsstartwith bop orbops, andthose
of otheroperationswvith op or ops. After bop or op (or
bops or ops), an operatoris written (or more than one
operatoris written), followedby : andasequencef sorts,
andendedwith - > andonesort. Definitions of equations
startwith eq, andthoseof conditionaloneswith ceq. After
eq, two termsconnectedby = arewritten,andendedwith a
full stop.After ceq, two termsconnectedy = arewritten,

followedbyi f andatermdenotingacondition,andended
with afull stop.

Since objectscan be regardedas transition systems,a
BCM canbenaturallydescribedn CafeOBJThestatespace
of aBcM is denotedby a hiddensort. A singlevariableor
asetof variabless representetty anobsenation. Givena
BCM in whichaset{z; |i € {1,2,...}} of variableswhich
typesare naturalnumbersis used,the variablesarerepre-
sentedby anobsenationdeclaredasbop x : Sys Nz-
Nat -> Nat, whereSys is the hiddensortdenotingthe
statespaceof theBcm, andNzNat andNat arethevisible
sortsdenotingnon-zeronaturalnumbersand naturalnum-
bersrespectiely. The valueof z; in a states is denoted
by x(s,i). Theinitial valuesof variablesare specifiedwith
equationsAn operatiordenotingary initial stateis first de-
claredasop init -> Sys. Thenif all z;'s areini-
tially 0, we have the equationeq x(init,1) =0 .,
wherel is aCafeOBJvariablewhosesortis NzNat .

A single transition rule or a set of transition rules
is representedby an action. Given a BCM in which a
set{t;|i € {1,2,...}} of transitionrulesis used,the
transition rules are representedby an action declared
as bop t Sys NzNat -> Sys. The successor
stateafter executingt; in a states is denotedby t (s,:).
The behaior of transition rules is specifiedwith equa-
tions that define how the state (hamely the variables)
changesif each transition rule is executedin a state.
Supposethat if ¢; is executed, z; is incrementedand
z; (j # 14) is left unchanged.Then, we have two equa-
tions eq x(t(S,1),1) = x(S, 1) + 1 . and
ceqg x(t(s,1),d) =x(s,J3) if 1 ==3. |
whereS, | andJ are CafeOBJvariableswhosesortsare
Sys, NzNat andNzNat respectiely.

2.3 Example: asynchronous data sending prob-
lem

As an example, let us consideran asyn@ironousdata
sendingproblem a senderrepeatedlysendsnaturalnum-
bersoneby onefrom zeroin increasingorderto arecever
via a cell. The sendemputsa naturalnumberinto the cell,
andtherecever getsthe naturalnumberfrom the cell if the
cellis notempty

We first modelthis systemasa BCcMm. A numberof vari-
ablesand transitionrules dependon which level of detail
the systemgetsspecifiedat. Herewe usefour variablesand
two transitionrulesto modelthe system.Thefour variables
areempty contenf data, andlist. Thecell is representetly
emptyandcontent If thecellis empty (thevalueof) empty
is true, and otherwiseemptyis falseandcontentis the nat-
ural numberin the cell. The naturalnumbersentnext by
thesendeiis representedly data If therecever getsa nat-
ural numberfrom the cell, it putsthe numberinto a list at



theend.Thelist is representedy list thatis mainly needed
to verify thatthe systemconstrainedy timing hasa safety
property(describedater). Theinitial valuesof empty con-
tent data andlist aretrue, unspecifiedzero,andnil. The
two transitionrulesaresendandrecthatcorrespondo that
the senderputs a naturalnumberinto the cell andthatthe
recever getsa naturalnumberfrom the cell, respectiely.
sendis always effective, andrecis effective if andonly if
thecell is non-empty

We then describethe BCM modeling the systemin
CafeOBJThemainpartof thesignatures asfollows:

*[ Sys]*

- any initial state

op init : -> Sys
- observations

bop enpty : Sys -> Bool
bops content data : Sys -> Nat
bop Iist : Sys -> List
- actions

bops send rec : Sys -> Sys

A commentstartswith - - andterminatesat the endof the
line. Hiddensort Sys representshe statespaceX. of the
BCM, andvisible sortsBool andLi st represenbooleans
and lists of naturalnumbers respectiely. i ni t denotes
ary initial stateof thescwm.

We have threesetsof equationsn the specification:one
for ary initial state,andthe othersfor thetwo actions.

Theequationglefiningary initial stateareasfollows:

eq enpty(init) = true .
eq data(init) =0 .
eq list(init) =nil .

Sincethe cell is initially empty the initial value of con-
t ent is notspecified hamelythatwe have no equationfor
cont ent in ary initial state.

The equationgefininghow a stateof the BCM changes
if transitionrule sendis executedn the stateareasfollows:

eq enpty(send(S)) = fal se .

eq content(send(S)) = data(S) .

eq data(send(S)) = inc(data(S)) .
eq list(send(9)) =list(9) .

whereS is a CafeOBJvariablewhosesortis Sys. These
equationsndicatethat if sendis executedin a state,then
emptyis setto false,contentis setto the old valueof data,
datais incrementedandlist is left unchanged.

The equationgdefininghow a stateof the Bcm changes
if transitionrule recis executedn the stateareasfollows:

ceq enpty(rec(S)) = true

if enpty(S) == false .

ceq empty(rec(S)) = enpty(S)
if enmpty(S) == true .

eq content(rec(S)) = content(S) .

eq data(rec(9)) = data(S) .

ceq list(rec(S)) = put(list(S),content(S))
if enpty(S) == false .

ceq list(rec(9)) = list(9)
if empty(S) == true .

In conditionsof conditionalequations== is usedin lieu
of = for equality In a statewhereemptyis false,if rec
is executed,then emptyis setto true andthe old value of
contentis putinto list atthe end. In a statewhereemptyis
true,evenif recis executednothingchangesin ary state,
contentanddataareleft unchangedvenif recis executed.
In thesystemspecifiechow, therecevver maynotreceie
all the naturalnumberssentby the sender A computation
correspondingo the casein which the recever only re-
ceivesodd numbersis asfollows: i nit, send(init),
send(send(init)), rec(send(send(init))),

3. Description of distrib uted real-time systems
in CafeOBJ

3.1 Timed evolution of basiccomputational models

By introducingclock variables,Bcms are evolved into
computationamodelsthatcandealwith timing. The com-
putationalmodelsarecalledtimed evolution of basiccom-
putationalmodels,or TBCMs. A TBCM S = (V,Z,T U
{tick, |r € RT}) consistf:

e V' A setof variablesasaBcM. But,thesety = DUC
is classifiednto the setD of discretevariablesandthe
setC of clodk variables The typesof clock variables
are non-ngjative real numbers(R™) or infinity (o).
For eachr € T, therearetwo clock variabled, : Rt
andu, : (RT\{0})U{oo} thatarecalledthelowerand
upperboundsof 7. They arebasicallyusedto forcer
to be executedbetweenl, andu.,. Besidesthereis
onespecialclock now : R*. It senesasthe master
clock andalways indicatesthe elapseof time after a
systenstartsits computation.

e 7: Theinitial conditionasa BCcM. Masterclock now
is initially setto 0.

e T U {tick.|r € RT}: A setof transitionrulesasa
BCM. But, thereis a setof time adwancingtransition
rulestick, : ¥ — X. It advancesnow by r unless
now + r exceedupperboundu., forary € T. tick,
doesnotchangeary variableexceptnow, andary tran-
sitionrule excepttick, doesnotaffectadvancingnow.
For eachr € T, in additionto the conditionon which
T getseffective, [, < now is givento T asa conjunct
of its condition.

For eachr € T, besidedwo clock variablesl, andu.,
therearetwo constantsi™" andd™2® whosetypesarethe
sameasl, andu,, respectiely. d™" andd™* arecalled
the minimumand maximumdelaysof 7. Basicallywhent
newly getseffective,  mustbe executedbetweend™" and



d™e* time unitslaterfrom thattime unlessr getsineffective
meanwhile.If 7 is initially effective, l- andu, areinitially
setto d™" andd™4®, respectiely, andotherwise, andu.,
areinitially setto 0 andoo, respectrely. Supposehatr is
executedin a states in whichit is effective andl, < now,
andlet s’ bethesuccessostate.If 7 is still effectivein s/, 1,
andu,, aresetto now +d™" andnow + d™%®, respectiely,
andotherwisel, andu, aresetto 0 and oo, respectiely.
For ary othertransitionrule 7' € T, if it is ineffective (or
effective)in s andit getseffective (or ineffective)in s’, then
I+ andu. aresetto now +d™™ (or 0) andnow +d™* (or
00), respectiely. Otherwise/,» andu,, areleft unchanged.

A computationof a TBCM § is an infinite sequence
80,81, - -, Si, . .. Of statessatisfyinglnitiation andConse-
cutionasa BCM, but satisfyingTime Divergenceinsteadof
Fairness

e TimeDivergence As i increasesnow increasesvith-
outbound.

A TBCM is definedto benon-Zendf ary finite sequence
of stategyeneratedyy the TBCM canbe extendecdto a com-
putation.A sufficientconditiononwhichaTtscm S is non-
Zenois that for eachr € 7T, alwaysi, < u,, namely
dmin < dmee (from [1]). If for somer € T, d™" (or
d**)is 0 (or 00), thenl, (or u,) maybeomittedfrom V.

In the verificationgiven in the remainderof the paper
we usethefollowing lemma(from [8]):

Lemmal. In anyreadablestates of a TBCM S, thefol-
lowing hold:

e now < u, foreathr € 7.

o If 7 € T is effective thenu, < now + d***.

3.2 How to specifydistrib uted real-time systemsn
CafeOBJ

Let us considerthe asynchronouslatasendingproblem
again.By giving lowerandupperboundso sometransition
rules, the systemis madereliable, namelythat no natural
numbersentby the sendeiis lost.

Basicallythe systemis modeledasbefore. In addition
to the four variablesandtwo transitionrules,however, five
clock variablesanda setof time advancingtransitionrules
{tick, |r € R} areadded.Oneof the clock variablesis
now. Theremainingfour clock variablesarelsend, Usend,
lree, andu,.... Besideswe have four constantg™™,, d™a*

send’ “send?

d™m andd™**. We decidethe valuesof someof the con-

rec ! rec

stantsandtheir relationsasfollows: d™% = co, d™" = 0,

send rec

and0 < dme® < d™n, < co. As mentionedoefore,usenq
andl,.. areomitted. The timing constraintsproposethat
therecever shouldgetthe naturalnumberfrom the cell be-

forethesendeputsanew naturalnumberinto thecell if the

cell is not empty or the sendershouldnot put a new natu-
ral numberinto the cell beforethe recever getsthe natural
numberfrom thecellif thecell is notempty
We describehe T8CM modelingthe systemconstrained
by timing in CafeOBJ.Specifyinga TBCM in CafeOBJis
basicallythe sameasspecifyingasBcMm in CafeOBJ.
Themainpartof thesignaturds asfollows:

*[ Sys]*

- any initial state

op init : -> Sys

- observations

bop enpty : Sys -> Bool
bops content data : Sys -> Nat
bop Iist : Sys -> List
bops now | : Sys -> Real +
bop u : Sys -> Tineval
- actions

bops send rec : Sys -> Sys
bop tick : Sys Real + -> Sys
-- del ays

ops dl1 d2 : -> Real +

Visible sorts Real + and Ti neval representRT and
(R*\ {0}) U {oo}, respectiely. Obsenationsnow, | , and
u correspondo variablenow, lsenq, aNdu..., respectiely,
andactiont i ck to {tick.|r € R*t}. d1 andd2 corre-
spondto d™", andd™e*, respectiely.

We have four setsof equationdn the specification:one
for ary initial state andtheothersfor thethreeactions.The
equationgefiningary initial stateareasfollows:
true .

0.
nil .
0.
d1 .
00 .

eq enpty(init)
eq data(init)
eq list(init)
eqg now(init)
eq I(init)

eq u(init)

00 standsfor cc. Initially Ise,q (Or 1) is setto d™m, (or

d1) becauseendis effective, while u... (or u) is setto co

(or 00) becauseecis noteffective.
Theequationglefininghow a stateof theTBCM changes

if sendis executedn the stateareasfollows:

false if 1(S) <= nom(S) .
enpty(S) if nom(S) < I1(9S) .
data(sS) if 1(S) <= now(S) .
content (S)

ceq enpty(send(S))
ceq enpty(send(S))
ceq content (send(S))
ceq content (send(S))
if nom(S) < 1(S)
ceq data(send(S))
if 1(S) <= now9)
ceq data(send(S))
eq list(send(S))
eq now(send(S))
ceq | (send(S))
if 1(S) <= now9)
ceq | (send(S))

inc(data(s))

data(S) if nowm(S) < 1(S) .
list(S) .

nowS) .

now(S) + di

1(S) if nos) < 1(S) .

ceq u(send(S)) now(S) + d2
if 1(S) <= nowS) .
ceq u(send(S)) =u(S) if nom(S) < I(S) .

If now < I,enq, executionof senddoesnot changethe
TBCM atall. Otherwise,four discretevariableschangeas
describedefore,andl;.,4 andu,.. aresetto now + d™,
andnow + d2%*, respectiely, for thereasorstatedabore.
Theequationglefininghow astateof theTBCM changes

if recis executedn the stateareasfollows:



ceq enpty(rec(S)) =true if enpty(S) == false .
ceq enpty(rec(S)) = enpty(S)
if enmpty(S) == true .
eq content(rec(S)) = content(S) .
eq data(rec(9)) data(s) .
ceq list(rec(9)) put (list(S),content(S))
if enpty(S) == false .
ceq list(rec(S)) list(S) if enpty(S) == true .
eq nowrec(S)) now S) .
eq | (rec(S)) 1(9) .
ceq u(rec(S)) oo if enpty(S) == false .
ceq u(rec(S)) u(sS) if empty(S) == true .

If emptyis true, executionof recdoesnotchangehe TBcm
at all. Otherwise,four discretevariableschangeas de-
scribedbefore,andlsenq andu,.. areleft unchangedand
setto oo, respectiely, for thereasorstatedabore.

Theequationglefininghow a stateof the TBCM changes
if tickp (D € R™) is executedn thestateareasfollows:

eq enpty(tick(S, D) = enpty(S) .
eq content(tick(S,D)) = content(S) .

eq data(tick(S, D)) = data(S) .
eq list(tick(S,D)) =1list(S) .
ceq now(tick(S, D)) =nowmS) + D

if nom(S) + D<= u(9 .
ceq nowmtick(S, D)) = now S)
if u(S) < nowm(S) + D.
eq I(tick(S D) =1 .
eq u(tick(S, D) = u(sS) .

nowgetsadwancedbut doesnotgo beyondu,..
Note thatwe have anotherequation‘eq d2 < dl1 =
true .” becauselme” < dmi,.
3.3 How to verify distributed real-time systems
with CafeOBJ

Propertiesto prove in this paperare safetyones. If a
propertyholdsin ary reachablestateof a TBCM, the prop-
erty is calledsafetyandthe TBCM hasthe safetyproperty
Sinceary transitionrule doesnot breaksafetyproperties,
safetypropertiesare often interpretedas sayingthat some
particular bad thing never happens. Proofsthat a TBCM
hasa safetypropertycanbedoneby structuralinductionon
transitionrules. We first confirmthatthepropertycandidate
holdsin ary initial state,andthen,thatthe propertycandi-
dateis preseredby everytransitionrule. TheCafeOBJXys-
tem canbe usedasaninteractive theoremprover, andsuch
proofscanbe donewith the help of the CafeOBJsystem.

We prove thatthe systenthathasjust beenspecifiechas
thesafetypropertythatnonaturalnumbersentby thesender
is lost. More precisely thefollowing claimis shavn.

Claim 1. In anyreadablestate list equals[0..data — 1]
if emptyis true, and [0..data — 2] if emptyis false where
[m..n] is thelist of natural numbes fromm throughn if
m < n,andnil if m > n.

Proof. Theclaimistruein ary initial statebecausemptyis
true,datais 0 andlist is nil. Then,theclaimis shavnto be
presered by every transitionrule. Supposehatthe claim

holdsin a states, we shaw thatit still holdsin thesuccessor
states’ afterary transitionrule is executedn s.

Firstwe shav thatsendpreserestheclaim. The cases
dividedinto two sub-casesl) emptyis true,and2) emptyis
false.Sinceexecutionof senddoesnotchangehesystemat
allif now < lsenq (if SO,sendclearly preseresthe claim),
we only considerthe casein whichlse,q < now.

In casg1), thefollowing proofscorecanbeusedto shav
thatsendpreserestheclaim.

open ASEND
ops s s @ -> Sys .
op n : -> Nat .
eq data(s)
eq enpty(s) true . -- assunption.
eq 1(s) <= now(s) true . -- assunption.
eq s’ = send(s) .
red data(s’') == s(n) and enpty(s’) == fal se

and list(s’) == list(s) .
cl ose

n.

ASEND is the nameof the modulein which the specifica-
tion of the systemis written. By openingthe moduleusing
CafeOBJ commandpen, thedefinitionsin the specifica-
tion canbe used. s of s(n) is the successofunction of
naturalnumbers.The termfollowing CafeOBJ command
r ed(uct i on) meanghatthelattercaseof theclaimholds
in s’. r ed reduceghetermby regardingequationsasleft-
to-right rewrite rules. In this case,the termis reducedto
true,whichimpliesthatsendpreseresthe claim.

In case(2), we useanotherclaim thatif emptyis false,
thenu . < lsena duetodme® < d™, whichcanbeeasily
proven. FromthisinequalityandLemmal (namelynow <
Urec), NOW < lgeng, Which contradictsghe assumptiorthat
lsend S now.

Secondwe show thatrec preseresthe claim. The case
is dividedinto two sub-casegl) and(2) aswell. In casg(1),
recis not effective. In case(2), we useanotherclaim that
if emptyis false,thendata > 0 and content = data — 1,
which can be easily proven aswell. The following proof
scorecanbeusedto shav thatrecpreserestheclaim.

open ASEND
ops s s’
op n : -> Nat .
eq enpty(s) fal se .
eq content(s)
eq data(s)
eq s =rec(s) .
red data(s’) == s(n) and enpty(s’') == true

and list(s’) == put(list(s),n) .
cl ose

-> Sys .

- assunption.
n. - another claim
s(n) . -- another claim

Lastly we shawv that tick, (for ary r € Rt) preseres
theclaim. Sinceall that tick, candois to advancenow by
r, it clearlypreserestheclaim. O

4. One more example: Fischer’s protocol

We useonemore exampleto demonstratehe proposed
method.The exampleusedis Fischers protocol.



4.1 Fischer’s protocol

Fischers protocolis a real-timemutualexclusionalgo-
rithm amongmultiple processessay N (> 1) processes.
The codeexecutedby a process (1 < i < N) in atradi-
tional styleis asfollows:

a: RemaindeSection [0, 0]
loop

b: repeatuntil turn=0 [0, o0]

c: turn:=g [0, d1]

d: if turn=1ithenbreak [d2, 0]

cs:Critical Section [0, 0]

e:turn:=0 [0, 0]

Initially turn is setto 0, andall processeareat locationa.
[0, d1] forcesprocess to executeturn := ¢ betweerD and
d1ltimeunitsafterprocess getsto locationc, andary other
pair specifiesa similar timing constraint.Besideswe have
theassumptiorthat0 < d1 < d2 < co.

We model Fischers protocolasa TBCM. In this mod-
eling, we usesix setsof transitionrules: {try;}, {test;},
{set;}, {check;}, {exit;}, and{reset;}, wherel <i < N.
try,; (or exit;) meanghatprocess beginsexecutingtheal-
gorithm (or leaves Critical Section). The other transition
rulestest;, set;, check;, andreset; standfor the statements
atlocationsb, ¢, d, ande, respectiely. The discretevari-
ablesusedn thismodelingareturnand{loc; |1 < i < N}.
Discretevariableturn correspondso turn in the algorithm,
andloc; showvsthelocationatwhich processg is. The con-
dition on which try; (test;, set;, check;, exit;, or reset;)
getseffective is thatloc; is locationa (b, ¢, d, cs,or e).

Sincethe minimumandmaximumdelaysof try;, test;,
exit;, andreset; areQ andoo, respectiely, theirlower and
upperboundsarenot used.Besidesthe minimumdelay of
set; is 0, andthemaximumdelayof check; isoo. Thus /.,
anduchecr; @arenotusedeither As shavn in thealgorithm,
the maximumdelay of set; is d1 andthe minimum delay
of check; is d2. Hence,we usetwo setsof clock variables
{uset; } and{lcpeck; }, Wwherel < i < N.

We also useone more clock variablenow and a set of
transitionrules{tick, |r € R*}.

4.2 Specificationof Fischer’s protocolin CafeOBJ

Themainpartof thesignaturds asfollows:

*[ Sys]*

- any initial state

op init -> Sys

- observations

bop turn : Sys -> Nat
bop |oc : Sys NzNat -> Loc
bop now : Sys -> Real +
bop | : Sys NzNat -> Real +
bop u : Sys NzNat -> Tineval
- actions

bops try test set : Sys NzNat -> Sys

bops check exit reset : Sys NzNat -> Sys

bop tick : Sys Real + -> Sys
- del ays
ops di1 d2 -> Real +

Hiddensort Sys representsghe statespaceof the TBCM,
andvisible sortLoc representocationssuchasaandb. u
andl correspondo uges, andlcpecr,, respectiely.

We have eightsetsof equationsn the specification:one
for ary initial state,andthe othersfor the seven actions.
In this paper threesetsof equationsare presentedonefor
ary initial state,andthe othersfor set andcheck. In
thespecificationS, | , andJ areCafeOBJvariablesvhose
sortsareSys, NzNat , andNz Nat , respectiely.

Theequationglefiningary initial stateareasfollows:

eq turn(init) =0 .

eq loc(init,l) = a .

eqg now(init) =0 .

eq I(init,I) =0 .

eq u(init,I) = 00 .
Sinceset; and check; for ary process € {1,...,N} are
not effective in ary initial state,us.;, andlpecr; for ary
i € {1,...,N} areinitially setto 0 andoo, respectiely.

Theequationglefininghow a stateof the TBCM changes

if set; for ary process € {1,...,N} is executedin the

stateareasfollows:

ceq turn(set(S,1)
ceq turn(set(S,1)

| I if loc(S/ 1) ==c .
|

ceq loc(set(S, 1),
)

turn(S) if loc(S 1) =/=c .

)
)
| dif loc(S 1) ==c .
J

o nnonn

)
ceq loc(set(S,| ) loc(S,J)
if I =/=Jor loc(S/ 1) =/=c .
eq now(set(S,1)) = nowm S) .
ceq | (set(S,1),1) = nowm S) + d2
if loc(S 1) ==c .
ceq | (set(S,1),J) =1(SJ)

if I =/=Jor loc(S/ 1) =/=c .
ceq u(set(S,1),1) =o00 if loc(S, 1) ==c .
ceq u(set(S,1),J) = u(s,J)

if I =/=Jor loc(S/ 1) =/=c .

If set; is executedn astatein whichit is effective, turn and
loc; aresetto ¢ andlocationd, respectiely, andthe other
discretevariables namelyloc; (j # ), areleft unchanged.
Besidesy s, andi ch.qr; aresetto oo andnow+d2, respec-
tively, becauseet; and check; areeffective andineffective
in thesupposedtate andgetineffective andeffectivein the
successostate respectiely. The otherclock variablesare
left unchanged.

Theequationglefininghow astateof theTBCM changes
if check; for ary process € {1,..., N} is executedn the
stateareasfollows:

eq turn(check(S, 1)) = turn(S) .
ceq |l oc(check(S,1),1) =cs
if loc(S, 1) ==d and turn(S) == 1
and 1 (S, 1) <= nowS) .
ceq loc(check(S,1),1) = b
if loc(S,1) ==d and turn(S) =/=1
and | (S,1) <= nomS) .
ceq loc(check(S,1),J) = loc(S,J)
if I =/=J3or loc(S, 1) =/=d
or nom(S) < I (S 1) .
eq now(check(S, 1)) = nowm S) .



ceq | (check(S,1),1) =
if loc(S 1) ==d and
ceq | (check(S,1),J) =1
if I =/=J3 or loc(S 1

or nowm(S) < I (S 1)

eq u(check(S,1),J) =u

If check; is executedin a statein which it is effective and
leheck; < mow, loc; is setto location cs or b depending
on whetherturn is ¢ or not. In both cases] peck; iS Setto

0 becausecheck; getsineffective after the execution. The

othervariablesareleft unchanged.

4.3 Verification of Fischer'sprotocolwith CafeOBJ

We shaw that Fischers protocol satisfiesmutual exclu-
sion, namely that more than one processnever entersits
critical sectionsimultaneously Before the main claim is
shawn, two sub-claimsareshown.

Claim 2. In anyreadablestatg if loc; = d, turn = 4, and
loc; = c,theNugey; < lcheck, foranyi,j € {1,...,N}.

Proof. The claim is vacuouslytrue in ary initial state.
Then, the claim is shovn to be presered by every transi-
tion rule. We prove this in the sameway asthe previous
proof. In this paper we presentwo casesvhich prove that
set; andcheck; forary i € {1,..., N} preseretheclaim.
First we show that set; for ary i preserestheclaim. It
is sufficient to considera statein which loc; is locationc.
However, if thereis no processtlocationc in s’, theclaim
is vacuouslytrue in s’. Thus, supposehat thereexists a
procesg (# ) atlocationc in s’. Sinceexecutionof set;
changegoc; to locationd anddoesnotchang€doc,, for ary
otherm, we alsosupposehatloc; = cin s. All we haveto
dois to shaw thatusey; < lcheck, IN s’ becausgurn = i in
s'. Thefollowing proofscorecanbeusedto shaw it:
open Fl SCHER
ops s s’ : -> Sys .
ops i j : -> NzNat .

eq loc(s,i)
eq loc(s,j)

c .
Cc

eq s’ set(s,i) .
- fromLemm 1
eq u(s,j) <= now(s) + di = true .

- fromdl < d2
eq now(s) + dl < nowm(s) + d2 = true .
vars X Y Z : Real + .
ceq [r1l] : X< Z=trueif X<=YandY<2Z.
start u(s’,j) < I(s’,i) .
apply reduce at term.
apply +.r1 with Y = now(s) + dl at term.
apply reduce at term.
cl ose

In the proof score we have two inequalitiesfrom Lemmal
(uset; < mow + d1 becauseset; is effective in s) andthe
assumptionthat d1 < d2. In orderto reducethe term
u(s’,j) < I(s’,i),wehavetousethetransitverule
of inequalitieson realnumbers.Thetransitive rule is given
by the conditionalequationlabeledby r 1. However, the

conditionalequationcannotbe usedasa rewrite rule asit is
becausg¢he conditionhasCafeOBJvariableY thatdoesnot
appeaiin theleft-handside. Thus,we have to useCafeOBJ
commandppl y to usethe conditionalequation.Thesec-
onduseof appl y instructsthe CafeOBJsystemto usethe
conditionalequationto rewrite the givenexpression.

Next we shav that check; for ary i preserestheclaim.
It is sufficient to considera statein which loc; = d and
lcheck; < mow. The caseis dividedinto two sub-casesi)
turn = 4, and2) turn # i.

In case(l), it is sufiicient to shav that processi is at
locationcs andturnis ¢ in s’. The following proof score
canbeusedto shav thatthisis true:

open Fl SCHER

ops s s’ : -> Sys .
op i : -> NzNat .
eq loc(s,i) =d . -- assunption.
eq turn(s) =i . - assunption.
eq I(s,i) <= now(s) = true . -- assunption.
eq s’ = check(s,i) .
red loc(s’,i) == cs and turn(s’) ==1i .

cl ose

In case(2), it sufiicesthatwe only considerthe casein
whichthereexist aprocesg suchthatloc; = d andturn =
j andaprocessk suchthatloc, = cin s’ becaus¢heclaim
is vacuouslytruein s’ for ary othercase.If so,theremust
be suchprocesseg andk in s aswell. All we have to do
is to shaw that/ pecr; anduse, areleft unchanged.The
following proof scorecanbe usedto shaw thatthisis true:

open FI SCHER
ops s s : -> Sys .
ops i j k : -> NzNat
eq loc(s,i)
eq loc(s,j)
eq loc(s,k)
eq turn(s)

d . -- assunption.
d . -- assunption.
c . -- assunption.
j . -- assunption.

eq I(s,i) <= now(s) = true . -- assunption.
eq s’ = check(s,i) .
red 1 (s’ ,j) ==1(s,j) and u(s’,k) == u(s,k)
and loc(s',i) == b .
cl ose

Thethird conjunctof thetermfollowing r ed seedo it that
process movesto locationb afterthe execution. O

Claim 3. In any reacable state if loc; € {cs,e}, then
turn = i andloc; # c foranyi,j € {1,...,N}.

Proof. Theclaimisinitially true. Then,theclaimis shovn
to be preseredby every transitionrule. We prove it in the
sameway asthe previous proofs. In this paper we present
thetwo casedor set; andcheck; forary i € {1,...,N}.

First we show that set; for ary i preseresthe claim. It
is sufficient to considera statein which loc; = ¢. Thecase
is dividedinto two sub-casesl) thereexistsaprocess at
locationcsor e,and?2) thereexistsno sucha process.

In case(1), thereexistsno processat locationc from the
hypothesiswhich contradictshe assumptiorthatloc; = c.

In case(2), sinceexecutionof set; doesnotchangeoc;
for ary procesgj excepti, all we haveto dois to shaw that



loc; is setto locationd as set; is executed,which means
thatthereis still no processat locationcsor e in s’. The
following proof scorecanbe usedto show it:

open FI SCHER

ops s 8" : -> Sys .
op i : -> NzNat .
eq loc(s,i) =c . -- assunption.
eq s’ = set(s,i) .
red loc(s',i) ==d .
cl ose

Next we shav that check; for ary i preseresthe claim.
It is sufficient to considera statein which loc; = d and
lcheck; < mow. Thecaseis divided into two sub-case$l)
and(2) aswell.

In case(1), turn = k (# i) from the hypothesis.Since
check; doesnotchangeturn andloc; for ary processj ex-
cepti, all thatis neededs to show thatloc; is setto location
b. Thefollowing proof scorecanbeusedto shaw it:

open Fl SCHER

ops s 8" : -> Sys .
op i : -> NzNat .
eq loc(s,i) =d . -- assunption.
- eq turn(s) =/=1i . - assunption.
eq I(s,i) <= now(s) =true . -- assunption.
eq s’ = check(s,i) .
red loc(s',i) == b .
cl ose

If wehave noequatiorfor turnin s, turnisimplicitly treated
asnotbeingequalto i in s. Thecommenin theproofscore
is usedto remindusthat turn # i.

In case(2), if turn # 4, thenloc; is setto locationb
asshown in the previous proof score which meanghatthe
claim still holdsin s’. Thus,supposeéhat turn = i. Be-
sides,if we supposédhatthereexists a processj suchthat
loc; = ¢, thennow < I cpeck; from Lemmal (now < uset;)
and Claim2 (uset; < Ilcheck;), Which contradictsthe as-
sumptionthat I peck, < now. Hence,supposehat there
exists no procesg suchthatloc; = c. Sincecheck; does
notchangeurn andloc; for ary otherj, all we haveto dois
to shaw thatloc; is setto locationcsas check; is executed.
Thefollowing proof scorecanbe usedto show it:

open FI SCHER

ops s 8" : -> Sys .
op i : -> NzNat .
eq loc(s,i) =d . -- assunption.
eq turn(s) =i . -- assunption.
eq I(s,i) <= now(s) =true . -- assunption.
eq s’ = check(s,i) .
red loc(s’,i) ==cs and turn(s’) ==1i .

cl ose

The secondconjunctof the term following r ed seesto it
thatturn = ¢ aswell afterthe execution. O

Claim 4 (mutual exclusion). In any readable statg if
loc; = cs andloc; = cs, theni = j for anyi,j €
{1,...,N}.

Proof. Theclaimimmediatelyfollowsfrom Claim3. O

5 Concluding remarks

The definition of a TBCM is mainly affectedby specifi-
cationandverificationof distributedreal-timesystemswith
TLA [1] and with 1/O automatd8], and also by clocked
transitionsystemg7]. How to describeaTBcM in CafeOBJ
is similar to generatimedautomatalescribedn [8].

The asynchronouslatasendingproblemis a simplified
versionof the lossy-queuexamplepresentedn [1]. Fis-
cher’s protocol was designedby M. Fischer It hasbeen
usedto demonstratehat formal methodscanreasomabout
timing-basedsystems.Proofsthatit hasmutual exclusion
arepresentedn [1, 7, 8]. They aresimilarto our proof.

The two examplesgiven in this paperare probablythe
first attemptto specify distributed real-time systemsin
CafeOBJand verify their (safety)propertieswith the help
of the CafeOBJsystem.

The proofs presentedn this papercompriseCafeOBJ
proofscoresandnarratve explanations Thatis, formalities
andinformalities are mingled together Suchproof styles
may be called semi-formal,which hasbeenadwcatedby
Goguenandis adoptedn the UCSD Tatamiproject[§ 13].
But, distributedreal-timesystemsreout of thescopeof the
project.
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