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Abstract—We study the degrees of freedom (DoF) of MIMO
two-way X relay channels. Previous work studied the caseN <

2M , whereN and M denote the number of antennas at the relay
and each source, respectively, and showed that the maximum
DoF of 2N is achievable whenN ≤ ⌊ 8M

5
⌋ by applying signal

alignment (SA) for network coding and interference cancelation.
This work considers the caseN > 2M where the performance
is limited by the number of antennas at each source node and
conventional SA is not feasible. We propose ageneralized signal
alignment (GSA) based transmission scheme. The key is to let
the signals to be exchanged between every source node align
in a transformed subspace, rather than the direct subspace,at
the relay so as to form network-coded signals. This is realized
by jointly designing the precoding matrices at all source nodes
and the processing matrix at the relay. Moreover, the aligned
subspaces are orthogonal to each other. By applying the GSA,
we show that the DoF upper bound4M is achievable when
M ≤ ⌊ 2N

5
⌋ (M is even) orM ≤ ⌊ 2N−1

5
⌋ (M is odd). Numerical

results also demonstrate that our proposed transmission scheme
is feasible and effective.

I. I NTRODUCTION

Wireless relay has been an important ingredient in both ad
hoc and infrastructure-based wireless networks. It shows great
promises in power reduction, coverage extension and through-
put enhancement. In the simplest scenario, a relay node only
serves a single user. This forms the classicone-way relaying
and the relay strategies are maturing. With the rapid expansion
of multi-user communications, a relay has become very much
like a wireless gateway where multiple users communicate
with each other via a common relay. A fundamental question
that arises is what is the maximum number of data streams
that can be transmitted and how to achieve it. This leads to
the analysis of degrees of freedom (DoF) and also drives the
development of more advanced relay strategies for efficient
relay-assisted multi-user communication.

The recently proposedtwo-way relaying is such an advanced
relay method that offers high spectral efficiency in a system
where two users exchange information with each other through
a relay [1]. The key idea is to apply physical layer network
coding (PLNC) at the relay end [2] [3]. With PLNC, the max-
imum achievable DoF of the MIMO two-way relay channel
is 2min{M,N} [4], whereM andN denote the number of
antennas at each source node and the relay, respectively. When
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there are three or more users exchanging information with each
other via a common relay, PLNC is not enough to achieve the
DoF of the network.

Based on the idea of interference alignment [5] [6], another
promising technique,signal alignment (SA) is firstly proposed
in [7] to analyze the maximum achievable DoF for MIMO Y
channel, where three users exchange independent messages
with each other via a relay. By jointly designing the precoders
at each source node, SA is able to align the signals from two
different source nodes in a same subspace of the relay node.
By doing so, the two data streams to be exchanged between a
pair of source codes are combined into one network-coded
symbol and thus the relay can forward more data streams
simultaneously. It is proved that with SA for network-coding
and network-coding aware interference nulling the theoretical
upper bound3M of DoF is achievable whenN ≥ ⌈ 3M

2 ⌉ [8].
Here, again,M andN denote the number of antennas at each
source node and the relay node, respectively. The extensionto
K-user MIMO Y Channels is considered in [9].

In [10], SA is applied in MIMO two-way X relay channel,
where there are two groups of source nodes and one relay
node, and each of the two source nodes in one group exchange
independent messages with the two source nodes in the other
group via the relay node. It is shown that the DoF upper bound
is 2min{2M,N}, and the upper bound2N is achievable when
N ≤ ⌊ 8M

5 ⌋ by applying SA and interference cancelation.
In this paper, we are interested in the ability of the DoF

upper bound4M for MIMO two-way X relay channel in the
caseN > 2M , where the performance is limited only by the
number of antennas at each source. It is worth mentioning that
SA is not feasible under the antenna configurationN ≥ 2M .
The reason is as follows. Recall that SA condition is

H1,rv1 = H2,rv2, (1)

whereHi is anN ×M matrix (corresponding to the channel
matrix from sourcei to relay) andvi is an M × 1 vector
(corresponding to the beamforming vector of sourcei). The
above alignment condition can be rewritten as

[H1,r −H2,r]

[
v1

v2

]

= 0. (2)

Clearly, for (2) to hold, one mustN < 2M , or equivalently
M > N

2 .
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To achieve the maximum DoF atM ≤ N
2 , we propose a

new transmission scheme, namedgeneralized signal alignment
(GSA). Compared with the existing SA, the proposed GSA has
the following major difference. The signals to be exchanged
do not align directly in the subspace observed by the relay.
Instead, they are aligned in a transformed subspace after
certain processing at the relay, which is orthogonal to each
other. This is done by jointly designing the precoding matrices
at the source nodes and the processing matrix at the relay node.
With the proposed GSA, we show that the total DoF upper
bound4M of MIMO two-way X relay channel is achievable
whenM ≤ ⌊ 2N

5 ⌋(M is even) orM ≤ ⌊ 2N−1
5 ⌋(M is odd).

The remainder of the paper is organized as follows. In
Section II, we introduce the system model of the MIMO two-
way X relay channel. In Section III, we introduce the GSA
transmission scheme with a motivate example. In Section IV,
we analyze the achievability of the DoF upper bound when
M < N

2 . In Section V, we show our numerical results. Section
VI presents concluding remarks.

Notations:(·)T , (·)H and (·)† denote the transpose, Her-
mitian transpose and the Moore-Penrose pseudoinverse, re-
spectively.ε[·] stands for expectation.|x| means 2-norm of
vector x. span(H) and null(H) stand for the column space
and the null space of the matrixH, respectively. dim(H)
denotes the dimension of the column space ofH. 〈x〉 denotes
normalization operation on vectorx, i.e.〈x〉 = x

|x| . ⌊x⌋ denotes
the largest integer no greater thanx. ⌈x⌉ denotes the smallest
integer no less thanx. I is the identity matrix.

II. SYSTEM MODEL

We consider the same MIMO two-way X relay channel as
in [10] and shown in Fig. 1. It consists of two groups of
source nodes, each equipped withM antennas, and one relay
node, equipped withN antennas. Each source node exchanges
independent messages with each source node in the other
group with the help of the relay. The independent message
transmitted from sourcei to sourcej is denoted asWij . At
each time slot, the message is encoded into adij × 1 symbol
vectorsij , wheredij denotes the number of independent data
flows from sourcei to sourcej.

Taking source node1 for example, the transmitted signal
vectorx1 from source node1 is given by

x1 = V13s13 +V14s14 = V1s1, (3)

wheres1 = [s13, s14]T , V1 = [V13,V14], V13 andV14 are the
M × d13 andM × d14 precoding matrices for the information
symbols to be sent to source node 3 and 4, respectively.

The communication of the total messages takes place in two
phases: the multiple access (MAC) phase and the broadcast
(BC) phase. In the MAC phase, all four source nodes transmit
their signals to the relay. The received signalyr at the relay
is given by

yr =

4∑

i=1

Hi,rxi + nr, (4)

Fig. 1. MIMO Two-way X Relay Channel.

where Hi,r denotes the frequency-flat quasi-staticN × M
complex channel matrix from source nodei to the relay and
nr denotes theN × 1 additive white Gaussian noise (AWGN)
with varianceσ2

n. The entries of the channel matrixHi,r and
those of the noise vectornr, are independent and identically
distributed (i.i.d.) zero-mean complex Gaussian random vari-
ables with unit variance. Thus, each channel matrix is of full
rank with probability1.

Upon receivingyr in (4), the relay processes these messages
to obtain a mixed signalxr, and broadcasts to all the users.
The received signal at source nodei can be written as

yi = Gr,ixr + ni, (5)

where Gr,i denotes the frequency-flat quasi-staticM × N
complex channel matrix from relay to the source nodei, andni

denotes the AWGN at the nodei. Each user tries to obtain its
desirable signal from its received signal using its own transmit
signal as side information.

III. G ENERALIZED SIGNAL ALIGNMENT

In this section, we shall introduce the GSA-based trans-
mission scheme for MIMO two-way X relay channel when
M < N

2 . Note that for this case, the corresponding DoF upper
bound is4M [10].

As a motivating example, we consider a system where each
source hasM = 2 antennas and the relay hasN = 5 antennas.
For this system, the proposed GSA-based transmission scheme
achievesd13 = d14 = d23 = d24 = d31 = d32 = d41 = d42 =
1, yielding a total DoF of8.

A. MAC phase

In the MAC phase, each source node transmits the precoded
signals to the relay simultaneously. Let source node1 transmits
the data streamss13 and s14 by using beamforming vectors
v13 and v14, respectively to source nodes3 and 4. Similar
notations are used for the other three nodes. Thus, there are
totally 8 data streams arriving at the relay. We rewrite the



received signal (4) as

yr

= [H1,r H2,r H3,r H4,r]







V1 0 0 0

0 V2 0 0

0 0 V3 0

0 0 0 V4













s1
s2
s3
s4






+ nr

= HVs+ nr, (6)

whereH is the5 × 8 overall channel matrix,V is the8 × 8
block-diagonal overall precoding matrix ands is the 8 × 1
transmitted signal vector for all the source nodes, given by

s = [s13 s14 s23 s24 s31 s32 s41 s42]
T
. (7)

Since the relay has only5 antennas, it is impossible for it
to decode all the8 data streams. However, based on the idea
of physical layer network coding, we only need to obtain the
following network-coded symbol vector at the relay

s⊕ = [s13 + s31, s14 + s41, s23 + s32, s24 + s42]
T
. (8)

Next, we show that there exist a precoding matrixV for the
source nodes and a processing matrixA for the relay node such
that the network-coded symbol vector in (7) can be obtained.
To state it formally, we introduce the following theorem.

Theorem 1: Given the received signal model in (6), there
exists an8×8 block-diagonal precoding matrixV and a4×5
relay processing matrixA such that

ŷr = Ayr

= AHVs+Anr

= s⊕ +Anr. (9)

Proof: Let ai denote thei-th row of A, for i = 1, · · · , 4.
Eachai can be thought as a combining vector for the trans-
mitted signals of a source node pair. Specifically, we takea1
for elaboration. We aim to designa1 to align the transmitted
signals from source pair (1,3) and cancel the undesired signals
from source nodes 2 and 4. Thus, we designa1 such that it
falls into the null space ofH2,r andH4,r

aT1 ⊆ Null
[
H2,r H4,r

]T
. (10)

Since
[
H2,r H4,r

]T
is a 4 × 5 matrix, we can always find

sucha1. Similarly, the other rows ofA can be obtained as:

aT2 ⊆ Null
[
H2,r H3,r

]T
. (11)

aT3 ⊆ Null
[
H1,r H4,r

]T
. (12)

aT4 ⊆ Null
[
H1,r H3,r

]T
. (13)

wherea2 is for source pair (1,4),a3 is for source pair (2,3)
anda4 is for source pair (2,4).

Given the processing matrixA at the relay, the effective
channel in the MAC phase can be written as

AH =







c11 c12 0 0 c15 c16 0 0
c21 c22 0 0 0 0 c27 c28
0 0 c33 c34 c35 c36 0 0
0 0 c43 c44 0 0 c47 c48.







(14)

Fig. 2. The construction the processing matrix at relay.

DefineCi, i = 1, 2, 3, 4 as

C1 =

[
c11 c12
c21 c22

]

, C2 =

[
c33 c34
c43 c44

]

,

C3 =

[
c15 c16
c35 c36

]

, C4 =

[
c27 c28
c47 c48

]

. (15)

We can construct the precoding matrix for each source node
as

Vi = C−1
i , i = 1, 2, 3, 4. (16)

The above precoding matrixVi can be seen as a zero-
forcing based precoder to cancel inter-stream interference
between those signals not to be exchanged for each source
node pair. For example,V1 helps cancel the unwanted signal
s14 for source node pair(1, 3) and s13 for source node pair
(1, 4). Substituting (10) - (13) and (16) into (6), we can obtain
(9). The theorem is thus proved.

By jointly designing the precoding matrices at the source
nodes and the processing matrix at the relay, our proposed
GSA has successfully aligned the transmitted signals for each
source node pair at the relay. The key steps of GSA are
illustrated in Fig.2 and Fig. 3. Fig. 2 shows thataT1 falls
into the null space ofH2,r and H4,r. It is similar to other
ai (i=2, 3, 4) by (10) - (13). Fig. 3 shows the whole signal
processing procedure to obtain the network-coded messages.
Here, the signals received at relay after the effective channel
AH is firstly given. Then the signals are rotated byV to be
aligned in four orthogonal directions.

B. BC Phase

During the BC phase, the relay broadcasts an estimate of
the four network coded symbols using the precoding matrix
U = [u1, ...,u4]. More specifically,u1, u2, u3, u4 are for
symbolss13+s31, s14+s41, s23+s32, s24+s42, respectively.
Each beamformer is designed as below

u1 ⊆ Null
[

Gr,2

Gr,4

]

, u2 ⊆ Null
[

Gr,2

Gr,3

]

u3 ⊆ Null
[

Gr,1

Gr,4

]

, u4 ⊆ Null
[

Gr,1

Gr,3

]

. (17)



Fig. 3. Generalized signal alignment procedure.

Since
[

GT
r,j , GT

r,k

]T

is a 4 × 5 matrix, we can always find
these beamforming vectors to satisfy the above conditions.

Plugging (17) into (5), we can obtain the received signal
for source node1 as below

y1 = Gr,1Uŝ⊕ + n1

= Gr,1

[
u1(s13 + s31) + u2(s14 + s41)

]
+ n1. (18)

Since source node1 knows s13 and s14, it can decode
the desired signal from (18) after applying self-interference
cancellation. In the same manner, the other source nodes can
also obtain the signals intended for themselves. Thus, the total
DoF of 8 is achieved, which is also the upper bound for the
network whenM = 2, N = 5.

C. Extension to M = 2, N > 5

WhenM = 2, N > 5, we can always find the null space
for ai (i=1,2,3,4) by (10)-(13). The precoding matrixV then
can be calculated by (16). It can be seen thatui exists by (17).
Thus, we can apply our proposed GSA-based transmission
scheme for MIMO two-way X relay channel to achieve the
total DoF of8. We omit the proof here.

IV. A CHIEVABILITY OF THE UPPERBOUND

In this section, we will generalize the method in the previous
section to arbitraryN , M with M < N

2 and we will show that
it can achieve the DoF upper bound4M whenM ≤ ⌊ 2N

5 ⌋
for evenM , andM ≤ ⌊ 2N−1

5 ⌋ for oddM .

We first consider the case whenM is even. The proposed
GSA-based transmission scheme achieves total DoF upper
bound d13 = d14 = d23 = d24 = d31 = d32 =
d41 = d42 = M

2 , yielding a total DoF of4M . Denote

s⊕ = [s113+s131, s
2
13+s231, · · · , s

M

2

13 +s
M

2

31 , s
1
14+s141, · · · , s

M

2

14 +

s
M

2

41 , s
1
23 + s132, · · · , s

M

2

23 + s
M

2

32 , s
1
24 + s142, · · · , s

M

2

24 + s
M

2

42 ]
T as

the network-coded messages expected to obtain at the relay,
whereskij denotes thek-th data streams from source nodei
to source nodej.

Denoting Ai as the( (i−1)M
2 + 1)-th to the ( iM2 )-th row

vectors ofA, for i = 1, · · · , 4. EachAi can be thought as
a combining matrix for the transmitted signals of a source
node pair. Thus, we designAi similar to (10) and (13) as the
following:

AT
1 ⊆ Null

[
H2,r H4,r

]T

AT
2 ⊆ Null

[
H2,r H3,r

]T

AT
3 ⊆ Null

[
H1,r H4,r

]T

AT
4 ⊆ Null

[
H1,r H3,r

]T
. (19)

Here,A1 is for source pair (1,3),A2 is for source pair (1,4),
A3 is for source pair (2,3) andA4 is for source pair (2,4).

We can see thatAT
i is anN × M

2 matrix and[Hj,r Hk,r ]
T

is a 2M × N matrix. The matrixAT
i exists if and only if

N − 2M ≥ M
2 , which is equivalent toM ≤ ⌊ 2N

5 ⌋.
After obtaining the matrixA, we can get the matrixV using

the same method as (16) in Section III. Then we show the



existence of the precoding matrixU (N × 2M ). We can write
U as

U =
[

U1 U2 U3 U4

]
, (20)

where eachUi is anN × M
2 matrix and

U1 ⊆ Null
[

Gr,2

Gr,4

]

, U2 ⊆ Null
[

Gr,2

Gr,3

]

U3 ⊆ Null
[

Gr,1

Gr,4

]

, U4 ⊆ Null
[

Gr,1

Gr,3

]

. (21)

We can see that[Gr,j Gr,k]
T is a 2M × N matrix. The

matrix Ui exists if and only ifN − 2M ≥ M
2 , which is

equivalent toM ≤ ⌊ 2N
5 ⌋. Hence, we can apply GSA-based

transmission scheme whenM is even andM ≤ ⌊ 2N
5 ⌋.

Similarly, we can achieve the upper bound of the DoF4M
by d13 = d24 = d31 = d42 = M+1

2 andd14 = d23 = d32 =
d41 = M−1

2 whenM is odd. The corresponding matricesA
andU exist if and only ifN−2M ≥ M+1

2 , which is equivalent
to M ≤ ⌊ 2N−1

5 ⌋.
Note that the proposed GSA based transmission scheme

can be applied to align signal pairs even whenN > 2M .
In this case,A is an identity matrix, and GSA reduces to the
conventional SA.

Finally, we summarize the generalized signal alignment
procedure in the following chart.

Outline of Generalized Signal Alignment

• Step 1. construct the matrixH using the channel matrices
H1,r, H2,r, H3,r, H4,r according to (6).

• Step 2. Design the relay processing matrixA according
to (19).

• Step 3. Compute the effective channel in the MAC
phaseAH and construct the source precoding matrixV
according to (16).

• Step 4. Design the BC precoding matrixU with matrix
Gr,1, Gr,2, Gr,3, Gr,4 according to (21).

V. NUMERICAL RESULTS

In this section, we provide numerical results to show the
sum rate performance of the proposed scheme for the MIMO
two-way X relay channel. The channel between each source
node and the relay node is modeled as Rayleigh distribution
with unit variance and it is independent for different node.
The numerical results are illustrated with the ratio of the total
transmitted signal power to the noise variance at each receive
antenna and the total throughput of the channel. Each result
is averaged over 10000 independent channel realizations.

We now explain how we compute the sum rate for the
MIMO two-way X relay channel when applying the GSA
transmission scheme.

GSA transmission scheme can be used in both amplify-and-
forward (AF) and decode-and-forward (DF) strategy. From (6)
and (18), when we apply AF strategy, we can obtain

yi = Gr,iU(s⊕ + Anr) + ni. (22)

Let Ri denote the sum rate of the source nodei. We
calculateR1 as a representative. First, we write the received
signal of source node 1 with AF strategy as

y1 = Gr,1Us⊕ +Gr,1UAnr +n1

= Gr,1

[
U1(s13 + s31) +U2(s14 + s41)

]

︸ ︷︷ ︸

Signal

+Gr,1UAnr + n1
︸ ︷︷ ︸

Noise

= G̃r,1s̃1 + ñ1. (23)

Then we can calculate the sum rateR1 in bits per channel use
from source node 3 and source node 4 to source node 1 by
(V)

R1 = log2[det(I+ (ε(ñ1ñH
1 ))−1G̃r,1ε[̃s1s̃H1 ]G̃

H

r,1)] (24)

Similarly, we can calculateR2, R3, R4 with the same
method. Then total sum rate is given by

R =
4∑

i=1

Ri. (25)

In Fig. 4, we plot the sum rate performance of the proposed
generalized signal alignment transmission scheme at fixedN
but varyingM (M < N/2). In the figure, SNR denotes the
total transmitted signal power from all the four source nodes to
the noise variance at relay. We can observe that the increasing
speed of sum-rate (the increase in bps/Hz for every 3dB in
SNR) matches with the theoretical DoF4M very well when
SNR is high enough.

In Fig. 5 and Fig. 6, we plot the sum rate performance
of the proposed GSA transmission scheme at the antenna
configurations ofM = ⌊ 2N

5 ⌋ for evenM andM = ⌊ 2N−1
5 ⌋

for oddM , respectively. The upper bound of the DoF of4M
is also achieved. These results indicate that our proposed GSA
transmission scheme is feasible and effective.

VI. CONCLUSION

In this paper, we have analyzed the achievability of the DoF
upper bound for the MIMO two-way X relay channal when
M ≤ N

2 . In the newly-proposed GSA transmission scheme,
the processing matrix at the relay and the precoding matrix
at the source nodes are designed jointly so that the signals to
be exchanged between each source node pair are aligned at
the relay. We showed that whenM ≤ ⌊ 2N

5 ⌋(M is even) or
M ≤ ⌊ 2N−1

5 ⌋(M is odd), the upper bound of the total DoF
4M is achieved. Theoretical analysis and numerical results
both show that the transmission scheme proposed is feasible
and effective.



Fig. 4. Total DoF for the MIMO two-way X relay channel under generalized
signal alignment transmission scheme.

Fig. 5. Total DoF for the MIMO two-way X relay channel whenM =
2N

5
.
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