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Abstract—We consider a source that collects a multiplicity of
streams of updates and sends them through a network to a
monitor. However, only a single update can be in the system
at a time. Therefore, the transmitter always preempts the packet
being served when a new update is generated. We consider
Poisson arrivals for each stream and a common general service
time, and refer to this system as the multi-stream M/G/1/1
queue with preemption. Using the detour flow graph method,
we compute a closed form expression for the average age and
the average peak age of each stream. Moreover, we deduce that
although all streams are treated equally from a transmission point
of view (they all preempt each other), one can still prioritize
a stream from an age point of view by simply increasing its
generation rate. However, this will increase the sum of the ages
which is minimized when all streams have the same update rate.

I. INTRODUCTION

Previous work on status update, e.g. [1]-[6], used an Age
of Information (Aol) metric in order to assess the freshness of
randomly generated updates sent by one or multiple sources
to a monitor through the network. In these papers, updates are
assumed to be generated according to a Poisson process and
the main metric used to quantify the age is the time average
age (which we will call average age) given by
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where A(t) is the instantaneous age at the receiver of the
information about the source status. If the last successfully
received update was generated at time u(t) then the age of the
source status at time ¢ is A(t) = ¢t —u(t). When the system is
idle or an update is being transmitted then the instantaneous
age increases linearly with time. Once an update generated at
time t; is received by the monitor at ¢}, A(¢) drops to the
value ¢, — ¢;. This results in the sawtooth sample path seen in
Fig. [1]

Moreover, in [[7] the authors introduce another age metric:
the average peak age defined as the time average of the
maximum value of the instantaneous age A(t) right before
the reception by the monitor of a new update. In Fig. [T] the
peak age right before the reception of the ;" successfully
transmitted update is denoted by K ;. Hence the average peak
age is given by
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In this paper, we assume that an ‘observer’ (which we will
call source), generating updates according to a Poisson process
with rate )\, observes M streams of data. At each generation
instant, the source chooses to ‘observe’ stream 7 and send
its observation (update) of this stream with probability p;,
i = 1,..., M. This probability distribution is a design pa-
rameter that one can control. Moreover, we assume that the
system can handle only one update at a time without any buffer
to store incoming updates. This means that whenever a new
update is generated and the system is busy, the transmitter
preempts the packet being served and starts sending the new
update instead. Since we consider a general service time distri-
bution for the updates, we denote this transmission scheme by
M/G/1/1 preemptive queue. It has been shown that for a single-
stream source and exponential update service time, preemption
ensures the lowest average age [2]]. However, the work in
[S] suggests that under the assumption of gamma distributed
service time, preemption might not be the best policy. In [S]],
the authors derive a closed form expression for the average
age of a single-stream source and M/G/1/1 preemptive queue.

As a generalization of the result in [§]], we derive in this
paper a closed form expression for the average age and average
peak age per stream of the multi-stream source M/G/1/1
preemptive queue. To that end we use the detour flow graph
method which is also used to find an upper bound on the error
probability of a Viterbi decoder (see [9]). A special case of this
problem was studied in [[10] where the service time is assumed
to be exponentially distributed. In this paper the average age
of each stream was obtained in closed form using a stochastic
hybrid system. Another related work, [11]], gives closed form
expressions for the average peak age of multi-stream source
M/G/1 queues as well as M/G/1/1 queues with blocking. In
this last model, if a newly generated update finds the system
busy, it is discarded.

In addition, given a fixed total update rate A, we show in
this work that if we want to decrease the age of a certain
stream ¢ with respect to other streams we need to increase its
update rate (by increasing its choice probability p;) and thus
decreasing the update rates of the other streams. Moreover, if
we choose the sum of the ages as our performance metric and
we wish to minimize it then we prove that we need to adopt
a fair strategy: all streams should be given the same update
rate.

This paper is structured as follows: in Section [lI, we start by



defining the model and the different variables needed in our
study. In Section [IlI| we derive the closed form expressions of
the average age and average peak age and state the conditions
necessary to minimize the sum of the ages.

II. SYSTEM MODEL

In this model a source generates updates according to
a Poisson process with rate A and send them through the
network. However, we assume that the updates belong to M
different streams, each stream ¢ being chosen independently at
generation time with probability p;, Zf\il p; = 1. This setup is
equivalent to having M independent Poisson sources with rates
Ni=Api,i=1,....,M,and A\ = Ay + --- + Aps (see [12]).
Moreover, we consider an M/G/1/1 queue with preemption.
This means that only one update can be in the system at a
time and thus the different streams preempt each others and
even the same stream preempts itself. This setup was analyzed
in [10] where the authors considered an exponential service
time. In this paper, we assume a service time S with general
distribution. Given that the system is symmetric from the point
of view of each stream, we will focus — without loss of
generality— on stream 1 as the main stream. Hence, unless
stated otherwise, all random variables correspond to packets
from stream 1.

Moreover, in this paper we follow the convention where
a random variable U with no subscript corresponds to the
steady-state version of U; which refers to the random vari-
able relative to the j** received packet from stream 1. To
differentiate between streams we will use superscripts, so U (%)
corresponds to the steady-state variable U relative to the i
stream.

It is important to note that in M/G/1/1 queues with pre-
emption, some updates might be dropped. Hence we call the
updates that are not dropped, and thus delivered to the receiver,
as “successfully received updates” or “successful updates”. We
also define: (i) Y; = t;,, — t; to be the interdeparture time
between the ;" and j 4 1" successfully received updates,
(ii) X@ to be the interarrival time between two consecutive
generated updates from stream ¢, ¢ = 1, ..., M, (which may or
may not be successfully transmitted), so fy ) (z) = \je~ N7,
(#4t) S to be the service time random variable for any update
(from any stream) with distribution Fgs(t), (iv) Tj to be the
system time, or the time spent by the j** successful update
in the queue and (v) N, = max{n:t, <7}, the number
of successfully received updates from stream 1 in the interval
[0, 7]. In our model, we assume the service time of the updates
from the different streams to be independent of the interarrival
time between consecutive packets (belonging to the same
stream or not). These concepts are illustrated in Fig. [T} where
only successfully transmitted packets from stream 1 are shown.

III. AGE OF A MULTI-STREAM M/G/1/1 PREEMPTIVE
QUEUE

We denote by P,, the Laplace transform of the service
time distribution evaluated at A\ = A + --- + Ay, le.
P\ =E (e).
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Fig. 1. Variation of the instantaneous age of stream 1 for M/G/1/1 queue

with preemption

Before stating the main result of this section we need the
following lemmas.

Lemma 1. Let X, A and S be three non-negative in-
dependent random variables with respective distributions:
Ix(@) = e ™™M%, fa(x) = (A = A\)e" A )% and f5(t),
with A\ > A\ > 0. Let A, Z, B, V be random vari-
ables such that P(A > t) =P (X >t X <A), P(Z >1t) =
PA>tX>A), P(B>t) = P(X >tX <min(S5,A))
and P(V > t) =P (A > t|A < min (S, X)). Then,

(i) E(e) =E(e”) = 52,

(ii) E(eB)=E(e®V) =

AA—=Pxr_s)

= =) (1-Pn)’

with Py being the Laplace transform of the random variable
S evaluated at \.

Proof. We will only prove the result for the variable B since
we can apply the same technique for the others. Denote by
Fs(t) the complementary CDF of S. Then,
P(min(S,A) >t) =P (S >t,A > t)
—B(S2)P(A>1)
= Fs(t)e_(A_Al)t.

P(B€tt+e)

fB(t) = hH})
e— €
< mi
_ liII(l) P(X € [t,t + €]|X < min(S,A))
e— €
~ lim P(X € [t,t +¢) P(X <min(S,A)| X € [t,t +¢€])
= eP (X < min(S, A))

e MIP(min(S,A) > 1) Ae MFs(t)

P(X <min(S,A))  P(X < min(S,A))’

P (X <min(S,A)) = / P (min(S,A) > t|X =1t) AreMtdt
0

oo _ )\1
= / Ale_Ath(t)dt = By (1-Py),
0

where the last equfllity is obtained using integration by parts.
S
Thus fp(t) = ’\617755“). Using again integration by parts we

sBY _ foo st 1. A1—Px_y)
find that E (e*7) = [ fp(t)e™'dt = 5 hy- o



Lemma 2. For the M/G/1/1 queue with preemption described
above, the moment generating function of the system time T(")
corresponding to a stream 1 is given by

P/\fs

b7 (s) = P (3)

Note that the right hand side of (B) does not depend on the
chosen stream.

Proof. Without loss of generality we will prove Lemma 2]
for stream 1. The system time 7j of the 4t successfully
received packet corresponds to the service time of the ;"
received packet given that service was completed before any
new arrival (since any new packet from any stream will
preempt the current update being served). So, in steady-state,
P(T >t) = P(S>tS <min (XM, ..., X)) Hence,
for L = min (X, ..., X2D),

P(T € [t,t +¢€])

o) = fim ==
— fim P(Seltt+¢€|S<L)
e—0
— lim P(Se [t,tj—e])IP’(S < L|S € [t,t+¢])
e—0 6IP’(S< L)
_ fs@P(L>t)  fs(t)e ™
P(S<L) P(S<L)

where the last equality is due to the fact that L is exponentially
distributed with rate A. Thus,

— s _ > fS(t) —(A=s8)t 14 Py_g
¢T(5)*E(€T)*/O me % )dt—m,

Finally,

P(S<L)= /OOo fs()P(L>t)dt = /Ooo fs(t)e Mdt
= Py. “)
O

Lemma 3. The moment generating function of the interdepar-
ture time of the ith stream, YO, is

)\iP)\—s

T NPy —s ©)

Py (8)

Proof. Without loss of generality, we will prove Lemma [3]
for stream 1. We define L = min (X(l),...,X(M)) and
A = min (X(Q), e 7X(M)). Since L and A are the minimum
of independent exponential random variables, then they are
also exponentially distributed with rates A = A; + -+ + Aps
and X\ — \; respectively. Fig. 2] shows the semi-Markov chain
relative to the interdeparture time Y; between the j'* and
j 4+ 1" received packet of the first stream. When the ;%"
packet leaves the queue, the system enters the idle state gg
where it waits for a new packet from any stream to be
generated. Hence two clocks start: a clock X (! and a clock A.
Clock X ticks first with probability a = P (X < A), at
which point a new packet from stream 1 will be generated first

Fig. 2. Semi-Markov chain representing the M/G/1/1 interdeparture time for
stream 1.

and the system goes to state ¢;. The value A of the clock when
it ticks has distribution P (4 > ¢) = P (XM > ¢| X1 < A).
Clock A ticks first with probability z = 1—a =P (A < X)),
at which point a new packet from one of the other M — 1
streams is generated first and the system goes to state ¢y-.
The value Z of this second clock when it ticks has distribution
P(Z>t)=P(A>tA<XWD).

When the system arrives in state ¢, this means a packet
from stream 1 is starting service. Thus, due to the mem-
oryless property of A, three clocks start: a service clock
S, clock XM and clock A. The service clock ticks first
with probability u = P (S < L) and its value U has dis-
tribution P(U >t) = P(S >t|S < L). At this point the
stream 1 packet currently being served finishes service be-
fore any new packet is generated and the system goes
back to state ¢o. This ends the interdeparture time Y;.
On the other hand, clock X ticks first with probability
b="P (X(l) < min (5, A)) and its value B has distribution
P(B>t)=P(XW > ¢ X1 < min (S, A)). At this point, a
new stream 1 update is generated before any other update from
other streams and preempts the one currently in service. In this
case the system stays in state g;. The third clock A ticks first
with probability v = P (A < min (S7 X (1))) and its value V
has distribution P (V >¢) = P (A > ¢|A < min (S, XD)).
At this point a new update not from stream 1 is generated,
preempts the one currently in service and the system switches
to state gj/.

When the system arrives in state ¢y, this means a packet not
from stream 1 is starting service. Thus, due to the memoryless
property of X (1), three clocks start: a service clock S, clock
X@ and clock A. As for state q1, the service clock ticks
first with probability u and has value U. At this point packet
currently being served finishes service before any new packet
is generated and the system goes to state go-. Also like before,
clock X ticks first with probability b and has value B. At
this point, a new stream 1 update is generated before any other
update from other streams and preempts the one currently in
service. In this case the system switches to state q;. The third



clock A ticks first with probability v and has value V. At this
point a new update not from stream 1 is generated, preempts
the one currently in service and the system stays in state qy-.

Finally, when the system arrives in state qq’, this means the
system is idle but no update from stream 1 has been delivered.
Given XM and A are memoryless, the system in state o
behaves exactly like if it were in state qg.

From the above analysis we see that the interdeparture time
is given by the sum of the values of the different clocks
on the path starting and finishing at gg. For example, for
the path goq1¢1/go'q1/q1go in Fig. ] the interdeparture time
Y = Ay + V1 + Uy + Z1 + By + Us, where all the random
variables in the sum are mutually independent. This value of Y’
is also valid for the path qoq1/90'q191/9190- Hence Y depends
on the variables A;, B;,U;, V;, Z; and their number of occur-
rences and not on the path itself. Therefore, the probability
that exactly (i1, 12,13,1%4,%5) occurrences of (A4, B,U,V,Z)
happen, which is equivalent to the probability that

11 19 13 4 i5
D DEIES VNS SURD S o7
k=1 k=1 k=1 k=1 k=1
is given by a“bzuBvi1z5Q(i1,iy,13,14,75), Where
Q(i1,42,13,14,15) is the number of paths with this
combination of occurrences. Taking into account the

fact that the {Ay, By, Uk, Vi, Z)} are mutually independent,
the moment generating function of Y is

oy (s) =E (E (| (I, I, Is, In, I5) = (i1, 2,13, 44,15)))
[a" b2 u 0" 2 Q(in, i, i3, ia, i5)

11,22,13,%4,25

E (e@(ZZil AH—EQL BH—Z;L Uk+224:1 Vk+225:1 Zk)):|

[a“b”ui%“zisQ(ih i2,13,14,15)

21,12,13,24,15
B ()" E () B () B (o) B ()],
(6)

where {I1, I5,I5, 14, I5} are the random variables associated
with the number of occurrences of {A, B,U,V,Z} respec-
tively.

Moreover, given a directed graph G = (V, E') with algebraic
label L(e) on its edges, and a node u € V' with no incoming
edges, the transfer function H(v) from u to a node v is the
sum over of all paths from u to v with each path contributing
the product of its edge labels to the sum (see [9, pp. 213—
216]). The complete set of transfer functions {H (v) : v € V'}
can be computed easily by solving the linear equations:

Hu) =1
{H(w) = 2ow(wwyer HW)L((w', w)),  w # u.
Observe that the sum in (6) is nothing but the transfer function
from ¢ to o in the graph shown in Fig. 3] with
(D1, D2, D3, Dy, D5)
= (B () E () B (V) B (V) E (7))
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Fig. 3. Detour flow graph of the M/G/1/1 interdeparture time for stream 1.

Solving the system of linear equations above yields the transfer
function as

H(D1, Dy, D3, Dy, Ds)
= Z [Q(iy, 12,13, 14,15)a" b2 uv" 2"

i1 712 ,137
4,15

Dil D%Q Dég Di4Dé5]
uD3 (bDQZD5 + CLD1 — aD1UD4)

- (1 — ng) (1 — ’U,D32’D5) — ’UD4 (1 + uDgaDl) ' (7)

Thus
oy(s)=H (E (eSA) JE (eSB) JE (eSU) JE (esv) B (esz)) .

From Lemma we know that E(eSB) = E(esv) =
(;\\(_18_)(%131) and E (eSA) =E (eSZ) = ﬁ Moreover, one
can notice that U has the same distribution as the system time
TsoE ( ) = P}) =, Simple computatlons show that a = >3\1 ,
b=3(1-P\),u=P,v=22(1-P) 2z =237
Fmally, replacing the above expressmns into (@), we get our
result.

O

Theorem 1. Given an M/G/1/1 queue with preemption and
service time S and a source generating packets belonging to
M streams according to M independent Poisson processes

with rates X\;, i = 1,..., M, such that A = My + -+ + A\,
then
1) the average age of stream i is given by
1
A= ———, 8
SWEN ®)

2) and the average peak age of stream i is given by

1 E(Se)
i Py, * Py, '

Proof. Due to the symmetry in the system from a stream point
of view, then, without loss of generality, we will prove [I] for
stream 1 only. The same proof applies for the other M — 1
streams.

From (I) and Fig. [} the average age for stream 1 of
the M/G/1/1 queue can be also expressed as the sum of the

€))

Apeak,i =



geometric areas (); under the instantaneous age curve. Authors
in [2f] show that

N

N.
m Mo LS
Al = Thj};)lo 7N7T : 1Qj = AGE(Q)v (10)
j=

where A\, = lim, _, %, @ is the steady-state counterpart of
Q; and the second equality is justified by the ergodicity of
the system. As shown in [10] and [8], A, is the rate at which
successful updates are received. Given that the interarrival
time of all streams are memoryless, then the interdeparture
times, Y; and Y1, between two consecutive received updates
are i.i.d. Hence N, forms a renewal process and by [12]f,
im0 % = IE(%, where Y is the steady-state interdepar-
ture random Variabfe. Moreover, from Fig. [T we see that by
applying same reasoning as in [5]]

E(Q) = %IE (Y?)+E(TY) = %]E (Y)+E(TE(Y).

The second equality is obtained by noticing that for any
received packet j, T; and Y; are independent. Therefore,

E (Y?)

A= 2F (Y)

E(T)+

(1)

Moreover, from Fig. [T] we see that the peak age at the instant
before receiving the j** packet is given by

Kj=Tj1+ Y.

Hence, given that the system is ergodic, () becomes at steady
state,

Apeak,l :E(K) :E(T)+E(Y) (12)

Using Lemma [2| we get that E(T) = Py 'E (Se=*9).
Using Lemma we get that E(Y) = (AP ' and

E(v?) =2 (-2 4 1) Using th i
(v?) = ——5pr~ T 32pz |- Using these expressions
in and (I2) we obtain our result for stream 1. 0O

Note that for M = 1, we get back the result derived in [§]]
for single stream M/G/1/1 preemptive queue. Moreover, if we
replace P in (8) by the Laplace transform of the exponential
distribution evaluated at A we recover the expression stated in
[10, Theorem 2(a)].

Corollary 1. Let a source generate updates according to a
Poisson process with fixed rate \. Moreover, these updates
belong to M different streams, each stream i chosen inde-
pendently with probability p; at generation time. Then if we
use an M/G/1/1 with preemption transmission scheme we can
decrease the average age (and the average peak age) of a
high priority stream k with respect to the other streams by
increasing the probability py with which it is chosen.

Proof. From Theorem [T we know that for any two streams ¢
and k, in order to have A; < Ag or Apear,i < Apeak,k; We
must have \; > A\g. Given that \; = A\p;, 1 = 1,..., M, then
we must have p; > pg. [

Given the source generates multiple streams, one interesting
performance measure of the system would be the total average
age or total average peak age defined respectively as

M M
Atot = Z Aia Apeak,tot = Z Apeak,i- (13)
=1

i=1

The next theorem gives the distribution over the p;, ¢ =
1,..., M, that minimizes the metrics in (I3 as well as their
minimum achievable value.

Theorem 2. For the M/G/1/1 multi-stream preemptive system
described above with fixed total generation rate )\, the optimal
strategy that achieves the smallest value for the total average
age, Aot and the total average peak age, Apeqk tot, is the
fair strategy: all streams should have the same generation
rate. This means that the probability distribution {p;} over
the choices of streams should be the uniform distribution with
p; = ﬁ 1=1,..., M. Moreover, the optimal values of Ay
and Apear tor are given by

Apor = )]\ij, Apeak tot = )]\wpi + ]\ﬂE(;’f)‘S) (14)
Proof. From (8), (O) and (I3), we get that
PO E SR NI o
Py A AP\ pi
Aot tor = i % i N ME (Se—AS)
Py 2\, P,
1 L1 ME(Se ™)

= 3P, - 1 o + — B (15)

Given that X is fixed, then minimizing Ao and Apeak ot

over (pi1,...,pn) i equivalent to minimizing Ef\il pi As
this is a symmetric convex function, it is minimized when
p1 =+ =py = 1/M with the value M2, which proves our
theorem. O

From Corollary [T] and Theorem 2] we see that prioritizing
a stream over the others from an age point of view and
minimizing the total age are two contradictory objectives.

IV. CONCLUSION

In this paper we studied the M/G/1/1 preemptive system
with a multi-stream updates source. We derived closed form
expressions for the average age and average peak age using
the detour flow graph method. Moreover, using these results
we showed that, for a fixed total generation rate, one can’t
prioritize one of the streams and at the same time minimize
the total age. In fact, we prove that in order to optimize the
total age, the source needs to generate all streams at the same
rate. This means that no single stream can be given a higher
rate, a necessary condition to reduce its age with respect to
the other streams.
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